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Abstract. Based on constant term evaluation, we present a new method to compute a closed form of the summation
Z;S [I;—, Fj(ajn+b;k+c;), where { Fj(k)} are C-finite sequences and a; and a; +b; are nonnegative integers.
Our algorithm is much faster than that of Greene and Wilf.

Résumé. En s’appuyant sur ’évaluation de termes constants, nous présentons une nouvelle méthode pour calculer
une forme close de la somme ZZ;S [1;—, Fj(ajn+bjk+c;), oules {F;(k)} sont des suites C-finies, et ou les a;
et les a; + b; sont des entiers positifs ou nuls. Notre algorithme est beaucoup plus rapide que celui de Greene et Wilf.
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1 Introduction

A sequence {F'(k)}>o is C-finite (see [Zei90]) if there exist constants ¢y, . . ., ¢4 such that
F(k)=c1F(k— 1)+ caF(k—2) + -+ caF(k—d), Yk>d.

Correspondingly, the integer d is called the order of the recurrence. Greene and Wilf [GWO7] provided a
method to compute a closed form of the summation

n—1 r

Z H Fj(ajn + b]k + Cj),

k=0 j=1

where {F)(k)} are C-finite sequences and a;, b; are integers satisfying a; > 0 and a; + b; > 0. They
proved that the sum must be a linear combination of the terms

H Fj((aj + b])’n + Z]) and d)il.,...,ij (TL) H Fj(ajn + ij), (0 < ’ij < d])
Jj=1 j=1

where d; is the order of the recurrence of {F};(k)} and ¢;, ;. (n) is a polynomial in n with given degree
bound. Then the explicit formula of the sum can be computed by the method of undetermined coefficients.
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In this paper, we provide another approach which is based on MacMahon’s partition analysis [Mac16]]
and the Omega calculations [APROI1} [Xin04]. We first introduce an extra variable z and consider the
summation

n—1 r
S(z) = Z P H Fj(ajn+bjk + ¢;).
k=0 j=1

Then we rewrite S(z) as the constant term (with respect to x1, . . ., z,-) of the Laurent series

n—1 r
fi(z1) fa(z2) - fr(2r) Z P H xj—ajn—bjk—cj’
k=0 i=1

where .
fizy) =Y Fi(k)a}
k=0

is the generating function. Using partial fraction decomposition, we can derive an explicit formula for
S(z) in terms of [;_, Fj((a; + bj)n +i;) and [];_, Fj(a;n + i;), where 0 < i; < d;. Finally, the
substitution of z = 1 leads to a closed form of the original summation.

2 Basic tools by partial fraction decomposition

Let K be a field. Fix a polynomial D(x) € K[z]. For any polynomial P(z) € K[x], we use rem(P(z), D(x), x)
(or rem(P(x), D(z)) for short) to denote the remainder of P(x) when divided by D(x). This notation is
extended for rational function R(z) = P(x)/Q(x) when Q(x) is coprime to D(x):

rem(R(x), D(x)) := rem(P(z)5(z), D(x)), if a(z)D(x) + f(z)Q(z) = 1. (D

In algebraic language, the remainder is the standard representative in the quotient ring K [x]/(D(z)).
It is convenient for us to use the following notation:

{ P(z)/Q(x) } _ rem(P(x)/Q(x), D(x))
D(x) D(x) '

2

Equivalently, if we have the following partial fraction decomposition:

ri(z)  ro(z)

D(z) = Qz)’

where p(z),r1(x),re(x) are polynomials with degr(z) < deg D(z), then we claim that 1 (z) =
rem(P(x)/Q(z), D(x)) and hence

(PeyA@) _ )

D) |~

Note that we do not need deg 2 (x) < deg Q(z).



Constant term for C-finite sum 763

The following properties are transparent:

R(x)

F

Py(z) = Py(z) (mod D(z)) = { 2

R(x)Pi(z) ] _
Ll ot
D(z)

8

)(x)} ; 3)
(@)1

(@) D) + B(a)Q(a) = 1= { ey @
) el 8 nes o

The crucial lemma in our calculation is as follows.

