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The analysis of strings of n random variables with geometric distribution has recently attracted renewed interest:
Archibald et al. consider the number of distinct adjacent pairs in geometrically distributed words. They obtain the
asymptotic (n — 00) mean of this number in the cases of different and identical pairs. In this paper we are interested
in all asymptotic moments in the identical case, in the asymptotic variance in the different case and in the asymptotic
distribution in both cases. We use two approaches: the first one, the probabilistic approach, leads to variances in both
cases and to some conjectures on all moments in the identical case and on the distribution in both cases. The second
approach, the combinatorial one, relies on multivariate pattern matching techniques, yielding exact formulas for first
and second moments. We use such tools as Mellin transforms, Analytic Combinatorics, Markov Chains.
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1 Introduction

We follow the notation and setup of |Archibald et al.| (2021). In this earlier work, the authors derived
results about the asymptotic mean of the numbers of different and identical pairs, in a sequence of ge-
ometric random variables. |Archibald et al.| (2021) give a broad selection of references to the literature,
including applications to leader election algorithms, pattern matching in randomly generated words and
permutations, gaps in sequences, the design of codes, etc. In the present work, we go far beyond the
analysis of the mean numbers of different and identical pairs. We use two approaches, namely, a proba-
bilistic approach and also a combinatorial approach. We are able to derive results about the asymptotic
variance and distribution, and to make conjectures about higher moments. We also derive exact results,
using multivariate pattern matching, for the first and second moments.

As motivated by |Archibald et al.| (2021), we consider a string of n independent random variables
Zy,Zo, ..., Zy, with geometric distribution P(Z, = i) = P; := pq'~! for i > 1. Our eventual aim
is to study the consecutive pairs of geometric random variables in this sequence, with a goal of character-
izing the asymptotic behavior, as n — co.

ISSN 1365-8050 © 2023 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License


http://dmtcs.episciences.org/
https://doi.org/10.46298/dmtcs.9293
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We use Iverson’s notation, namely, for an event A, we write [A] = 1 if event A occurs, and [A] = 0
otherwise. We want to precisely characterize the distribution of the number of times that (4, j) appears
as a consecutive pair in Z1, Zs, . .., Zy, i.e., the number of £’s such that X, = i and X; 1 = 5. So we
define X 2(7;) (m) as a Bernoulli random variable that indicates whether the pair (i, j) appears m times in a
sequence of n geometric random variables:

Xi(g) (m) := [[pair (4, j) appears m times in the string of size n].
It is useful to have a succinct notation for the Bernoulli random variable X 2(7;) that indicates that (i, j)
appears at least one time in a sequence of n geometric random variables:

X, =1-=X;"(0) := [pair (i, j) appears at least once in the string of size n].
Finally, we define X {n) as the number of types of matching consecutive pairs (we say “types” because

we only pay attention to whether a pair (¢,7) occurs or does not occur, i.e., whether it never occurs, or
whether it occurs one or more times):
(n) ._ (n)
X=X

i>1

Similarly, X 2(") is the number of types of any matching consecutive pairs (different or matching):

x5 =3 X",

4,521
and finally X §") is the number of types of different consecutive pairs that occur:

XM =3 xM.
i#]

Our methodology is to derive asymptotic expressions for the moments, utilizing Mellin transforms applied
to harmonic sums. For context and an in-depth explanation of such techniques, see the nice exposition in
Flajolet et al.[(1995).

One highlight of the precision of this analytic method is that we are able to derive the dominant part of
moments as well as the (tiny) periodic part, in the form of a Fourier series.

The paper is organized as follows: In Section 2 we present our main results, that is, asymptotic expressions

for the variances of X ,in), 1 < k < 3, and a result concerning the asymptotic independence of the

variables X", i € N. In Section 3 we conjecture some stronger forms of asymptotic independence,

i
based on which we are able to derive the limiting distribution and asymptotics of higher moments of
X f"). Section 4 is devoted to the proofs of these results, and to some considerations in support of a

conjectured Gaussian limiting distribution of X ?()n). In Section 5 we use a combinatorial approach to

derive exact expressions for first and second moments of X ,g"), 1 < k < 3. In the Appendix, we collect
our results pertaining to Mellin transforms.
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2 Main results
In a private communication, B. Pittel observed that the asymptotic distribution of X 1(7;) (m) is Poisson,

m

() A — PP
]P’[Xm. (m)=1]~e g where A = nP, P;.

Asymptotics of EX fn) JEX. 2(n) and EX én) have also recently been obtained by |Archibald et al.|(2021), us-

ing generating functions of the sequences of expectations. One of our main results deals with asymptotics
of Var X i("), 1 <17 <3, as n — oo. Our approach simply consists in using

Varan) = Z VarXi(Z) + Z Cov (Xi(,?)a X]('Z‘))7
i>1 i#£j

and similarly for Var X 2(n) and Var X 3(,"). This necessitates thorough investigation of the involved covari-

ances. As it turns out, the main term of Var X\™ is given by a term S{" ~ > isy Var X" the double

1,1
sum of covariances only contributing O(%) This is different for Var X 2("), whose main term is a sum of
Sé") ~ s var X 1(7;) and another contribution TQ("), stemming from the quadruple sum of covariances

of different pairs, of order ©(1). All of an), Sén), and TQ(") are expressed in terms of Fourier series in
In(np?). A plot of the constant term of TQ(") is provided in Figure

Theorem 2.1 Ler L :=1n(1/q) and x := 27i/ L, where i denotes the imaginary unit. We also define

(y _ 2 1 X 29— (1 ok
S¢ .2L+2L§OF<2 (np?) (1 2 ) 1)
n In2 In2
sim = Tz () + 575 (2y + 2+ 2L)
1 2
+ 20 S P () x(1 - 27) o)
(0
_ i 2\ —0x _ o—fx F/(EX) _ —0lx
73 2 L)) [(1 ) (Fgy —L) T2 2
(40
y 2 2 )
73" = TF0) + 2 D T F () (np?) ~, 3)
140

where Fi(s) = 32, 151 [(¢" + ¢* — pg™*=1)=* — (¢" + ¢*)~*], and the constant term ofTQ(") simplifies

to
2,00 2 p ¢t
ZF(0) = L1n< [ (1 iva) )

4,521

Then, as n — oo, the variances of X i(”), 1 <1 <3, satisfy

n n 1
var X" — g )+O<\/ﬁ>’ 4)
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(n) _ g(m) | p(n) Inn
X§ T3
Var =5," + +0 ( \/ﬁ> : )

1
Var X{ = 5 — s L 1™ 4 o (33) . 6)
n

2.6

2.2

2.01

1.81

0 0.2 0.4 0.6 0.8 1
q

Fig. 1: Plot of 2(1 — ¢) F7(0), showing the dependence of the constant term 2 F7 (0) on g. We leave it as an exercise
to show that, for ¢ — 0 (resp. ¢ — 1), the limit is 2In 2 (resp. 4 In 2).

A question triggered by the observation that 3°, ,; Cov (X ) x (”)) = O () is: How “close to being

Z7,’

independent” are (X l(?) )l ? The following theorem provides a partial answer in that regard.

Theorem 2.2 The random variables X" ,i € N are asymptotically independent, in the sense that, for

Zl’

any k € N, any subset I C N of size k, and any (z;)icr € {0,1}* we have
n . n 1
P(XY =aiel) - [[PXY =2:)=0 () , 7)
el "
with implied constant depending on I only via k.

Remark 2.3 The random variables (Xf 2))i>1 are negatively correlated: For finite [ C N we have

P(Xi(,?) =liel)< HP(Xz(?) — 1),

iel

as can easily be deduced from the following theorem.

Theorem (McDiarmid, (1992)): Let V and I be finite non-empty sets. Let (Z, : v € V) be a family
of independent random variables, each taking values in some set containing [; and for each ¢ € I, let
S; ={veV:Z, =i} Let (F; : i € I) be a family of collections of subsets of V' such that each
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collection is increasing (meaning that every superset of a set in J; is also in J;) or each is decreasing
(meaning that every subset of a set in F; is also in ;). Then P (), {S; € Fi}) < [Lie; P({Si € Fi}).
We just have to choose V :={1,...,n}, and all F; equalto F :={f CV :Fk € V : {k,k+ 1} C f}.
Cases like the following forn = 5 and i # j,

P(X5 =1)P(X) =1) - P(x) = X7 =1)
=P}(4— 2P, — 2P} + P})P} (4 — 2P; — 2P} + P}) — P} P} (6 — 2P; — 2P))
=P P} [(1-P;—P;)(10+4P;(1— P;)+4P;(1—P;)) + P;P;(12+P;(2— P) P;(2— P;) — 2P —2P})] >0

suggest that the inequality may be strict for |I| > 2. This is different for the array (X 1(7;))1 v where

both strictly positive and strictly negative correlations can be observed: For n = 3 and i # j,
P(X) = X% = 1) - P(X{Y) = )P(X[3) = 1) = PiP;(P, + P;) — (2P, P;)* = PiP;(P, + P; — 4PiP;) > 0

holds for P;, P; small enough, and for different pairs ((k;,m;)) ., with |I| > n, we clearly have

iel’

P(X\", =1iel)=0<][[Px{", =1).
icl

3 Further conjectures and results for pairs of identical letters
3.1 Higher moments
The proof of Theorem [2.1] (see Lemma[4.8)) shows that

lim (VarX( ") — Vare™) =0,

n—oo

where ¢(") = Zi21[[£i(”) > 1] is a sum of independent random variables, with §§") distributed as

Poisson(nP?). Note that PLX?) = 0] ~ P[¢\"” = 0] and P[X.?) = 1] ~ P[¢{"™) > 1. This leads us to
the following conjecture.

Conjecture 3.1 For any k € N we have lim,, o (E|X\™ — EX™ |k — E|¢(") — B¢ k)
Theorem 3.2 If Conjectureholds, the asymptotics of cumulants m:f of X 1” are given by

]+1

KO = ) Z v D fgmy oo 1y, ®)

where, using L = In(1/q) again, asymptotics of Vj(n)7 7 > 1, are given by

J 2L 2L 2L

S (;uﬁ(jﬂﬁ) r (5w,

(0

1 1 1
v~ n("p)+l+f+— ( 1)’“+1<k> In k
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Proof. We proceed as in Hitczenko and Louchard|(2001) and |Louchard and Prodinger| (2006).
Let S,,(0) := In(E (eeg“” ) = Zoo_l ki) 0 -7 be the cumulant generatlng function of £, Furthermore

let ny := np?/q2, and observe Eefl&;”>11 = 1 4 (¢f — 1)(1 — e~"27""). By independence of (fi(n))pl,
we get B

S, () = iln [1 +(e” = 1) (1 - e—"ﬂ”ﬂ

N A sl

Now let

=1 i=1 Lk=0
:i [g(—l)k (}7{) —knag g(_l)k (2)] _ ;il Lé( 1)k (2) (1 knag )]
= z]:(—l)k“ (2) i (1 _ e—kmqm) 7

i=1

where the asymptotics of the inner sum can be obtained using G (knp?) from Appendix leading to
(©). Finally the cumulants n( ") are found by extracting coefficients of 6™ from S,,(6), and are given by

finite linear combinations of the (Vj(n)) ;j>1, as stated in (§). [

Remark 3.3 Explicit expressions for (8) for small m are
k=M R =V v e = v gvMaevim kY = v v evi v, ™.

The fact that %(e“ — 1)/ is the generating function for the Stirling numbers of the second kind, see e.g.
(Flajolet and Sedgewick, 2009, p.736), establishes that the sequence of (absolute values of) the coeffi-
cients, (1,1,1,1,3,2,1,7,12,6,...), is equal to OEIS sequence A028246 in Sloane!

The cumulants now allow for computation of moments: The mean of X 1(")

is given by

This is identical to (Archibald et al., 2021 Thm. 2), see also (TI)). Our approach here is simple and general.
Note that the mean does not rely on the state of Conjecture the mean computation actually depends

only on Lemma Similarly, the variance of X ") i given by
Var X V(n) 2(") .

After some algebra, we verify that this is identical to Thm [2.1].
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3.2 Limiting distribution

A conjecture weaker than Conjecture [3.1]is
Conjecture 3.4 For anyt € R we have 1imn_>oo[]P’(X£") <t)—PE™ <t)] =0.

Theorem 3.5 If Conjectureholds the asymptotic distribution f(n) of X YL) is given by (@)
Set agam L = 1In(1/q) and ny = np’ 2/q?, set i* = In(ny)/(2L) (implying ¢* = 1/ny), define n :=
i —i*, and use P(£™ = 0) = e~27"" = exp(—e~2L"). This leads to

q2

1—q?
As in Hitczenko and Louchard (2001} and Louchard et al.|(2005), we proceed by defining

P(¢™ =0,k > i) = exp (—ae™2E7) | where o :=

o0
—2Ln —2L(n—1i)
O | (I .
i=1
and observing that, as n — co, we have
(n) _ e 2L(n+1-v) 1—e" SR
P(X" =i 4 1) ~ qu —v+1)e > H —ior s (10)

ry<-<ry i=1
r; >2—v

P(X™ <i* ) ~ Zf — 1)
f(n) depends only on p.

