FPSAC 2015, Daejeon, South Korea DMTCS proc. FPSAC’15, 2015, 357-368

Generalised cluster algebras and
g-characters at roots of unity

Anne-Sophie Gleitz'

LLaboratoire de Mathématiques Nicolas Oresme, UCBN, Caen, France

Abstract. Shapiro and Chekhov (2011) have introduced the notion of generalised cluster algebra; we focus on an
example in type Cp,. On the other hand, Chari and Pressley (1997), as well as Frenkel and Mukhin (2002), have
studied the restricted integral form UL**(g) of a quantum affine algebra U,(g) where ¢ = & is a root of unity.
Our main result states that the Grothendieck ring of a tensor subcategory C_z of representations of U:**(Lslz) is a
generalised cluster algebra of type C;_ 1, where [ is the order of 2. We also state a conjecture for UX**(Lsl3), and
sketch a proof for [ = 2.

Résumé. Shapiro et Chekhov (2011) ont introduit la notion d’algébre amassée généralisée; nous étudions un exemple
en type Cy,. Par ailleurs, Chari et Pressley (1997), ainsi que Frenkel et Mukhin (2002), ont étudié la forme entiére
restreinte d’une algebre affine quantique U, (g) ot ¢ = ¢ est une racine de I'unité. Notre résultat principal affirme
que I’anneau de Grothendieck d’une sous-catégorie tensorielle C,z de représentations de UF®*(Lsl) est une algébre
amassée généralisée de type C;_1, ot I est I’ordre de £2. Nous conjecturons une propriété similaire pour UZ° (Lsl3)
et donnons un apergu de la preuve pour [ = 2.

Keywords: representation theory; (generalised) cluster algebras; quantum affine algebras; restricted integral form;
g-characters; e-characters; Kirillov-Reshetikhin modules; quantum loop algebras

1 Introduction

Cluster algebras have been introduced in 2001 by Fomin and Zelevinski [7]. These rings have special
generators, called cluster variables. For every cluster x, and every cluster variable x € x, there is a
unique cluster (x \ {z}) U {z'}, and an exchange relation

xx' =my +m_ (1.1)

where m4 are exchange monomials in x \ {«}. Fomin and Zelevinsky [8] have proved a classification
theorem for cluster algebras with finitely many clusters (also called of finite type), in terms of Cartan
matrices. We are interested in generalised cluster algebras, introduced by Shapiro and Chekhov in 2011
[4], which differ from standard cluster algebras by the form of their exchange relations. Finite type
classification and combinatorial behaviour stay the same [4]. We exhibit some interesting bases of a
generalised cluster algebra .A4,, of Cartan type C',, which will be relevant in representation theory.
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On the other hand, for a finite-dimensional complex Lie algebra g, let U.(Lg) denote the quantum
enveloping algebra of the loop algebra of g, where the quantum parameter ¢ is a root of unity in C*. In the
spirit of Hernandez and Leclerc’s papers [[11,[12]], we consider a certain tensor category C.z of the category
of finite-dimensional representations of U.(Lg), and prove that when g = sl5, the Grothendieck ring of
C.z is isomorphic to A4;_1 (see Theorem, where [ is the order of £2. Moreover, this isomorphism maps
the basis of classes of simple objects of C,z to the basis of (generalised) cluster monomials, multiplied
by Tchebychev polynomials in the single generator of the coefficient ring. For g = sl and [ = 2, we
prove a similar result, where A;_; is replaced by a generalised cluster algebra of type GG5. Extensive
computations with Maple allow us to formulate a conjecture for g = sl3 and [ > 2.

2 Generalised cluster algebras
2.1 Background

We recall, following [4], the definition and the main structural properties of generalised cluster algebras
(see also [[16])). For a fixed integer n € N*, let B = (b;;) € M,,(Z) be a skew-symmetrisable matrix, i.e.
such that there exists an integer diagonal matrix D= diag(dl e Jn) such that DB is skew-symmetric.