Lemma 1 Let R(z), D(x) be as above and assume D(0) # 0. Then for any Laurent polynomial L(x)

with deg L(z) < 0, we have
i {3} - {52

where CT g(x) means to take constant term of the Laurent series g(x) in .
x

Proof: By linearity, we may assume L(z) = z~* for some k > 0.
Assume 7(z) = rem(R(x), D(z)). Since D(0) # 0, we have the following partial fraction decompo-
sition:

x*D(x) Tk +

where deg p(z) < k and degr(z) < deg D(z). Then taking constant term in x gives

Tt~ o -3 {n )

This is just (6) when L(z) = 2%, O

Let Z and N denote the set of integers and nonnegative integers respectively. Suppose that { F' (k) }ren
is a C-finite sequence such that

F(k) =c1F(k—1) 4+ coF(k =2) 4+ -+ cgF'(k — d) @)

holds for any integer k¥ > d. Then its generating function is of the form

fla) = 3 Fk)a* = o

Cl-cx—cpa? — - — cqzd’
P 1 2 d

where p(z) is a polynomial in z of degree less than d. We will say that { F'(k) },>n is a C-finite sequence
with generating function p(x)/q(z), where q(z) = 1 — c1x — cow® — -+ — cga?.

It is well-known [Sta86, Section 4.2] that we can uniquely extend the domain of F'(k) to k € Z by
requiring that holds for any £ € Z. The k-th term of the extended sequence can be given by the
following lemma.
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Lemma 2 Let {F (k) }ren be a C-finite sequence with generating function p(x)/q(x) and { F (k) }rez be

its extension. Then x_kp(x) x_kp(x)
F(k) = CIT{W)} - {q(:c)}

VkeZ. ®)

=0

Proof: Since ¢(0) = 1, the second equality holds trivially. Let

Then for & > 0, applying Lemmal[T] gives

G(k) = CTa™" {58} = chx—“;g; = [2*]f(z) = F(k),

where [7*] f () means to take the coefficient of z* in f(x).

Therefore, by the uniqueness of the extension, it suffices to show that G(k) also satisfy the recursion
for all £ € Z. We compute as follows:

Gk)—aGk—=1)— - —csG(k—d)

This completes the proof. g

3 Constant term evaluation

Let { F}; (k) } ez be C-finite sequences with generating functions f;(z) = p;(z)/q;(z) forj =1,2,...,r.
We denote the degree of the denominators by d; = deg g;(z). To evaluate the sum

n—1 r
S = ZHFj(GjTZ‘i‘bjk‘i‘Cj),

k=0 j=1

we evaluate the more general sum S, (z) instead, where .S, (z) is defined by

1—1 m
Sm(z) =Y F [ Filajn+bik+¢;), 0<m<r. 9)
0o j=1

<

>
Il
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The advantage is that S,,(z) can be evaluated recursively. Since a;j > 0and a; +b; > 0, we have
ajn+bjk > 0foranyn > 0and 0 < k < n. By LemmasE]and we have

_ — —amn—bmk—cm
prt qm ()
n—1 Cm, (m)
_ H aJn n b k+ CJ) CTCL‘_am” —bmk {pm}
=" qm ()

—Cm n—1 m—1
= CIT g~ omn {aumn(ac)} Z(zx_bm)k H Fj(ajn+ bk + ¢;).

gm () k=0 J=1

Therefore, we obtain the recursion

—Cm

Su(z) = CTaom" {pm(m

—by,
(@) }Sm_l(za: ). (10)

n

The initial condition is So(2) =1+ 2 + -+ + 2"+ = =27,

Let L., and L, be the linear operators acting on Laurent polynomials in 1, . .., @, by

Lm (H;n L7 ) [1;2: Filazn — ay),
(11
L, (H;nlxj ) HJ 1 Fi((aj +bj)n — a;).

Then S,,,(2) have simple rational function representations.

Theorem 3 For any 0 < m < r, there exist a polynomial P,,(z) with coefficients being Laurent polyno-
mials in x1, ..., Ty and a non-zero polynomial Qn,(z) € K|[z] such that

L) = Ly (Pu(2)
Qm(2) 7

(12)

where Ly, L are defined by (T1).

Proof: We prove the theorem by induction on m.

Setting Pp(z) = 1 and Qo(z) = 1 — 2z, we see that the assertion holds for m = 0. Suppose that
the assertion holds for m — 1. We can compute P,,(z) and Q,,(z) as follows. For brevity, we write
R(2) = Pn-1(2)/@m-1(2)

By definition S,,_1(z) is a polynomial in z of degree less than n. If b,, > 0, then —a,,n < 0; If
b, < 0, then —a,n — by (n — 1) < 0. Thus 279m"S,, 1 (z2~%) is always a Laurant polynomial of
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degree no more than 0. Therefore, by Lemma|[T]and the recursion (T0), we have

Sm(2) = CwT {pmq(x)(fc; - } = mnS,, (220

B P (x)x=Cmp=mn S, (zxTbm)
-4 { Gm (@) }
ot {pm@)xcww (L1 (R(zz™"m)) — #"a=*m" L,y (R(z2~""))) }

x

Q'm(x)
1 CT Jf(a’”er"I)"G(m, z),

m—

=Ly 1 CTa *"G(x,2) — "L/

where G(z, z) is given by

P (T) 26 R(250m)
qm () } .

