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Cover time of a random graph with given
degree sequence
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In this paper we establish the cover time of a random graph G(d) chosen uniformly at random from the set of graphs
with vertex set [n] and degree sequence d. We show that under certain restrictions on d, the cover time of G(d) is
with high probability asymptotic to % %n log n. Here 6 is the average degree and d is the effective minimum degree.
The effective minimum degree is the first entry in the sorted degree sequence which occurs order n times.
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1 Introduction

Let G = (V, E) be a connected graph with |V'| = n vertices and |E| = m edges. Forv € V, let C, be
the expected time taken for a simple random walk W, on G starting at v, to visit every vertex of G. The
vertex cover time Cg of G is defined as C'¢ = max,cy C,. The vertex cover time of connected graphs
has been extensively studied. It is a classic result of [I]] that Co < 2m(n — 1). It was shown by [6],
[[7]], that for any connected graph G, the cover time satisfies (1 — o(1))nlogn < Cg < (14 o(1)) 557>
Between these two extremal examples, the cover time, both exact and asymptotic, has been determined
for a number of different classes of random and non-random graphs. The above bounds being general,
we can often gain insight into the behavior of random walks by taking into consideration the structural
properties of the underlying graphs, and studying how estimates of the the main parameters - including
cover time - are affected in light of this knowledge.

One way is to specify the degrees of the vertices and investigate how far this determines the properties
of the walk. For any connected graph, [[10] gave a cover time upper bound of An2d,e /dmin, Where dgype
is the average degree and d,,,;,, is the minimum degree. For d-regular graphs, [8] improved this to 2n2. It
is interesting that the vertex degree d does not itself feature in this bound. Although the bound of [10] is
clearly O(n?) when dyye/dpmin is a constant, the factor of 1/d,,;, means that the result is not robust to
small numbers of small degree vertices that should have inconsequential effects on the cover time. The
paper [5] addresses this to some extent with a result on cyclic cover time. For an optimal cyclic list of
all the vertices of a graph, the cyclic cover time is the expected time it takes a random walk to travel
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from vertex to vertex along the list, until it completes a full cycle. This is obviously an upper bound on
the cover time. The paper [5] show that the cyclic cover time for a graph is ©(n?daye(d™1)ave ), Where
(d=1) ave is the average of the inverse of the degrees. Note, in the case of a graph where the sets of vertices
of degree d and A >> d each each make up a constant proportion of the total number of vertices, we get
n%dgye(d™ V) ave = Qn2A/d)

In this paper we extend the above results by studying the cover time of random graphs G(d) picked
uniformly at random (uar) from the set G(d) of simple graphs with vertex set V' = [n] and degree sequence
d = (d1,ds, ... ,d,). We make the following definitions: Let V; = {i € V : d; = j} and let n; = |V}|.
Let i | d; = 2m and let § = 2m/n be the average degree.

It seems reasonable to ask how the various entries in the degree sequence affect the cover time. In
particular, how much does the cover time depend on the vertices of low degree, and how much on the
average degree of the graph? In fact, as in [5]], both parameters play a part, as is shown in Theorem|[I}

Immediately on fixing the degree sequence, d, some definitional problems arise, as e.g. there may
be just a few low degree vertices spread over a wide range. To get round this, we define an absolute
minimum degree 9, and an effective minimum degree d. The effective minimum degree is the first entry
in the sorted degree sequence which occurs order n times. We fix the minimum degree at 3 to ensure the
graph is connected (whp). Between the minimum degree, and the effective minimum degree, we place
an upper bound on the number n; of vertices of degree 7. The bound we choose of n; = O(nCi/ ), is not
as arbitrary as it looks. Certainly when ¢ = d/(d — 1), the effective minimum degree drops below d, so
clearly there is some ¢ < d/(d — 1) which is critical. Finally, we make some constraints on the average
degree and upper tail of the degree sequence, to ensure simple graphs occur with high enough probability
in the configuration model. Thus we are left with the following list of conditions.

Let 0 < a < 1 be constant, 0 < ¢ < 1/8 be constant and let d be a positive integer. Let v — oo with
n. We suppose the degree sequence d satisfies the following conditions:

(i) Average degree 6 = o(y/logn).

(ii) Minimum degree § > 3.

(iii) Ford <i < d, n; = O(n°/9).

(iv) ng = an + o(n). We call d the effective minimum degree.

(v) Maximum degree A = O(nc(@=1/d),

A
(vi) Upper tail size Z n; = O(A).
=0

We call a degree sequence d which satisfies conditions (i)—(vi) nice, and apply the same adjective to G(d).

Theorem 1 Let G(d) be chosen var from G(d), where d is nice. Then whp
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We note that if d ~ 0, i.e. the graph is pseudo-regular, then

d—1

C@~T3

nlogn,

which extends the result of [3] for random d-regular graphs.

