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Consider a countable alphabet A. A multi-modular hidden pattern is an r-tuple (w1, ..., w,), where each w; is a
word over A called a module. The hidden pattern is said to occur in a text ¢ when the later admits the decomposition
t = vow1v1 - - - Vr—1Wyvy, for arbitrary words v; over A. Flajolet, Szpankowski and Vallée (2006) proved via the
method of moments that the number of matches (or occurrences) with a multi-modular hidden pattern in a random text
X1 -+ X, is asymptotically Normal, when (X, ),>1 are independent and identically distributed .A-valued random
variables. Bourdon and Vallée (2002) had conjectured however that asymptotic Normality holds more generally
when (X, )n>1 is produced by an expansive dynamical source. Whereas memoryless and Markovian sequences are
instances of dynamical sources with finite memory length, general dynamical sources may be non-Markovian i.e.
convey an infinite memory length. The technical difficulty to count hidden patterns under sources with memory is
the context-free nature of these patterns as well as the lack of logarithm- and exponential-type transformations to
rewrite the product of non-commuting transfer operators. In this paper, we address a case study in which we have
successfully overpassed the aforementioned difficulties and which may illuminate how to address more general cases
via auto-correlation operators. Our main result shows that the number of matches with a bi-modular pattern (w1, w-)
normalized by the number of matches with the pattern wi, where w; and wo are different alphabet characters, is
indeed asymptotically Normal when (X, ),>1 is produced by a holomorphic probabilistic dynamical source.
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1 Introduction

The number of occurrences of a word or a set of them in a generic text is an important parameter to
understand the complexity of pattern searching algorithms [14]. The statistics of patterns in random
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text or sequences also lies at the core of various applied fields, ranging from molecular biology [18],
to speech recognition [27]] and text mining, among others. Memoryless, Markovian and more recently
hidden Markov models have been proposed in the literature to model from genomic sequences to spoken
utterances [28]. On the other hand, the patterns considered in the literature have ranged from single
words to sets of them described by regular expressions [29] and even certain non-regular languages such
as palindromes. Underlying the assessment of patterns in random sequences is the guiding principle
that exceptional patterns in a text (i.e. patterns observed much more or less frequently than expected by
chance alone) carry useful information, for instance, to identify instructions in a genome that regulate the
translation of DNA into proteins [25} 26, or to set up thresholds to warn of potential security breaks in
secured databases [[30} [31]].

In what follows, A is a given and denumerable (i.e. finite or countable) set. We call A the alphabet and
A* denotes the set of all possible words obtained by concatenating a finite number of alphabet characters.
For u,v € A*, uv denotes the word in .4* obtained by concatenating v to the right of u.

The string matching problem is defined by the exact matching of a word in a text (i.e. without gaps
between consecutive characters of the word). More precisely, a word w is said to occur in a text ¢ when
t = voww; for arbitrary words vg, v1 in A*. Similarly, the approximate string matching problem is defined
by the exact matching of a set of words regarded as close variants of w under a certain metric. (Both of
these problems fall in the more general setting of matching a regular pattern i.e. a subset of words £ in A4*
described by a regular expression.) If gaps are allowed between consecutive letters of w, we are led to the
so called hidden pattern matching problem. More generally, a multi-modular hidden pattern is an r-tuple
(w1, ..., w,), with w; is a word in A* called a module. The hidden pattern (w1, ws, ..., w,) is said to
occur in ¢ when the later admits the decomposition ¢ = vowviwavs ... V1wV, Where the v;’s are
arbitrary words in .A* called gaps. Variations of this problem allow the modules to be regular languages—
the so called generalized patterns—and may also impose restrictions on the gap lengths. Note that hidden
patterns with unbounded gaps are non-regular types of patterns.

In [9L [10} [11], Guibas and Odlyzko highlighted the role of autocorrelation of a word and correlation
between pairs of words for the string matching problem in the context of memoryless sources. In [17],
Régnier and Szpankowsky proved that the number of occurrences of a word in a text admits a Gaussian
limit law when the text is more generally produced by a Markovian source. Follow up work in [19]],
extended this result to the approximate string matching problem but only for memoryless sources. The
Gaussian limit law for the hidden pattern matching problem was obtained by the authors of [[7] again in
the memoryless setting.

Memoryless and Markovian sources are instances of more general models called probabilistic dynam-
ical sources, introduced by Vallée in the context of information theory [23[]. In [2], Bourdon and Vallée
proved that the Gaussian limit law holds for regular pattern matching problems. In [1]], they obtained the
mean and the variance of the number of occurrences of generalized patterns under probabilistic dynamical
sources—encompassing all the aforementioned pattern matching problems. The asymptotic Normality of
hidden patterns for sources with memory was conjectured by the authors of [[1]], however, it has remained
an open problem due to various technical difficulties. On one hand, hidden patterns with unbounded gaps
are context-free but non-regular, which rules out Markovian embeddings to tackle the problem [32]. On
the other hand, the approach used in [[7] and based on the method of moments to settle the Gaussian limit
law for memoryless sources appears rather intractable for sources with memory—even Markovian ones.

Motivated by the above observations we tackle the simplest possible case study associated with Bourdon
and Vallée’s ten-year old conjecture, namely the number of matches with a bi-modular motif of the form
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(a,b), with a,b € A different alphabet characters, renormalized by the number of matches with a, in a
long random text produced by a holomorphic probabilistic dynamical source. The interest of this case
study lies in the methodology of the solution—which is non-trivial—and may illuminate how to address
more general cases with auto-correlation. In fact, the main contribution of the present paper is the use
of analytic and probabilistic ideas to extrapolate spectral information about a transfer operator K(z, u)
defined for all (z, ) in a neighborhood of (0, 1) in the complex plane to identify the dominant singularity
of a generating function derived from the transfer operators

1
K(z,u'/™), withm > 1.

i=m

The chief difficulty here is the non-commutativity of the involved operators to rewrite the above product

in terms of logarithm- and exponential-type transformations. We remark that the indices in the above

product range from m down to 1 due to the identity in equation (9). Since transfer operators much like
transfer matrices [6] do not commute in general, the indices cannot be arranged in an arbitrary order.

Plan of the paper. In § 2 we introduce some notation, the problem and describe our main result. In
§ we review the notions of probabilistic dynamical source and generating operators associated
with languages, as well as results from the spectral theory of linear operators relevant for the asymptotic
analysis of generating functions derived from transfer operators. The general scheme of the proof with all
the important results concerning the operators is addressed in § 4. The complete proof is given in Annex
A and B.