A simulation with p = 1/4 and 50000 simulated words for each n € {10000, 11547, 13333, 15396}
is given in Figure The fit is excellent. A corresponding table of observed and theoretical non-
periodic mean and variance in the equal pairs case (as well as another table for the unequal pairs

case) is given below, all results rounded to 3 decimal places. We define X J(-") =+ Zfil X j(”)l and

s3(n) == ¥ Zévzl(X;n)’i - X j(-n))2 the sample mean and unbiased sample variance of a sample

(X J(n)l)fvzl See Theorem [3.7 for asymptotics of EX™ and EX{™. Both simulations use p = 1/4.

The sample size N for each row in the left table is 50000, and in the right table it is 200000, see also
Figure 3]

| n|EX | X [ varx! | &) |
10000 [ 12,692 [ 12676 | 1.205 [ 1.214 | |
11547 | 12.942 | 12.927 | 1.205 | 1.206
13333 | 13.192 | 13.175 | 1.205 | 1.213
15396 | 13.442 | 13.427 | 1.205 | 1.211

n | EXV |OX [ vaex$V | s3(n) |
| 500000 | 750.195 | 750.198 | 129.889 | 130.053 |

Remark 3.6 Here we briefly sketch, how we obtained the graph of f in Figure 2| where p = 1/4. As
before, we use random variables 55") distributed Poisson(np2q2(i’1)), but now there is such a random
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Fig. 2: Comparison between f(7) (line) and the simulation of X §n> (circles), p = 1/4, number of simulated words
= 50000 for each n € {10000, 11547, 13333, 15396}.

variable for each i € 7 and each real n > 0. For fixed such n the random variables (52("))1. oz are

assumed independent, and also the definition £ = D oist fi(") is used for real n > 0. We use i* =
i*(n) = In(np*/q?)/(2L) again. For any n satisfying i* +n € Z, we have

f) = lim P(e"™) —k =i 4 q) =B( 3 [&™ = 1+ D (1) > 1] - 1) =" +n)
i>1 >0
=P( Y& =10+ Y (1€ = 1] -1) =0),
i>1 >0

where forn = v = v(n) := ¢~ /p? we have i* + 1 = 0, and 51(”) ~Poiss0n(q2(i*”)). We want a
good approximation of f(n) only for n € [—3,5|. For such n we have

i— i—1 52
P(S I 21]>0) =1-J[e™ " <1-J[ e " =1-exp (1q 2) ~7.28-107".
i>30 i>30 i>30 -4
and
(e zu-n<o)=1-[J(1-e"") s X e me s 100007
Jj>7 J>7 i>7

So, up to an error smaller than 1075, f(n) is given by

30 7 30
P(Y 16" =11+ (1Y) =10 -1) =0) =P D[ > 1]=8)
i=1 =0

i=—7
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30

— L (14 G- n- ™)),

i=—T7
where, for each fixed n, the latter coefficient can easily be computed using Maple.

Theorem 3.7 (see (Archibald et al., 2021, Thm. 2, Thm. 3)) Let L := In(1/q) and x := 2wi/L. Then, as
n — oo, the expectations ofXZ-(n), i € {1, 3}, satisfy

In(mp?) 1 v 1 LAY
e Y N = X/2 11
oL 27 aL 2L £ (2)(”p) ’ (i

EX(™ ~

2 2 2 2
EXén)Nln(np) [7 1}1(n2)+7r+6v v 1

212 L2 2L 1212 2L 12
12)
(40
o ST ) - Y ) (X) ),
L2 2L 2
££0 ££0

4 The probability of avoiding certain pairs via Markov chains.
4.1 Two pairs (i,1) and (r,r) of identical letters

The proofs of the theorems rest upon calculation of probabilities of avoiding certain pairs, which we will
be doing by employing Markov chains. To illustrate that approach, we consider in greater detail the case of
avoiding two fixed pairs (4, %) and (r,r), where ¢ # r, in a sequence of length n. No distinction of letters
different from 4, r is necessary, so for our Markov chain we can use a finite state space S := {e,i,r, A},
where e := N\ {4, r} stands for “everything else”, i.e., the set N\ {4, 7} is lumped together, and A denotes
an additional cemetery state. The corresponding state diagram is

@1

From any realization (z)x>1 of the i.i.d. sequence (Zy)x>1 we obtain a trajectory (yx)x>o of this finite
state Markov chain via

(y07y17y2a .- ) = (€,¢(21),¢(2’2),¢(23), .- ')’

where ¢(z;) := A if for some j < k we have (z;, zj4+1) € {(¢,1), (r,7)}, and otherwise

b() = {zk, zi € {i,r}

e, else.
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Example: If n = 8,4 = 1,7 = 2 then the sequences (1,2,3,1,2,3,4,5) and (3,2,1,1,4,3,2,2) yield
trajectories (e, 1,2,¢e,1,2,e,e,e) and (e, e,2,1, A A A A A).

Those trajectories (yx)j_, satisfying y, # A are in correspondence to sequences (2)}_; that avoid the
pairs (¢,4) and (r, ). Using the transition matrix

P, P, P 0

Q. |Pe 0 P P

" |P. P, 0 P’
0 0

where P, := 1 — P; — P,, the sought probability is [1,0,0,0]II" [1, 1, 1,0]*, respectively, using the
restriction IT of IT to {e, i, 7}, i.e.,

P, P, P,
m.=\(rP. 0 P|,
P. P 0

and initial probability 7 (-) := [1,0, 0] and column vector of all ones 1, that probability is
P(X[Y =X =0)=r0"1.
A bound on such probability will now be derived in the following more general context.
We fix a finite non-empty set of forbidden pairs
T:={(kijym;):1 €1}

of size |I], and let
J = U{kum’b} = {jl?' .. aj\J\}?

il

where j; < ... < jj;|. Moreover we fix 0 < § < 1/2 and let
Df :={xeRVI:a; > 0forjeJ > x; <1-4}.
jeJ
Lemmad4.1 Lete:= ), ; Py, Pp,. Then
P(X{", =0,i€l)<§ V2emen/? (13)

holds for (P;j)jecs € D(‘S]. Furthermore, there are functions A1, Cy and ®,,,n > 1, depending on Pj,j €
J, that are C'*° and positive on an open set F satisfying D(‘SJ C F, such that

P(X,gjim =0,i€l)=Ci\!'®,,. (14)

Remark 4.2 At several places we take the liberty to regard (P;) j>1 as variables (which is slight abuse of
notation), to the effect, that several results in this section hold more generally also for strings of random
variables with a distribution different from the geometric. The reader must be prepared to see expressions
involving limp, o, %, and functions of (P;) ;e being C* in some domain, etc. all the time. In par-

ticular, we allow (Pj)je.j to vary within the set D;;] above, which is a proper subset of the unit simplex of
dimension |J |, because some of our results require P, to be bounded away from zero.
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Proof of Lemma Assume P; > 0 forj € J, as well as P, := 1 — ZJ'GJ P; > 4. Note that
e < e PiPe=(1- P.)? < (1 -6)? < 1— 4. Define the matrix IT with rows and columns
indexed by the set J U {e} (which we assume ordered, starting with e and followed by the elements of J

in ascending order) via
i, = 0, (k,m) € T,
P,,, else.

We define a row vector w := [/ FPe, \/Pj,, ..., /P, |, satisfying ||[w|l2 = 1, and a diagonal matrix
S := Diag(w), and the matrix

IM:=STs' =9 []lllt - Zekietmi] S,
el

where the column vectors e, j € J U {e}, denote the standard unit vectors in RIVI*1 and observe, using
the Frobenius norm ||I1|| p = \/Zk meJuie} 7, =1 s PeiPm,and 7 = ()",

P(X\")  =0,iel) ="l =wil" 'w’
< w3~ < IR = (1 - e)®D/2 <67V — )/ < g 2emen .

Observe that I is non-negative and primitive, therefore, by the Perron-Frobenius Theorem (see Seneta
(1981)), there is a unique positive eigenvalue A;, that is strictly larger in modulus than any other
eigenvalue, and corresponding strictly positive left and right eigenvectors u and v, such that II" =

%vu + (’)(n“] | [A2|™) element-wise, where A5 is an eigenvalue of second largest modulus. This leads to
n . 1
P(X{", =0,iel)= %x{ + O Ag|™).

By setting one or more of (P;);ecs to zero, one or more of the non-dominant eigenvalues (A;)x>2 be-
come zero, but there is a non-negative primitive submatrix constructed from the non-zero columns (and
corresponding rows) of II, guaranteeing a unique positive eigenvalue larger in modulus than all other
eigenvalues. As the row and column corresponding to state e will always be part of that submatrix, the
first components u. and v. of u and of v will be positive. By continuity, these properties also hold in
a neighbourhood of such (P;);c s, which yields A\; being C*° in some open superset F of Dy, by the
implicit function theorem, using the facts that the characteristic polynomial p(\) of II, considered as a
function of (A, (P});ec),is C, and the derivative of p(\) evaluated in a simple zero A, is non-zero. On
the set F, the components of ;-u and -v are C* functions of (P});jc.s as well.

We let Cy := % and ®,, := C%Af”]P’(X,EZLH = 0,i € I). Those are positive C* functions of
(Pj)je. on an open set F, satisfying Dy C F C F, the further restriction made necessary by the need
to avoid uv < 0, which may occur for (P;) ;e s outside Dy . Note that primitivity of II may cease to hold

when P. = 0. Moreover note that |A2| is continuous on Dy, but need not be differentiable on that set. Hll

The bound fits our needs when ¢ is large. Equation (14) is useful in the case of small ¢, if asymptotics
of A1, C and ®,, are known. In order to derive such asymptotics, we let II be the matrix obtained from
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I by deleting row and column corresponding to state e. Left and right eigenvectors u = [1, 3] and
v = [1/P., p*]*, with row vector 3 = (53;)jcs and column vector y = (1;)je s, corresponding to the
dominant eigenvalue \; of II, lead to equations

M =P.(1+> B))=P(1+ Y Py, (15)
jeJ jeJ

5=+ [oft+n), 16)

uz%[ﬁwﬂ}, (17

with row vector p = (P;), e, and with ascending order of indices in 3, u, p. We keep denoting the
column vector of all ones of appropriate dimension by 1, and express C; in terms of 5 and p as follows:

o _ @) g 0+Ye,8) _ 1+p1 )
' uv Pie+2jejﬂjﬂj 1+Peﬂ,u'

Asymptotics up to any fixed order K of A1, 3, i are conveniently computed via fixed point iteration as
described by the following algorithm:

Algorithm 1 Calculate asymptotics of A\, 3, p up to fixed order.

Require: K >0,k =0,II,p,A=1,3=10,...,0,a=[1,...,1]
while & < K do
3 L[A+p)
A Pl + 1]
fi < 3 [+ 1]
k< k+1
end while
return A, [, [i

The output \, 3, i of the algorithm then satisfies A1 = A+ Oy, 1, B = B+ Of 1, b = i+ Oy
Here and in the following the notation O} always refers to the variables (P;);c s, but not to P.. So, for
instance, O} is the same as O(y*), where v = >ies by

A few words on justification of the algorithm: First note, that nothing changes if the line A < P.[1 + 31]
is replaced by A <— P.[1 + pji]. This is seen to hold for k& = 0, where 3 = p has already been updated,
but 7 = 1 has not, and for £k > 0 by a simple induction step. We can thus see Algorithm 1 as a
combination of two algorithms, one of them only updating the pair (3, \), the other only updating the pair
(\, t), with those algorithms having identical updates of A. Let us concentrate on the latter algorithm.
Denote © = (A, z) and let O be the zero vector of appropriate dimension. Observe that the function
F(z,p) = ;_ ?[%;iﬁ is C'* in a neighbourhood of (z¢, Po) := (1,1, 0), with F'(zq, po) = 0. Now
the Jacobian JF'(z, Po) is nonsingular, so there is a unique C*° function z(p) = (A1(p), u(p)) defined
in some neighbourhood V of p = 0, satisfying 2:(0) = x¢ and F(z(p), p) = O for p € V, by the implicit
function theorem. Denoting iterates by
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MNH = f(@%) = P +ppb] and @M = Sdag(ph) = s [TRF + 1],
with A = 1 and i° = 1, we can easily check |A\1(p) — A°| = OF and ||u1(p) — i°|| = OF, for p € V.
Assume now that we have already shown |1 (p) — A*=1| = O and [|u(p) — "~ = Ok Then we
have [3,(p) — M| = |F(p)) ~ £(s*~1)| = [Pep(u(p) ~ )| = O1In(B) — 1] = Of .. and
le(P) ="l = 155 9(1(P) — rlk ( O <GS = 39w ( Nl+l5x (9(1(P)) —g (7'“ DI = Ok4s,
because (= — k)g(1(p)) = 2524 () = Or . and 5k (g(u(p)) —g(7* 1)) = Sk L(u(p) — ") =
Okt
The next lemma provides asymptotics of probabilities in the case of a single avoided pair.