Suppose that for each index k € [1,n], there is an integer dj, € N that divides all coefficients b;j, in the
k-th column. Introduce the notation

b .
Bk = 22 e Z. Q2.1

dy,
Let (P, -, &) be a commutative semifield, called the coefficient group. For example, one can take for P
the tropical semifield Trop(Ag, ..., \,,) generated by some indeterminates Ag, ..., A,,. This is by defini-

tion the set of Laurent monomials in the A;’s, with ordinary multiplication and tropical addition

) (11) - )

Let F = ZP(t1,. .., t,) be the ambient field of rational functions in n independent variables, where ZP is
the integer group ring of IP. For a collection of variables p; = (p; .0, Di1,---,Pia;) € P4HL (i € [1,n]),
define the corresponding homogeneous exchange polynomial

d;
0;[pi](u,v) == Zpi,ru%di_r € ZP[u,v]. 2.2)
r=0

Definition 2.1 A generalised seed is a triple (x, p, B) where

(i) the tuple x = {x1,...,x,}, called a cluster, is a collection of algebraically independent elements
of F, called cluster variables, which generate F over Frac ZIP;

(ii) the matrix B = (b;;) € M,,(Z), called the exchange matrix, is skew-symmetrisable;

(iii) p = (P1,...,Pn) is acoefficient tuple, where for every i € [1,n], the tuples p; = (pi,0,Pi15-- -, Pi,d;)
in P4+ are the coefficients of the i-th exchange polynomial 6;.

The triple (x, {61, ...,0,}, B) is also called a generalised seed.
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Definition 2.2 The generalised mutation in direction k € [1,n], is the operation that transforms a gen-
eralised seed (x, P, B) into another generalised seed (%, p, B) := (X', p’, B') given by

(i) matrix mutation: the matrix B' = (b;;) is defined by

, *bij le:k()V]:k'
b, = 1 2.3
K bij + 5 (‘bik|bkj + bik|bkj|) otherwise (2:3)
(ii) cluster mutation:
=z ifi #k
! _ 2.4
{ o), = Ok [r)(uf i) @4
where we define
uy = I_ng-ﬁj’“]+ and = H xg-_ﬂj’“”. 2.5)
j=1 =1
(iii) coefficient mutation:
p;g,r = pk,dk—r
(P )P LT ifi £ kand b > 0
p{ o Pir—1 b= (26)
7 - = )
Dir—1 (pk,o)ﬁmL’“l ifi#kandby; <0

It follows easily from the definition of matrix mutation that for each k, r € [1, n], the integer dj, divides
all coefficients in the k-th column of w,.(B). Moreover, note that y,. is an involution. We say that two
generalised seeds are mutation-equivalent if one can be obtained from the other by performing a finite
sequence of mutations.

Definition 2.3 The generalised cluster algebra A(p, B) = A(x,{61,...,0,}, B) of rank n, correspond-
ing to the generalised seed (x,{01,...,0,}, B), is the ZP-subalgebra of F generated by all cluster
variables from all the seeds that are mutation-equivalent to the initial seed (x,{01,...,0,}, B).

A cluster monomial in A(p, B) is a monomial in the cluster variables involving only variables belonging
to a single cluster. We say that a generalised cluster algebra is of finite type if it has finitely many cluster
variables. The Laurent phenomenon from [7]] remains true for generalised cluster algebras.

Theorem 2.4 ([4, Theorem 2.5]) Every generalised cluster variable is a Laurent polynomial in the initial
cluster variables.

Generalised cluster algebras of finite type can also be classified in terms of Cartan matrices.

Theorem 2.5 ([4, Theorem 2.7]) Generalised cluster algebras of finite type follow the same Cartan-
Killing classification as standard cluster algebras.
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2.2 A generalised cluster algebra of type C,,

Recall that the exchange graph of a cluster algebra is the graph whose vertices are the clusters, and two
clusters are linked by an edge if they can be obtained from each other by one mutation. We know from [|8,
Section 12.3] that for a cluster algebra of type C,,, the exchange graph is isomorphic to the n-dimensional
cyclohedron. It has a nice description in terms of triangulations of a regular (2n+2)-gon Py, 4. Theorem
allows us to use the same labeling system for a generalised cluster algebra of type C,,. In particular,
mutations can be seen as flips between triangulations of Py, 2. Each vertex of the exchange graph
corresponds to a centrally symmetric triangulation, and two such triangulations are linked by an edge if
they can be obtained from each other either by a flip involving two diameters, or by a pair of centrally
symmetric flips. Note that each centrally symmetric triangulation contains a unique diameter.