2 Notation and problem

In the sequel, S denotes a probabilistic source over the alphabet 4 that generates an infinite sequence
(Xn)n>1 of a A-valued random variables (see §for the precise meaning of this). In addition, a,b € A
are given and different alphabet characters, and the ordered-pair (a, b) is a bi-modular hidden pattern. For
w € A*, we associate the costs

C(w) = number of occurrences of (a, b) in w; (1)
|w|l = number of occurrences of (a) in w; 2)
Qw) = Cw)/lwla- 3)

All throughout the paper, € is called the “normalized” number of occurrences of (a,b). Above it is
understood that Q(w) = 0 when |w|, = 0 and hence C'(w) = 0. Furthermore, the restriction of C' and
to A" are from now on denoted C,, and €2,,, respectively.

It follows from the analysis in [[7] that C',, admits a Gaussian limit law when S is a memoryless source.
We did not succeed in proving the same result for probabilistic dynamical sources, however, as stated
next, we can show that €, is asymptotically Gaussian when the source is holomorphic (see Annex A for
the definition). Our result involves the dominant eigenvalue A(z, ) of some operator K(z, u) defined in
equation (13)). Let A(z, ) be the bivariate function

A2, 1) = exp (/01 log A(z, ut) dt) ,
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and consider the function o(u) such that (1) = 1 and A(o(u),u) = 1, for all u in a neighborhood of
u = 1. We now state our main result.

Theorem 2.1 Let 2, be the “normalized” number of occurrences of the hidden pattern (a,b) in a ran-
dom text of length n produced by an holomorphic dynamical source. The random variable ., follows
asymptotically a Gaussian limit law. More precisely, for each x € R, we have that

lim P 2 — E[S2,] < x] — L/ e~t/2 gt
27 J_oo

n—oo

V[§2,]

where the mean and variance of (), satisfy

E[Q,] ~ —d'(1)-m;
V[Q,] ~ (o/(1)*=0'(1) = 0"(1)) - n.

As we mentioned in §[I] the chief interest in the above result is in the method of proof that we hope
to adjust for modules with auto-correlation in a follow up paper. Theorem [2.1]is obtained via an analytic
combinatorics approach [6]. A key ingredient is the bivariate generating function H(z, u) relative to the
cost Q—see equation (TT), which we use to prove the pointwise convergence of the Laplace transforms
of the renormalized random variable 2 := (Q,, — E[Q2,])/1/V[£2,] to that of the Gaussian law.

3 Probabilistic dynamical sources.

In what remains of this manuscript, I denotes the open interval (0,1). A probabilistic dynamical source
S over the alphabet A is defined by the following elements:

(a) a probability density function f over I;

(b) a topological partition of I into open intervals (I, )qc.4; in particular, we may define a transforma-
tion o : Upealn — A to satisfy that o(x) = « if and only if = € I,,; and

(c) atransformation 7' : I — I such that, for each « € A, the restriction T : I, — I is bijective and
twice continuously differentiable.

A dynamical source generates a random text in the following way: first, a random variable Y with
probability density function f is drawn and the characters emitted by the source are X; = o(T""1(Y)),
for each i > 1. A probabilistic dynamical source therefore induces a probability measure over A i.e.
the space of infinite sequences of elements in .A. This measure corresponds to the probability distribution
of the random sequence X = (X;);>1.

Probabilistic analyses associated with dynamical sources in the context of analysis of algorithms have
been carried via Ruelle operators, as seen e.g. in [24} 23] 2 [4]]. In our context, for each o € A, define
heo @ I — I, to be the inverse function of the restriction of 7" to the interval /. In particular:

ha(T'(y)) = 'y, forally € Iy; 4)
T(haly)) = y, forallyel. (5)
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More generally, for each w € A*, define:
hy = (hy, ©...0hy,), (6)

where ¢ denotes the length of w i.e. ¢ = |w|. Due the identities in equations -, a straightforward
inductive argument shows that y € h,,(I) if and only if o(T*!(y)) = wy, forall 1 < k < |w|. Asa
result, the probability of the event “w is a prefix of the infinite sequence X ” may be computed as

/ f() dy
e (I

where G, is the linear operator defined as
(Guf)(s) = (fohu)(s)[h,(s)l- ®)

Due to the Chain rule, if u, v € A* then

pu — - / (G f)(s) ds, )

Guv = (Gv o Gu) (9)

This identity is what permits the use of the symbolic method [6] to specify the generating functions of
languages associated with regular expressions in the setting of probabilistic dynamical sources. Note
how the concatenation of words entails the composition of the associated transfer operators but in reverse
order. This order is important because the operators do not generally commute, except for memoryless
dynamical sources.

3.1 Generating operators.

Consider a language £ C A* and cost function ¢ : £ — R. The bivariate generating function associated

with £ and c is defined as
L(z,u) := Z po 219w
weL

In the context of symbolic combinatorics, the variable z above is said to mark lengths and w« the costs of
words in £. Due to the identity in equation (7), note that

E(z,u):/o (L(z,u)f)(s)ds,

where
L(z,u) := Z 29l Gy,
weL

is the so called generating or also transfer operator associated with the language £ and cost c.

Consider languages £1, Lo C A* and cost functions ¢; : £; — R fori =1, 2.

If £; and Lo are disjoint then the generating operator associated with (£1 U L3) is easily seen to be
Li(z,u) + La(z,u). Here, the cost function implicitly used over the union of the disjoint languages is
¢(w) = ¢;(w) when w € L;. On the other hand, regardless if the languages are disjoint or not, but under
the assumption that u1v; = ugvg, With uy,us € L1 and vy, v € Lo, implies that u; = ug and vy = va,
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the generating operator associated with the product language (£1 X £s) i.e. the set of all words of the
form uv, with u € £; and v € Ly, is La(z,u) o Li(z,u) by virtue of the linearity of the operators G,
for each w € A*, and equation (9). In this case, the cost function defined implicitly over the product is
c(uv) = ¢1(u) + co(v) whenu € L1 and v € Lo.

Consider the language £* composed by the empty word—from now on denoted as e—as well as all
words formed by concatenating a finite number of words in L i.e.