Structure of the paper

The proof of Theorem [I]is based on an application of (3) below. Put simply, (8) says that, if we ignore
which vertices the random walk visits during the mixing time, the probability a vertex v is not visited by
step t is asymptotic to exp(—m,t/ R, ). Here m, = d(v)/2m and R, is the expected number of returns to
v during the mixing time, for a walk starting at v. We estimate R,, in Section[d] and describe and prove the
required whp graph properties in Section[3] The proof that (3)) is valid whp for G(d) is similar to proofs
in earlier papers and is given in the Appendix. The cover time C'(G) is established as follows in Section
[] Firstly a general upper bound is proved in Section[5.1] In Section[5.2]a lower bound is determined by
the set of vertices S which maximize ) _gexp(—m,t/R,).

2 Estimating first visit probabilities

Convergence of the random walk

In this section G denotes a fixed connected graph with n vertices. A random walk W, is started from
a vertex u. Let W, (t) be the vertex reached at step ¢, let P be the matrix of transition probabilities of
the walk and let P.") (v) = Pr(W,(t) = v). We assume that the random walk W,, on D is ergodic with
stationary distribution 7, where m, = d(v)/(2m), and d(v) is the degree of vertex v.

Let

d(t) = max [P (z) = ],

and let T" be a positive integer such that for ¢t > T

PO(g) — 71, <n 3. 1
max |P7(z) —mz| <n Q)

Fix two vertices u, v. Considering the walk W,,, starting at v, let r, = Pr(W,,(t) = v) be the probability
that this walk returns to v at stept = 0,1, ... . Let

T-1
Rr(z2) = Z riz’ 2)
j=0
and
A= ! 3
“®T 3)

for a sufficiently large constant K.
For t > T let A, (t) be the event that WV, does not visit v in steps T, T + 1,...,t.
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Lemma 2 Suppose that
(a) For some constant ) > 0, we have

\z@ifh |Br(2)] = 9.
(b) 7?71, = o(1) and Tm, = Qn~2) forallv € V.

There exists

Ty
Po= B+ OTm))’ @
where
R, = Rr(1)
is from @, such that forallv € V andt > T,
Pr(A,(t)) = 1+ 0(Ir)) + O(T?m e~ /). (5)

(1 + pv)t
3 Required graph properties

3.1 Mixing time

Given a graph G, the conductance ®(G) of a random walk W, on G is defined by

e(S:S)

*O) = Bn, a0

where d(S) = ) ;. g d;, and e(A : B) denotes the number of edges with one endpoint in A and the other
in B. The lemma below follows from Lemma [I0]of the Appendix by applying (8).

Lemma 3 Let d be a nice degree sequence and let G(d) be chosen uniformly at random from the G(d),
then whp
®(G) > 0.01.

Note that ®(G) > 0.01 in Lemma[3]implies G(d) is connected.
‘We note a result from Sinclair [[11], that
PO () = mal < (s /ma) /2 (1 = @°/2)". (©)
Referring to Lemma[3]and (), if we choose A sufficiently large and
T = Alogn (7N

then (T) holds.

There is a technical point here. The result () assumes that the walk is lazy. A lazy walk moves to a
neighbour with probability 1/2 at any step. This assumption halves the conductance. Asymptotically, the
cover time, and the value of Ry (1) are also doubled. Otherwise, the lazy assumption has a negligible
effect on the analysis. We will ignore this assumption for the rest of the paper, and continue as though
there are no lazy steps.
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3.2 Structural properties of G(d)

We make our calculations in the configuration model, see Bollobds [2]]. Let W = [2m)] be our set of
configuration points and let W; = [dy + -+ -+ d;—1 + 1,d1 + - - - + d;], @ € [n], partition W. The function
¢ : W — [n] is defined by w € Wy(,. Given a pairing F' (i.e. a partition of W into m pairs) we
obtain a (multi-)graph G with vertex set [n] and an edge (¢(u), ¢(v)) for each {u,v} € F. Choosing a
pairing F' uniformly at random from among all possible pairings of the points of W produces a random
(multi-)graph G. Let v = 3. d;(d; — 1)/(2m). Assuming that A = o(m'/3) (as it will be for nice
sequences), the probability that G is simple is given by

2

Pg = Pr(Gp is simple) ~ e~ 27T, (8)
(see e.g. [9]), and each simple graph G € G(d) is equiprobable.
Observe that our assumptions (i)—(vi) that d is nice imply that v = o(y/log n). Indeed if § = \/logn /7>
where v — oo then

1 (&, & 1
v< g | 2omid® 4 Y i | < g(ny?07 + O(A%)) = o(y/log ).
=3

Jj=~0

All the whp statements in this paper fail with probability at most n~*(1), whereas Pg in (@) is at least
e—0(ogn) This justifies our use of the configuration model.
Let C be a large constant and let

w = logloglogn, w' = Cloglogn. )

We use these values for w, w’ throughout the paper. A cycle C or path P is small, if it has at most 2w’ + 1
vertices, otherwise it is large.