Let ¥ be the circle in which P, 5 is inscribed, and let © be the central symmetry around the center
of €. Let us identify the set 3 of vertices of Py, o with the cyclic group

Z/(2n+2)Z =2 27/(4n + 4)Z,

by labelling the vertices clockwise: 0,2,4,...,2n, 2n+2,2n +4,. .., 4n + 2, with the natural additive law
induced by the cyclic group. We now rename half of the vertices: for each k € [0, n], write

(2n + 2) + 2k := 2k. .7

In particular, 2n + 2 = 0 and 2n + 2 = 0.

Consider a pair {[a, b], [a@,b]} of centrally symmetric diagonals. We may choose [a, b] to represent the
©-orbit of this pair. The segment [a, b] divides the circle € into two arcs. The ©-orbits of the vertices of
Po,42 that lie on the smallest arc form a set denoted by O,;,. For example, if a < b € [0, 2n], the set
O, consists of the ©-orbits of a + 2, a + 4,..., b — 2. In general, we have Oy = Oy = Oy = Op;-

We label cluster variables by the corresponding ©-orbits of diagonals. Namely, if b # @, the variable
Tqp corresponds to the pair of diagonals {[a,b],[a,b]}. If b = @, the variable x5 corresponds to the
diameter {[a,a]}. Thus we have

Tab = Thg = Tgp = Thy- (2.8)

By convention, if a and b are neighbours in Py, 12, we set 2,;, = 1. Note that each cluster variable x,;
may also be labelled by the set O

Definition 2.6 Let P = Trop(\). Foranintegern € N,n > 2, we denote by A,, = A(x,{6Y,...,0°}, B)

the generalised cluster algebra defined by the initial seed: x = {x1,...,x,},
00 (u,v) =u+v (i € [1,n—1]), 0° (u,v) = u? + Auwv + v, (2.9
and
0 1 0 0 0 0
-1 0 1 0 0 0
0 -1 0 1 0 0
B=| 0 0o -1 0 . . i |. (2.10)
Do 1 0
o o0 ... 0 -1 0 2
0 0 0 0 -1 0
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Thus jlniis the Z[A\*!]-subalgebra of F generated by the cluster variables. We will rather work with a
variant of A,,, in which the coefficient A is not assumed to be invertible.

Definition 2.7 Let A,, be the Z|\|-subalgebra of F generated by the cluster variables of A,,.

As above, we label the cluster variables of A,, (or A,,) by ©-orbits of diagonals of P2, +2. The initial
cluster variables corresponding to the initial seed are as follows (see Figure|[I)):

Tp = Ty, o, (k€ [1,n]). (2.11)

Figure 1: The initial cluster of A,

Note that the exchange polynomials 6, i < n, are not affected by mutation; they coincide with standard
exchange relations. Moreover, flipping a diameter while keeping a non-crossing, centrally-symmetric
triangulation of Py, 9, gives another diameter (it is easy to see that the quadrilaterals in which diameters
are flipped, are always rectangles). This implies that there is only one variable of the form z, 5 in each
cluster, and it is obtained by mutating another z;, ;. We show the following explicit result in [9].