Lemma 4.3 The probabilities of avoiding the pair (i,1), resp. (i,r) for i # r, in a sequence of length n
satisfy

0) —nP + O(fPQ ——an) (19)
P(X; " _ 0) = e PP 4 O(P P T PP, (20)

as n — oo, uniformly for P; € Dgi}, resp. for (P;, P,) € Dy’T}.
Proof. We first consider the forbidden pair (i,7). The matrix I, its characteristic polynomial p, and
asymptotics of A\; and C are given by
p(\) =N = (1= P)A— PP,
M= E: ﬂ A =1— P2+ P2 2P+ O,
C,=1+P? 2P+ 6P+ O,

where we used Algorithm 1 (with K = 4) and (T8).

Following a suggestion by Salvyl we can easily derive \; from p()), after replacing P. by 1 — P;. We add
an extra variable v, carrying the weight of the P : 15 := v P.. We have the local expansion of the solution
at 0 by using the Maple package gfun (see|Salvy and Zimmermann| (1994)):

sol := gfun[algeqtoseries](p(A), v, A, pr),

where pr denotes the precision of the expansion into v. We obtain the solutions as sol[1], sol[2] and we
keep the solution close to 1.

Denoting 711" 1 = Cy A} +Cy A%, with A, the non-dominant eigenvalue of IT, we have Cy A +Co A\ = 1,
and therefore Cy = —P? 4+ 2P7 — 6P} +Of, which leads to ®,, = 1+ &2 (32)" = 14+ O(P?), uniformly
in n. This is used in (T4), together with C; = 1 + O(P?) and

A711 _ enln)\l — en(*Pf%*PerO(Pf)) _ €7nPi2(1 + O(nng))

leading to IP’(XZ-(Z) =0) = [1 + O(P2) + O(nP?)] e~ "7, for nP? = O(1), resp. for nP? = O(n'/3).
Note that for fixed o, 3> 0 the function 2%e 5% is bounded for = > 0, implying

2

_np? 248, p2 _2-6,p? _2-5,p2
nPle Pl = \/nP?}(nP2)Y2e~ T b g Ty :O(\/ﬁpfe 7 "Pl).
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Moreover also P2e~"Fi = O (\/ﬁPiQe*Z%S”P f) holds, and (T3] can be built in by observing that n.P? =
Q(n'/3) implies §—1/2e~ 5P = O(ﬁ}%?e’%"Pf). We have thus obtained (T9).

We now consider the forbidden pair (i,7) with i # 7. The matrix I, its characteristic polynomial p, and
asymptotics of A\; and C are given by

P, P P p(A) = X* =X + PP,
o= |pP. P 0], A\ =1—PP.— P?P? - 2P’P3 + 03,
P P P Cy =1+ PP, +3P?P? + 10P’P? + Of.

Clearly, A1, and therefore also C; and ®,,, are C*° functions of the coefficient P; P, of the characteristic
polynomial p, meaning that the error term (5 is in fact O(P;le). Sufficiently accurate for our purposes
are the asymptotics A\; = 1 — PP, + O(P?P?) and C; = 1+ O(P,P,).

One of the eigenvalues is 0, therefore a representation 711" 1 = C; A} + Cy A} as before also holds in this
case, with Cy = O(P;P,), and ®,, = 1+ £2(32)" = 1+ O(P;P,), uniformly in n. All this, together
with A7 = e~ "FiPr (1 + O(nP?P?)), leads to (20) via (T4), taking care of error terms as above. [

The next corollary follows easily from equations (3)), (T9) and (20).
Corollary 4.4 The variances of X Z(?) and X 1(7;) for i # r satisfy

VarXZ(Z‘) — efnqu,z *znP +O(\/>P2 25 5nP2)’ (21)
Var X1 = ¢ PiPr _ =2 PP 4 O(Pp,em T B, (22)

as n — oo, uniformly for P; € D{i}, resp. for (P;, P,.) € Dgi’r}.

In order to obtain asymptotics for the covariance

Cov (X, X)) = P(x{V =X =1) - P(X" =1)P(X

1,1 )
=P(X[) =X =0) - P(X =0)P(xX

0),

we need the following result.

Lemma 4.5 Let A € RF¥E with k > 2, have spectral radius p(A) < 1 and Frobenius norm ||A|p = C'.
Then, with C := max(C’, k) and C" := 2C*~1, we have

”AnHF § C//nkfl.

Proof. We use Schur decomposition, according to which there is a unitary matrix ¢) such that A=
QAQ™! is upper triangular and satisfies p(A) = p(A) and || A||r = || A|| . Then also

[A™[F = 1Q7 A" QllF = | A" ||
Moreover p(A") = p(A™) < 1, and A" being triangular, we deduce |(A™);;| < 1. Regarding off

diagonal elements of A™, we have
P )
-1 C\’
< -
<3 ()6 (G)
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as we now show. Note that (A™); ; 4, is a sum of products a;, ;, *@;, i, - @i, _, i, » where the sum extends
over all sequences (ix)}_ o that are increasing with 7y = 7 and ,, = 7+ £. Such a sequence has at least one
and at most £ jumps. For 7 satisfying 1 < 5 < /, there are (f 1) ways to accommodate j jump heights
(hm)Zn:p and for each of those there are ( ) ways to position those j jumps. In terms of cumulated jump
heights H,,, :==i+ > =1 Ny, 0 < m < j, we can rewrite above product as

Qll

Qig,ip * Qigyip * " Qi _y i, QHy,Hy " @Hy,Hy """ QH;_1,Hjs

where @ is a product of n — j diagonal elements of A, and therefore satisfies |a| < 1. Furthermore,
Zm Nam, m,.% < ||A||2 < (2, so by observing that the product Hm 1 |G,y ,,|? is maximized,
if its terms are all equal to 7, we obtain |Gy iy * Giy iy Cipy_y 00| < (W) , so (23) is proven.

Since C' > k ensures that ((C / Ve )2) is increasing, we can extend the estimate @

1<t<k

s B (Y0 () () 1) =)0

for1 <i < i+ /¢ <k. We obtain

k—1
i) () e

mHk2) < pkF=1fork > 2andn > 1, and because of max (kl)(+1)/2 = 2, which completes
X

k—1
the proof. u

because of (

We now turn to asymptotics of covariances.

Lemma 4.6 Fori = r and (P;, P,) € Dgi’r} we have, for nP; P.(P; + P.)? = O(1),

Cov (X, X () = O(P,-Pr P PP, + PT)Q)IP(X£7?) — 0)P(X™) =0). (24)
Proof. We first find asymptotics of Ay and C; from IP’(Xi(Z) = XT(?) = 0) = C1\1®,,, proceeding as
in the previous lemma. The matrix II, its characteristic polynomial p, and asymptotics of \; and C; are
given by

P, P P p(\) =\ — P2 — [P.(P, + P,) + P,P,]\ — P,P,.P.,
o=|P. 0 P.|, M =1-P— P>+ P+ P+ 0;,
P P 0 C,=1-P?— P24 2P} +2P3 + 0.

Again, we can also replace P, by 1 — P; — P, and use gfun. From Lemma we know that Ay, C; and
®,, are C'*° functions of P;, P, in some open superset F of D(‘g”}, such that

P(XY = X[ = 0) = CL(P:, P)[M (P, B)]" @, (P, Pr) (25)
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holds for (P, P,) € Déi"r}. In fact, we will only need that those functions are C? in the following.
Note that P(X, Z(ZL) = 0) can be obtained from (23)) as the limiting case P, — 0. Observe that we have

Cl(Pi7PT) . Cl(Pi»P'r) . (bn(Pinr) li q>n(P'LvPT)

lim U o fim —LD o = Jim —ontlelr)
P30 C1(0, P)C1(P;,0)  Prso C1(0, Pr)CL (P, 0)  Pis0 &, (0, )@ (Pi,0)  Prso ©,(0, Py )@ (P, 0)

C1(P;,Pr) _ @, (P;, Pr) _
and therefore m 1 + O(PP ) and m = 1 + O(PIPT)

To see that the latter holds uniformly in n and (P;, P,.) € Déi’r}, we start defining IT := 1T — %vu, )
that T = ivu+ I1, and
all"1 = Cy A} + 711, (26)

where we used that u and v are in the left resp. right kernel of the matrix II.

Denoting the spectral radius of a square matrix A by p(A), we clearly have p(IT) = |A»|, and since D{Z )

A
(P, P)eD} Pl
is a constant C” such that || v~ X || < C’ on D{Z ) . By applying Lemma.below to the matrix )\ I,
we obtain

is compact, we have max | = k< 1. Al components of v— L H are continuous, so there

"1 2 ny _ yem
Foxr = ") = O(F"),

®, —1=

for some x < & < 1, uniformly on D{Z "}, Similarly, we obtain 8P“ = O(rR"), g‘i’" = O(R"), and

8?3‘313 = O(&"), uniformly on D{" }, using, e. g., 3”1}3 L =Y cjen ™ 5 oI 1"~ 1771, and again
Lemma3]

Define ¥, (P;, P.) := % — 1 and observe that lim,, _, o %(;R»\II” = 0 holds uniformly on

D"} Note that we have ¥,,(P;,0) = ¥,,(0, P,) = 0 for 0 < P, P, < 1 — 4, yielding

2

)
(P, Pr) = Wn (P, By) = Wn(P;,0) = W (0, Py) 4+ ¥ (0,0) = PP aP

(pupr)

by the (bivariate) Mean Value Theorem, where 0 < p; < P, and 0 < p. < P,, see (Rudin,
. — 2
1976, Thm. 9.40). Defining C' := maxy,>; max , . eplin %(pi,pr)’, we finally conclude

|U,,(P;, P.)| < CP;P, foralln > 1and (P;,P,) € Dgi’r}, establishing the uniformity claim. By
our asymptotics for A1, we similarly obtain

(92 In )\1

1 P.P)_1 P.0)—1 P 1 =PP ==
AP, Pr) = In As (P, 0) = In g (0, B) +10.4(0,0) = PPy o5

(piypr) = O(PZP’I'(P’L +Pr)2>7

leading to
)\l(Pi7 PT)

A1(P;,0)A (0, P)

We summarize

P(xX" = x\7) = 0)

2,2

POX = OP(XTY = 0)

T,
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finally arriving at (24). [

7,1

From (T3) we derive Cov (X, X)) = O (e_%(Pin“Pf)), that together with (24), where we use
nP P (Pt P)"P(X(D = 0)(X() = 0) = O( PP (P 4npPR)e” 8 D) = O(Ppe 3PP,

implies the next corollary, since e~ % (PF+FP7) = O(RPTe_Q%f”(Pf*Pf)),for nP;P.(P;+P,)? = Q(1).

Corollary 4.7 For i # r, the covariance of Xi(z) and XT(,Ti) satisfies

Cov (X}, X)) = O(Ppe T nPIED), 27

asn — oo, uniformly for (P;, P,.) € ’D}i’T}.

4.2 The variance of X\

In this subsection we use the results on variances and covariances in the case of avoided pairs of identical
letters, that we have derived so far, to furnish a proof of equation (@) of Theorem [2.1]

Lemma 4.8 The variance of X fn) is asymptotically given by

VarX(n) ZVarX(”) +0 < ) = Sin) +0 (\}) ;
n

i>1

with S:En) given in (I). In particular the contribution of covariances is negligible.

Proof. Dealing with covariances first, note that (27) guarantees that the double sum of covariances
> iz Cov (X, () x{")) makes a negligible contribution to the variance of X\"™: We will use that

ZZ’

3 {nPfr e~"P — O(1) holds for a, 8 > 0. (28)

k>1

This follows from the following general result: If for some ¢ < 1 aset P = {z; : i € N} satisfies x; > 0
and 2= < cfori € N, then ), 2“e”* < co. For a proof observe that there is a constant C, > 0

such that z%e~® < min(z®, Coz~®) for z > 0. Let 7 := (Cy)*/(?®). Then

Z x%e " < Z %+ Z Caxia < z® Z Ci + Caﬂ_jia Z Ci - 2@

zeP z€PN]0,z] zE€PN[Z,00] >0 i>0
With the help of (28) we find
2-5 2, p2 1 2-5 2 2 1
P.P —*H(Pi +Pr) _ P2 1/2 —*TLPi P2 1/2 —*HP i I
SPITI S BN S ~o(!
i>1r>1 i>1 r>1

This leads to Y., Cov (X(”) X(n)) = O(%)

2,1 )

i#£r
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We now turnto )., VarX 1(7;) Observe that the sum of error terms from (21)) satisfies

2— 2 1
P2 inP _ i
2 ViPie O(ﬁ)’

i>1

by (28). Therefore, up to an error term O (%), the variance Var X 1(n) equals

3

5[ ] 3 1 ] 1] ) - G

i>1 i>1 i>1

which can be evaluated using G' from Appendix directly leading to S f") from (). [ |

4.3 Contribution of covariances to the variance of XQ(")

In this subsection we will prove the following lemma, which will also imply equations (B) and (6) of
Theorem 2,11

Lemma 4.9 The variance of X;n) is asymptotically given by

Inn Inn
Var X3V = 37 VarX( +2 3" H(i,j, k) + O () =sMirmio () . (29
i,j>1 ’ i,5,k>1 \/ﬁ \/ﬁ

where H (i, j, k) = (e"iPile — 1)e=nbili=nPibiand S;"), T2(") are given in (2) and (3). Only covari-
ances Cov (Xi(z.), XJ(ZLC)) resp. Cov (Xj(.z)7 X,gnj)) with i, j, k all different, and Cov (Xi(z)7 Xj(f)) with i, j
different, contribute significantly to Var X én).