Let

¢ = Blog’n (10)

for some large constant B. A vertex v is light if it has degree at most ¢, otherwise it is heavy. A small
path is light if all vertices are light. A small cycle is light if it has at most one heavy vertex.

For a vertex v, let G, be the subgraph induced by the set of vertices within a distance w of v. A vertex
v is locally tree-like if G, is a tree. A vertex v is r-regular, if it is locally tree-like and each vertex of G,
(with the possible exception of v), has degree r. A vertex v is r-compliant, if there exists a tree subgraph
T, of G, rooted at v, in which each vertex of 7, (with the possible exception of v) has degree r.

Lemma 4 Whp:
(a) No pair of small light cycles are connected by a small light path.

(b) No pair of vertices on a small light cycle are joined by a small light path.

Proof  We first note a useful inequality. For integer x > 0, let F'(2z) = Co)! then

2z !>

F(on —22) _ (6n —22)! (9271)!202”:<f[9n—2i+1>_1§( 1 )

F(6n) (b — x)!Q%”—x (6n)! On — 2z +1
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We prove part (a) in detail; the calculations for part (b) are similar.

(a) Let p denote the expected number of light cycle-path-cycle subgraphs consisting of cycles of length
a, b joined by a path length c. Then

2w’ +1 2w’ +1 2w’ +1
3 + N\ 0\ /n (a_l)!(b_1)!C!ab52(0,+b+c—2)A6]:(9n_2(a+b+c+1))
- Z Z a)\b)\c 2 2 F(On)
a=3 b=3 c=1
(11)

Explanation. Choose a vertices for one cycle, b vertices for the other and c vertices for the path. At most
one vertex in a cycle is not light, and has degree more than ¢ (and at most A). Each light vertex has up
to /(¢ — 1) ways to connect to a neighbour, for a total of (at least) ((a — 1) 4+ (b — 1) + ¢) light vertices,
explaining the exponent of ¢. The remaining, possibly heavy vertex in each cycle can connect in up to
A(A — 1) ways to neighbours in the cycle and A — 2 ways from a cycle to a path. Thus y is bounded by

+ +12w'+1 1 a+b+c
_ a, b, cp2(at+bt+c—2) A6
no= Z Z Znnnf A <9n—12w’+6)
= =3 c=1

a=3

AS ne? atbre

A6 12046 /3
0 <9n ) |

Thus Pr(p > 0) = o(n~°), for some constant e > 0, since A = O(n°@=1/4) where ¢ < 1/6. O

Lemma 5 Whp:
(a) The number of vertices v € Vthat are not d-compliant is at most n
(b) There is no small vertex v, § < d(v) < d which is not d-compliant.

de(d—1)/d.

Proof (a) We lower bound the probability P that v is d-compliant by the success, in the configuration
model, of the following process.
Process P: For 0 < ¢ < w — 1, and for each vertex w at level 4, the first d — 1 unpaired points of w pair
with points of distinct unused vertices u of degree d(u) > d.

The tree created by process P involves N; — 1 = d, Yi=o ' (d — 1) < A(d — 1) pairings. Let ¢
represent the sum of degrees of vertices of degree less than d. Thus

IA—o NiA+o N
Pz HOn—2z+1_<1_ On > '

Let X count the number of vertices v that are not d-compliant. Using the inequality 1 — (1 — 2)¥ < zy
forreal z,y,0 <z < 1,y > 1, we have

12)
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We have that A = O(n¢(@=1/4) ‘and from n; = O(n°/¢) we find that ¢ = O(n°(4=1)/4), Thus
E[X] = O(A% 4 Ag) = O(n®*@=Y/d) < K logh nneld-1)/d

for some K, L > 0. Then,

Pr (X >n 4e(d—1) /d) O( 7C(d71)/d)' (13)
(b) In this case we have that the number of small vertices is O(n . ) and so E[X] = O(n 2 .
O

Lemma 6 Whp: There are n'=°") d-regular vertices v € V with d(v) = d.

Proof We consider d-regular vertices that have a root vertex v of degree d. Recall that ng = |Vy| =
an + o(n) for some constant o > 0. Let N3 = 1 4 d(d — 1)¥. A d-regular tree of depth w contains
N, vertices. We proceed in a similar manner to Lemma[5] and bound the probability P that a vertex v is
d-regular by bounding the probability of success of the construction of a d-regular tree in the configuration
model.

Na—1 . N.
d(ng — 1) ng — No\ 2
> .
P = Pr(a vertex v is d-regular) = = (d o (14)

Let M count the number of d-regular vertices, then E[M ] =p=nqP,and
p=E[M] > nt=oW, (15)

To estimate Var[M], let I,, be the indicator that vertex v is d-regular. We have

:/HZ Z E[I,1,], (16)

vEVg weVy,w#v

and
E[I,I,] = Pr(v,w are d-regular, G, N G,, = 0) + Pr(v, w are d-regular, G, N G,, # ().