Proposition 2.8 In the generalised cluster algebra A, the following exchange relations between vari-
ables x4, and x.q hold, up to rotation (i.e. index shifting):

1. Ifa # b, ¢ # d, and the quadrilateron [acbd) is contained in one half of the circle €, we have a
standard exchange relation of the form

Ty okt2T2d—2,2r+2 = Lo 0p40T2d—2,2k+2 T T35 0g— 2 L2k+2,2r425 (2.12)
which corresponds to the Ptolemy rule in the first diagram of Figure 2]
2. ifa = band c = d, we have a generalised exchange relation of the form
Ty 00 Lo o = x%?,zk + asgk,% + ATy o Ton,2k- (2.13)

The monomials with coefficient 1 correspond to the Ptolemy rule in the second diagram of Figure[2}



362 Anne-Sophie Gleitz

Figure 2: Generalised exchange relations for A,

We also have the following useful identity for multiplying a diagonal by a diameter: if a # band ¢ = d,
relations are of the form

Top 0k Tog5d = Aoy 2a%2d,2k T Loy 0qToy 33 T T2d,2kT33 37 (2.14)

We call a pair of centrally symmetric diagonals of Py, 1o small if the corresponding set O, contains
only one element. The attached variables x,; are also called small. We show that A,, has some interesting
bases. For k € N, denote by S, (u) € Z[u] the k-th Tchebychev polynomial of the second kind, given by

Si(u)? = Sp_1(u)Skpr1(u) +1 (2.15)

with initial conditions Sp(u) = 1 and 51 (u) = w.

Proposition 2.9 The set S of all monomials in the small variables forms a Z-basis of A,,. Equivalently,
A, is the polynomial ring with coefficients in 7. in the small variables. Moreover, the set

B:= {Sk()\)m, kQN,mGMo} (2.16)

is a Z-basis of A, where My is the set of cluster monomials of A,,.

The basis B will be meaningful in representation theory.

3 Quantum loop algebras and s-characters

Let [ be an integer, [ > 2. Introduce the root of unity

exp (7) if [ is even

g1= 3.1
exp (2ZZW> if Lis odd

Thus [ is the order of €2, and we have £2! = 1. Following [3]], let us also write £* := 5l2 =1.
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Let g be a finite-dimensional complex simple Lie algebra of simply-laced type, with Dynkin diagram
0, vertex set I = [1,n] and Cartan matrix C' = (@i;)i,jer- Denote by «; the simple roots, by w; the
fundamental weights and by P the weight lattice [1]].

Let ¢ be an indeterminate; then C(q) is the field of rational functions of ¢ with complex coefficients,
and C[g, ¢~!] is the ring of complex Laurent polynomials in q.

Let U, (g) be the quantum affine algebra associated with g [6]. This is a Hopf algebra over C(g). Denote
by U, (Lg) the quantum loop algebra, which is isomorphic to a quotient of U, (g) where the central charge
is mapped to 1. Therefore, U,(Lg) inherits a Hopf algebra structure.

We will be interested in finite-dimensional representations of U, (g), on which the central charge acts
trivially. It is then sufficient to consider finite-dimensional representations of U,(Lg), and we will focus
on these onwards.

Let U (Lg) be the restricted integral form obtained from U, (Lg) [3l; it is a C[q, ¢~ ']-Hopf algebra.

Let us now specialise U;**(Lg) at the root of unity ¢, by setting

U:*(Lg) = Uy*™(Lg) @cq,q-1) C (3.2)

via the algebra homomorphism f. : C[g,¢~!] — C such that f.(q) = &.

Consider the category C, of finite-dimensional type 1 representations of the quantum loop algebra
U, (Lg) for ¢ an indeterminate (see [2 Section 11.2]); it is monoidal, abelian and non semisimple. An
object V in C, has a g-character x, (V") [6], which is an element of Z[Yljfll, i €I, a € C(q)]. The simple
objects of C, are parametrised [[6] by the highest monomial of their g-characters, which is a dominant
monomial, i.e. it contains only positive exponents. If S is a simple object of C, such that the highest
monomial of x,4(.5) is m, then S will be denoted by L(m) [14]. Fori € I, k € N*, a € C(q), the simple
object

W) = L(YiaYiag2 - - - Yiaget) (3.3)

is called a Kirillov-Reshetikhin module. In particular W(i) = L(Y;,) is a fundamental module. By

convention, WO( V) is the trivial representation for any a,¢. The following result was conjectured in [13]

and proved in [15] (see also [[10]):
Theorem 3.1 ([15,[10]) The classes [Wég] in Ko(Cy) satisfy a system of equations called T-system.:

wiw,

=W WP L+ I (e ke N a e Clg)), (3.4)

jri
where j ~ i means that j is a neighbour of i in the Dynkin diagram §.