6o, = {

Now set
= rem(mdm_l_CmR(zm_bm),qm(x),a:), (13)

where u(z, z) is a polynomial in x, z and w(z) is a polynomial in z. Then

2, 2) = P (z)z—m+1 - gdm=1=cm R(zz=bm)
G( ) {pm(x)mdeFIUi;n,’(;:))/w(z) }
B { gm () }
Sl ot u(a, 2) 2

w(z) qm ()

Since x~9m+1y(z, 2) is a Laurent polynomial of degree in x less than or equal to 0, we obtain

Sm(2) = L1 CT 2 (e, 2) {pm(x)} g op i Tule2) {pm(x)}

o (@) N T b ()

xid’"+1u(x,z) wid’”Jrlu(x,Z)

— nr/
- Lm—l CIT Zamn fm(x) -z Lm—l CZT I(a7n+bm)n fm(m)
Now set
Po(2) = o uam, 2),  Qm(2) = w(2). (14)
It is then easy to check that Sy, (z) has the desired form. This completes the induction. O

Remark 1. Form the above proof we see that the degree of x,, in P,,(z) is between —d,,, + 1 and 0.
Therefore the coefficients of the numerator of S(z) are linear combinations of the form

[ Fitam+i), T Fi((a; +bim+iy),

Jj=1 Jj=1
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where 0 <i; < d; — 1.

Remark 2. Let { F'(k)} be a sequence with generating function p(z)/q(z). We call the sequence {F'(k)}
with generating function 1/¢(x) its primitive sequence. It is more convenient to represent .S(z) in terms
of the primitive sequences {F';(k)} instead of the sequences { F;(k)} themselves. The existence of a such
representation is obvious since Fj (k) is a linear combination of F;(k). In this way, the coefficients of the
numerator of S(z) will be linear combinations of the form

[1Fiem—i),  TIFi((a;+b)mn—iy),
j=1 j=1

where 0 < i; < d; — 1. Then we can take advantage of the fact F;j(—i;) =0, 1 <i; <d; —lifa; =0
or a; + b; = 0. The computation is similar and in a natural way. In fact, if we define

P (2) = rem x)x~om 7Pm_1(zm_bm) x),x
g = (@ PR ).

then we have

where

4 Evaluation of S,(z) atz =1
In this section, we consider the evaluation of S,.(z) at z = 1, which is equals to the sum

n—1 r

S:ZHFj(ajn—i—bjk—i-cj). (15)

k=0 j=1
The evaluation of S,.(z) at z = 1 can be obtained by the following lemma.

Lemma 4 Let f(z) =, fiz', g(z) = >, giz" and h(z) = ", h;z" be polynomials in z. Suppose that

is a polynomial in z and

h(z) = hi(z—1)", he#0. (16)

Then
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Proof: By expanding f(z) — 2"¢(z) at the point z = 1, we obtain

f(z) = 2"g(z Zfl (z =1+ 1) = gi(z =1+ 1" =" (2 = 1)1 4;,

=2 (4() (")

K2

where

Since S(z) is a polynomial in z and A, # 0, we have A; =0forany j < eand and S(1) =

desired.

Remark. Alternatively, we can write

A similar argument yields

s L2 (1) ()

2

The algorithm CFsum for finding a closed form of the sum (I3).

Input: The generating functions p;(x )/qj( ) of Fj(k) and the parameters (a;, b;, ¢;)
Output: A closed formula for S = Y7 " szl Fj(ajn+bjk + c;).

1. Initially set P(z) = land Q(z) =1 — 2.
2. Forj=1,2,...,rdo

Set R(z) = P(2)/Q(%).
Let

Set P(z) = u(z;, 2) and Q(z) = w(z).
3. Set A=B=P.
4. Forj=1,2,...,rdo

Ae/ﬁe, as
O

A= Filam+d; —i)[zi]A, B=Y_ Fj((a; +bj)n+d; —i)[}]B,

=0 =0

where [2%] f () denotes the coefficient of 2% in f(z) and {F;(k)} is the primitive sequence corre-

sponding to {F};(k)}.
5. Let e be the lowest degree of z in Q(z + 1) and h = [2°]Q(z + 1).
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(-1 )en)