Now
2N, —2 .
ding—1i—1
Pr(v,w are d-regular, G, N G, = 0)) = 11 G(ZCITZ—i—l) < P2, (17)
For any vertex v, the number of vertices u such that G, N G, # () is bounded from above by Ny + dNQQ.
Using this and (17), we can bound from above by u + p? + u(No + dN2).

By the Chebychev Inequality, for some constant 0 < € < 1,

sy VarlM] E[M?) - E[MP _ ot uNytpdN;
Pr (|M_“| > pzt ) < = 12 < 12 2 =0(n").

The lemma now follows from (T3)). O
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4 Expected number of returns in the mixing time

The local graph I',. For vertex v, inductively define a sub-graph I',, of G, as follows: If u € G, is
heavy, delete an edge (u, w) € G, iff there is no (w, v)-path that is light. After this process is completed,
let T';, be the connected component of G, rooted at v. The following lemma is a consequence of this
construction.

Lemma 7 Either I, is a tree, or I, contains a unique light cycle C.

Denote by I'; the subset of the vertices of I', consisting of pruned heavy vertices, and vertices at
distance w from the root v.

Lemma 8 Let W, denote the walk on I, starting at v with I'; made into absorbing states. Let R} =
S oo T where v is the probability that W is at vertex v at time t. There exists a constant ¢ € (0,1)
such that

R, =R, +0O(¢*).

Proofs of a lemma similar to Lemma [§ are given in e.g. [3]. For completeness the proof of Lemma [§]is
given in the Appendix.

Lemma 9 Ler G(d) be good. For a vertexv € V,
() Ifv is d-regular, then R, = % + O(¢v).

(b) If v is d-compliant then R,, < ‘é:é (140(1)).

(¢) Foranyv, R, < $=La+o1)).

(a) We calculate R}, for a walk W, on an d-regular tree I', with I'; made into absorbing states. For

a biased random walk on (0, 1, ..., k), starting at vertex 1, with absorbing states 0, k, and with transition
probabilities at vertices (1,. ..,k — 1) of ¢ = Pr(move left), p = Pr(move right); then

(¢/p) —1
(¢/p)F =1 (1%)

We project W; onto (0,1, ...,w) with p = =1 and ¢ = 1 giving

Pr( absorption at %) — (1 - d11> (1 10 ((dlnw>> .

Let f, be the probability of a return to v. Then

Pr(absorption at k) =

.1 d-1 1
R”_lf@_d2+0<(d1)W> (19)

and part (a) of the lemma follows.

(b) If v is d-compliant, we can prune GG, removing edges from each vertex (other than v) until v is
d-regular. Treating the edges as having unit resistance, this pruning process cannot decrease the effective
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resistance between v and a hypothetical vertex ( that is connected by a zero-resistance edge to each of the
vertices in I'; (and no others). Then by part (a) and Rayleigh’s monotonicity law part (b) of the lemma
follows. (Here we are using the the fact that the probability of reaching ¢ before returning to v is equal
to m where R is the effective resistance between v and (. Rayleigh’s Law states that deleting edges
increases R).

(c) All vertices on a path from v to I'; have degree at least §. Thus in expectation there are at most
(6 —1)/(6 — 2) + o(1) returns to v before absorption. If absorption is at distance w, the arguments in
(a), (b) above apply. If not, absorption is at a heavy vertex v € Iy, that is at distance less then w from v.
Such a vertex will have at most two paths back (on the unique light cycle). All other paths to v in G(d)
go via other heavy vertices. Hence if a particle is at u, with probability at most 2/¢ it will enter a path to
v in ', and probability at least 1 — 2/¢ enter a path in which it will only reach v by going through another
vertex in I'Y, first. Thus the probability of reaching v in time T after having visited a heavy vertex in I, is
atmost O(T/¢). So >y o1 —r; = O(WT /1) = o(1). O

5 Cover time of G(d)

5.1 Upper bound on cover time

Let T (u) be the time taken by the random walk W, to visit every vertex of a connected graph G. Let U;
be the number of vertices of G which have not been visited by W, at step t. We note the following:

Cu=E[Tc(w)] = Y Pr(Ts(u) > 1), (20)
t>0
Pr(Tg(u) > t) =Pr(Tg(u) >t —1) = Pr(U;_; > 0) < min{1,E[U;_1]}. 1)

Recall from (5)) that A4 (v) is the event that vertex v has not been visited by time s. It follows from ,