Proof. We start considering distinct forbidden pairs (i1, j1), (i2,j2), where we allow i1 # j; or ia # jo
or both, and are again interested in negligibility of covariance contributions.

Let J := {i1,j1,i2, j2}, and assume P; > O fori € J,as wellas P, := 1 — 3, ; P; > J. Define the
matrix IT with rows and columns indexed by the set J U {e} (which we assume ordered, starting with e
and followed by the elements of J in ascending order) via

D RN RO NG A}
YT P, else,

We will have to distinguish several cases, which however share some common features: The sought
probability can be expressed as

P(X™ = x™ = 0)=7l"1 = 1\ D,

11,71 12,J2
where, as previously observed, A1, C; and ®,, for n > 1 are C°° functions on an open superset of D;;’ .

Limits lim,, o ®, = 1, lim,,_, % = 0, etc., will again be uniform for (P;);c; € D;{. Denoting
i1

]P;(X(n) — O) — C’*/\:}(I);’ ]P’(X(n) = O) = Co)‘gq)%a

11,71 12,72
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we observe
. A1 . Ch . D,
lim

= = 1
PS0 AAe P30 ChCy  Prso &5d0
leading to /\1\/1\0 =140 ([Le, P)- %}JO =1+ 0 ([Tic; ). and 322> = 1+ O ([[;c; B). with
implied constant independent of n. (This independence can be shown as in the proof of Lemmal[4.6]) As
we will see, more accurate representations for A\;, complementing those obtained by Algorithm 1, can
always be found in the form

=1

, forieJ,

M=1-PF, P, —P,P;, +Q+ 0y,
where ( = O3 and () > 0. We will observe, that in each of the cases

- P,P,.P 30
@ Zm,t:(imx(r,t)e{(z’l,jl),(z'z,jz)} k (30)

holds. Using A\, =1 — P;, Pj, + Q. + O(P}? Pj21) and Ao = 1 — P, Pj, + Qo + O(P PJ-QQ) (depending
on whether (i1, j1) = (4,1) or (i,7), we have Q. = P? or Q. = 0, and similarly for @, see the proof of

Lemma[4.3)), we will obtain in most of the cases
A1
n
Ao
where the error term needs justification in each of these cases. In some cases this is done by employing the

MVT, as in the proof of Lemmaf.6] This results in the following expression for a quotient of probabilities,
that directly leads to an expression for the covariance, where we denote @ := Q — Q. — Qo,

(n) _ () _ n _
P(Xi17j1 — Xi2,j2 — O) _ < A1 > C1 @, _ en(Q+O(Pi1Pj1Pi2Pj2)) <1 + O(HH)),
P(nglz(np@yﬁw =0) Mo ) CL.C, O

i2,J2

1

:Q_Q*_QO"’—O(RlelPiQPjZ)v (€29)

ieJ

Cov (X[, X1) = [(€"2 = 1) + O(nPy, Py, Py Py, + [ P2 ) e R(XTY, = OP(X(L), = 0),
=
valid for nP;, Pj, P;, Pj, = O(1). It will turn out that in some of the cases we have @ = 0. In cases where
@ > 0 we always have @ = (9( HieJ Pi) and @ < %s, with € := P; P;, + P;, P;,. Using the latter,
and (T3), as well as e"? — 1 < nQe"?, we obtain
e"OP(X" =0)P(X.") =0) = o(efgns),
("2 = 1) [P(X\[), =O)P(X([), =0) — 7] = O(nQVmee ") = O(ViQe~ ).
In case of nP;, Pj, P;, P;, = Q(1) we use (I3) to obtain
Cov (X(n) X(n) ) = (’)(e_%a) = O(nPilelPiZsze_%"5)7

11,517 “ 42,72
and all this results in

Cov (X(n) X(n) ) _ (enQ _ 1)677L(P11Pj1+Pi2Pj2) + O((npilpjl Pigpjg + \/EH Pi)67%n<Pi1Pj1+Pi2Pj2)) )

01,517 “Ti2,52
iceJ
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We distinguish the following cases, only Cases 1, 5 and 6 involving @) # 0, and Case 6 slightly deviating
from the general pattern outlined above.

Case 1: Pairs (i, r), (r, t) with 4, r, ¢ all different.

The matrix II and its characteristic polynomial p are given by
P, e P, % P, T P, t
P, P, 0 P
P, P P 0]’
P e P, 7 P, T P, t

Using Algorithm 1 and (I8)), we obtain

=
I

p(A) = )\4 - >\3 + PT(PL + Pt))\Q — PiPT.PtA.

A1 :l_PiPT_PTPt+PiPTPt+OZ?
Ci=1+PP.+P.P. —2P,P.P; + OZ
We can see that \; = 1 — P, P, — P, P, + P, P; P, + P203 holds, by noting that \; is a C> function of

the coefficients P.(P; + P;) and —P; P, P; of the polynomial p, and terms of order 2 or higher contribute
P20j}. Thus, by the MVT, for some 0 < p; < P;,0 < p; < P,

= PiPi———— (pi,p:) = PiP,P.(1+ O(P,)).

So (31) is established with Q = P, P, P, which indeed satisfies Q < 1 P.(P; + P;) < 15%¢, since § < 3.
Case 2a: Pairs (i,7), (i,t) with i, 7, ¢ all different.
The matrix II, its characteristic polynomial p, and asymptotics of \; and C are given by

}fze }fzz' 1(? Igt p(A) =AY = N + Py(Pr + P)A?,
Mm=|"¢ "¢ M=1-PP. — PP ¥
P. B P PR’ ' o
P, P P P Ci=14 KP4 BB+ 05
Again, )1 is a C* function of the coefficient P;(P, + P;), leading to Ay = 1 — P;P. — P,P, + P?O},

which we use to derive In(524-) = PP 3050 (p,, pr) = O(P, P, P?), yielding (BT) with Q = 0.

Case 2b: Pairs (1, 1), (¢, i) with ¢, r, ¢ all different.

Here the matrix (call it IT;) can be seen to be a similarity transformation involving diagonal matrices of
the transposed matrix (call it II,) in Case 2a, more precisely, with p := 7Il = [P,, (P;);c1], we have
[T, = Diag(p)~'II* Diag(p), leading to pII; "1 = pII”~'1, and implying that p()\), A1, C1, and also
the covariance, are the same as in Case 2a.

Case 3: Pairs (4,4), (r,t) with i, , ¢ all different.
The matrix II, its characteristic polynomial p, and asymptotics of A\; and C; are given by

Pe P P P p(A) =M — (1= P)N — (P, — P2 — P,P,)\2 + P,P, P,
_ |P. 0 P P B R s
0=y p p ol A =1 Pi2 PrPt+Pi3+04,

P, P, P P Ci =1+ P+ PP, - 2P + Oj.
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Denoting by A\, = limp,_,o A; the largest zero of A2 — A+ P.P,, and r(A) = @, we compute

(Ao + PPp) = P?X\o + P(P? 4+ 2Pido +20° — P, — Aot + PPy + 3\ — ) + PP = 0,

and conclude by the implicit function theorem, using A\, = 1 + O3, that there is a unique C'*° function
p of P;, P, P, near the origin, satisfying 11(0,0,0) = —1, such that \; = X\, + P?p. This leads to

8?’3}% = O(PF;), and similarly a‘}igh = O(F;), resulting in ln()\i‘io) = O(P,P,P?), yielding (31).

Case 4: Pairs (4, j), (r,t) with 7, j, r, ¢ all different.
The matrix II, its characteristic polynomial p, and asymptotics of A\; and C; are given by

Pe Pi Pj PT' Pt

P. P 0 P P p(A) =X’ =\ + (PP + P.P,) X\,
II=|P. P P; P P, M =1-PP,— PP, +0j,

Pe Pz Pj P’r‘ 0 01:1+R,PJ+PTPt+OZ

P. P, P; P. P

Observe that J21 = OF and 23 = O; lead to In(2k-) = O(P:P; P, P), yielding (31).

Case 5: Pairs (4,7), (r,4) with i, r different.
The matrix I, its characteristic polynomial p, and asymptotics of A\; and C are given by

P. P P p(\) =A% =\ + PP.A+ P.P;P,,
I=|P. P 0], A\ =1-2PP, + P?P, + P,P? + O},
P 0 P Cy =14 2P,P, —2P?P, — 2P,P? + O}.

Note that A\; is a C*° function of the coefficients P; P, and P,P.(1 — P; — P,), leading to
A\ =1—2P,P, + P,P,(P; + P.) + O(P?P?),
which, together with A\, = X\, = 1 — P, P, + O(P?P2), we use to derive

At

o = L+ PEP+ PP+ O(PPPY).

This is in accordance with 81), with Q = P?P, + P,P? = P,P,(P, + P,) < P;P,(1 - §) = 15°¢.
Case 6a: Pairs (i, 1), (i,7) with i, r different.
The matrix I, its characteristic polynomial p, and asymptotics of A\; and C} are given by

P, P P, p(A\) = A = (1 = P)X* = PP,
m=|(P. 0 0], M =1-P?— PP, + PP, + P} + O},
P P P Cy =1+ P?+ PP, — 2P?P, — 2P} + O},

We start deriving the more precise estimate Ay = 1 — P> — P,P, + P2P, + P? + P?0j:
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Abbreviating o = P, + P, k = P; — P we use p(A1) = 0 to infer the existence of a function p that
satisfies \; = 1 — ko + P?p. Indeed, from
0=\ —(1-P)\ —P(1-0)

— (1= ko + P2p)? — (1= P)(1 — ko + P2p) — P(1 — o)

=r%0% +0(P; — k — Pik) + P?u(l + P, — 2k0) + Pp?

=P?[(1—P)0* + 0P, + (1 + P, — 2k0)u + P ii°]
we conclude by the implicit function theorem that there is a unique C'*° function p of P;, P, near the
origin, satisfying u = Oj3.
Since limp, 50 A1 = A, and limp, 9 Ao = 1, we have 37 )\ = 1+ O(P,). This estimate will now

be refined. From A\, = 1 — P? + P? + O(P?) and A, = 1 — P, P, + O(P2?P?) we deduce A\ )\, =
1~ P? — PP, + P} + P20} and

A Ao+ PP, + P20
Mo Ao

=1+ P?P.+ P20 = 1+ P?P, + P?P,0; = 1+ P?P.+O(P?P,).

This is not quite 3T), but @ = P?P, = £ P? + L1 PP, < 12%¢ is satisfied, and O(P?P,) turns out to
be a sufficiently good substitute for O(P;, P;, P;, P 5)-

Case 6b: Pairs (4,14), (r,4) with i, r different.
Here the matrix II can be seen to be a similarity transformation of the transposed matrix in Case 6a,
implying that p(\), A1, C1, and also the covariance, are the same as in Case 6a.