L7 = UpsoL™,

with £ := {e}. It is the disjoint union of various Cartesian products so, under the assumption that
each non-empty word w € L* decomposes uniquely in the form w = ws - - - w,, for certain n > 1 and
Wwi,...,wy € L;in particular, € ¢ L, the associated generating operator is the so-called quasi-inverse of
L(z,u), namely

(I-L(z,u) "= L"(zu).

n>0
Above, I denotes the identity operator i.e. I(f) = f, for all function f. Furthermore, if ¢ denotes
as before the primitive cost over £ then the cost function used over £* is defined as ¢*(¢) = 0 and
H(wy - wn) =clwy) + ...+ c(wy), foreachn > 1and wy, ..., w, € L.

3.2 Spectral decompositions.

Although generating functions derived from transfer operators are not typically very explicit, spectral
properties of the later may lead to asymptotic expressions for the coefficients of the former, in the same
lines that asymptotic formulae for paths in graphs [6] and sojourn-times in Markov chains are derived
from spectral properties (usually implied by the Perron-Froebenius theorem [[16, 5]]) of the associated
adjacency and probability transition matrices, respectively.

To convey the main idea consider a linear operator L. Its spectral properties depend on the Banach
space of functions on which it may act, and a first technical difficulty is to identify such a space on which
a strong quasi-compacity property holds. Precisely, the operator L is expected to have a unique eigenvalue
of maximum modulus— called dominant eigenvalue —isolated from the remainder of the spectrum by a
spectral gap. If A\ denotes such a dominant eigenvalue, the operator admits a spectral decomposition of
the form L = AP + R, where P is a projector over the dominant eigenspace, (P oR) = (RoP) =0,
and the spectral radius p of R is strictly less than |A|. Since P and R commute, the iterates of L satisfy
L™ = A"P + R" for each n > 1. In particular, summing over all possible n leads to the following
fundamental relation for the quasi-inverse of the operator zL,

(I-z2L)"'= i _PZ)\ +Ro(I-zR)™ %

The spectral properties of R imply that the quasi-inverse operator (I — 2 R)~! may be represented as
the series >, -, 2"R™, which is absolutely convergent in the operator-norm for |z| < 1/p. Because of
this, we say that the operator-valued transformation z — (I — 2 R)~? is analytic for |z| < 1/p. The
quasi-inverse (I — z L) ™! therefore admits a simple pole in z = 1/ in the centered open disc of radius
1/p. In particular, if f is in the Banach space where L acts on and P f # 0 then, foreach 0 < € < (A—p),
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it applies that

] (I—2L)7f = A (Pf)+ (R )
— X" (P)+O0((p+0)") = A" (PS) - (1+0(1)).

4 Scheme of proof of the main theorem

In what follows, for each a@ € A, |w|, is the number of times that « occurs as a character in w. Fur-
thermore, for each m,n > 0, let #,, ,,, denote the language of all words w € A* such that |w| = n and
|w]a = m. Define

Hop = U Hun,
n>0
and consider the generating functions
Hon(z,u) = S po 29w (10)
WEHm
H(z,u) = 3 Hmlz,u) = 3 po 29T u®@), (11)
m>0 weA*

Unless otherwise stated, €2 is the cost function associated with all the involved generating functions and
operators ahead.
To state our first result, consider the sub-alphabets

B = A\{a}
C = A\{a,b}

Theorem 4.1 (Bivariate generating function.)

1
Hin(z,u) = / (Hm(z,u)f> (s) ds, (12)
0
where
Ho(z,u) = (I-2Gg)™ Y (13)
1

H,, (z,u) = {H K(z,ui/m)} o(I—2Gg)7 Y, forallm > 1; (14)

and .
K(z,u):=2z (I —2(Ge + uGb)) o Gy. (15)

Proof: When m = 0, H,,, = B* and the result follows from the fact that the transfer operator associated
with the language B* is (I — 2 Gg)~!. On the other hand, if m > 1 then

Ho = B" x ({a} x B)™. (16)
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Call each word in {a} X B* a module; in particular, words in H,,, consist of m-modules. Let Ko(z, u) be
the transfer operator associated with a single module, where z marks the length of a module as usual, but
u marks now the number of matches with “b” i.e.

Ko(z,u) = Z elylole G
we{a}xB*

Since B = {b} UC, we obtain:

Ko(z,u) = Z 2M(Ge+uGp) o (2Gy) =2 (I —2(Ge + uGb)>_1 0 G, = K(z,u).

n>0

Next note that each match with the character b in the first module of a word in H,,, contributes to a
single match with the pattern (a, b). However, each b in the second module adds two new matches with
(a,b). In general, each b in the i-th module adds i new matches with the pattern (a,b). The transfer
operator K(z, ut/ ™) therefore keeps track of the length of the i-th module and the amount each b in that
module contributes to a match with (a,b). The result now follows from the symbolic specification in

equation (I6). 0

Our next goal is identify the dominant singularities of the generating functions #,,(z,u) in Theo-
rem[4.1} We will see that these are determined by the singularities of the generating operators in equations
(T3)-(T4), which we identify via a spectral analysis. Without further hypotheses on the dynamical source,
it is difficult to determine the spectral properties of these operators. Following Vallée 23], we consider
holomorphic dynamical sources whose precise definition is given in Annex A (see Definition [6.1). When
acting on a convenient Banach space of holomorphic functions, the operators Gg, G¢, G, and Gy, are
compact and admit a unique positive eigenvalue of maximum modulus. In particular, when v > 0, the
same is true for the operator (G¢ + u Gy), whose unique eigenvalue of maximum modulus is from now
on denoted as p(u); in particular, p(1) < 1 is the unique dominant eigenvalue of G .

By perturbation theory [[13], there exist a complex neighborhood U/; of the positive real axis such that,
for all u € U, (Ge + uGy) admits also a unique eigenvalue of maximum modulus, denoted as ()
as well, that is isolated from the remainder of the spectrum by a spectral gap. This entails a spectral
decomposition of the form:

(Ge+uGy)” = pw)"P,+RY,
—_1 P, 1
( 2 (Ge UGb)) 172,#(”)—" u zRy)™,

for all u € Uy and n > 1, where P, is the projection over the eigenspace relative to u(u), (P, o Ry) =
(R, o P,) = 0, and the spectral radius of R, denoted as p(u), is strictly less than |u(w)|; in particular,
IR |loc = O((p(u) + €)™), for each € > 0. We emphasize that P,, and R,, are compact, y(u) depends
analytically on u, and p(u) is a continuous function of w.