(21)) that
Cu<t+1+) EU]=t+1+Y Y Pr(A,(v)). (22)

s>t v s>t

Let tg = (%%) nlogn and t; = (1 + €)to, were € = o(1) is sufficiently large that all inequalities

claimed below hold. We will use the notation d,, for d(v). We assume that the high probability claims of
Sections 3] @ hold. In the Appendix, we establish that condition (a) of Lemma [2 holds. Condition (b) of
Lemma 2] that T'm, = o(1), holds trivially as the maximum degree is n, a < 1.
Recall from (@) that p, = (1+ (T'7,))d, /(OnR,,). Thus by (3)), the probability that W,, has not visited
v during [T, t] is given by
Pr(A,(v)) = (14 0(1))e " +O(T?*n,e /?) (23)
(14 0(1))e 7. (24)
Thus
Z(l +o(1))e™ ™ = (14 0(1))e "1Pv Z e~ (t=t)po
t>tq t>t1
< 2]7;16725117”
onR,

v

= o)

d—llogn}. 25)

dy
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We consider the following partition of V:
) Va = U5§i<d Vi
(i) Vg = U;>5{v € Vi : v is d-compliant}.
(ii)Ve = U;>5{v € V; : v is not d-compliant}.
Case (i): 6 <d, < d.
For these vertices, Fv is d-compliant by Lemma [5| l Consider vertices in V;, ¢ < d. By Lemma @] (b),
R, < (14 0)1))%=L so for v € V; @3) is bounded by O(fn)n~(+o(D)i, Recall that [V;| = O(n®/?)
where ¢ < 1. Thus

Z Z(l + 0(1))e P < O(On)ncdp=Ate@i/d 54,

Case (ii): d < dy, v is d-compliant.
For v € Vi ([@3) is bounded by O(6)n~®(<). Therefore

Z Z(l +o(1))e P < Z 0(0)n=°© = 0(In)n=° = o(ty).
veVp t>t veEVE

Case (iii): d < d,, v is not d-compliant.

5—2d—1
For vertices v € V¢ (23) is bounded by O(6n)n~ 1+ 5=1= By Lemma [Vo| < nteld=1)/d
where 4c < 1/2 < 74 2=2_ Hence

Z Z(l—!—o(l))e*tp“ = Z O(On)n ~(1+0() §=7 7=5

Of»

veVe t>t veEVe
_ O(nc(dfl)/dgn)n—(l""@(s) 2:21) 2:5
= O(tl).

In each of the cases above, the term ), >~ -, Pr(A,(v)) = o(t1) and thus, from 22), C,, < (1+0(1))t;
as required. This completes the proof of the upper bound on cover time of G(d). a

5.2 Lower bound on cover time

Let to = (1 — €)tg, were € = o(1) is sufficiently large that all inequalities claimed below hold. For vertex
u of degree d, we exhibit a set of vertices S such that at time ¢, the probability the set S is covered by the
walk W, tends to zero. Hence T (1) > to, whp which implies that Cg > to — o(to).

We construct S as follows. Let S; be the set of d-regular vertices of degree d. Lemma [6] tells us that
|S4] = nt=°W), Let w’ = Cloglogn for some large C. Let S be a maximal subset of S, such that the
distance between any two elements of S is least w’. Thus |S| = Q(n!~°(M) /d+").

Let S(t) denote the subset of S which has not been visited by W, after step ¢. Let v € S, then

Pr(A,(ts)) = (14 o(1))e 2P (1=0@)) 4 5(n=2),
Hence

E(S(t2)]) > (1+0(1))]S[e”(-edtor 6)
ne/270(1)
Q (ci“”) — 00. 27)
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Let Y, ; be the indicator for the event A;(v). Let Z = {v,w} C S. We will show (below) that that for

v,wE S
1+ 0(Tm,)

A+p) o(n™?), (28)

E(Y’IJ,tQY’w,tg) =
where pz ~ p, + pw + 0(1/logn). Thus
E(Yvﬂfzyw,h) = (1 + 0(1))E(Yv7tz)E(watz)

which implies

E([S(t2)[(1S(t2)] = 1)) ~ E([S(t2) D (E(S(2)]) = 1). (29)
It follows from and (29), that

E(|S(t2)])” 1

E(S(E2)?) BTSN | g5 (1))

Pr(S(ts) # 0) > =1-o0(1).

Proof of l@i Let G be obtained from G by merging v, w into a single node Z. This node has degree
2d and is d-regular. Rz = (R, + Ry)/2 + p where p is the expected number of passages between v, w
in T steps. By Lemma 4] the number of light paths between v, w is at most 2. Using arguments similar to
Lemmal9, we find p = O(T/(6 — 1)) = o(1/ logn).

There is a natural measure-preserving mapping from the set of walks in G which start at u and do not
visit v or w, to the corresponding set of walks in G which do not visit Z. Thus the probablhty that W,
does not visit v or w in steps 7...t is asymptotically equal to the probability that a random walk W inG
which also starts at u does not visit Z in steps steps 7'..t. The detailed argument is given in [4].

