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We study the enumeration of Hamiltonian cycles on the thin grid cylinder graph Cp, X P,11. We distinguish two
types of Hamiltonian cycles depending on their contractibility (as Jordan curves) and denote their numbers h;,; (n)
and h;, (n). For fixed m, both of them satisfy linear homogeneous recurrence relations with constant coefficients. We
derive their generating functions and other related results for m < 10. The computational data we gathered suggests
that hyyS(n) ~ hj,(n) when m is even.
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1 Introduction

A Hamiltonian path of a simple graph is a path that visits each vertex exactly once. A closed Hamiltonian
path is called a Hamiltonian cycle or Hamiltonian circuit, which we shall abbreviate as HC. The enumer-
ation of Hamiltonian cycles on rectangular grid graphs P,,, x P, had been studied extensively in, among
others, [2, 14} 19, 15110, (13} {14} 17,19, 20]]. In contrast, little work [2, 911} [17] was devoted to enumerate
Hamiltonian cycles on rectangular grid cylinders C,,, X P,.

In this paper we investigate, for each fixed m > 2, the generation and enumeration of Hamiltonian
cycles on ), x P, 11, where n > 1. Since n grows while m is fixed, such graphs are called thin grid
cylinders in the literature. In [2], vertices were encoded. We adopt a different approach by coding the
cells or squares on the cylindrical surface, along with the so-called k-SIST equivalence relation. This
equivalence relation was formerly called k-SISET, and was first used in [4] to enumerate Hamiltonian
cycles on P,, x P,. A very similar approach for the same enumeration was implemented in [[19] using
the language of finite automa.
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We distinguish two different types of HCs. In the sense of homotopy: one type of HCs are contractible
(as Jordan curves) to a point, and the other type of HCs are not. We denote them HC® and HC"™¢, respec-
tively. Simply put, a HC" is one that “perches” on or wraps around the cylinder likes a bracelet on an
arm, and a HC® can be “pasted” on the cylindrical surface. Let h'¢(n) and h$, (n) be the number of HC"“s
and HC®s, respectively, on C,, x P,.1, Our objective is to determine, for each fixed m, the sequences
hie = {h(n)},>1 and hé, = {hS, (n)}n>1. It is obvious that the number of HCs on C,,, X P41 is
given by h,,(n) = h*¢(n) + hS (n).

We characterize both types of HCs, and use it to define, for each fixed m > 2, a digraph D,,,. The
original enumeration problem is equivalent to counting oriented walks of length n — 1 in this digraph
with first and last vertices from two special sets. Using the transfer matrix method [5} [18]], we obtain the
generating functions for the sequences h]'¢ and A, , thereby proving that they both satisfy some linear
homogeneous recurrence relations with constant coefficients.

For each fixed m, these two generating functions share the same denominator, hence the same recur-
rence relation. We used Pascal programs and Mathematica 6 to carry out the computation. Our results
agree with those reported in [2} [11], which used a different approach. The computational data from
m = 2,4,6,8,10 suggest that h'*(n) and h¢,(n) have the same number of digits and start with the same
sequence of digits. For example,

hi§(100) = 106189661997982901262641694866260787081353490654045349773784
008483411988691035247114502475722767402987233190282387756909
3701143503070291097245473763298031619982266082,

hi{p(100) = 106189661997133629777153967627991207437193145571362259096752
805056007992463634686046052605540587643324294617040045670714
1143497346647742593316608877569233239238111440.

Both numbers have 166 digits, and their first 12 digits are identical. Why is this happening?

2 Preliminaries

The graph C,,, X P,,;1 can be drawn on a cylindrical surface in such a way that no edges cross each other,
see Figure There are mn squares (4-cycles) called windows. Label the vertices (i, j) and the windows
w; ;, where 1 <4 <m, 1 < j < n+ 1 for vertices, and 1 < j < n for windows, as shown in Figure
Construct a window lattice graph W,, ,, with vertices representing the windows of C';,, X P, 1, and two
vertices are adjacent if and only if their corresponding windows in C,,, x P, share a common edge. It
should be clear that W, ,, is isomorphic to C,,, x P,.

We distinguish two types of closed Jordan curves on a cylindrical surface: those that divide the surface
into two infinite regions (image the cylinder being extended indefinitely in both directions to the left and
to the right), see the curve "¢ in Figure[2] and those that divide the surface into one finite and one infinite
region, see the curve K¢ in Figure [2l The first type (non-contractible HC) wraps around the cylindrical
surface, hence divides the cylindrical surface into the left half and the right half, it resembles a bracelet
around an arm. The second type (contractible HC) encloses a finite region and leaves an infinite region on
the outside. One could imagine it being pasted onto the cylindrical surface.

We abbreviate these two types of Hamiltonian cycles as HC™¢ and HC®, respectively. We use the
following convention to name the two regions separated by a HC:
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Fig. 1: The labeled graph C), X P, 11 and its windows.
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Fig. 2: Two types of closed Jordan curves on a cylindrical surface.

e For a non-contractible HC: all edges that connect two adjacent vertices from {(¢,1) | 1 <i < m},
but do not lie on the HC, belong to the same region. We call this region (on the left of the HC) the
zero region, and the other region (on the right of the HC) the positive region.

e For a contractible HC: the windows within the bounded region are marked with 1s, hence the
bounded region is the positive region, which makes the exterior unbounded region the zero region.

Alternatively, the orientation of the HC is chosen such that the zero region is always on our left as we
traverse through the HC (see Figure[3). For HC® this orientation is in the clockwise direction.

We use hl¢(n) and hS,(n) to indicate the number of HC™s and HC®s. Their respective generating
functions are written as H»°(x) and H¢, (x). Using a standard parity argument (likes the one used on a

checkerboard), it is easy to tell which thin grid cylinders have a Hamiltonian cycle.