We summarize the covariances Cov (X 7/(;n_)71 X f:iz), asymptotics valid for (P;) e € Df,

Cov (X, X () = (enPiPrPr 1) e~ (PPr+PrP) | O (0P, P2 Py /nPi Py Py) e 1P Pt Pr)

1,7 )

(Case 1)
Cov (Xl(:f), X(")) Cov (XT(ZL), X(”)) O(nP?P.P; + PiPrPt)e*%"(PiP’*PiP*) (Cases 2)
Cov (X7, X(")) — O(nP?P,P; + P,P,P,)e” "(FI4FP) (Case 3)
Cov (X, X ) = O(nP,PjP,P,)e” T"(PiPi+Prl2) (Case 4)
Cov (X, X"y = (enPilr(PitPr) _1)e=20PiPr o O(nP2P2 4\ /nP,P,)e” 3"l (Case 5)
Cov (X7, X ”>) Cov (X7, X\) = O(nP2P, + P,P,)e in(Fi+ il (Cases 6)

We continue showing that the multiple sums of error terms arising in (22)) and Cases 1-6 are negligible.
In addition to (28] we will also use that

> (nPiPy)*e P = O(Inn) holds for a > 0. (32)
ik>1

This can be deduced from (28)), using 8 = 1, observing
a2
> (PP e PP =N (= 1) (B Py e e

i,k>1 0>2
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and furthermore

Z ((nPy)*e " = Z O(lnn — In(nPy))(nP)e " = O(Inn),

£>2 £>2
because of 2 Inz = O(x*/2). Note that (32) yields 3, T>1PiP,.e_QZJ"P’PT =0(™1), which settles
@, and also Case 5, where the double sum is (9(1\‘%), and Case 4, with quadruple sum of order
O(]“ ") Using P; P, < +/P;P,, Case 1 can be reduced to bounding the sum

1 s 1 s Inn
R . —4n(PiPr+Pr.Py) _ ] —SnP;P.\ __
T E \/nP;P.A/nP.Pe 4 = O(\/ﬁ - E VnP;P.e 4 ) =0 (ﬁ) ,
i,rt>1 i,r>1

where for the inner sum (w.r.t. t) we used (28). Similarly Cases 2 give rise to triple sums of order O (1“7")
The same is true for Case 3, which is seen by upper bounding the triple sums by

1 _ (P 1 _ P _dn 1
= Y (nP?)*(nP.P)% An(PEAPrP) — = > (nP?)%e inp? > (nP.P;)%e inPrP_ 0 ( nn) :
n n

X “ n
i1 i>1 1

where a € {1/2, 1}. Finally, the following estimates

3 nP2P,e= i PIHPP) %Z(npf)lﬂ —4nP? > nPPe” PP — (m) (33)

n
ir>1 i>1 r>1 Vin

Z PP, o~ §n(P7+P;Pr) < iz(mﬂ 1/4,~4nP? Z (nP,P, 1/2e—§nPiP,,, -0 <lnn> :

3
ir>1 n+ i1 r>1 ns

deal with Cases 6. The total contribution of error terms is therefore of order O lr‘ﬁ)
We are left with dealing with the sums of the main terms of Cases 1 and 5, and Note that Case 1 has
a twin case, Cov (Xl(?), X(n)) Cov (XT(ZL), X(n)).

Denote H(Z,], ]43) _ ( nP; Pj Py __ 1) —nP; Pj—nP; Py, and Ho(i,j) — (enPin(Pi+Pj) _ 1) —2nP; P; . Ob-
serve that

2p. p2 _ p. 2p. P2 _ D
Z(enpi P _ 1)(enPLPj —1e PP < anizpjena PJnHPJZenPLP] e~ 2nPi P
i#j &

In n
< 2P3P3 —20nP; P; O
E n“P;Pje = -

.3

and (e?tP—1) = (e —1)+(e?—1)+(e?—1)(e’—1) imply Doy HO(,5) =230, H(i, gy i)+0 (m).
Therefore we have

2> H(i,jk)+ Y H(i,4)~2) H(ijk)

i,5,k>1 i,j>1 i, k>1
[{i.d,k}|=3 I{4, 7}| 2 J¢{i,k}
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°(%2) ()
=2 H(i,j,k)—4 > H(i,i,j)+2)  H(i,i,i),
i,5,k>1 ij>1 i>1

where we have estimated two of the sums using (28) and (33). Asymptotics of the sum 3=, -, -, H(i, j, k)
are computed in Appendix confirming TQ(n) as given in (3). The sum
Z I:ef’nPiPT _ e*2’ﬂP¢P’,‘:| — Z [1 _ e*Q’ILP,;PTjI _ Z [1 _ e*"lpipr] — G~(2np2) _ é(np2)7
i,r>1 i,r>1 i,r>1
which, as we have seen, is an asymptotic equivalent of ZMN Var X7(7), is evaluated in Appendix

confirming Sé") as given in (). This completes the proof of the lemma, and also proves (B)), as we have
seen, that multiple sums of covariances Cov (X, () x™ ) with i, = 51, but io # jo, are negligible. Il

41,517 “T 12,72

Remark 4.10 Along the lines of the two preceding proofs an independent proof of Theorem [3.7] could
easily be furnished. We would use (13), (19), 20) to identify 3~ (1 —e P and Yy (1—e k)

as asymptotic equivalents of IEX(n) and EX(n) leading to IEX(") ~ G(np?) and EX( m) ~ G(np?) —
G(np?), with G, G from Appendlcesnand

4.4 More than two pairs of identical letters

We now turn to the case of k pairs (i1,41), ..., (i, i), allowing for k > 2.

Lemma 4.11 Fixa set I := {i1,1i2,...,i;} of size k, assuming iy, < ... <41, and thus P;, < ... < P;,.
Lete := Y, ., P?. Then we have

k+1 1 3lnn
1 fore > 3lnn
_{ i e<1/h (34)

P(XW =0,iel)=Y CA»
(Xii t Z CiA} +O(2), fore <1/4,

with all \; different, and error terms holding uniformly in k. More precisely, we have Ay > |\;| > 0 for
2<ji<k+1land —PF;, <11 <—PF;_, <X <...<—=F; < X2 <0. Moreover,

M=1-) P?+) P+ 0(?), (35)
iel iel
C1=1+0(), (36)

again with error terms holding uniformly in k.
Proof. As before, welete := N\ I'and P, :=1— ), ; P;, and introduce the matrix

Pe ‘Pil Piz e Plk
P. 0 P, P,
=1 £ 0 - F

Pe _PZ.1 ]DZ.2 A 0
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In order to find eigenvalues and corresponding left and right eigenvectors of II, we have to solve the
following systems,

_p€<1+25j) )\zPe(1+ZPij)

jerl jerl (37)
/\61:R<1+ Z 6_7')7 el )\[}J121+ Z Pj,uj, 1el
JEI\{i} Jer\{i}

Note that (p;);cs solves the right system if and only if (5;);cr = (P;p;)ier solves the left system. From

the left system we easily obtain

AP )
i = ———— fi I
Bi POt D) ori €1, (38)

and, upon inserting into the first equation of the left system,

AP,
)\:PE+Z;>\+ —P—i—ZP ZA+P z;
1€

iel

(39)

2

There are at most k& + 1 dlfferent solutions to (39), those being exactly the eigenvalues of II. Defining
fA)=x-1+ Zzel S, » We observe the following k + 1 sign changes on the interval [—F;, , 1],

P? _ . _ . _ .
Zie[ 1+P; — f(l) > 0 > f(O) - Pev )\BIPPi f()‘) - 00, )\{I‘IfnPi f()‘) 00, fOI'Z € I7

from which we obtain the result regarding the locations of the eigenvalues.
We continue with the proof of (34). The first estimate, O(1), directly follows from (I3). For the second,
note that ¢ < 1/4implies P;, < 1/2. We then use (26) and 'S and w as defined in the proof of Lemmaf4.1]
Then for some orthogonal matr1x Q the matrix IT := QSTIS~'Q~" is diagonal and satisfies p(IT) =
[Apt+1] < P, <1/2,and |Apy1—j| < Py, < % for j > 1, implying ||1:I”HF < fq?’”. This leads to

A" = w(STIS )" 'w! = wQ I ' Qw! < ([T < " |p < 2,27 = O (1)

n

Turning now to asymptotic expansions of A\; and C, we first provide a convenient representation of the
latter in the spirit of (39), starting from (T8)),

Cl _ 1+Zz€1ﬂ1 )‘1 )\1 o 1
NP, 2 = I
HPEP Pe*%wimz ZP[MR—W] L= 2 movrp
i i i

(40)
Note that asymptotic estimates of higher order than those given in (33)) and (36)) could easily be obtained

by Algorithm but as we need error terms uniformly in k, we choose another route. We assume ¢ < 1/9
2
andobserve f(1—3e) = -3+, 1_7€+P < Bt Y o 5 < —3e+ 9 <0, which implies

A >1—3e Using\y + P, <1+ 1/3 = 4/3 in equation (39), we obtaln

)\1—1—2)\1 - <1 -2y PP=1-3c

el el
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Next we employ 1 — z < 1%1: <1 — 2z + 222, holding for z € [~1/2,1], in

Algl—z PHP <1-) PP4+) PP-3e

i€l el i€l
}) 2 3 4 3 3
)\121—21725+P_1—§P +;P —2%3—1—6@%&—%5

>1-Y PP+) PP—4e?

el el

proving (33). Similarly, (36) follows from {@0), using A; + P; > 1 — 3¢ > 5/6:

Ff —1 9 -1
1sG=[1-Y tmp] <S|[I-BX R <1+

iel iel

This completes the proof of the lemma. |

Proof of Theorem E We first prove (7) in the case that z; = 0 for all i € I. Letting € := Y

ZEI
again, by the previous lemma we have
(n) Ak 2 ps 1
n) . _ n n __ —n(P;—P; 2 -
PX(Y =0, € 1) = X + Y- oy = [T e (14 0() +n0()) +O(n).

icl

By letting P; — 0 for j € I\ {i}, we obtain
n — 2 _ ps 1
P(X(}) = 0) = P (14 0(P2) +00(PY) ) + O ).

and finally

P(X™ = 0i e 1)~ [R(X™ = 0) = (He”“”f >> (0 +n0E) +0(;) =0(5),

iel iel

(4D
using [T, e~ (PP =P?) < ¢=ne(1=P1) and the fact that e=*(1=1) (z + 22) is bounded for z > 0.
Clearly, equation (7) holds for I = {i} and all z; € {0,1}. Assume that equation (7)) has been shown for
all I with |I| = k. Consider I’ with |I'| = k + 1. Then, as we have just shown, equation (7)) holds for I’
when ), ;, x; = 0. Italso holds when } ., x; = 1: If z; = 1, 2; = O for i € I" \ {j}, then

P(XY =ziel)=P(XY =0,ie '\ {j}) ~P(XY =0,ie ),

l_lf]P’(Xi(;?)xz H P(X (n):0 HP (n)i0

iel’ iel'\{j} el’
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so, by taking the difference of these equations, we have
1
PX™ = g;,i € I') (n) _ (7)
(X, =miel) - [[P(X.] =0(-
el
Similarly, by induction on & := ), x;, we can prove that (41) holds for all I’ with |I'| = k + 1 and

allz € {0,1}**1. Clearly the error terms O () may now suffer from dependence on ||, but not on 7, as
the values { P, };< did not enter the proof.

We conclude this subsection with the following conjecture.

Conjecture 4.12 The same kind of asymptotic independence as in Theorem holds for (X ,gn)ml)pl,

when the sets {k;, m;} are pairwise disjoint.
4.5 Some further results on the probability of avoiding a prescribed set of pairs
In this section we aim at a better understanding of A; and C; given in (T4)), as examples like

A1
Cy

1— P,P. — P?P? - 2P?P? 4+ O}
1+ PP, +3P?P? 4+ 10P?P? 4 03

A1
Cy

1-P?~ PP +PP.+P+0;

» TSP 1+ P24 PPy — 2P2P, — 2P% + O}

from the proof of Lemma [4.3] resp. from Case 6a in the proof of Lemma [4.9] suggest that there may
be a simple relationship between A; and C;. This turns out to be the case, see (@3] below, and our
method of proof also allows for a representation of the generating function of the probabilities in (14)).
Besides shedding light on above mystery, we hope that the results of this section will turn out useful when
computing asymptotics of higher moments of X 2") and X 3”), a task however not further pursued in the
present paper.

We start with a finite non-empty set of forbidden pairs Z := {(k;, ml) i€ I}andletJ := ;e {ki, mi}.

Using II and p introduced shortly before Algorithm 1, we define = 1p — IL ie.,

~ P, (k,m)eZ,
Hk m =
0, else,

and use it to define ¢y :==pl =3 ., Pj=1— P, and

jeJ
Yip1 =PIl = Z

for i > 1. Note that ¢, = ¢, with ¢ introduced in Lemmal4.1] and v is a generalization of @ introduced
in (30). Moreover ¢; < (1 — P.)" = Of holds for i > 1. Denote the identity matrix of appropriate
dimension by I and define a meromorphic function in terms of a resolvent,

P, Py - Py
oseveskis: (o skn )y (i1, k) €T~ 707 K1 Fis

U(z) = p(%}H H) L=2p(+20) 1= vi(—2

1>1

with the series converging for
on. Denote

'(z) = 5p(2 I[+H) *1 will be needed later

Py = p8(P))jes) = P(X(,, =00 € 1),

ki,m;
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and for v € [0, 1] consider now the functions C'(v) and A(v) defined via (T4) by

PP (0P))jes) ~ C)A W)™

Arguing as in the proof of Lemma [4.1] i.e., invoking the Perron-Frobenius theorem and the implicit
function theorem, these functions are analytic in an open subset of C containing the interval [0, 1]. The

following theorem shows how to express A(v), C(v), and Pz(z):=3_, -, p(zn)z”, in terms of .