Fix v € U;. Due to the above observations, the operator K(z,u) defined in equation (15) can be
alternatively rewritten as

z(Py,o0Gy)

K(z,u) = 1= 2 ()

+ 2R, (I-2R,) ' o0G,.
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Since the quasi-inverse (I — 2R, )~! is analytic for z inside the centered disc of radius 1/p(u), the
operator K(z, u)—which in principle is defined only for |z| < 1/|u(u)|—admits an analytic extension to
the disk |z| < 1/p(u) punctured at the simple pole z = 1/pu(u).

Proposition 4.2 (Dominant singularities of H.,(z,w).) There exists a complex neighborhood Us C Uy of
1 such that sup,,e,,, i(u) = i < 1 and, for each m > 0 and v € Us, H,, (2, u) is analytic for |z| < 1/ .

Our next goal is to make this generating function more explicit so as to have a better handle of the
generating function 7 (z, u) near its singularities (see equation (11)). This is key if one aims to settle the
asymptotic normality of the random variable §2,, via the identity

E(u®) = [2"]H(z, ).

As previously, K(z,u) is compact and admits for real-pairs (z,u), with u € Us and |z| < 1/f, a
unique positive eigenvalue of maximum modulus which we denote as A(z, u). Furthermore, again due to
perturbation theory, K(z, ) has in fact a unique dominant eigenvalue—also to be denoted as A(z, u)—
isolated from the rest of the spectrum for all (z,w) in a certain complex open neighborhood Z3 x Us of
(0,1/m) x {1}, with Us C Us. Hence, there are operators P (z, u) and R(z, u) such that

K(z,u) = Az, u) - [P(z,u) + R(z,u)],

for all (z,u) in the open neighborhood Z5 x Us. Above, P(z,u) is the projection over the eigenspace
relative to A(z,u), P(z,u) o R(z,u) = R(z,u) o P(z,u) = 0, and the spectral radius of R(z, u), to
be denoted as p(z, u), is strictly less than 1. Note that all the operators or spectral objects are analytic in
(z,u) due to the analyticity of K(z, u).

We may first use Lemma [7.2] Lemma [7.1] and Proposition [6.6] (see annexes), to represent H.,,, more
explicitly as follows:

[T KGw™l) = TIMw™ [T P ™)) 0+ 0(1/m)).

= A( w)™ (B(z,u)[f] + Cm(z,u)[f]), (17)
with ||Cy, (2, u)|| = O(1/m), B(z,u) a bounded linear operator and

1
A(z,u) = exp (/ log A(z, u) dt) . (18)
0

(The function A(z,u) is obtained from the Euler-Maclaurin formula when applied to H;"Zl Az, w/™).)

Back to the definition of ,,(z,u), we can now conclude with the Corollary 6.7 (see Annex A) that
says the following: on a convenient complex neighborhood W; of w = 1 and 0 < z < 1/f, there exist
analytic functions A, B and C,, such that

Him(z,u) = A(z,w)"[B(z,u) + Cp(z,u)], with ||Cy || = O(1/m),
with a uniform constant in the O-term. Summing over all the possible m’s gives

B(z,u)

Hzu) = 1— A(z,u)

+0 (10g (19)

1—Al(w)l)'
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The final step in the analysis requires extracting the coefficients of this generating function.

It is known that A(1,1) = A(1,1) = 1 and the implicit function theorem implies the existence of an
analytic function o, defined on a convenient complex-neighborhood of u = 1, such that A(o(u),u) = 1.
Furthermore, when w is real, o(u) is the only singularity of both parts of relation inside the disk of
convergence |z| < o(u). Note that for complex w, it is difficult if not impossible to find such disk due to
the lack of information on the generating function C,, (z, u).

The coefficient extraction of the meromorphic part on the right hand-side of equation (T9) is very
classical and we obtain

B(z,u) B(o(u),u)

1— A(Z, w) - A’Z(U(u), U)U(u)*(nJrl) (1+0(p™)),

[2"]

with p < 1 and the O-term uniform in u. On the other hand, the coefficient extraction of the second term
can be performed using a saddle point strategy. Up to technical details described in Annex A, we obtain

2" Y Al )" Clz,u) = [2"] Y Alz,w)"Cul(z,u) + O(5"),

m>0 m>¢n

= O(a(u)*lrL*%Jrg logn),
where p < 1.

Combining both extractions, we finally obtain that
]E[uQ"] =afu) B(w)"™ (14 O(en)),

uniformly for w real in a neighborhood of 1, with €¢,, — 0 as n — oo. This quasi-power property entails
the convergence of the Laplace transforms of (€2, — 3'(0) - n)/(5"(0) - n)!/? to the Laplace transform of
a Gaussian law, where 3(s) := log 3(e®), as long as the variability condition 3”(0) # 0 holds. We prove
the later in Annex A.

5 Conclusions and open problems

For the first time, we prove that the number of occurrences of a bi-modular pattern (after a normalization)
in a random text produced by a correlated source admits a Gaussian limit law. Of course, the strong
restriction on the structure of the pattern (that avoids correlations and auto-correlations) has simplified a
lot the analysis. Unfortunately, due to the lack of information on the bivariate generating function H(z, u)
associated with the cost £ when u is complex (see equation (IT))), we did not succeed in applying results
such as Hwang’s quasi-power theorem [12]] to obtain information on the speed of convergence to the
Gaussian distribution. It may still be possible to fill this gap using a Berry-Esseen like inequality for
Laplace transforms [22].

On the other hand, the normalization of the cost function C'(w) by the number of occurrences of the
character a in a word w (see equations (I)-(3)) has greatly simplified our analysis. Indeed, the expression
in equation involves operators of the form K(z,u*) which are amenable to a spectral perturbation
analysis because this normalization keeps the term »® in a bounded neighborhood of 1. A more direct
analysis of the cost C'(w) may be also possible when normalizing by |w| instead of |w|,. However, this
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creates technical difficulties we have not been able to fully address as the generating function A(z, u) in
equation would now also depend on the ratio |w|,/|w| = m/n and would have to be replaced by

Ao (z,u) = exp (n/ log /\(z,ut)dt> :

0

The extraction of coefficients is far more intricate in this case. Similar difficulties arise when attempting
to analyze joint distributions via the trivariate generating function:

S pus 2l uCE) gl
weA*

associated with the costs C'(w) and |w|,.