Theorem 2.1 For m > 2 and n > 1, we have h}¢(n) = 0 if and only if both m and n are odd, and
he,(n) = 0 if and only if m is odd and n is even.

Proof: It is straightforward to construct a HC™ for even m or even n, and a HC® for even m or odd n
(see Figure[). It remains to establish the condition under which no HC exists.

Consider the “vertical” edges joining vertices (m, ) to (1,7) for 1 < i < n + 1, see Figure[3] Any HC
may contain some of these vertical edges, and the number of such edges is odd for a HC™¢, and even for
a HCe.

As we travel along a non-contractible Hamiltonian cycle, the number of steps “to the left” and “to the
right” must be equal, while the difference between the “up” and “down” steps is m. Since the HC contains
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Fig. 3: Two types of Hamiltonian cycles.

m(n + 1) edges, we deduce that m(n 4+ 1) = m (mod 2). Thus, a HC™ does not exist if both m and n
are odd.

Similarly, if there exists a contractible Hamiltonian cycle, then m(n + 1) must be even, because there
is an equal number of left and right steps, and an equal number of up and down steps. Hence, there is no
HC¢ if m is odd and n is even. m

Hamiltonicity of a graph has both a local (every vertex is visited exactly once) and a global (the sub-
graph is connected) aspect. For a HC"¢, the windows belonging to any one of the two regions induce a
forest in the window lattice graph W, ,,. We call the trees in these forests zero trees (abbreviated ZTs) or
positive trees (abbreviated PTs) depending on which region they belong to. Accordingly, their respective
windows are called zero windows or positive windows. Every zero tree contains exactly one window on
the first column of W, ,, from the set {w; 1 | 1 < ¢ < m} called the left root, and every positive tree
contains exactly one window on the last column of W, ,, from the set {w;,, | 1 < i < m} called the
right root. For example, the HC"¢ in Figure |§| has three zero trees with left roots wq 1, ws 1, and wr
(striped), and two positive trees with right roots w7 19, and w19,10 (striped).

For a HC®, the interior windows (they are marked with 1s in the HC® in FigureE[) form a tree in W, ,,
but the exterior windows form a forest of exterior trees (abbreviated ETs). Note that only one ET from
this forest contains exactly one window on the first column of W, ,, (the left root), and also exactly one
window on the last column of W, ,, (the right root). We call this ET the split tree of the HC. Any ET
different from the split tree contains either exactly one left root or exactly one right root, but not both.
For example, the HC® in Figure E|has a split tree with the left root wy ; and the right root w3 19, one ET
with the left root wr 1, and one ET with the right root wg 19. For the purpose of this study, interior tree
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Fig. 4: The construction of the two types of Hamiltonian cycles.

and exterior trees are also called positive tree and zero trees, and their windows are labeled by 1 and 0,
respectively.
We need a few additional definitions to facilitate our discussion.

Definition 1 Given a nonnegative integer word dydy . . . dp, its sapport is defined as the binary word
dids .. .d,,, where

710 ifd; =0.
The support of a nonnegative integer matrix [d; ;| is defined in a similar manner.

Definition 2 The factor u of a word v is called a b-factor if it is a block of consecutive letters all of which
equal to b. A b-factor of v is said to be maximal if it is not a proper factor of another b-factor of v.

The approach described in the next section allows us to simultaneously analyze both types of Hamilto-
nian cycles.

3 First Characterization of HC

We associate with each Hamiltonian cycle of C,,, x P,,;1, for both types, a binary matrix [ai’j]mxn,
denoted A™¢ for HC™¢, and A€ for HC¢, according to
= { 1 if w; ; is a positive window,
J 0 otherwise.
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This matrix satisfies the following necessary conditions which are easy to verify (we adopt the convention
that Am+1,5 = G155 forl <j <n).

Theorem 3.1 The matrix [a; ;| mxn Satisfies the following conditions:

[Al] (First column condition): The cyclic word ay11a21 .. .Gm,1 € {0,1}™ has at least one 0 and does
not contain the factor 00.

[A2] (Adjacency condition): For eachiand jwithl <i<mand1 <j<n-—1,
(@i s @it1,5: @i 1, aipr,5+1) € {(1,1,1,1),(0,0,0,0),(0,1,1,0),(1,0,0,1)}.

[A3] (Root condition): Each connected component of the subgraph of W, ,, induced by the 1-windows
has a tree structure, and

e For HC"®, every positive tree has exactly one square from the last column of W, .

e For HC*, there is exactly one positive tree.
[A4] (Last column condition): The cyclic word a1 a2y, - . . Gm.n € {0,1}™ has

e For HC", at least one 1, and does not contain the factor 11.

e For HC®, at least one 0, and does not contain the factor 00.

It is clear that every HC™¢ (HC®, resp.) yields exactly one matrix A™¢ (A resp.) that satisfies conditions
[A1]-[A4]. The converse is also true.

Theorem 3.2 Every matrix [a; j]mxn With entries from {0, 1} that satisfies conditions [Al]-[A4] deter-
mines a unique HC™ (or HC¢) on Cy;, X Py41.

Proof: The entries in the matrix A can be used to label the windows of C),, X P,, 1 with 0 and 1. Construct
a subgraph on C,,, X P,,;1 by forming its edges as follows. Any edge neighboring a 0-window and a 1-
window is selected. For A™¢, a left edge that joins the vertices (m, 1) and (1, 1), or the vertices (¢, 1)
and (i +1,1), for 1 <4 < m — 1, is selected if it is adjacent to a 1-window, and a right edge that joins
(myn+1)to(IL,nm+1)or (i,n+1)to (i+1,n+1),forl <i < m—1,is selected if it is adjacent
to a O-window. For A€, an edge on the left or right boundary is selected if it adjacent to a 1-window. For
example, for the matrices in Figure [3] the edge between the vertices (3,7 + 1) and (4,n + 1) is selected
for A™ but not for A°.