Theorem 4.13 The function A(v) is a solution to the following equation,

1 — vy
Av) = —————. (42)
1— \II(W)
The function C satisfies
C(v) = Av) — o) (v), (43)
which, in terms of coefficients, means [v"]C(v) = —(n — 1)[v™]A\(v).
Moreover, the generating function of the sequence (p(I"))" >0 satisfies
1
Pz(z) (44)

1= (1 =)z —¥(2)
Proof. We start with (T3) — (T7), i.e., A = P.(1+ 1), 3 = +[8I + p|, u = + [[lpx + 1], and replace
P; with vP; for j € J, leading to

1
A

where here and in the following \, 3, u are short for A(v), 5(v), and p(v). Rewriting the equation for 8
in terms of II, we obtain B(]I + %ﬁ) =3(1+p1)p= ﬁf), furthermore

A= (1—v)(1+81), B=3[BI+p], n=[vllu+1],

A A=\
- p( 1410 45
B 1_wlp(er ) ; (45)
and finally 17%}1 —1=p81= lfi\)wl ¥ (%), from which (#2) immediately follows.
For the proof of [@#3), we rewrite (@#2) as ¥(%) — 11 ¥ = 1 — 1 and differentiate w.r.t. ¥, yielding
Lox  1ax[/08\"" 1 .,/1 wV\' X
qf’(ﬁ)— = () oy () = . 46
VAR %~ A2 v \ v 20N PR (46)
Rewriting the equation for 1z in terms of II, we obtain I+ %ﬁ) p=31(1+vpp) = 1=y 1, hence
_ (M4 T @7
P oo \v |

Combining (@3) and 7)), we obtain

(1 — o1)2Bu = %2;3(211 n ﬁ) - (;) .
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This, and {@6), we plug into (T8), thus establishing @3),

Cloy AL A - A o
QU Ry il e e il 7 € ey Rk prpe
= Av) — v\ (v).

For the proof of (@4) observe that p(I") = pII"~'1 holds for n > 1, with p = [P., p], and II from the
proof of Lemma[4.] yielding

Pr(z) = 1+ p(%ﬂ - ﬁ)fln.

LetII := 1p — II and observe pf["]l = f)ﬁ"]l forn > 1,aswell as pl = 1, pl = 1 — P,, which leads
to

p(LT+ 1)1 = 2p(I + 211) "1 = 2 — 22pII(T + 21) 11 = 2 — 2pH(LT+TT) 11 = Pz + W(2).
By a well known resolvent identity, we have

(G-I~ = QI+ = G-I~ I+ I+ D)7

and thus
p(II-T)~"1 —p(LI+ 1)1 = p(AI — M)~ p(21+ 1)1,
ie.,
Pr(z) =1 — (Pez + ¥(2)) = (Pz(2) — 1)(Pez + ¥(2)),
from which {#4)) immediately follows. |

Using [@2), we can express A\; = A(1) in terms of (¢;);>2 as follows,

M =1 =42 + 43 — (V3 + ) + (i3 +s) — (293 + Aoty + 205 + 1)
+ (1093¢3 + 5tharhs + 5ihsthy + thr)
— (595 + 15¢:3¢s + 150993 + 6¢at)s + 61315 + 3¢5 + )
+ (35951 + 219305 + 420905ths + T3 + Tehathr + Thstbe + Tehaths + o) + O

This is found by computing the ninth Taylor polynomial of A(v) at v = 0 and evaluating it at v = 1.
Clearly, more terms of \; can easily be extracted using gfun. Furthermore, by @3)), we have

Ci =1+ — 23 + 3(43 + ¥a) — 4(3vhaths + Ps5) + 5(205 + 44atha + 203 + 6) + OF.
The expansion obtained from (44)) also turns out to use only (1););>2, and starts

Pr(2) =14 2+ (1 — ah)2® 4+ (1 — 2uhgy +1h3) 2> + (1 — 3ahy + 203 + 2 — opy)2*
+ (1 — 4t + 313 — 20g + 33 + b5 — 2uharh3)2® + O(25).
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To give an example of (@) in action, consider the set of forbidden pairs Z = {(k, k), (k,¢), (¢, k)} with
-1

k#2. Then we have II = [IIZ’; Igf],whichleadsto\ll(z) =[P P (%]I—i—ﬁ) H] = Zii’“}j;zpf—w

_ 1+ Pyz—PyPp2>
and finally to PI(Z): =P Pe(l- P P)=7 4 PP (1P )5
Using the function ¥(z) := — > .o, ¥;(—=2)", equations @2) and @4) can be recast in the following,
somewhat simpler forms, B
1 1
1-9(%) 1—2z—-9(z)

We will meet the latter generating function again in Section 5, where, employing a combinatorial ap-
proach, we are able to show that in case of one or two forbidden pairs, the generating function is rational
with a denominator of degree at most three, which allows for very explicit expressions for the coefficients.

4.6 Limiting distribution of X "
Conjecture 4.14 The asymptotic distribution of X 9()”) is Gaussian

Proof. Note that the following proof is non-rigorous, as it is based on heuristic assumptions.

We assume asymptotic independence of X i(Z')’ as the covariance total contribution is O(1). We consider

pairs (i, 7) such that 4 # j. The probability P[Xi(,?‘) = 1] of pair (4, j) occurring depends on (4, j) only
via u := % + j, and is a decreasing function of u, which we denote p,, ,,, with known asymptotics from
(13) and (20). The number of pairs such that ¢ + j = w is given by ¢(u) = u — 1 — [even(u)]. Assuming
that only the pairs most likely to occur, i.e., exactly those with ¢ + j < @ for some threshold w, contribute
to X l(';) (which we know is close to its expectation), we are led to

ic(v) - i(v —1)- EJ = u; -2~ M ~ h;(;f +O(In(n)),

v=1 v=1

so we define 4 := {IH(L")J to have a good match. Taking into account also pairs (4, j) withi +j = a4+ 1,

we have to add a binomially distributed random variable Bin (c(@ + 1), pn,a+1), which is asymptotically
Gaussian. Similar corrections have to be added for pairs (7,5) with ¢ + j = @ + k with k& > 2, the
contributions rapidly becoming small as k increases because of p, 441 = O(q*) as k — oco. As some of
the pairs with ¢ + 7 = @ may be missing, we have to subtract Bin (c(ﬁ), 1-— pn_ﬂ). Similar corrections
have to be subtracted for pairs (¢,5) with i + j = @ — k with 1 < k < @ — 2, all of these correc-
tions being asymptotically Gaussian. Again contributions rapidly become small as k increases, because
of 1 —pn a—r < exp(—cq™*) for some ¢ > 0. So the asymptotic total random contribution is Gaussian. Il

The result of a simulation with p = 1/4, n = 500000, and number of simulated words N = 200000
can be seen in Figure 3| The observed mean X §") ~ 750.19 and observed variance s3(n) &~ 130.05 are
very close to EX{™ ~ 750.19 and Var X\™ ~ 129.88. The density of a Gaussian with mean EX{™ and

variance Var X :g") is also shown in Figure The fit is excellent.
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Fig. 3: Comparison between Gaussian density f(x) (line) and the simulation of X é") (circles), withp = 1/4,n =
500000, and number of simulated words N = 200000.

A rigorous proof of Conjecture [4.14] eludes us for now. What we have tried is the following. Define

random variables (l-(z) with the same distribution as X 1-(3), for n,4,5 > 1, but such that for fixed n the

random variables (Ci(;’;))i’jzl are independent. Furthermore define (") := ", 2 Ci(z), and let 141, resp.
/?;5,?), be the mth cumulant of C(”), resp. X:g”). Then show that

i) the sequence (¢ ("))nzl satisfies a CLT,

ii) the cumulants £ and £ are close enough for the CLT proof to work also for (X é”))nzl.

Task 1) is doable. We have f{é") ~ Sé") = 111?72(1 Inn + O(1), by Theorem [2.1and Lemma and can

show ™) = O(Ilnn) for m > 2. This gives (mg"))_%mgff) — 0 as n — oo, for each m > 2, therefore,
by the Frechet-Shohat theorem, (Var ¢ ("))_% (¢ —E¢™) converges in distribution to a standard normal
random variable. See section 4.7 in the extended preprint of [Louchard et al.| (2023) for first steps in the
sketched direction.

For task ii), we know k8" — & | ~ T = O(1). Thus a bound like |x{}) — &%) | = O(1) (or even
|n$ﬁf ) — /2;57?)| = O(In"™?7¢ n) with some & > 0) holding for 7 > 2 would guarantee the above CLT
argument to carry over to the sequence (X én))nzl. Now &5,? ) RS,TZ ) involves infinite sums of mixed mth
moments, and we are not quite sure, if our methods to deal with covariances would easily adapt to higher
moments. Moreover the number of cases to distinguish (analogous to the 6 cases we had for m = 2)
grows rapidly with m. So, unfortunately, we can not report progress here.
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5 Combinatorial Pattern Matching Approach

For a combinatorial approach, we utilize the methodology of |Bassino et al.|(2012). The full strength
of [Bassino et al.| (2012) is not needed, because (in the present analysis) we are only studying “reduced”
sets of patterns. In a reduced set of patterns, no word is a subword of another word. Here, we are always
analyzing patterns of length 2, so our patterns are necessarily (already) reduced. So we only need to
understand Sections 4.1 and 4.2 of Bassino et al.| (2012).

Since we follow the notation and overall approach of Bassino et al.| (2012), the reader might want to
review the first 10 pages of |[Bassino et al.| (2012), through Section 4.2. The basic methodology is to use
an inclusion-exclusion approach to enumerating patterns. This approach allows an exact derivation of the
probabilities of each set of patterns. For this approach, Section 4.1 of Bassino et al.|(2012)) explains how
to utilize decorated texts, in which some occurrences of patterns are “distinguished” (while others might
not be distinguished).

Collections of overlapping distinguished texts are gathered together into clusters. With this methodology,
“the set of decorated texts 7' decomposes as sequences of either arbitrary letters of the alphabet A or
clusters: 7 = (A + C)*”. Using &(z,t) = 3, cc m(w)z*1t7(®), where m(w) is the probability of a
text, and 7(w) is the number of distinguished occurrences of subwords in w, the generating function of
all decorated texts is T'(z,t) = 1/(1 — A(z) — &(z,1)).

Finally, using inclusion-exclusion, it follows that the probability generating function Fy,(z, x), in which
powers of z mark the length of texts, and powers of x mark the total number of occurrences of patterns in
U, we obtain Fy(z,z) = 1/(1 — A(z) — &(z,x — 1)). This is the set of core ideas from |Bassino et al.
(2012) that forms the foundation of the analysis in the present section.

We define X (™ as the total number of distinct (adjacent) pairs in a word Z1, ..., Z,, and we have
0 _ NN x )
XM =%> X
i=1 j=1

Note 5.1 The roots of the polynomials in the denominators of the generating functions in Table |l|and in
Table2)exist and are unique (or there is a removable singularity that can be defined by using continuity).

Lemma 5.2 Forn > 2, and fori # j, the probability that ij occurs (at least once) as an adjacent pattern
inZy,...,Zy,is exactly

E[X(n)] i (2Pin)n+1 < 1

1
(1-1=4BP)"™" (14 /1- 4Pin)"“>'

& V/1—4PP;
Proof. The proof of Lemma is in subsection [
Lemma 5.3 Forn > 2, the probability that ii occurs (at least once) as an adjacent patternin Zy, . .., Zy,
is exactly

my_q_(L_ 1+ P, —2P(1 - P) '
Bl =1 (2 2\/(1Pi)(1+3Pi)> <IR+\/(1H)(1+SH)>
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1
A ge”l.func. W
1 -1
ar. frac 1—/1—4P; P; _ 2P, P; _14+4/1-4PP, - 2PP
par ’ 2P; Pj/1—4P; P; 1—4/1-4P; P 2P; Pj/1—4P; P; 1+4/1—4P; P,
2P; P;)" !
coeff. of 2" ( i) ! nFT ! =5
\/1-4P;P; (k@) (1+ 174131»19_7.)
2\ —1
p22? _ 1+Piz
B | gen. func. (1 —z+ 1+P,;z) = T-(A-P)-B(1-P)=2
-1
par. frac. % S © o E— 1-— —2h(1—P) z
2¢/(1—P;)(143P;) 1—-Pi++/(1—P)(1+3P;)
-1
_ %4, 1+P; 1— —2P;(1-P) Py
2/ (1—=P;)(14+3P;) 1-Pi—/(1=P;)(1+3P;)
n
1 14+P; —2P;(1-P,)
coeff. of 2" 5 — L
i of (2 2\/(1P1-)(1+3Pi)> <1Pi+\/(1Pi)(1+3Pi)
n
—(i4 1+P; —2P;(1-P;)
2 2,/(1-P)(1+3P) 1-Pi—/(1—P;)(1+3P;)
1
C | gen. func. T—21P; P; 22+ Py Py 22
par. frac 1+ 174(PiP_7+PkPZ)( B 2(P; P4Py, Py) )—1_ 1—+/1—4(P; PP, Py) (1_ 2(P; PPy, Py) z)_l
: : 24/1—4(P; PPy, Py) 1—/1—4(P; Pj+Py Py) 2,/1—4(P; PPy, Py) 14+/1—4(P; P+Py Py)
2(PyP;+P Pp))" !
C()Eﬁ‘.‘ szn 2( i+ P Pr)) 1 - 1 -
V1-4(PiPi+PeP) \ (1-/1=4(P,P, 1 Pi Py)) (14++/1-4(PiP; 1 P FY))
-1
_ Piz(Piz+Pyz) _ 14+P;z
D | gen. func. (1 2 s vy s ) = 1-(1-P) s+ (P’ + B, Pi—F,) 22
-1
par. frac. 3— 145 1— —2P;(1-P;—Py) -
24/(1-P:)(1+3P;)—4P; P, 1—Pi+/(1=P;)(1+3P;)—4P; P,
-1
1 + 1+P; 1 —2P;(1-P;—Py)
_ 5 — z
24/(1—P;)(1+3P;)—4P; P, 1-P;—/(1-P;)(1+3P:))—4P; P,
n
coeﬁ‘ szn 1 1+P; —2P;(1-—P;—Py)
' 2 Y(1+3P;)—4P; P, 1—Pi++/(1—P;)(14+3P;)—4P; P,

2¢/(1-P;

(

1 14+P;

—2P;(1—P;—P)

2t 2/(1—P;)(1+3P;)—4P, P,

)(

1-P;—/(1—P;)(14+3P;)—4P; P,

y

Tab. 1: Table of generating functions, partial fraction decompositions, and coefficients of 2", n > 2, in each.