To conclude, we note that extensions of Theorem @] are foreseeable to all bi-modular hidden patterns
in which the modules cannot overlap (neither with themselves nor with each other). Due to the proof of
Theorem any such case should be reduced in principle to identifying the asymptotically dominant
singularity of an operator of the form H,}:m K(z,u'/™), with m > 1, which we now know how. We
hope however that the techniques used to solve this “toy—problem” may be further developed to deal with
auto-correlated patterns in the context of correlated sources.
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6 Annex A

6.1 Holomorphic dynamical sources

In what follows, we use the notation of §[3] For the sake of simplicity, we consider complete (holomorphic)
dynamical sources as defined by Vallée in [23]. In this context, some spectral properties of operators are
almost immediate (due to compacity and nuclearity) whereas the same properties have to be proved in
more general settings, such as the one considered in [3|]. The gap is essentially technical rather than
difficult and hence we focus on a general strategy for studying occurrences of modular patterns under
holomorphic dynamical sources.

Definition 6.1 Let S = (I, T, A, (Ia)acAa, 0, f) be a probabilistic dynamical source whose associated
set of inverse branches is {hq, o € A}. S is said holomorphic if there exists an open complex neighbor-
hood V of [0, 1] on which:

1. the inverse branches h, extend to holomorphic functions on V;

2. for each o € A, h,, maps V strictly inside V i.e. ho (V) C V;

3. foreach a € A, there exists 0 < §o < 1 such that |hl,| can be extended to an holomorphic function
he over all of V that satisfies 0 < |ho(2)] < 0q, forall z € V; and

4. the series ), 4 0o converges.

We note that ) above denotes the adherence (also called closure) of V in the complex plane. In the sequel,
we will always suppose that S is a holomorphic probabilistic dynamical source.
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6.2 Functional space and first spectral properties

All the generating functions in this paper involve operators whose analyticity is closely related to their
spectrum. However, the spectrum of an operator depends on the functional space on which it acts. A
convenient space for holomorphic dynamical sources is the space A, (V) of all functions that are analytic
on V and continuous on V. Endowed with the sup-norm || - ||, this is a Banach space.

For each word w € A*, the component operator G, defined by G, [f] = e - (f o hy,) is also called
a composition operator. Such operators are widely studied by the authors of [21} [20], who prove the
following:

Proposition 6.2 For each w € A*, the operator G, : Axc(V) — Axo (V) is well-defined, compact, and
nuclear of order 0.

The notion of nuclearity was introduced by Grothendieck [8]]. A nuclear operator “looks like” a matrix in
the sense that one can e.g. define its trace and an analogue of the characteristic polynomial, also known
as the Fredholm determinant. An immediate consequence of Proposition[6.7]is the following corollary.

Corollary 6.3
(i) For all complex u, the operator (G¢ + u Gy) is compact and nuclear of order 0.

(ii) If p(u) denotes one of the dominant eigenvalues of (Ge + uGy) then the operator K(z,u) is
analytic in (z,u) for |z| < (1/|u(w)]). In addition, K(z,u) is compact and nuclear of order 0.

Operators with a unique dominant eigenvalue isolated from the remainder of the spectrum by a spectral
gap are fundamental in all dynamical analyses. The compactness property ensures the existence of a
spectral gap. The uniqueness of the dominant eigenvalue is then obtained for z > 0 and u > 0.

Proposition 6.4

(i) Forallu > 0, the operator (G¢ +u Gy) admits a unique dominant eigenvalue p(w), which happens
to be simple and strictly positive.

(ii) Foru > 0and 0 < z < (1/p(u)), the operator K(z,u) admits a unique dominant eigenvalue
A(z,w), which happens to be also simple and strictly positive. The associated eigenfunction, 1, ,,
is strictly positive over (V N R).

(iii) There exists a complex neighborhood Wy of {(z,u)| u > 0,0 < z < (1/u(u))} such that the
operator (G + u Gy) (resp. K(z,u)) admits a unique dominant eigenvalue 11(u) (resp. A\(z,u)),
which happens to be simple and isolated from the remainder of the spectrum by a spectral gap.
Furthermore, the eigenfunction v, ,, relative to A\(z,w) is non-zero over (V N R).

Proof: (Sketch.) The proof is the same as the one of Proposition 2 in [23]. In a first step, the result is
obtained for the real Banach space A g (V) of functions in A (V) that are real-valued over (VNR). The
subspace of A, g(V) of functions that are non-negative over (V N R) is a proper and reproducing cone.
Now, the operators under consideration in the proposition are ug-positive for the constant function ug = 1
with respect to the order induced by the cone. The compactness and a Perron-Frobenius type Theorem
due to Krasnoselsky [[15] are the main ingredients to conclude the first part of the proof. The result is
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then transfered to the complex Banach space Ao, (V) by using the nuclearity property and the trace of the
operators. The extension to the complex neighborhood is just a consequence of the perturbation theory
due to Kato [13]]. O

Proposition describes the operator K(z,u) when z and w are close to the real axis. In § we
show how this proposition and the spectral decomposition lead to alternative expressions of the generating
functions H,, (2, «) and H(z,u) for z and w near the real axis. But, for a complete analysis, additional
information when z is close to or far from the real axis is also needed. This is the aim of the next
proposition.

Proposition 6.5 Consider zy > 0 and ug > 0 in W, (see part (iii) in Proposition[6.4).
(i) The functions z — Xz, ug) and u — \(zo,w) are strictly increasing along (V NR,.).
(ii) |M(z,u0)| < A(|z|, uo), and the inequality is strict if z # |z|.
(iii) AM(1,1) = 1.

(iv) The function |\(z,u)| can be bounded in terms of \(|z|, w), for all (z,u) € Wy in a neighborhood of
(1,1). More precisely, there exist € > 0, a positive constant k. > 0, and a complex neighborhood
Z. of z = 1 such that for each z € Z. and v €]1 — €,1 + €|, (z,u) € Wy and |A(z,u)| <
exp(—r.|arg(2)|?) - X(|z|, u), where arg(z) denotes the principal argument of z.

Proof: (i) Consider z < t and the eigenfunctions v, ,,, and ¥ ,, such that, for each z € (V N R),
V2o () < Yy (2) and Y 4, (20) = Yt 4, (T0), for some zg € (V N R). It then applies that:

)\(Z,Uo)n zbz,uo ($0) = K(Zvuo)nwjz,uo](x())a
- Z 71(:60) (1/12,% o h)(xo) z‘h‘ uc(h)’

heKn

< 3 Blwo) (g © h) (o) e,
heKn

= K(t,u0)" [¥ruo] = Mt u0)" ¥t u (20).