We apply Lemmato G. That 7 7z = gd is clear. Furthermore, the vertex Z is tree-like up to distance

w in G. The derivation of Ry as in Lemma a) is valid. The fact that the root vertex of the corresponding
infinite tree has degree 2d does not affect the calculation of R7,. O
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Appendix

Proof of conductance bound in Lemmal3

By the conductance of a configuration C, we mean the conductance of a random walk on the underlying
multi-graph M (C). It is however, the configurations we sample uar in the proof of Lemma([10]

Lemma 10 Let d = (di,ds, ..., d,) be a sequence of natural numbers, satisfying mind; > 3 and 6 <
n/%. With probability 1 — o(n~='/?) the conductance ® of a uar sampled configuration C(d) satisfies
$ > 0.01.

Proof  Let F(a) = a!/((a/2)!2(%/?)). With this notation,

F(b)F(a—b) _ (Zﬁ) B B\ b\
O O (a) (1 a) : (30)

For any S C V let d(S) denote the sum of the degrees of the vertices of S. A set S is small if d(S) <

(On)/4. A setis large if (n)*/* < d(S) < 6n/2. Let B < 1 be a positive constant. We choose 3 = 0.99.
SMALL SETS (6|S| < d(S) < (0n)/4).

Let N(s, 3) be the expected number of small sets S of size s with at least 3d(S) induced edges.

N(e.8) = 3 () | EGUEDEn - puts) an

Bd(S) F6n)
Thus using (30), 65 < d(s) < (An)'/* and § > 3 we find

e Bd(S) Bd(S) Bd(S)/2
I} on

o(1) (26 (@)3/3/35

- O(n_(%/g_l)s).

S

N(s,8) < 0<1>Z(
S

IN

Thus
3" N(s,8) = O(n~99/5-1).

|S|=s
S Small

LARGE SETS((0n)'/* < d(S) < 6n/2).
Let N(s, 3) be the expected number of large sets S of size s inducing at least 8d(S) edges. As before,
N (s, B) is given by (3I). Let d(S) = afn where 0 < o < 1/2. Lete = 1 — 3. We note the following
approximation:

d(s) > B (a9n> o) 1
(ﬂd(S) - BO&HTL o mﬂﬂaengaaen'
Thus

O() ((aB)?(1—af)—oo\%
N(s,p) < ES: NG < ey ) = %:f(s). (32)
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Let s = cn. We henceforth assume that we choose the value o = o* which maximizes f(.S) for |S| = cn.
With this convention we can write

n

o(1) (@B)*8(1 - aB)i=oB\E 1
Niem, f) < EﬁC(l—c)a@rﬂ(( e ) cc<1c>16>‘ Gy

We split the proof for large sets into two parts: Those sets for which & < 1/6 and those for which
1/ <a <1/2.

Case of « < 1/8.
We need to remove the dependence on ¢ in the right hand side of the expression (33) for N(cn, 5). We
first deal with the square root term. Since L <e< ("7;1) we have that ¢(1 — ¢) >

n 1

n—1

— and so

-1
c(1 - c)abn? > %(Hn)l/‘ln > (9n)1/4 /2.

Therefore, as (3, € are positive constants,

1 o)
eBc(1 = c)abn?  (n)t/8’

We next consider the main term of (33). For 0 < 2 < 1/2, the function
g(z) =a*(1—2)'™"

satisfies, g(0) = 1 and is monotonically decreasing with minimum g(1/2) = 1/2.
Since d(S) > 3s, and s = ¢n, from d(S) = afn we deduce that ¢ < af/3. As a < 1/6 then
¢ < af/3 < 1/3. Therefore g(c) > g(af/3), and we can replace ¢ by af/3 in (33). Hence

N 0(1) (aﬂ)aﬁ’Q/Q(l _ aﬁ)l—aﬂQ/Q (1 _ aﬁ)g/Q_l n
N(en,B) = (en)l/s ((a9/3)a9/3(1 _ a9/3)17a9/3 (ggﬂg)ag )
0(1)

We next maximize ¢(«, 3,6). Let h(z,y) = (yx)®(1 — yx)1 =% for 0 < z,y < 1. Considering h(z, y) as
a function of y, there is a unique maximum at y = 1, given by

5y o) = (5 - {=2) <o

Oy y 1—yzx

0? 1 z(1—x)
| S S L )
o log(h(ay) = s (y + o yx)z) <0

Therefore h(z,y) < h(z,1) = g(x). So h(aB60/2,2/0) < g(aB0/2) < g(af/3). Hence

(1—ap)/>!

8(0,8,0) < v
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We prove below, that

8 [(1—ap)?/>!
e B o

Since 6 > § > 3, we have that
(1 7045)0/271 - efaﬁ/2 <
(Eeﬁﬂ)aé — (Eeﬁﬂ)&x — )

where A < 0.7, provided 8 > 0.99.