The conditions [A1], [A2] and [A4] imply that this subgraph of C,,, x P, 11 is a 2-factor. The global
aspect of Hamiltonicity is provided by condition [A3]. The boundary of the positive region determines
the uniqueness of the HC. O

We note that every possible first column in both A™¢ and A€ and last column in A€ is a circular binary
words of length m with no consecutive 0’s, and is different from the word 1". Likewise, every possible
last column in A™¢ is a circular binary words of length m with no consecutive 1’s, and is different from
the word 0™. It is well-known that the number of such binary words is L,,, — 1, where L, is the mth
Lucas numbers with Ly = 2, L1 = 1,and Ly = Lgy1 + Ly, for £ > 0. See, for example, [1]].
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4 Second Characterization of HC

In this section, we propose an alternate characterization of the HCs on C,,, X P, ;1. Although it is more
complicated, it leads to an effective way to compute the generating functions H?’¢(x) and H¢, (). In the
following discussion, A denotes either A™¢ or A€.

Definition 3 Given a fixed positive integer k, two windows w;; and w; s that satisfy a;; = a;s = 1
(from either A™¢ or A°) and l,s < k are said to be k-SIST (surely in the same tree looking from the
k-th column) if and only if they belong to the same component in the subgraph of Wy, ,, induced by
{wp | apy =Landt < k}.

For fixed k, being k-SIST is an equivalence relation on the set {w; 1 | a; 5 = land 1 < i < m} and
it has at most | m/2] equivalence classes. It is possible that two different classes eventually belong to the
same positive tree of a Hamiltonian cycle on the entire cylindrical surface of C,,, X P, 1. In other words,
two windows that are not k-SIST could become ¢-SIST for some integer ¢ > k. However, we cannot tell
whether it is true just from the first £ columns of the matrix A.

Let CT = {2,3,...,|m/2] + 1}. For any HC™® or HC®, we associate to the matrix A™ or A¢ from
the first characterization a second matrix [b; ;| xn. denoted B¢ or B¢, where b; ; € C* U {0}, in the
following way (see Figure5). For each j:

(a) If Q5 = 0, then bi,j =0.

(b) Partition the positive windows in the jth column into 7-SIST equivalence classes, label all the
windows within each equivalence class 2, 3, ..., according to the order in which the equivalence
classes first appear within the jth column, from top to bottom.

b4
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Fig. 5: The labeling of the windows of a HC"“ on C19 X Pi1, and a HC® on C1¢ X Pi1.

Theorem 4.1 The matrix B = [b; j|mxn (either B"® or B°) satisfies the following properties (we adopt
the convention by, 1 ; = by j, and by j = by, j, for 1 < j < n):
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[BI] The first column by 1b21 . .. by, 1 is either

p
02103%204% .0(p+ 1),  p+ Y di=m,
=1

or

p
24103%04% . 0(p + 1) % 02(m P mdmemd) N g <
=1

where p > 1 is the number of Os and d; > 0 for 1 < i < p.
[B2] The support of the matrix B, that is, the matrix [ai,j]an, satisfies the adjacency condition [A2].
[B3] For1 < k < n, the kth column of the matrix B satisfies these conditions:

(a) Isz’k > 0, where 1 < ¢ < m, then bifl,k, bi+1,k € {bi’k,O}.

(b) Ifbp, &y bpy ey« - Op, ke Wwhere 1 < |m/2], and p1 < p2 < --- < py, are the first appearance
of the elements from C't in the kth column, then by, j, =i + 1.

(c) Ifk>21<4,5<mi#j bix—1=0bjr_1,anda; ), = ajp = ajp—1 = ajk—1 = 1, then
bi,k = bj’k.

(d) Ifk>2,1<4,5<m,i#j, bjx—1 =bjr—1, by =bjx =0b and a; j,_1 = a; 1, = 1, then
the kth column does not contain any b-factor that contains both b; j, and b; .

(e) If k > 2 and if v and u are two different maximal nonzero b-factors in the kth column, then
there is exactly one sequence v = v1,v2,...,Up, = u of p > 1 different maximal b-factors
in the kth column with the property that for every i with 1 < i < p — 1, in the (k — 1)th
column, there exists exactly one letter b, ,—1 with a;j, —1 = aj, i for which bj, ;, € v;, and
there exists exactly one letter bsi+1,k—1 with as, , k-1 = s,k for which bsi+1 & € Vi1 and
bj, k-1 = bs; 1 k-1, and j; %+ s; for 1 < i < p(see Figure@).

(f) Fork > 2 and for each number b € C that appears in the (k — 1)th column, there must exist
an integer i, where 1 < i < m, for which b; ,_1 = b and b; ;, > 0.

(g) Every column has both positive and zero entries.
[B4] The last column by pba, ... by, p is

e For HC™,
p
04120%30% .. p0de (p + 1)0m P hdmmd N g =,
=1

or

p
2043040% .. (p+1)0%,  p+> di<m,
=1

where p > 1 is the number of positive integers and d; > 0 for 1 < i < p.
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e For HCC,
p
21 02%202% . 02 02Ty N T = m,
i=1

or

p
021102%02% ... 02%,  p+ > di<m,
i=1
where p > 1 is the number of Os and d; > 0 for 1 < ¢ < p.