The definition of z( entails that A(z,ug) < A(¢,up). Now, equality occurs above only when, for each
h € K" ($sup © h)(20) = (Yt © h)(w0) and tI*1 = 2171, This shows that z = ¢; in particular,
z — A(z,up) is strictly increasing. The result for u — A(zo, u) is obtained by a similar argument, which
completes the proof of claim (i).

(i) Consider r > 0 and u > 0 such that (r,u) € Wy. For 0 < § < 2m, let 4,.is ,, denote an
eigenfunction of K (re®?, u) relative to one of the dominant eigenvalues \(re'?, u). We also suppose that
forall z € (VNR), |,eie o (x)| < by () with equality for at least one 2o € (V N R). Like previously,
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we have:

|K(7"6i9, u)n W)re“’,u] ({,C()) )

|)‘(rei97 u)'n |wrei9,u ($0)| |
> hl@o) [(reiny © h)(ao)| r™ uc™), (20)

<
hEK:”

< N hlwo) ($ru 0 B)(wo) v uc™), 1)
heKn

= K(ru)"[Prul(zo) = Alr, w)" tr.u (o).

This proves the bound |A(re®, u)| < A(r, u).

Next suppose that |\(re®?, u)| = \(r,u) i.e. the inequalities in equations - are in fact equalities.
Then, for each h € K*, [(¢,¢i0 o, © h)(20)| = (¥ru © h)(x0). Since any point in I, is the limit of a
sequence h(xg), we conclude that |¢,.ci0 ,,(z)| = [ty (2)], for all z € I,. Equivalently, if we define
a(z) := Vpeio () /1ru(x) then |a(z)| = 1, for all z € I,. Under the assumption that equality holds in
equations (20)-(21), this implies that

Z ap(x)

hexm

= > lan(2)],

heKm

for all z € I,,, where ay,(x) := h(x) (Yyeio ,, 0 h)(2) (re®)lueth) . In particular, there exists 5(z), with
|B(x)| = 1 for x € I, such that aj,(x) = SB(x)|an(z)|. Furthermore, it follows for each & € K and

x € I, that (@) (v 1))
z) = ap\T _ reif y © z 6z‘0|h| = (o T €i9|h‘.
p@) |lan(z)] (Y, 0 h)(z) aeh))

But note that 3(x) is continuous and independent of the inverse branches. In particular, when z is fixed,
the argument of 3(x) is constant. On the other hand, note that the argument of 3(z) depends on the depth
of h. If h = (hyo...0hy), with k € N* and h; € K for each i, we refer to k as the depth of h.) Since all
the depths are possible when h goes through /C (the gcd of all the possible depth is 1), the above identity
entails that 6 = 0, thus proving claim (ii).

(iii) The operator G 4 is usually called the density transformer since it transforms probability density
functions into probability density functions. It follows that 1 is the unique dominant eigenvalue of G 4.
Next, observe that

I-uK(1,1) P o(I-Gg) ' =1~ (Gg+uG,)) t,

because B* (a B*)* = A*. The right-hand side above admits a singularity when (Gg + u G,) has 1
as eigenvalue. But when u = 1, this operator corresponds to a density transformer whose dominant
eigenvalue is 1. Hence, K(1,1)" = [u"](I — (Gg +uG,)) ! o (I — Gg) is asymptotically the residue
operator of (I — (Gg+uG,)) ! o(I— Gp) when u = 1, which is asymptotically constant. This is only
possible when A(1,1) = 1, which shows claim (iii).

For the proof of claim (iv), first remark that

‘ A(re®®, u)
A, )

2
—exp (<X (onot0) + 00" )
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with A(s,t) = log A(e®,e?), e®® = r and e’ = u. We will prove in Proposition that X is strictly
convex. This completes the proof. a

6.3 Alternative expressions for the generating functions

The generating function H.,,(z, ©) involves a product of operators. When u = 1, the product simplifies to
1
[ K(z,w//™) = K(z,1)™ = A(2,1)" P(2,1) + R(z,1)""
j=m

where P(z,u) o R(z,u) = R(z,u) o P(z,u) = 0, and P(z,u) is the projector over the dominant
eigenspace relative to the eigenvector v, ,, (see Proposition . When w is close to 1, we can expect the
product on the left-hand side above to remain close to some m-th power. The next proposition makes this
heuristic more precise.

Proposition 6.6 Consider W1 = Z1 x Uy an open subset of Wy, with Uy = (1 —€,1+ ¢), for some
€ > 0, and such that W, is a compact subset of Wy. For all m € N* and (z,u) € Wj, there exist a

complex number A(z,u), a bounded linear operator B(z,u) and a linear application C,,(z,u) defined
on Aso (V) such that

lj K(z u]/m [f] = A(z,u)™ (B(Z7u)[f]wz7u + Cm(z,u)[f])7 with ||Cp, (2, u)|| = O <7}1) :

All these objects are analytic in (z,u) and the constant in the O-term is uniform for (z,u) € Wh.

Proof: The proof is given in Annex B. O

Except for C,,,, all the objects in the proposition are explicit. As a matter of fact, if we define ¢(z, u, v)

by P(z,u)[th. o] = ¢(2,u,v) ¥ u, and B(z) by P(z,0)[f] = B(2)[f]¢-,0 then
A(z,u) = exp (/0 log A\(z, u") dt) , (22)
B(z,u)[f] = B(z)[f] exp (—logu/O u' el (z,u’,u )dt) .

An immediate consequence of Proposition [6.6]is an alternative expression of the generating functions.

Corollary 6.7 With the same notations of Proposition forallm € N* and (z,u) € W, there exist
analytic functions A(z,u), B(z,u) and Cp,(z,u) such that

1
Hon(0) = A )™ (B(e0) + Co (1) with [Coll = O (). @3
m
The constant in the O-term is uniform for (z,u) € Wy. Furthermore, if |A(z,u)| < 1 then
B(z,u) 1
= 2=l log ——— ). 24
e = 2y + 0 (18 i) =
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Of course the function A(z, u) is given by (22)), and

1
B(z,u) = /OB(z,u)O(I—ZGB)*l[f](t)dt,

Con(zu) = /O Co (2 1) o (I — 2Gr) ' [f](t) dt.

6.4 Singularity analysis

When u = 1, A(z,1) equals to the eigenvalue A(z, 1) and Proposition [6.5}(iii) entails that A(1,1) = 1.
Since A’(1,1) - A!,(1,1) # 0, the implicit function theorem implies that there exist a complex neighbor-
hood Z5 of z = 1, a complex neighborhood Us of u = 1, an analytic function o : U — Z5 such that, for
each u € Us, z = o(u) is the unique solution in Z; to the equation A(z,u) = 1. Combining the existence
of this function o with Proposition[6.5}-(i) and (ii), we obtain the following description of the singularities
of the generating functions.