Now since afin > (An)'/* for large sets, and # < n'/* by conditions of the lemma, we have that
an > nt/16, Thus

O(1 n
N(en ) = s (60 5.6)
_ O()\nl/lﬁ)'
As s = cn can take at most n values we have that > N(cn, §) = O(n)\”l/m).
Proof of (34).
9 fu-apy 1 (0o’ (O -ap)
Z { (57)7 } T\ e ) PUE )
Let a 8)
-«
fla,B) = (c=BP)

When o = 0, f(«a, ) = 1. We prove that, for 8 > 0.99, f(«, 8) < 1 for @ > 0, which will establish the
result. Note that

; 5= (B+ (1—aB)log(c8%)?) . (35)

9 _
7.]0(@75):W

1oe"

Consider

a5 (o8(e +.8) = g {og((1 - 90757+ )

= 2log <&) + 1.

For 8 > 1, the last line above is positive, and thus log(e°3%)? > — 8. It follows that (33) is negative, as
required.

Caseof 1/0 < a < 1/2.
Continuing to evaluate N (s, 3) as before, and referring to f(.5) as given by the right hand side term of
(32), let
(@B)*" (1 —ap)'—oP

A=
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Thus
log(A(@)) = (af) log((af)) + (1 — ap)log(1 — af) — 2alog(c*4”),

9 log(A(a)) = Blos(a) ~ Blog(1 — ) — 2log(="37).

Setting % log(A(«)) = 0 gives
525/6/@)
= ———.
1+ g2¢/832
Let g be the solution to this when 8 = 0.99. Thus ag ~ 0.477. Also,
2

3}
Wlog(A(a)) =p <; + 1 _/Bab)) >0

hence the stationary point oy is a minima. As ¢ > 3 and by inspection, A(0.5) < A(1/3) then A(ap) <
A(1/6). We can use o* = 1/6 as the value of o maximizing A(«) in the range 1/0 < o < 1/2. It
follows that

L\ on on
a>1/0

o [((B/6)F(1—B/0)30-P\"
— 0(1)2 < — ) |

- (5)

0 0—5
20 log(T'(9)) = log 0) .

Thus T'(#) is monotone decreasing in 6, and so T'(0) < T'(3). Finally

3" N (s, 8) < O(n)2” <<ﬁ/3>‘5<1 - /3/3>é<w>>"

e3P

Let

then

=0(n (0.8)").
This completes the proof of the lemma. g

Proof of Lemma
For convenience, we restate the lemma.

Lemma 11 Let W;; denote the walk on ', starting at v with Iy made into absorbing states. Let R}, =
S oo T where v is the probability that W is at vertex v at time t. There exists a constant ¢ € (0,1)
such that

R, = R} +O((¥).
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Proof = We bound |R, — R}| by using

w T o]
RU—R::<Z7}—7“Z‘>+<Z rt—r;*)— Z Ty . (36)
t=0

t=w-+1 t=T+1

Case t < w. When a particle starting from v is absorbed at I';, this is either at at distance w, or by a heavy
vertex u at distance less than w from v. In the case of a heavy vertex u, by the light cycle condition, there
are at most two light paths back to v from u of length at most w. All other paths of length at most w go
via other heavy vertices. Hence if a particle is at u, with probability at most 2/¢ it will enter a light path
to v. Thus the probability of reaching v in time w after having landed on a heavy vertex of I'; is at most
O(w/£) = 0(¢%). In the alternative case that absorption is at distance w from v, then for ¢t < w, 7} = 7.
Thus we can write (

Case w + 1 <t < T. Using @ withz = u = vand ¢ = (1 — ®?/2) < 1, we have for t > w, that
re = my + O(Ch). Since A = O(n®),a < 1, we have T, = 0(¢*) and so

T T T
Yolr=ril= >0 m< Y (m 4+ =0(®). (38)

t=w+1 t=w+1 t=w+1

Ma

*) =o(¢%). 37)

Case t > T + 1. It remains to estimate » ,~ . 417~ We upper bound r; by a probability o as follows.

Assume first that I',, is a tree. Consider an unbiased random walk X, 2 , X 1(b), ... starting at [b| < a < w
on the infinite line (..., —a, ..., —1,0,1,...;a, ...). X,(n) is the sum of m independent £1 random variables.

The central limit theorem implies that there exists a constant ¢ > 0 such that
Pr(|X%)| <a) <e V2 (39)
Now for any ¢ and b with |b| < a, we have
Pr(|X®| <a,7=0,..,t) <Pr(| XV <a,7=0,..,1) (40)

which is justified with the following game: We have two walks, A and B coupled to each other, with A
starting at position 0 and B at position b, which, w.l.o.g, we shall assume is positive. The walk is a simple
random walk which comes to a halt when either of the walks hits an absorbing state (that being, —a or a).
Since they are coupled, B will win iff they drift (a — b) to the right from 0 and A will win iff they drift
—a to the left from 0. Given the symmetry of the walk, B has a higher chance of winning.