Proof: First, a few remarks.

e [B1] and [B2] follow from the definition of the matrix B.

e [B3a]: Two windows belonging to the same equivalence class must be associated with the same
number.

e [B3b]: This follows from the definition of the matrix B.

o [B3c]: If w; ;—1 and w; ;1 are (k — 1)-SIST, and if the windows w; k, w; g, W; k—1 and w; kx—1
are from the positive region, then the windows w; 3, and w; 5, must be k-SIST.

e [B3d]: If the opposite is true, we would obtain a cycle in a positive tree, which is impossible.

e [B3e]: If we can conclude by knowing the first £ columns that v and v are in the same tree, then
there is exactly one path from v to w in their positive tree via some windows from the previous
column, that is, the (k — 1)th column.

e [B3f]: Every positive tree must “reach” the last column.

e [B3g]: For a HC™¢, the unique path in W, ,, starting in a positive window from the first column
and finishing in the last column must cross every column. For a HC®, the unique split tree must
cross every column as well. Furthermore, the occurrence of a column with no zero window would
imply that the corresponding subgraph in C,,, x P, ;1 is not connected, which is impossible.

e [B4]: This follows from the definition of the matrix B.

Based on these remarks, it is not difficult to verify the properties listed in the theorem. a

Theorem 4.2 Every integer matrix B = [b; j|lmxn with entries from C* U {0} satisfying properties
[B1]-[B4] determines a unique HC on Cy, X Py, 41.

Proof: It suffices to show that the support of B (which could be either B¢ or B€) satisfies conditions
[A1]-[A4] in Theorem It is clear that properties [B1], [B2] and [B4] imply conditions [A1], [A2]
and [A4], respectively. Properties [B3d] and [B3e] yield the forest structure for the subgraph of W, ,,
induced by positive windows (since no cycle can occur). The properties [B3c], [B3f] and [B4] for B™¢
assert that every positive tree in W), ,, has exactly one right root. For B¢, the property [B3f] implies that
for every positive window there exists a path starting from this window and finishing in the last column
of Wy, n, and the property [B4] guarantees that the subgraph of W, ,, induced by the positive windows
is connected. O
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Fig. 6: The property [B3e].

5 Technique for Enumerating Hamiltonian Cycles

For each integer m > 2, we construct a digraph D,,, in the following manner. The set of vertices V (D,,)
consists of all possible columns in the matrix B. Hence, V (D,,,) consists of integer words d1ds . . . d,,
from the alphabet Ct U {0}. A directed line joins the vertex v to the vertex u, where v,u € V(D,,),
if and only if the vertex v (as an integer word by —1b2 x—1 - .. by, k—1) might be the previous column
for the vertex u (as a word by iba i . . . by, ;). Consequently, these two words satisfy conditions [B2] and
[B3]. The subset of V(D,,,) that consists of all possible first columns in the matrix B (condition [B1])
is represented by F,,. The subset of V(D,,) consisting of all possible last columns in the matrix B
(condition [B4]) is denoted L'¢ or L¢, depending on whether the HC is non-contractible or contractible.

The problem of enumerating HC™¢ or HC® on C),, X P, ;1 now becomes the problem of enumerating
oriented walks of the length n — 1 in the digraph D,,, with the initial vertices in the set F,,, and the final
vertices in set £7/¢ or LS, . We note that Faase [[7] used a similar method to enumerate spanning subgraphs
of G x P, that meet certain conditions.

Because of the rotational symmetry and reflection symmetry of C,,, x P,,, we can further simplify the
digraph D,,, by identifying some of its vertices, hence reducing its adjacency (transfer) matrix 7, to a
smaller size. By doing so, we obtain the multidigraph D}, instead of D,,, with transfer matrix 7 ;.
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The computation of the generating functions

Hioa) = S W+ D" and  H (@) = S A (n+ Da”

n>0 n>0

is rather routine (see Theorem 4.7.2 in [18]]). It is obvious that

Hum(2) = Z hin(n + 1)a™ = HiE () + M, (@) ey

n>0

These generating functions are rational functions. Their denominators are determined by the characteristic
polynomials of the adjacency matrices. Table[I|displays, for 3 < m < 10, the numbers of vertices in F,,,
D,, and D}, as well as the degrees of the denominators in these generating functions, which determine
the orders of the recurrence relations for A7’ and hS,, .

We find an interesting upper bound of |V (D,,,|. A column in the matrix [b; ;]mx» can be viewed as a
word. Let its maximal nonzero b-factors, in the order of their appearance, be p;-factor, po-factor, ... , py-
factor. Call pyps ... pi a positive truncated word. For example, the positive truncated words correspond
to the 2nd and 6th columns of B in Figure [5]are 22233 and 2322, respectively. Every truncated word v
has two properties:

e If a letter s > 3 appears in v, then, in accordance with the property [B3b], each number from
{2,...,s — 1} must have appeared at least once before it. In other words, if we remove the dupli-
cated letters, the remaining letters will form the word 234... .

e If abab is a subsequence of the word v, then a = b (because of the properties [B3e] and [B1]).

A word over the alphabet {2, ..., k+ 1} that possesses the above-mentioned properties is called a color
word. The number of color words of length & is the Catalan number C}, = %_H (2]5), see [3,116]. Using a

relation between Catalan and Motzkin numbers described in [6], we obtain the following corollary.
Corollary 5.1 An upper bound on the number of vertices of digraph Dy, is

m/2]

L
VD <2 S (;>Ok2<Mm1),
k=1

where C,, is the mth Catalan number and M,,, is mth Motzkin number.

In light of Corollay we would like to remark that we could use Motzkin words to encode the
columns. See, for example, [19].

6 Computational Results

Based on the discussion in the previous section, we use Pascal programs to compute the adjacency matri-
ces of the multidigraphs D}, from which we obtain H'¢(x) and H¢, (z). The results are summarized in

Table |1} Notice that the numbers |V (D,,)| and 2(M,,, — 1) are equal when m is odd.