Proposition 6.8 There exist a real neighborhood Us of uw = 1 such that, for each u € Us, the generating
Sfunction H(z,w) is analytic for |z| < o(u). In addition, z = o(u) is the unique singularity of H(z,u) on
|z = o(u).

Next we extract the coefficients. Due to equation , the generating function #(z, u) can be decom-
posed into a dominant and remainder term, where the later is a linear combination of terms of the form
A(z,u)"Cp (2, u), with m > 0. Due to the lack of information on the singularities outside the disk of
convergence |z| = o(u) (see previous proposition), we use a saddle-point method to estimate coefficients
of the remainder term. This method is well adapted for obtaining asymptotic formulas for the coefficients
A(z,u)™, when m is large, although the remainder term in H(z, u) also involves small powers of A(z, u).
The next lemma is crucial to disregard small values of m.

Lemma 6.9 There existe > 0,0 < ¢ < land0 < p < 1 such that forall (1 —€) < u < (1 +¢),

2" S Honlz,u) = O("):

m<¢n

Proof: Consider e > 0 and (1 —€) < u < (1 + €). Since §2,, < n, we obtain that

2" Y Hu(zu) < (1+€)" Py lwla < ¢n].

m<¢n

Next note that the operator (Gg + v G, ) is compact and admits a unique positive dominant eigenvalue
~v(v) when v > 0. Furthermore, v — ~(v) is strictly increasing, with (1) = 1, and in a certain
open neighborhood V, of v = 1, there exist a finite constant A/ > 0 (independent of v) such that
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I(Gg +vGqa)k|| < M~y(v)*, forall k > 0. Hence, for m < ¢n, we obtain

P, [|wla =m] = > pe

weA™: |w|a=m

< L > porlle,
" weA"
1 ! r)"
= & [(GorrGariw < a2
0

uniformly for all » > 0 in Vy; in particular, for 0 < r < 1, we find

MI|fl ()"

P [lwla < ¢n] < 1_p pon

If ¢ is chosen such that ¢ < 7/(1)/2, the derivative [y(r)/r®]’ taken at r = 1 is greater than 7'(1)/2,

which is strictly positive. Hence, up to perhaps a smaller neighborhood V, of 1, for all in V; except for
r = 1, we have y(r)/r® < 1. In particular, if we choose

c::inf{’Y(;)|O<r<1,rEVo},
r

then ¢ < 1 and P, [|w|s < ¢n] = O(c™). To conclude, € must be chosen so that p = (1 4 €)c < 1. O
Proposition 6.10 There exist a real neighborhood Uy of w = 1 such that, for each v € Uy and & > 0,
E,[u] = a(u) - B(u)"(1 + O(n~2¢logn)), where the constant in the O-term is uniform for all
u € Uy, and
B
- Bl
o(u) A% (o (u), u)
Blu) = ow)™

Proof: According to equation , H(z,u) is composed by a meromorphic part and a remainder part.
The extraction of the coefficients of the meromorphic part satisfies:
B(z,u)
n ? — . n 1 O T
1T ey = @) - B (14 0()),
for some uniform p; < 1 on a neighborhood of u = 1.

To study the remainder part, a saddle point method is used. We also suppose that the conditions of
Lemma [6.9]are verified for some ¢, ¢ and p. According to the aforementioned lemma, the analysis of the
generating function

R(z,u) := Z A(z,u)"Cp (2, u)

m>¢n

is sufficient. Up to a smaller €, consider Z, like in Proposition[6.5] The continuity of the function § entails
that there exist ¢ < e, 7 > 0 and 7 > O such that o([1 — €/,1 + €']) C]1 —n,1 +n[C 2, ; C Z., with
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Znr=A{2| |z —1| < 2n, arg(z) < 7}. Foru € [1 — €, 1+ €], H(z,u) is analytic in the centered disc
of radius o (u). We apply the Cauchy’s formula for coefficients with a circle C of radius (o(u) — 1/n) in
order to obtain an upper bound. The contour C is split into three parts:

1

Ci = {z st |z| =o(u) — E7|arg(z)| < en},
1

Co = {z s.t. |z] = o(u) — o €n < |arg(z)| < T},
1

Cs = {z st |zl =o(u) — =, 7 < |arg(z)| < W},
n

where €,, = n~2+¢.

Contour Cy: the derivative A’,(z, ) is non zero for (1 — ¢’) < u < (1+¢€') and z € (Z, ; NR) since
the same is true for X, (z, u). In particular, there exists a finite constant K; > 0 such that for each (z, u) as
before, |A(z,u) — 1| > Ki|z — o(u)|. Now, for z € Cy, Proposition [6.5}(iv) leads to the following upper
bound, |A(z,u)| < exp(—k|arg(z)|?) A(c(u) —1/n,u). Recall that there exists a uniform constant Ko
such that ||Cy, || < Ka/m. Then for r = o(u) — 1/n, one has

1 [ R(re? u) 1 2e, 1 €n logn
B ] [ i1y S P (LI Yo
2w ) . rmem? = op g 28T Alr,u) a(u)r )’

where the constant in the O-term is uniform for |u — 1| < €'.
Contour C5: Once more, we apply Proposition [6.5]-(iv). Using the same notation as before, we obtain

1 (7 R(re? u) 11 Alryu)™ [T )
- are,u) <« L Alr,u)™ B
277-/6 rrgind d6" N - /€ exp(—mk0°)do,
" m>¢n n
exp(—kepne?) 1 exp(—ren~%)
= 2] = TEL el U
o < o(u)” o8 1—A(r,u) © o(u)” ogn |5

where the constant in the O-term is uniform for [u — 1| < ¢'.

Contour Cs: Proposition (ii) entails that up to smaller ¢’ and i (not 7), there exist k£ € N such that
forall i < (m — k), |[K(z,ultT*)/m o o K(z,u/™)| < |K(z,u/™)F|| < (1 — p), with 5 > 0 and
all (z,u) such that |z — 1| < n, |arg(z)| > 7 and |u — 1| < €. Then uniformly in u, we obtain the bound

1 / R(re ) _
— — 4ol =0 ((1 - p)*").
2T 6>+ Tnezne ( )
The lemma now follows from the sum of the integrals over the three contours. |

6.5 @Gaussian limit law

Our results so far are valid only for real values of u. The use of continuity theorems for characteristic
functions is then out of the scope of this work. It is well known, however, that point-wise convergence of
the Laplace transform of a random variable over an open interval of the form (—e¢, €) entails a convergence
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in law. The completion of our proof of Theorem [2.1]is therefore based on the continuity theorem of the
bilateral Laplace Transform [6].