Example 3.2 If g = sl,, the T-system reads

i

1
=W WL

Wi W hi.a J+1 (keN*). (3.5)

k,aq?
Let C. be the category of finite-dimensional type 1 U:**(Lg)-modules. Let K(C,) be its Grothendieck
ring. An object V in C, has an e-character x.(V) [5]], which is an element of Z[Yfal, iel, acC.

The parametrisation of the simple objects by their highest dominant monomials also holds on C., with ¢
replaced by € (see [3,5]]). The simple module whose highest weight monomial is m will be written L(m).
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In particular, the fundamental modules of UX**(Lg) are the simple objects L(Y; ,), where i € I,a € C*,
and the standard modules are the tensor products of fundamental modules. The simple module L(m) is
called prime if it cannot be written as a tensor product of non-trivial modules.

The ring K (C,) is the ring of polynomials Z[[L(Y; )] ¢ € I,a € C*] (see [3, Section 3.1]).

For a simple object V' of C,, with highest weight vector v, it is known [5, Proposition 2.5] that the
Ur*(Lg)-module V' := U*S(Lg) - v is a free C[g, ¢~ ']-module. Put V*> = V' @[, ,-1] C, where
as above ¢ acts on C by multiplication by €. This is a U!**(Lg)-module called the specialisation of V
at ¢ = €. Frenkel and Mukhin [5] prove that for a simple module V' in C,, the e-character x. (V)
is obtained by substituting ¢ — ¢ in x,(V'). The e-characters x. thus satisfy combinatorial properties
similar to g-characters ([5, Section 3.2]).

Since the Dynkin diagram § is a bipartite graph, we may choose a partition of the vertices I = Iy U I3,
where each edge connects a vertex of Iy with a vertex of I;. Fori € I; (d =0,1),set&; :=d. Fori € I
and a € C*, introduce the following notation:

-1
Yia =[] Viaeose- (3.6)
j=0

Note that since ¢2 = 1, we have Y, .2r =Y, 1 forany r € Z. A monomial in the variables Y; , is called
l-acyclic if it is not divisible by Y ;; forany j € I, b € C*.

Frenkel and Mukhin [5]] describe a quantum Frobenius map Fr : UX*(Lg) — UL*(Lg) that gives rise
to the Frobenius pullback

Fr* : Ko(Rep U(Lg)) — Ko(C.), 3.7)

and prove that this is the injective ring homomorphism such that Fr*([L(Y; ,)]) = [L(Y.q)]-
The following theorem was proved by Chari and Pressley for roots of unity of odd order [3] and gener-
alised by Frenkel and Mukhin [5] to roots of unity of arbitrary order.

Theorem 3.3 ([5, Theorem 5.4]) Ler L(m) be a simple object of C.. Then

L(m) = L(m°) ® L(m?'), (3.8)

0 1

using the decomposition m = m®m?, where m! is a monomial in the variables Y, o and mY is l-acyclic.

Note that L(m?!) is the Frobenius pullback of an irreducible Ur¢%(Lg)-module L(m'), and the e-
character y.(Fr*(L(m'))) is obtained from . (L(m')) by replacing each Yfa} by Yf;egi. In fact,
since ¢* = 1, the category Rep U!$%(Lg) is equivalent to Rep Lg, so £*-characters are easir to compute.

Therefore, the computation of e-characters of simple objects of C, is reduced, by Theorem [3.3] to
understanding the e-characters of all representations L(m") where m? is [-acyclic.