230 Olga BodroZa-Panti¢, Harris Kwong, Milan Panti¢

I m [3[ 4] 5[ 6] 7[ 8[ 9] 10]
|Fonl = Ly — 1 3] 610 17] 28] 46| 75 122
2(M,, — 1) 6| 16 | 40 | 100 | 252 | 644 | 1668 | 4374
\V(D.,)] 6| 1240 | 64252364 | 1668 | 2234
V(D) 2] 4] 8] 14| 30| 44| 128 172
deg den. H,, () 1| 2] 3 7 12 20 51 74
deg den. Ky, (x) 1| 2] 3] 6| 12 20| 51| 67
degden. H''*(x), HC,(x) [[ 2] 4| 6] 13| 24| 40| 102 141

Tab. 1: The computational results from Pascal programs.

Since H1¢(x) and HS,(x) are derived from the same transfer matrix, their denominators are identical.
After adding the two rational functions to form ., (x), the new denominator may have a lesser degree.
In fact, numerical data reveal that the degree is reduced by roughly one-half, see Table[I]

Upon further examination of the factorization of the denominator, we conclude that a better way to
study them is to introduce the function

Km(z) =My, (z) — Hy(2), (2)
such that, together with (T)),
1
,szp(x) = 5 (,Hm(x) - ’Cm(x)) 5 3)
1
Hy, () 3 (Hom(z) + K (7)) . 4

Since both H,,,(z) and /C,,, () are rational functions, we can express them as

()4 P DT () o (@)
Hn(@) = Fon (@) + 205 and - Ko@) = Ko@) + 2225

for some polynomials H.,,, (), K. (), pm (), @m (), 7 (7) and s, (z), such that deg(p,,) < deg(qm)
and deg(ry,) < deg(sm).

The denominator ¢,,, (x) of the generating function H,, () provides important information about the
numbers h,,,(n). Let its degree be d,,,. Then X, (t) = t%m¢q,,(1/t) is the characteristic polynomial which
determines the recurrence relation that h,, (n) satisfies. It has d,,, nonzero roots (the characteristic roots)
over C, name them A,,, ; so that |\, 1| > [Am 2| > -+ > |Am 4., |- We can write

s

m

qm(x) = H(l — A i).

i=1

Note that the zeros of ¢, () are /\;ﬁi. For the sake of brevity, we shall still call A\, ;s the characteristic
roots of q,,(x). It is a routine exercise to show that, if Am,is are simple (hence distinct) roots, then
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so that for sufficiently large n

m(n+1) Zal it

where a; = — A ipm (A, Y/ dh (A mlz) The solution is more complicated if some of the A, ;s are
repeated roots. Nonetheless, if A, 1 is a simple positive root such that A, 1 > |\, 2], then

hm(n+1) ~a A}

m,1»

in which the formula for «; given above still holds. See the following sections for illustrations of our
discussion.

6.1 The Thin Grid Cylinder Cy x P, 1
We find h%¢(n) = 2 and h§(n) = 2, hence hy(n) = 4, forall n > 1.

6.2 The Thin Grid Cylinder C3 x P,y
Let V(D3) = {v1,vs,...,vs}. We obtain the following:

v = (2,2,0) 00 0 0 11 .7:3 = {1}1,112,’03}
vy = (2,0,2) 00 01 01 £8¢ = {vy,vs,v6}
V3 = (0,2,2) Ty — 00 0 1 10 ,Cg = {’1)1,'1}2,’03}
vy = (0,0,2) 5710110 0 0
vs = (0,2,0) 1 01000 T*_{o 2}
ve = (2,0,0) 1 100 00 370120

RE(2k —1)=0, k>1 h§(2k) =0, k>1

hye(2) = 6 hs(1) =3

ne(4) = 24 ng(3) = 12
h3¢(6) = 96 ng(5) = 48
h3c(8) = 384 h§(7) = 192

The characteristic polynomial of T3 is 22 — 4. Because of Cayley-Hamilton theorem, we obtain the
recurrence relations h5°(n) = 4h5°(n — 2) and h§(n) = 4h§(n — 2). The generating functions are

6 3 3
nc _ — _
M) =TT T i — 2 At on)
3 3 3
i) = 1—422  2(1—22) - 2(1+2x)°
Therefore,
Hs(x) = 3 and Ks(z) = 5
BT T BT T e

The denominator of H3(z) yields the recurrenece relation

hs(n) = 2hs(n — 1), n>2.

=33 7o, 2"zF, we obtain the following simple formula for h3(n).
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Theorem 6.1 Forn > 1, the number of Hamiltonian cycles in Cs X P y1 is
hi(n) =3-2""1.

6.3 The Thin Grid Cylinder Cy x P, 1

Let V(Dy) = {v1,v2,...,v12}. We obtain the following:

v = (2,2,2,0) 00 0 0 O0O0OO0OT1TT1TT11T0O0
vy = (2,2,0,2) 00 0 0 0 O0O1TO0T1T 101
vz = (2,0,2,2) 000 00 O0OT1T1TO01TT1T0O0
vy = (2,0,3,0) 101100 0 0O0O0TO0OTGO
vs = (0,2,2,2) 00 0 0 0 O 1T 1 1001
ve = (0,2,0,3) T, — 01 0 01 1 0 O0O0OO0OTUO0OTUOO
vy = (0,0,0,2) 1011011000000
vg = (0,0,2,0) 1011100 O0O0O0TO0OTGO
vg = (0,2,0,0) 11001 10 0O0O0O0O0
v10 = (2,0,0,0) 11110 0 0 0O0O0O0O0
v11 = (2,0,2,0) 00 0 0O O0OO0OO0OT1TOTI1TT1TO
v12 = (0,2,0,2) L0 0000010100 1]
.7:4 = {Ul,ﬂg, “ee ,7)6} hzc(l) =2 hi(l) =4
ﬂZC = {’1}4,’06,1}7,1}8,?]9,1}10} hZC(Q) =14 hi(Q) =8
LG = {v1,v2,v3, 05,011, V12} 1€(3) =34 hs(3) = 48
hic(4) = 170 h5(4) = 136
0 0 3 1 hie(5) = 530 h5(5) = 612
T — 2 1 0 0 hic(6) = 2230 h5(6) = 2032
4713100 hipe(7) = 7714 h§(7) = 8192
0 0 2 1 hic(8) = 30258 h§(8) = 29104
hi€(9) = 109378 h5(9) = 112164
h€(10) = 416766 h5(10) = 410040
hie(11) = 1534722 h$(11) = 1550960
hic(12) = 5777562 h§(12) = 5738360
hic(13) = 21441682 h§(13) = 21536324
The generating functions are:
e () — 2(14 5z —ba*+2°) 33—z 1—x
e i e ey Sl Pl g
. 4 3—x 11—z
H4(x)_(1—4x—|—x2)(1—|—2x—x2)_1—4x—|—x2 142z — 22’

from which we obtain
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and the recurrence relation
ha(n) = 4hg(n — 1) — ha(n — 2), n>3.
After decomposing into partial fractions, we find

23—2)  9+5V3 1 +9—w§ 1
1—dz+22 3 1-(24+V3)z 3 1-(2—+3)a’

This leads to the next result.

Theorem 6.2 For n > 1, the number of Hamiltonian cycles in Cy X P11 is
1 n— n—
ha(n) = 5[(9+5V3) (2+v3)" "+ (9-5V3)(2-v3)" ],

and hy(n) ~ % (9+5\/§)(2 + \/g)nfl.

6.4 The Thin Grid Cylinder Cs x P, 1,
We find |V (D5)| = 40, V(DZ) = {v1,...,vs}, and

v = (2,2,2,2,0) 00 403000
vy = (2,2,0,3,0) 00020200
v3 = (0,0,0,0,2) 43000000
vs = (0,0,2,0,3) |3 2000000
vs = (2,0,2,0,0) 57100 0 000 2 2
ve = (2,0,0,2,2) 000000 2 2
vr = (2,0,2,2,0) 00302000
vs = (2,0,0,0,2) 00002020 0|
h2e(2k —1) =0, k>1 he(2k) =0, k>1
h2e(2) = 30 hE(1) =5
h2e(4) = 850 hg(3) = 160
h2¢(6) = 24040 he(5) = 4520
h2¢(8) = 680040 he(7) = 127860
h2¢(10) = 19236840 hg(9) = 3616880
We obtain
He() = 10z(22 + 3) _ 5 B 5
5 71— 2822 — 8% — 425 1—6x 4422 — 223 1+ 6z + 422 + 223’
. 5(4x% 4 1) 5 5
H5(®) = 175807 “8p1 426~ 1T 6o 1 4% — 28 T 1160 14t 120
Hence, 10 10
Hs(z) = and Ks(z) =

1 — 6z + 422 — 223 1+ 6x + 422 + 223"
Due to its complexity, we will not display the explicit formula for h5(n). Numerically, A5 1 ~ 5.31863,
and A5 2, A5 3 ~ 0.34069 £ 0.50987:.
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6.5 The Thin Grid Cylinder Cs x P, 1

He" ()

H(x)

HG (CC)

Ko ()

2 + 622 4 2782% 4 417823 + 277102* + 31435425 + 246881025 + 2477070827
+ 2104134202 + 19987603522° + 176017719682° + 1631191591762

+ 1460403914672212 + 13382718140000x2 + 120722781112208z 4

+ 1100628776882000x° + 99627933394466722:'6

+906194911336585762'7 + 8215686839071447522:8

+ 74648930937250730722° + 677262163767432390562%° 4 - - - |

6 4 24x + 49822 + 28322 + 359642 + 2637362° + 277901425 + 228693847
+2220672122% + 19273311602 + 1803958056020 4+ 160435712688z

+ 1476851478768z12 4 13281906604320x 3 + 121340682078768x 4

+ 10968414959720162° + 998600660090020826 + 90477210822238320217
+ 82244075813327217628 + 74595479166708209762°

+ 67758978401907276048z2° + - - - |

2(4 + Tx + 22 — 272% — 262* — 202° — 329)
1 — 92 — 1023 4 2824 + 3625 + 3226 + 1227’

2(2 — 11z + 1422 — 1123 — 2* + 25)
1+ 4x — 1022 4+ 1623 — 1624 + 425 + 426"

The denominator gg(z) has seven simple roots, three real and four complex, and Ag 1 = 9.07807.