Our algorithm suggested a new way to look at the degree bound for the coefficients ¢;, .. ; (n). One
bound is just the multiplicity of 1 as a root of Q,-(z). To study the e described in (T6), it is better to use
the alternative representation of S(z) = S,.(2):

nl—(iz )n Cj

1 01 pj(zj)z;

s = O () T I
T1yees®r \ T'q Ty B gbr =1 QJ(IJ)

T T

6. Finally, return

Suppose that «; is a root of ¢;(z) with multiplicity v;(«;). By partial fraction decomposition, S(z) can
be written as a linear combination of the terms

- (i
1
S(z; = (CT
(Z «, S) T1omy <xtll1 . xg,,.) 1_ bl H 1 — Z'J/O(]

P
where s; < v;(c;). From the discussion on Omega operator [Xin04], we see that the denominator of

S(z; ay 8) is given by
s1+s2+-+s—r+1
z
1- by b,
al e 057‘7

Therefore, by summing over all «, s and take common denominator, we see that

e<max{v;+--+v,—r+1:a} - al =1 and ¢;(e;) = 0}.

5 Examples

We have implement the algorithm CFSum in Maple, which can be download from
http://www.combinatorics.net.cn/homepage/xin/maple/CFsum.txt .
Example 1. Let

n—1

fn) =" F(k)’F(2n — k),

k=0

where {F'(k)} is the Fibonacci sequence defined by

|
—~
=}
~
I
\.O
!
—~
—_
~—
I
\‘)—‘
|
—~
B
~
I

F(k—1)+F(k—2), Yk > 2.

We see that the generating function for {F(k)} is #/(1 — x — 2%). Using the package, we immediately
derive that

F(n) = 3 (~F(2n) + F(2n 1) + F(n)® + Fm)F(n —1)* = F(n — )F(n)?),
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where {F'(k)} is the primitive sequence of {F'(k)}. In fact, F(k) = F(k + 1) and hence
Fn) = 5(~F(@n+ 1)+ F(2n) + Fn+1)° + F(n + DE@)? — F(n)F(n + 1)

Example 2. Let

n—1
S(z) =Y F(k)*2¥,
k=0
where {F'(k)} is the Fibonacci sequence defined as in Example 1. Using the package, we find that
4 . .
> fi(2)2"F(n—1)F(n)*™" — 2(z + 1)(2* =5z + 1)
S(z) = =
(z=1)(22+324+1)(22-72+1)
4 . .
> fi(2)2"F(n)' F(n+1)*" = 2(z + 1)(2* = 52 + 1)
i=0

(-1 432+ 1)(z2 -T2+ 1) ’
where
fo(z) = 2(z +1)(22 =52+ 1), fi(z) = —42%(2*> =32 —1), fo(z) =62%(2* — 2 + 1),
and
f3(z) = —422(2 +32—1), fa(z) = 2" + 1123 —142% — 52 + 1.
6 D-finite sequence involved

The readers are referred to [Sta99, Chapter 6.4] for definitions of D-finite generating functions and P-
recursive sequence. Let {G (k) }ren be a P-recursive sequence with D-finite generating function g(z). We
wish to find a similar representation of the sum

n—1r+1

S=> "T]Fik)

k=0 j=1

with F}; as before except for F,1(k) = G(k) being P-recursive. We shall only consider the case ¢, = 0
for brevity.
Define S,,,(2) as in (9). The recursion (I0) still holds for m < r, and a similar calculation yields

Si1(2) = CT o= +1"g(x) S, (za0r+1).

By Theorem 3] we can write

a7
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Since S,.(z) is a polynomial in z of degree less than n, deg P,.(z) < deg Q,(z) and Q,-(0) # 0.
Now put into the recursion and set z = 1, we obtain
L, (P, (f_brﬂ ) — x_nleEr(Pr(x_brﬂ )
Qr(z=br+1)

Sr41(1) = CTa™**+"g(z)
This expression can be written as
Sr1(1) = CT 2™+ g(x) Ly (P()) — 2@t L (P(x))g(x),
xT

where g(z) = g(z)Q(z) !, with )
G _ I:’(a:)
Qr(z=trer)  Q(z)

being in its standard representation.
Now if we let G(k) = [2¥]g(x). Then we have a representation of S, (1) by a linear combination of
terms of the form

r+1
11 Ewin +vy),
j=1

where Fj (k) is the primitive sequence of F} (k) as before, except that F,. 1 (k) = G(k).
It is clear that g() is also D-finite and hence G/(k) is P-recursive. It can be shown that if G'/(k) satisfy
a P-recursion of order e then we can find for G (k) a P-recursion of order e + deg Q(z).
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