Let C.z be the full subcategory of C. whose objects M have all their composition factors L(m) such
that m contains only variables of the form Ym%ﬁi, where ¢ € I and k € Z. For example, the modules
z; = L(Y;1) are objects of C.z. Let K((C.z) be the Grothendieck ring of C.z. This is the subring of

Ko(C.) generated by the classes [L(Y; .2r+¢;)],i € I, k € Z.
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4  Cluster structure on Ky(C.z) in type A;

Let us introduce the following notation for specialised Kirillov-Reshetikhin modules:

W, (k, a,i) == ( ,gfg)“” (iel, keN, aeC). 4.1)

€

In type Ay, that is, for g = slz, we have I = {1}, so we drop the index ¢ in the above notation. We also
drop the index 7 = 1 in the variables Y7 .» and introduce the notation

Yn = Yl,s” and Yl = YOY2 e YQI,Q (42)
for any integer n. We then have Y5, =Y, for every n. With this new notation, we have
Wg(k, EQT) = L(YQTY2T+2Y2T+4 e Yv?(r—i—k—l)) (k, re [[O,l — 1]]), zZ1 = L(Yl) (43)

To each module W (k, ") with k < [ and r € [1,1], attach the diagonal [2r — 2, 2r + 2k] of the 2/-gon
P, defined in Section@ The following result is a reformulation of a theorem of Chari and Pressley [3].

Theorem 4.1 ([3, Theorem 9.6]) For g = sls, the simple objects of C.z are exactly the modules below:

Q) L(Vaa, - - Yok, -1) 2 @ LIYT) = Q) We (ke e24)®* @ L(YY) (4.4)
t=1

t=1

where v € N*| kq,..., k. € [0, — 1], d1,...,d. € Z, a3,...,a,,a € N, with the condition that for
everyt # s € [1,r], the diagonals [2d; — 2, 2d; + 2k;] and [2ds — 2, 2ds + 2ks] do not cross inside Po.

It follows from Theoremthat the prime simple modules of U**(Lsly) are the modules W (k, £2%)
(k <1, r € [1,1]) and the Frobenius pullbacks L(Y{) (a € N*).

The modules W, (k, "), for k < [ — 1, satisfy the T-system (3.3), and the e-characters behave like
their g-character counterparts. The (I — 1)-th relation is different from the T-system:

Xe(L(YoYaYy ... You_o)))xe(L(YaYs ... Yaq_1)))

4.5
= X (L(Y2Yy ... Yo ) - Xe(21) + 14 xo(L(YaYy ... Yo _9)))% “4-5)

We can now state our main result, proved in [9]]. Recall the generalised cluster algebra .A,, defined in
Section 2} Definition 2.7} Let R = K¢ (C.z) be the Grothendieck ring of C.z for g = sl, and ¢ as in (3-1).

Theorem 4.2 There exists a ring isomorphism ¢ : Aj_1 — R, such that
P(@2r2a) = [L(Yari2 ... Yaa—2)] (r,d € [0,1 = 1], |r —d| < 1), ¢(A) = [z]. (4.6)
The Z-basis S of A,_1 is mapped by ¢ to the basis of classes of standard modules in R. The Z-basis B

of Ai_1 consisting in generalised cluster monomials (see ([2.16)) is mapped to the basis B of classes of
simple modules in R.
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5 Type A,

For any integer n € Z and any vertex ¢ = 1,2 of the Dynkin diagram, we set Y; ,, := Y; .», where we
consider the second index modulo 4. We also write Y; = Y7 oY1 2and Yo = Y5 1Y5 3.

Theorem 5.1 Any simple finite-dimensional U (Lslg)-module L(m) can be written
L(m) = L(Y{Y3) ® L(m"),

where L(mP) is one of the following eight tensor products:

(i) L(Y1,0)%* @ L(Y1,0Y2,1)®" (i) L(Y21)®* @ L(Y1,0Y2,1)®?
(#4d) L(Y1,0)®* @ L(Y1,0Y2,3)%" (iv) L(Y23)®* ® L(Y1,0Ya23)®"
(v)  L(Y12)%*® L(Y12Y2,1)%" (vi) L(Y2,1)®* @ L(Y1,2Y2,1)®"
(’U’LZ) L(YLQ)@G (024 L(Y1’2Y2,3)®b (UZZ’L) L(}/Q’g)@a (024 L(Yl,g}é’g)@b.