6.6 The Thin Grid Cylinder C; x P, 14
We find H7(z) = pr(z)/q7(x), and K7 (x) = r7(x)/s7(x), where

Hi(x) =

7(x) =

pr(z) =
q(r) =

126 + 184522> + 2861964x° + 4444862802" + 690489100002
+ 10726732430288z' + 1666401898058352x'2 + 2588762951589008322:°
+ 4021655345585442656027 + 624766043843070648198421 + - -+ |

7 + 148422 4 2296982 + 3566396425 4 55399317962° + 8606204997602 °

+ 1336975775870002'2 + 20769976722986288x* + 32266255296058543202°

+ 50125778778712294873628 + 778706324674021160970562%° + - - -,

7(1+ 62 — 222 — 1202° — 178z + 722° + 5802° + 61627 + 2642® + 722° + 162'7),

1— 12z — 1822 + 11223 + 4402* + 77225 + 19628
— 206427 — 37242% — 20402° — 496210 — 128z + 16212,

and r7(z) = pr(—x), and s7(z) = g7(—x).
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6.7 The Thin Grid Cylinder Cg x P, 1
Again, we have Hg(r) = Kg(z) = 0,

Hg ()

H

ps(z)

qs()

rg(x)

sg(x)

2 + 254z + 179422 4 821382 + 10129302 + 307173745 + 4813692342:°
+ 1207028737027 4 2145851444022% + 48860856966542°

+ 92880601782338210 + 2011688161424970x! + 39622707294281 746212
+ 836009740378418718x3 + 16778455639135020178z + - - - |

8 4 64x + 432022 + 4428823 + 1575288z + 223376642 + 6059927844°
+ 1021579844827 + 242178636928z° + 44755081863842°

+ 98989761676840x'° 4 1920787160180224z' + 409752644492538722:12
+ 815884428197037360x% + 17077909293201385648z* + - - - |

2(5 + 44x — 43022 + 3323 + 932" + 14712° 4 459625 + 680727
+ 826328 4 27512% — 2482210 — 51262 — 4711212 — 2094213
— 14062 + 450215 4 58020 — 132217 + 322'® 4 40217),

1 — 23z + 342% + 34522 + 2182* — 222° — 291925 — 504127
— 880622 — 119982° — 587321 + 13182 + 446722 4+ 1137323
+ 3848z — 58421° + 101821¢ — 928217 + 84218 + 72219 — 4022°,

2(3 — 80z + 4762% — 11432 + 303z* + 491725 — 86702° — 229127
+ 194772% — 133152° — 1678020 + 192242 + 61032'? — 997422
— 13522 4 39262'° — 179626 + 6442'7 — 16828 + 16219),

1+ 5z — 10422 + 52922 — 1548z* + 1830x° + 39152° — 1352727
+ 718228 4 2091427 — 310272'° — 92142 + 3503722 + 1205213
— 195902 + 8902'° 4 577026 — 204827 + 58828 — 1842 + 162%.

6.8 The Thin Grid Cylinder Cy x P, 1

Hg“()

H

c
9

()

510z + 35125823 + 276018090x° + 218915964618z7 + 173923080282474°
+ 1382261132132253602 + 1098644939679245493842:13

+ 87323767337933601800838° 4 694079731325140508240279162:'7

+ 551679278113460678217702389162:°

+ 438494423815049766300094043058362% + - - -,

9 4 1234822 + 9806292z + 776937697225 + 61699251694142°

+ 49030425424537202° + 38969239270190627342: 2

+ 30973800808146551314142 + 24619023281990849949268382:1
+ 19568070093067576654867275062

+ 155534009686909630443090995743822° + - - - .

235
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We find Hg(x) = Ko(z) = 0. Like the cases of m = 3,5,7, we also have rg(z) = po(—z) and
so(x) = go(—x). However, since deg(pg) + 1 = deg(g9) = 51, we will not attempt to list these
polynomials in their entirety.

6.9 The Thin Grid Cylinder Cy x P, 11

2 4+ 1022z + 1065222 + 15056122 + 32718482z* + 27019920922° + 7997773698225
+ 50998419865022" + 1797655029170522° + 9933064485778002x°

4 387981888303174142x'Y + 197455994265004736722*!

+ 81956305478286275935221% + 39759941758256449144532x13

+ 1710706207634346787583712x'* + 806968042390034725939106022:° + - - -

$o(x) = 104 160 + 3485022 + 6217202 + 629999602 + 16416645802° + 1167915233805
+ 38179330820207 + 224360971248960x° + 83811732031850002°
+ 4419807480320290102° + 178666103201625791202:'*
+ 884945074721799980580x'% + 37484874131377414126080z"3
+ 17898705552783047069761202'* + 779421621010442439812124802° + - - - .

16 (%)

We close by mentioning that H1g(x) = K10(z) = 0, deg(p1o) + 1 = deg(qi0) = 74, and deg(r10) + 1 =
deg(s10) = 67.

7 Asymptotic Values

Let p,, be the radius of convergence for H,,(z). The coefficients of #,,(x) are non-negative, Pring-
sheim’s Theorem (see, for example, [8]) states that it has a singularity at x = p,,,. Since we assume that
gm(x) = Hf;”l(l — Am,i), where [Ap, 1| > [Am2| > -+ > [Am g, | # 0, one of the characteristic roots
with the largest moduli must be real, positive, and equal to 1/p,,,. We may assume it is \,, 1. For brevity,
we denote it 0,,. If 6, = Ay,.1 > Ay 2|, then 6, is the dominant root, and

hm(n+1) ~ amnb,

where a, = —0mpm (0,,1) /0., (0,,1). Do we always have |\, 1| > |Ay.2|? The fact that the transfer
matrix 77}, is nonnegative points to the Perron-Frobenius theorem for an answer.

Let M be a nonnegative square matrix. We say that M is irreducible if, for every 7 and 7, there exists a
positive integer k = k(i, j) such that (M*¥);; > 0. This is equivalent to saying that the multidigraph G/
with adjacency matrix M is strongly connected. The matrix M is said to be primitive if A” > 0 for some
positive integer . For example, the matrix

. o 2
5els i)

is irreducible but not primitive, and 7 is primitive because Tf2 > (. The period or order of cyclicity of
M, labeled by g, can be defined as the greatest common divisor of the lengths of the directed cycles in
Gy [12]]. From the Perron-Frobenius theory (see, for example, [[12]), g is the number of eigenvalues of
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M having the largest modulus. In particular, a primitive matrix is an irreducible nonnegative matrix with
g = 1, it has exactly one dominant characteristic root. We find that, for 3 < m < 10, the transfer matrix
T, is irreducible, but it is primitive only when m is even. Accordingly, we shall study the cases of odd
and even m separately.