-
2

~2P,(1 - P) )

1+ P
2y/(1-P)(1+3P) 1-P—+/(1-P)1+3P)
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P22 \71 (1+P;2)(1+ Py 2)
E | gen. func. (1 Z+ 1+Pz + 1+ksz) = (172)(1+Piz)(1+sz)+Pi222(1:~sz)+sz22(1+Piz)

a,b,c,d a=PP,(P+P;,—1),b=P?+ PPy +P?—P,—P,c=P,+P—1,d=1

par. fmc. az3+bz2+cz+d

_ X s rt st
= (L+ P2)(1+ Po2) (oo + oo + eonaga=)

) n (14+P;t)(1+ Py t)rs (14 P;s)(1+ Py s)rt (14+P;r)(14+Pyr)st
coeff. of z OG-nr T esi=s)s" T G- —rr

P?2? 2\ 7! 14P;
F | gen. func. (l—z—l-m—i-Pksz ) = A ATP TP ZiPksz2(1+Pz)

a,b,c,d a=PFP.P,b=PP + PP —P,c=PFP—-1d=1

1+P;z rs r s
par. frac. ittt = U+ Pe) (oo T voonea7s T eoaaga )

n (1+Pit)rs (1+P;s)rt (1+P;r)st
coeff of 2" | Chrtnm T Gesias)e T o)

1
G gen'func' 1—2+P; Pjz?+PjPyz?—P; P; Py z3

a,be,d | a=—PPjP,b=PP;+PPrc=—1,d=1

1 _ TS rt st
par. frac. P07 etd — DGt =2/0 T r=9)(=s)(1=2/5) T Gomt=ra=2/m)

n TS rt st
coeff. of 2" | m=pmE T Gos=ss T et

. -1
2P, P; 2> P2p;2° P P}?z? 1-P,P;
H | gen. func. (1— i Lt 2

1-P, P22~ 1-P; P22~ 1— PP 22 = (—2)(1—P, P;22)12P; P]zz PZP;2°—P; P?25

a,b,c,d Cl:Pin(l—Pi—Pj),b:Pin,C:—1,d:1

1— PQPZ 78 Tt St
par. frac. e ThriaTd = 1 — BBz )((rft)(sft)(lfz/t) + (rfs)(tfsf)(lfz/s) + (sfr)(tf;‘)(lfz/r))

) n | A=P;Pjt>)rs | (1—P;P;js*)rt | (1—P;P;r?)st
coeff. of z (r—t)(s—t)tm + (r—s)(t—s)s™ + (s=r)(t—r)r™

Tab. 2: Table of generating functions, partial fraction decompositions, and coefficients of z", n > 2, in each.

Again, for n < 2, we have E[XZ(TZL)] =0.

Proof. The proof of Lemma is in subsection [ |
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5.1 Main results
By adding the results from Lemmas[5.2]and[5.3] we establish the following theorem:

Theorem 5.4 For n > 2, the mean number of distinct (adjacent) pairs in a word Z+, . . . , Zy, is exactly

() _ > B (2P P;)"t! 1 B 1
E[X™)] ;; [1 J/1— 4P, P, ((1 — JT=4BP)"" (14 /1= 4Pin)"+1)]
£y
=1

(Y 1+ P, —2P,(1— P) !
2 2/0-P)01+3P)) \1-P+/(1-P)(1+3P)

Ly 1+ P, —2P,(1 - P) !
2 2/1-P)1+3P)) \1-P— /01 -P)(1+3P)

Forn < 2, we have E[X(™)] = 0.

In Section we give all of the analogous parts of the analysis for F[(X()2], but we do not wrap
the results into a statement in a theorem, because the second moment has many parts, and the notation is
cumbersome.

5.2 Analysis of the average number of distinct (adjacent) pairs
5.2.1 Analysis of distinct (adjacent) two letter patterns ij with i # j

If we fix ¢ # j and we analyze the occurrences of the pattern 77, then the only “cluster” (to use Bassino
et al.’s terminology) is 77 itself. So the generating function &(z, t) of the set of clusters C' = {ij} becomes
only (compare with (6) in Bassino et al.):

f(Z, t) = Pintzz.

The generating function of the decorated texts (with z marking the length of the words, and ¢ marking the
number of decorated occurrences of ¢j, and the coefficients are the associated probabilities) is

1 1
1 7A(Z) 7£(Z,t) o 1—2z— ]%‘]%‘75227

T(z,t) =

where A(z) = z is the probability generating function of the alphabet A.

Now we use F'(z, z) to denote the bivariate probability generating function of occurrences of ij (with z
marking the length of the words, and x marking the number of occurrences of ¢7, and the coefficients are
the associated probabilities), i.e., we define

F(z,x):= Z Z P(Z,, ..., Z, has exactly k occurrences of ij as a subword)z* 2",
n=0k=0
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We know from inclusion-exclusion (see (Flajolet and Sedgewick, 2009, Chapter 3) or Bassino et al.
(2012)) that F'(z,x) = T(z, 2z — 1), so we obtain
1
1—2z—PPj(x—1)z%
The probability generating function of words with zero occurrences of pattern ij can be obtained by

considering the case k = 0, corresponding to the coefficients of 2°. To extract those coefficients, we can
evaluate F'(z, z) at x = 0, and we obtain

F(z,z) =T(z,x — 1) =

1
F =F(2,0)= ——————
[x] (Z,l‘) (Z, ) 1—Z+Pz’PjZ2’
so, finally, the probability generating function of the words with at least one occurrence of vj is
1 1
E X(") _
Z 12 1—2z+4 PP;z?

and it follows, using Table[TJA, that

2P, P; - 2P, P; "
E X(n) n _ n = < = ) n
HZ:O Xogle ;j Jr(1+\/1—4Pin)\/1—4PipjHZ:0 1+ 1_4B5p,)
2P, P > ( 2P P )Zn

(1-/1-4PP))\/1-4PP; == \1— /1 4P,P;

and we conclude with the exact expression for E[X 1(7;)} in Lemma
5.2.2 Analysis of distinct (adjacent) two letter patterns ij withi = j

Now we fix ¢ and we analyze the occurrences of the pattern ¢¢. The clusters have the form iz - - - 4, i.e., they
are all words that consist of 2 or more consecutive occurrences of i. So the generating function £(z,t) of

the set of clusters C' = {i4, i1, 41, 4it3i, . . .} becomes

P2tz
¢
§at) = 1— Ptz

The analysis is similar to the reasoning in subsection[5.2.1] and we get

EjEX“” L !
T 12 1— p?z?
Z+1+Pz

and then, using Table[IB, we have

ZEX(n> 1 (+P2)(=1+P+/(0-P)1+3P))

=12 — _ B —2P;(1-P;)
VTP IP)(1- p)

(1+Pz2)(-1+ P —/(1-P)(1+3P))

— ~(1 —2P,(1-Py)
2¢/(1 Pz)(1+3pz)< 1=P,—\/(1—P;)(1+3P;) )

and we conclude with the exact expression for E[X 1(7;)] in Lemma (5.3).
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5.3 Analysis of the second moment of the number of distinct (adjacent) pairs
Now we study the second moment of X (), namely, E[(X ())2]. We have
oo o0 oo oo
SRR W
=1 j=1 k=1/¢=1

so the second moment is, by linearity of expectation,

We break the analysis into 4 regimes, namely:
ej=jandk ="/
ej=gjand k #/
ci#jandk =1/
ei#£jandk £/
53.1 i=jandk =1/

In the case i = j and k = ¢, we have two possibilities, namely, eitheri = j =k =fori = j # k = /.

5311 i =j =k =1/( Inthecase i = j = k = /, we have XZ-(E)X,Z}) XZ(TZ), so we get
E[X i(E)X ,i"e)] = FE[X l(?)] which we already handled in Lemma

5312 i=j#k=/{ Inthecasei = j # k = £, we need to analyze the occurrences of the patterns
71 and kk. The clusters each have the form ii--- i or kk - - - k, i.e., they are all words that consist of 2 or
more consecutive occurrences of ¢, or consist of 2 or more consecutive occurrences of k. So the generating
function &(z, ¢, u) of the set of clusters C' = {ii, i1, i34, i3iii, . . ., kk, kkk, kkkk, kkkkk, ...} becomes

P?t2? P,?uz2
1—- Ptz 1— P.uz

(with z marking the length of the words, and ¢ marking the number of decorated occurrences of iz, and u
marking the number of decorated occurrences of kk, and the coefficients are the associated probabilities).
The methodology now proceeds in a very similar way to the method from Section[5.2.1] but £, T', and F
all have an additional variable, as compared to that earlier (more simple) analysis. We have

1 1

(2,1, u) 1—-A(z) = &(z,tu) P2tz PRuz? ?

1—P;tz 1—Pruz

g('z7 t’ u) =

and it follows that the probability generating function of occurrences of iz and kk (with z marking the
length of the words, and = marking the number of occurrences of ¢, and y marking the number of occur-
rences of kk, and the coefficients are the associated probabilities) is

1

1 P2(z—1)22 P2(y—1)z2 °
T AT I P -1z  1-Puy—1)z

F(z,z,y) =T(z,x —1,y—1) =




38 Louchard et. al

It follows that the probability generating function of the words with at least one occurrence of ii and at
least one occurrence of kk is

o0

S B X = 3 P X
n=0 n=0
1
= 1= ~ F(,0,1) = F(:,1,0) + F(,0,0)
—Z
1 1 1 1
= 1— B Pl 22 P2z2 222 P222
o l—=2 + 1+P;z l—2 + 1+ksz I-2z + 1+P z 1+ksz

The partial fraction decomposition for the second term is given in Table[IB.
The third term is the same as the second term, using & instead of 4.
The partial fraction decomposition for the fourth term is given in Table 2.

532 i=jandk #/

5.3.2.1 ¢ = jand k and / are distinct The clusters each have the form ii - - - i or k/, i.e., they are all
words that consist of either 2 or more consecutive occurrences of 4, or simply the word k¢. So £(z,t, u)

of the set of clusters C' = {41, #41, 4441, 143, . . ., k{} becomes
P?t2?
t, ——— + P Pz’
&(z,t,u) = - Dpis + P Pouz

(with z marking the length of the words, and ¢ marking the number of decorated occurrences of ij, and u
marking the number of decorated occurrences of k¢, and the coefficients are the associated probabilities).
It follows that

1
Tz tu) = P2tz2 )
1—z— 25 — PulPouz?
and )
F(Z,$7y):T(Z7:L'—]_,y—1): 20 2 .
1—z— S — PPy — 1)22

It follows that the probability generating function of the words with at least one occurrence of ij and at
least one occurrence of k{ is

n 1
ZE XWX = T~ F(z.0.1) = F(,1,0) + F(2,0,0)
1 1 1 N 1
—1_. 222 _ 2
=7 124 1Ierz S l-ztRBR2 T +1+Pz+PkPéz2

The partial fraction decomposition for the second term is given in Table [IB.
The partial fraction decomposition for the third term is given in Table[T|A, using & and ¢ instead of 7 and j.
The partial fraction decomposition for the fourth term is given in Table [2F.
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53.2.2 i=j=k#/{ Theclusters each have the form ii-- -4 or ii - - - i/, i.e., they are all words that
consist of 2 or more consecutive occurrences of 7, or of 1 or more consecutive occurrences of 7 followed

by £. So &(z,t,u) of the set of clusters C' = {ii, ii4, ii4i, 9i3i1, . . . , i, iil, iiil, iiiil, . . .} becomes
P?tz? P, Pyuz? P;z(Pitz + Pyuz
o) = o2y Bl P wz)
1—- Ptz 1-— Ptz 1— Ptz
and
I _ 1
(z,2,y) = |, PePe—Da+Py—12)
1-P;(z—1)z

It follows that the probability generating function of the words with at least one occurrence of ij and at
least one occurrence of k{ is

n n 1
2 EX( ) x ( ) :E_F(Z 0,1) — F(z,1,0) + F(2,0,0)
_ 1 1 ! + !
=7 . 2,2 _ ) 2 Piz(Piz+DPyz)
1=z 4 D2 1-z+PRP2? 154 Peeihe)

The partial fraction decomposition for the second term is given in Table [IB.
The partial fraction decomposition for the third term is given in Table[TJA, using ¢ instead of j.
The partial fraction decomposition for the fourth term is given in Table[I]D.