This follows from Theorem 3.3 and some direct computations of e-characters. The following identities
can also be checked directly.

Proposition 5.2 The following identities hold, for i € {0,2} and j € {1, 3}.

Xe(L(Y1,0))xe (L(Y2,5)) = Xe(L(Y1,:Y25)) +1
Xe(L(Y1,:Y2,1))xe (L(Y1,:Y2,3)) = Xe(L(Y1,0))? + x=(L(Y1,0))*xe(L(Y2))
Fxe(L(Y1,6))x(L(Y1)) +1 5.1

Xe(L(Y10Y2 )X (L(V12Y2,3)) - = Xe(L(V2,)) + X (L(Y2,3))* X (L(Y1))
Fxe(L(Y2,5))xe(L(Y2)) + 1.

The Grothendieck ring R := K(C,z) for g = sl3, | = 2, is isomorphic to a polynomial ring:
R=Z[[L(Y1,0)], [L(Y1,2)], [L(Y2,1)], [L(Y2,3)]]- (5.2)

Recall that for g = sl3, the Grothendieck ring of the finite-dimensional representations of g is iso-
morphic to the polynomial ring Z[[V (w1)], [V (w2)]]. In this case, the simple modules are of the form
V(arwy + agws) with (a1,a2 € N). They are mapped by the Frobenius pullback to polynomials
Say.as ([L(Y1)], [L(Y2)]) that can be computed inductively using the Littlewood-Richardson rule.

Let G be the generalised cluster algebra of type G, with P = Trop(A1, A2), initial cluster {z1, 5},

exchange matrix
0 3
=(50)

and initial exchange polynomials 69 (u, v) = u+wv, 69(u,v) = u® + A\ju?v + Aguv? + v3. There are eight
cluster variables z1, . .., zs, organised as in Figure 3]

Let G be the Z[\1, \2]-subalgebra of the ambient field F generated by the cluster variables of G. As for
A, one can also check that G is isomorphic to a polynomial ring:

G = Zlx1, x3, x5, 7). (5.3)
Denote by M the set of generalised cluster monomials of G. Then the set
H = {S(l17a2 (Al, )\2) -m, a,ay € N, m € Mo} (54)

is a Z-basis of G. Let us now exhibit a cluster structure on R.
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f
(a1, @8) (e, ag)

H2
(l’l,I’Q) ($73I6)
‘Ml M1
(z3,72) (z5,76)
K2
251 H2

(1'37 ',1:4)7(3:57 $4)
Figure 3: The clusters in type G2

Theorem 5.3 Forl = 2 and g = sls, there exists a ring isomorphism n : G — R such that

n(z1) = [L(Y1,0)] n(x2) = [L(Y10Y2;3)] n(ws) = [L(Y23)] n(xa) = [L(Y1,2Y23)]
n(zs) = [L(Y1,2)] n(we) = [L(Y12Y21)] n(w7) = [L(Y21)] n(xs) = [L(Y1,0Y2,1)] (5.5
n(A1) = [L(Y1)] n(A2) = [L(Y2)]

The Z-basis £ C G of monomials in x1,x3,Ts,x7 is mapped by 1 to the basis of classes of standard
modules in R. Moreover, the Z-basis H of generalised cluster monomials of G is mapped to the basis B
of classes of simple modules in R.

Our various computations have led us to the following conjecture.