When m is odd, Theorem@]implies that

) = {

h¢(n) if niseven,

5
he (n)  if nis odd. ©)

Hence H'¢(z) comes from the odd terms of H,, (), and HS, («) from the even terms. This means

Hp(2) = 5 Hu() = Hul(-2)),
Hy(x) = %(Hm(I)Jr’Hm(fx)).

Hence, K,,,(x) = Hm,(—2x) when m is odd. Since H]:*(x) and HE,(x) share the same denominator
Gm () qm(—2), both sequences h¢ and h¢, satisfy a linear recurrence relation of order 2d,,. However,
@m(2)@m(—2) is an even function, so it is a polynomial of degree d,, in x2. Thus, the subsequences
of nonzero terms {h]2*(2n)},>1 and {hS,(2n — 1)},,>1 satisfy a linear recurrence relation of order d,,.
Because of (5), it is clear that, for the nonzero terms, the asymptotic behavior of A:°(n) and kS, (n) is
same as that of h,,(n). More precisely, hl*¢(2n) ~ h,,(2n), and kS, (2n + 1) ~ hy, (20 + 1).

If the transfer matrix D}, is irreducible, then it would have g,,, dominant characteristic roots, where g,
denotes the period of D7,. The fact that ¢y, (x)q,, (—z), the denominator that H?'¢(z) and H¢, () share,
is a polynomial in 22 suggests that D}, is a bipartite graph. If this can be confirmed, then g,, must be
even. In fact, it contains the following directed cycle of length 2: wjusu;, where u; and ugy are vertices
(written as words) in D,

uy = 222---20, ug = 000 ---02.

See Figure [4| and note that, because of the rotational symmetry, the vertex 22 .-202 is identified to
22---220, as well 20---00 to 00---02. We conclude that g,,, = 2, so the two dominant characteristic
roots of D7, must be £6,,. This in turn implies that 8,,, is the sole dominant characteristic root of ¢, ().
Consequently, we deduce that, for odd m,

RI(2n) ~ @, 0201 and RE (2n + 1) ~ a6,

provided that T3, is irreducible, and D}, is a bipartite graph. Our computational data reveal that D3, D,
D3, Dy are bipartite multidigraphs.

For even m, we note that D, contains loops. For example, there is a loop around the vertex representing
the word 2030 - - - ((m + 2)/2)0, see Figure 4| We conclude that, if 7*m is irreducible (recall that our
computational data confirm that the matrix 77}, is indeed irreducible for m < 10), then g,, = 1. But
the dominant characteristic root can come from either H,, (z) or Ky, (x). Our computational data reveal
that, for m < 10, the radius of convergence for /C,,, () is greater than that of #,, (). This, together with
and (@), imply that the dominant characteristic root of both %"“(x) and H¢, (x) comes from H, (z).
Hence,

hyi(n+1) ~ %”9;”1 and Ay, (n+1)~ %19;2.
This immediately proves that h'¢(n) ~ h¢, (n) whenm = 2,4, 6,8, 10. Is it always true when m is even?



238

Olga BodroZa-Panti¢, Harris Kwong, Milan Panti¢

8 Concluding Remarks and Open Problems

Our computational data affirm that for 3 < m < 10, the denominator g,,(z) has only one real positive

dominant characteristic root 6,,,, see Table 2] Our main conjecture is:

I

Om

am

2

3

3.73205080756887729352744634151

5.8867513459481288225457439025

5.31862821775018565910968015332

5.6485507137110988135657454508

9.07807499686426137037316693063

9.3759765980423268475201653010

12.46396683154921167484924057847

9.5114780466647699643291510197

20.49548062885849319891140410573

14.6698889618659187804647562240

28.19283279845402927227773603077

15.4543604331204162432381530254

S0l | v w3

45.31795107579019470088202555080

22.7172562899371282508816262267

Tab. 2: The approximate values of 6., and an,.

Conjecture 1 For each even m > 4,
Bie(n+1) ~ b, (n+1) ~ 67,

where a,, = —0mpm (0,.1) /40, (0,1).

As we have discussed in the previous section, the validity this conjecture, and other related asymptotic
relations, can be completely resolved if we can settle the following open problems:

1. Is T} irreducible for all m > 3? Note that this has been confirned for m < 10.
2. Is Dy, bipartite when m is odd? Again, this has been confirmed up to m = 9.

3. Does the dominant characteristic root remain in H,,, when m is even? This is equivalent to showing
that the radius of convergence for /C,,, (x) is greater than that of H.,, ().

Our computational data suggest further problems for investigation:

4. Ts the sequence generated by KC,,(z) always alternating? In other words, do we always have
he (2k) < hP¢(2k) and hS,(2k + 1) > hl'¢(2k 4+ 1)?

We close our discussion with three more interesting questions:

6. What is an appropriate combinatorial interpretation for /C,, (x)?

7. Can we define a labeling of the windows such that a single transfer matrix can be used to obtain
the generating function H,,(x) directly? If such a transfer matrix does exist, its characteristic
polynomial should be ., (¢) mentioned in Section@ (Recall that the matrices obtained in [2] for
graph C,,, X P, are transfer matrices for sequences h,,(n), but obtained by a labeling of the vertices
of C,,, X P,. We additionally verified that they are indeed primitive for m < 12.)

8. Can we find some similar properties of sequences h,,(n), h*¢(n) and h¢, (n) for the case of thick
cylinder P,, x C,, (m is kept constant, whereas n grows)?
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