For t > T, we define oy by

[/(ca®))
) . (41)

=Pr(| X" <a, 7r=0,1,.. )g( ~1/2

The paths from v to I';, in the tree satisfy a < w, and so

/(3 T/(3cw ) 7@(1%”)
Z oy < Z —t/(3cw?) < =y ) = O(w?e 22y = 0(¢¥)
t=T+1 t=T+1
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We now turn to the case where I, contains a unique light cycle C'. Let = be the furthest vertex of C' from
v in I'y,. This is the only possible place where the random walk is more likely to get closer to v at the next
step. We can see this by considering the breadth first construction of I',,. Thus we can compare our walk
with random walk on [—a, a] where there is a unique value x < a such that only at +x is the walk more
likely to move towards the origin and even then this probability is at most 2/3. Using results (39), @0) for
the unbiased walk on the line, we have

Pr(3r <ca®: |XO|>2)>1—e /2

The probability the particle walks from x to a without returning to the cycle is at least 1/3(a — ). Thus

2, (b) —1/2 13
Pr(3r <ca®: | X\, .| >a)>(1—e?)/3a> Tooa”
and so
o =Pr(| X0 <a, 7=0,1,...,t) < (1 — 13/(100a)) ¥/ (2ca®)] < ¢=t/(20ca?), (42)
Asa < w,

0 > o e—T/(20cw®) _ (logn "
Do oos Y e < ey = 0 (P OUE)) = 0(¢)

t=T+1 t=T+1

Condition (a) of Lemma|2
Lemma 12 There exists a constant 1 > 0 such that for |z| < 1+ X\ |Rp(2)| > %.

Proof As in Lemma [8] we consider the walk W on I, starting from v, and with absorption at I'.
For this walk, let 8; be the probability of a first return to v at step ¢, and let r; be the probability of a
return to v at step ¢.

Let B(z) = Y/, Bzt let a(z) = 1/(1 — B(z)), and write a(z) = 3 ;% ayz'. Thus a is the
probability of a return to v at time ¢ for a walk W], all of whose excursions from v are length at most
T. Observe that oy < rf < r;. We shall prove below that the radius of convergence of «(z) is at least
1+ Q(1/w?).

We can write

Rr(z) = a(z)+Q(2)
1
= 1750 +Q(2), (43)

where Q(z) = Q1(z) + Q2(2), and

T
Qi(z) = D (r—a)?

t=0

Q2(z) = - Z a2t

t=T+1
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We note that Q(0) = 0, «(0) = 1 and 3(0) = 0.
We claim that the expression {@3)) is well defined for |z| < 1 + \. We will show below that

Qa(2)] = o(1) (44)

for |z| < 14 2\ and thus the radius of convergence of Q2(z) (and hence «(z)) is greater than 1 + .
This will imply that |3(z)| < 1 for |z] < 1 + A. For suppose there exists zo such that |3(z)| > 1. Then
B(|z0]) > 18(20)| > 1 and we can assume (by scaling) that 5(|zo|) = 1. We have 5(0) < 1 and so we can
assume that 3(|z|) < 1 for 0 < |z| < |z0|. But as p approaches 1 from below, (@3) is valid for z = p|zo|
and then |Rr(p|z0|)| — oo, contradiction.

Recall that A = 1/KT. Clearly 5(1) < 1andso for |[z] <1+ A

B(lz]) < B+ A) < BL)(A+MN)T < VK,

Using [1/(1 — B(2))| > 1/(1 + B(]z])) we obtain

‘Z #
14 8(l=)

We now prove that |Q(z)| = o(1) for |z| < 1+ A and the lemma will follow.
Turning our attention first to 1 (z), we have

1
|Rr(2) — 1RGN 2 ;xR (45)

T
Q1(2)] < (L+ NI < T fry — . (46)
t=0

From (37), (38) of the proof of Lemma we see that ZtT:o |ry — a] = o(1), hence |Q1(2)| = o(1).

We now consider Q2(z). As in Lemma let v} be the probability that a walk W, on I, starting at v
has not been absorbed at I';, by step t. Then oy < rf < oy, so

oo

Q)< Y ol

t=T+1
In the case where G, is a tree we can use (@I)) to prove that the radius of convergence of Q2(z) is at least

el/(B3ew®) 5 1 42X, So for |z| < 1+ A,

oo

Qo) < Y MTED — o(1),

t=T+1

In the case that G, contains a unique cycle, we can use (@2) to see that the radius of convergence of
1
Q2(z) is at least e20c™ > 14 2. So for |z] < 1+ A,

@) < 3 N = o(1).

t=T+1



20

Mohammed Abdullah and Colin Cooper and Alan Frieze



	Introduction
	Estimating first visit probabilities
	Required graph properties
	Mixing time
	Structural properties of G(d)

	Expected number of returns in the mixing time
	Cover time of G(d)
	Upper bound on cover time 
	Lower bound on cover time 