Conjecture 5.4 Forl > 2, the Grothendieck ring of C.z, is isomorphic to a generalised cluster algebra
G of rank 21 — 2. An initial seed of G, is given by the exchange matrix

0o -1 1 o ... 0 ... 0 O 0 0
1 0o -1 1 0 o ... 0 0 0 0
-1 1 0 -1 1 o - 0 0 0 0
0 -1 1 0 -1 1 0
0 .0 0 0
0 0 -1 1 -1 1 0 0 ’ (5.6)
0 0 -1 1 0 -1 1 0 0
0 0o -1 1 0o -1 1 0
0 0 0 -1 1 0 -2 3
0 0 0 0o -1 2 0 -3
0 0 0 0 0 0 -1 1 0

the cluster variables correspond to

Topg1 = [L(Y1,0Y1,20-2 - - Yi,—21)] (k€ [0,1—2]),
To = [L(Ya21-1Y221-3 ... Yo 1—oky1)] (k€ [1,1-2]),
Toi—g = [L(Y10Y1,20—2Y1,20-4 - - - Y1,4Y2 21-1Y2,21-3Y2 215 .. . Y2 5Y5 3)].

The COEfﬁCiEl’l[S are )\z = [L(Yl)],l = 1, 2, where Y1 = YLQYLQ e Yl,Ql_Q and Y2 = }/2’1}/273 e Y2,2l_1.
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The initial exchange polynomials are
0°(u,v) =u+v (r€f1,20—3]) and 09_5(u,v) = u® + M\ju?v + guv? + 03,
Moreover, the generalised cluster monomials are mapped to classes of simple modules.

Remark 5.5 Forl > 2, the above generalised cluster algebras are of infinite type, so we only hope for
an inclusion of the cluster monomials in the set of classes of simple modules L(m) where m is l-acyclic.
References

[1] N. Bourbaki, Groupes et algébres de Lie, Chapitres 4, 5 et 6, Hermann 1968

[2] V. Chari, A. Pressley, A guide to quantum groups. Cambridge 1994.

[3] V. Chari, A. Pressley, Quantum affine algebras at roots of unity, Rep. Th. 1 (1997), 280-328

[4] L. Chekhov, M. Shapiro, Teichmiiller spaces of Riemann surfaces with orbifold points of arbitrary
order and cluster variables, Int. Math. Res. Not. 016 (2013) 22 pp., arXiv:1111.3963

[5] E. Frenkel, E. Mukhin, The q-characters at roots of unity, Adv. Math. 171, no. 1 (2002) 139-167

[6] E. Frenkel, N. Reshetikhin, The g-characters of representations of quantum affine algebras, Recent
developments in quantum affine algebras and related topics, Contemp. Math. 248 (1999) 163-205

[7] S. Fomin, A. Zelevinsky, Cluster algebras I: Foundations, J. Amer. Math. Soc. 15 (2002) 497-529

[8] S. Fomin, A. Zelevinsky, Cluster algebras II: Finite type classification, Invent. Math. 154 (2003)
63-121

[91 A.-S. Gleitz, Quantum affine algebras at roots of unity and generalised cluster algebras (2014),
arXiv:1410:2446

[10] D. Hernandez, The Kirillov-Reshetikhin conjecture and solutions of T-systems, J. Reine Angew.
Math. 596 (2006), 63-87

[11] D. Hernandez, B. Leclerc, Cluster algebras and quantum affine algebras, Duke Math. J. 154 no.2
(2010) 265-341

[12] D. Hernandez, B. Leclerc, A cluster algebra approach to q-characters of Kirillov-Reshetikhin mod-
ules (2013), arXiv:1303.0744, to appear in J. Eur. Math. Soc.

[13] A. Kuniba, T. Nakanishi, J. Suzuki, Functional relations in solvable lattice models: 1. Functional
relations and representation theory, Int. J. Math. Phys. A9 (1994), 5215-5266

[14] B. Leclerc, Quantum loop algebras, quiver varieties, and cluster algebras, in Representations of
algebras and related topics, EMS series of congress reports, Ed. A. Showronski, K. Yamagata (2011)
117-152

[15] H. Nakajima, t-analogs of q-characters of Kirillov-Reshetikhin modules of quantum affine algebras,
Represent. Theory 7 (2003), 259-274

[16] T. Nakanishi, Structure of seeds in generalized cluster algebras (2014), arXiv:1409:5967



	Introduction
	Generalised cluster algebras
	Background
	A generalised cluster algebra of type Cn

	Quantum loop algebras and e-characters
	Cluster structure on K0(CeZ) in type A1
	Type A2