5323 i=j=/{+#k Thecluster have the form ki---4 or ¢i- - -1, i.e., they are all words that consist
of k followed by 1 or more consecutive occurrences of ¢, or of 2 or more consecutive occurrences of 7. So

&(z,t,u) of the set of clusters C' = {ki, kii, kiii, kiii, ... ,ii, iii, iiii, iiiii, . ..} becomes
(ot u) = P, Puz? PiQtZQ _ Piz(Pyuz + Pz-tz)’
1—PZtZ l_Pth l_Pth
and 1
F(Z,-’E; y) = 1— Piz(P(y—1)z+P;i(z—1)z)
17P¢(m71)z

It follows that the probability generating function of the words with at least one occurrence of ij and at
least one occurrence of k{ is

n n ].
ZEX( X,z = =~ F(z.0.1) = F(2,1,0) + F(2,0,0)
—Z
_ 1 1 1 N 1
-z 1_Z+1+P 1= 2+ PP 1_2_’_%;;1%2)

The partial fraction decomposition for the second term is given in Table [IB.
The partial fraction decomposition for the third term is given in Table[TJA, using & instead of j.
The partial fraction decomposition for the fourth term is given in Table[I]D, using k instead of £.
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533 i#£jandk="1{

5.3.3.1 k =/andiand j are distinct Same as section |5.3.2.1|but with ¢ and k exchanged, and with
j and £ exchanged.

5332 k={¢=i%#j Sameassection[5.3.2.2]but withiand k exchanged, and with j and £ exchanged.
5333 k={¢=j+#14 Sameassection but with 7 and k£ exchanged, and with j and ¢ exchanged.

534 i#jandk #/
5.3.4.1 iand jand k and / are distinct The clusters are 75 and k¢. So £(z, ¢, u) of the set of clusters
C = {ij, kL} becomes
&(z,t,u) = PZ-Pjtz2 + P, Piuz?,
and
1
1—2z—PPj(x—1)22 — PPy(y — 1)2%

F(z,z,y) =

It follows that the probability generating function of the words with at least one occurrence of 15 and at
least one occurrence of k{ is

o0

n n ]‘
> BIXG X" = 1= = F(2,0,1) = F(2,1,0) + F(:,0,0)
n=0
1 1 - 1
11—z 1—z+PPjz> 1—z+ P,P2?
1
+

1— 2+ PPz + Py Pp2?

The partial fraction decomposition for the second term is given in Table [TA.
The partial fraction decomposition for the third term is given in Table[T|A, using & and £ instead of ¢ and j.
The partial fraction decomposition for the fourth term is given in Table[|C.

5.3.4.2 k = i and j and / are distinct The clusters are ij and i¢. So, by the same analysis from

section|5.3.4.1] we get

n n 1
ZEXU XMz =1 — F(20,1) = F(2,1,0) + F(2,0,0)
1 1 1
1—2z 1—2z+4+PPjz2 1—z+PP2?
1
+

1—2,’—}-Pif)j22—i—PZ‘f)gZ2

Exactly as in section[5.3.4.] above:

The partial fraction decomposition for the second term is given in Table [TA.

The partial fraction decomposition for the third term is given in Table[TJA, using ¢ instead of j.
The partial fraction decomposition for the fourth term is given in Table[I|C, using i instead of k.
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5343 k = j and i and ¢ are distinct The clusters are ij, ij¢ and j¢. So &£(z,t,u) of the set of
clusters C' = {ij,ij¢, j¢} becomes

€(z,t,u) = P;Pjtz* + PjPpuz® + P,P;Pituz®,

and
1
1—z—PPj(x—1)22 — PjPi(y — 1)z — P,P;Py(x — 1)(y — 1)2%"
It follows that the probability generating function of the words with at least one occurrence of ij and at
least one occurrence of jl is

F(z,z,y) =

TL n 1

—Z

1 1 1 1

1—=2 B 1—Z+Pipj22 B 1—Z—|—PngZZ + 1—2+ PinZQ + PngzQ — Pipjpgzg

The partial fraction decompositions for the second and third terms are given in Table [T]A, once using j
and / instead of 7 and j.
The partial fraction decomposition for the fourth term is given in Table2G.

5344 i =/andk and j are distinct Same as section [5.3.4.3|but with ¢ and k exchanged, and with
j and £ exchanged.

5.34.5 (¢ = jand ¢ and k are distinct The clusters are ij and kj. So, by the same analysis from

section[5.3.4.T] we get

n n 1
ZE mxM]en = 1= ~F(z0.1) = F(z,1,0) + F(2,0,0)
1 1 - 1
11—z 1—z+PP;jz> 1—z+ P,P;2?
1
+

1— 2+ PP;z? + Py P;z?

Exactly as in section[5.3.4.] above:

The partial fraction decomposition for the second term is given in Table [TA.

The partial fraction decomposition for the third term is given in Table[TJA, using & instead of :.
The partial fraction decomposition for the fourth term is given in Table[I|C, using j instead of £.

5346 i = kand j = ( are distinct In this case we have Xﬁ?X ,g"@) = XfT;), so we get
E[X i(Z)X ]82)] = E[X l(YJL)] which we already handled in Lemrna
5347 ¢ = ¢ and ;7 = k are distinct The clusters each have the form ijij¢... or jijij.... So

&(z,t,u) of the set of clusters C' = {ij, iji,4jij, ijiji . .., ji, jij, jiji, jijij . . .} becomes

P, Pjtz? P?Pjtuz? P; Puz? P;P?tuz®
1— P,Pjtuz?> 1— P,Pjtuz? 11— PPjtuz® 1— P;Pjtuz?’

g('z? t’ u) =
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and F(z,z,y) = 1/(1 — z —&(z,2 — 1,y — 1)). It follows that the probability generating function of the
words with at least one occurrence of ij and at least one occurrence of kf is

n n 1
ZEX( X\ = T — F(2,0,1) = F(2,1,0) + F(2,0,0)

1 1 1
1-2z 1—2z+4+PPjz> 1—z+P;jP;2?
1

1 + P; P; 22 P2P;23 + P; P; 22 PPQzJ
R PP22_1 PP22 — PPz2_1 PP22

+

The partial fraction decomposition for the second and for the third term is given in Table[TJA.

The partial fraction decomposition for the fourth term is given in Table 2H.

As mentioned immediately after Theorem [5.4] we do not wrap all of the analysis from Section [5.3]into a
theorem (because it would be very lengthy), but we have precisely analyzed every aspect that is needed
for exactly characterizing the second moment E[(X (™))?].
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Appendix A Some Mellin transforms

To keep the paper self contained we give here a short outline on how to use Mellin transforms to obtain
asymptotic expansions. The reader seeking more detail is referred to |[Flajolet et al.| (1995) for a nice
exposition. Subsections A.1, A.2, and A.3 are devoted to asymptotic equivalents of three sums that play a
crucial role in our paper.

The Mellin transform f*(s) of f(x), also denoted M [f(z); s], is given by

o= [ " faye e,

The interior of the set of s for which the integral converges is an open strip (a,b) :={s € C:a < Rs <
b}, called the fundamental strip, with a, b depending on how f behaves at 0 and co. For example, we have
M e™*;s] = T'(s), with fundamental strip (0, 0o), and M [1 — e~%; s] = —I'(s), with fundamental strip
(—1,0). When computing the Mellin transform of so called harmonic sums, the rescaling rule turns out
to be very useful:

M [Z Akfwkx);s] )
k

i e
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In the case that f*(s) can be meromorphically continued to a strip (a,b) with b > b, information on the
poles of f*(s) leads to asymptotic properties of f(n),n — oo. This is called the fundamental correspon-

dence. In particular, if there is a pole
1

(s =&+t
of f*(s) at £ = o + it to the right of the fundamental strip, then this pole will contribute the term

—1)k .
(k|) ln(n)kn—oe—ltln(n)7

which is precisely the residue of # at s = &, to an asymptotic expansion of f(n) at co. Justification
comes from residue calculus: If f is smooth enough, the inverse transform applies to yield f(n) =
L [“H%°n=s f*(s)ds with a < ¢ < b. If for § < b the set of poles = in {a,b) satisfying Rz < f is

(21grllotced Sg, and there is no pole with real part 3, we have

1 B4ioco

f) = 5= S (s)ds = D Res(f7(5)n ™ oms = = D Res(f¥(5)n7%)s=s + O™,
27T1 B—ico
ZES/; ZGS/;

with the integral being O(n "), provided that f*(s) decreases fast enough for s = 3 + it and [t| — oo.
Equality of left and right hand side is established by using a sequence of contours py, being the boundaries
of rectangles {z € C: ¢ < Rz < 3, —hy < Sz < hg} with hy, — oo, verifying that f*(s) decreases fast
enough on the horizontal segments of pg, as k — oo, and applying residue calculus.
Here is an illustration of fast enough decrease. I'(s) decreases exponentially in the direction ico:

IT(0 + it)| ~ V2r|t|7~1/2e=mIH/2,

Also, similarly fast decrease can be observed for all other transforms we encounter.
In the following, recall the notations

— 1 . 2im

L= lna andX =
A.1
Let

21

G(n) = Z (1 —e ) .
>0
1
The Mellin transform of this sum is G*(s) = —ﬁf‘(s), with fundamental strip (—1,0), to the
- q S

right of which the meromorphic extension of G*(s) has poles at s = 0 and s = %X for ¢ € Z \ {0}, with
singular expansions

~—

. 1 v 1)1 i 1 (4
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Noting that there are no other singularities to the right of (—1, 0), the error term in the following expansion
can be chosen O(n~?) with any fixed 8 > 0.

1 v 1] 1 Xy
G ~—1 | - = (2 IX/2
(n) ~ 5 n(n )+[2L_F2] oL (2)”
teZ\{0}
A2
Let _ " .
G@U:ZE:(1_emqj):§:@+q)@-f*W).
§,§>0 k>0
~ 1
Here we have G*(s) = fmF(s), with fundamental strip (—1, 0), and poles at s = 0 and s = £x
—q

for ¢ € Z \ {0}, with singular expansions

N 1 171 246 5 1
G (s) = — -%7+ },ﬂ” 7++L]S

L2s3 L2  L|s 1212 12
and T'(Lx) IV(¢x) — LT (Lx)
Sk X X) — X
= — — forl € Z
G*(s) L2(s — fy)? I2(s — ty) , for £ € Z.\ {0},
leading to

212 L2 1212

~ n(n)? 72
G(n) ~ n(n) —|—{ 7y 11;] In(n)+ [—'_67 + % L}—FZ}? Z[F/ (x) — (In(n) + L)L (¢x)]n~

teZ\{0}

again with error term O(n %) with any fixed 8 > 0.

A.3

Set
é(n) = Z(enPiPJPk _ 1)€_nPiP_7’—7LPij.
i,k

This leads to the Mellin transform, with fundamental strip (—1,0),

E / :EP P Pk _ l)eszinmeijx871dx

1,5,k
:Z P Z/ [e—y(PﬁPk—PiPk) _ e—y(Pi+Pk>} vy
y — Jo

-1 —1 Z (P + Py — PiPy)™" — (P + Py) "]
ik

N (2)2 qf(—S)l Fafs)

£x

)
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where

Fi(s) =Y [(¢"+q" —pgd™ )" = (¢" + ¢) 7]
i,k

Zi

q—is (2 _ H)—s _9-s +22 [(1 + qj _pqi—&-j—l)—s _ (1 +qj)—s]

i> j>1

[an

Note that F7(s), being a general Dirichlet series in the variable —s, is analytic at least for o0 = s < 1,
since, using the Mean Value Theorem, we have
pg !

J _ i+j—1\—0o __ J\—o R
|(1+¢’ —pq ) (1+¢’) ‘§|U|(1+qj)1+a’

and therefore

. P.
)] <201 30000 Y s <o

N1+
i>1 >0 1+ q7)t+e

Moreover, F;(0) = 0, so to the right of the fundamental strip we have the singular expansions
- Fi(0)

* Ay _ T'(¢x) Fy (¢
G*(s) < Is and G*(s) < —p %X(LX);_(;(X)’

for ¢ € Z\ {0}.

This leads to 0 )
=0 LS R @)+ 0 ),

L
teZ\{0}

with any fixed 5 < 1, where the constant term simplifies to

F0) lln H q + g~
L L qi + qk _ pqi+k—1 !

ik>1
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