Precisely, motivated by Proposition|[6.10} define U(s) := —log o(e®) and V (s) := log a(e*). Clearly,
U (s) is analytic for s in a neighborhood of s = 0, and it follows from the proposition that the normalized

random variable ) = (Q,, —nU’(0))/1/nU"(0) satisfies:
2
sry ST 1 logn
E,[e**] = 5 +0 (\/ﬁ + n§_5> ;

over a certain real-neiborhood of s = 0, as long as U” (0) = —(0”'(1) + o’(1) — ¢’(1)?) # 0.
Theorem [2.1]is finally a consequence of the following result.

Proposition 6.11 The variability condition 0" (1) + o’ (1) — o’(1)? # 0 holds.
Proof: In what follows, we associate with each function S(z, u) of (z, u) the function S(s,t) := S(e*, e).

As soon as S(z,u) is analytic around (z,u) = (1, 1) with nonnegative coefficients, the Cauchy-Schwartz
inequality entails the following convexity inequality:

logg (Sl + 82’ t1 + tg) < IOg S(Sl,tl) + IOgS(SQ, tg) .
2 2 2

In particular, the functions s — log S(s,t), t — log S(s,t) and t — log S(qt,t), with ¢ > 0 a constant,
are convex (concave up).

By considering the generating function relative to the operator K(z, u)™, the functions s — log A(s, t),
t — log A(s,t) and t — log A(qt, t), with ¢ > 0, must be convex. The strict convexity is obtained using
the same kind of arguments as in Proposition [6.5] (manipulating spectral objects).

Due to the definition of A(z,u) in function of \(z, u), the functions s — log A(s,t), t — log A(s,t)
and t — log A(qt,t) for ¢ > 0 are also proved to be strictly convex. To conclude with the proof of the
proposition, we just use the strict convexity with the following equalities

L"(O)

o"(1)+0'(1)—o'(1)? =5"(0) = "0

with L(t) = log A(5'(0)t,t) and 5(t) = log o (e?). O

7 Annex B

In this section we finally prove Proposition[6.6] For this it is useful to introduce a notation for the product
(i.e. composition) of various operators. More precisely, if O(z, ) is an operator then we define

a+1
[O]s = H O(@uﬁ) = O(z,uaTw) 0...0 O(z7uaTH),
l=a+p

for some appropriately selected integers m > 1 and «, 5 > 0 such that (o + 3) < m.
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In this section, we mainly use the spectral decomposition:
K(z,u) = Az, u)[P(z,u) + R(z,u)], (25)

where P(z, u) is the projection over the eigenspace relative to A(z, u), R(z, u) has spectral radius strictly
less than one, P(z,u) o P(z,u) = P(2,u), and P(z,u) o R(z,u) = R(z,u) o P(z,u) = 0.

Sketch of the proof. Inserting the above spectral decomposition into the product H K(z,u?/™) leads

j=m
to an expression of the form
1 m 1
H K(z,u/™) = H Az, u?/™) x H P(z,u’/™) + remainder terms | (26)
Jj=m Jj=1 j=m

where each term in the remainder is the product of m R- and P-type operators, with at least one R-type
factor. Lemma shows that the overall contribution of the remainder terms is negligible as m tends
to infinity. To show this, we are led to studying products of P-type and R-type operators as well as
interchanged factors of this type. Lemma|[7.1]describes precisely what the product of m P-type operators
looks like asymptotically, whereas the first inequality in Lemma[7.2] gives an upper bound on the norm of
products of R-type operators. On the other hand, the relations:

R(z,u) o P(z,v) = [R(z,u) —R(z,v)] oP(z,0);

P(z,u) o R(z,v) = [P(z,u) —P(z,v)] o R(z,v);
which are implied from the spectral decomposition in equation (23)), are fundamental to prove that remain-
der terms in equation (26) are effectively negligible. Indeed, each time a product of P-type operators is
followed by a product of R-type operators (or vice-versa), the above relations can be used with Lemma([7.2]

to show that a factor of order 1/m appears. Lemma and the Euler-Maclaurin formula are then the final
ingredients in the proof of Proposition [6.6]

Lemma 7.1 For each compact set C C W, there exist K1 > 1 such that
I[Pl < K,

forall (z,u) € C and j > 1. Furthermore, let ¢(z,u,v) be defined by P(z,u)[1), »] = (2, u, v)1), 4
for (z,u),(z,v) € Wy, and let c,, be the linear form such that P(z,u)[f] = c;u[f] ¥z for all
f e A>®(V). We have

1

| 1 1
H P(Zﬂij/m) —Cz 1Yz exp{—logu / ut(b (z ut ;U )dt} =0 ( Ogu> )
0 m

Jj=m

where the constant in the big-O is uniform for (z,u) € C.

Proof: Consider 0 < o < 8 < m. Then, applying recursively the definition of ¢(z,u, v), we obtain

« a+1

H P(z, uj/m)[f] C., wesm [ f H P(z uj/ [wz,ua/m]v
Jj=B

= cz,uo‘/’"[fhpz,uﬁ/m H ¢(zauj/mau(j71)/m)‘

Jj=a+1
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Note that ¢(z,u?/™, u7/™) = 1. Furthermore, the product of ¢ functions above can be simplified using
the exp-log transformation and the Taylor expansions of log(1 — w) about the point w = 0, as well as of
w=1—¢(z,u/™ u=D/™) about (z,ul/™, u//™). We obtain

B
T oz w/m, ut=rm)

Jj=a+1
B 2
_ logu Mmoo gdlm ydm log”u
= €xp - m Z w ¢v(zau , W ) 1+O( m ) )
Jj=a+1
B/m 1 1 2
= exp —logu/ ut(b;(z,ut,ut)dt—&—O(( ogu 1—|—O o8 u)),
a/m
B/m 1
= exp{—logu/ u' gl (z,ul, u)dt} (1-1-O<Ogu)>7
a/m m
uniformly for (z,u) € Cand0 < oo < < m. O

Lemma 7.2 For each compact set C C W, there exist finite constants Ko, K3, K4 > 1and 0 < p < 1
such that

IR];]| < Kap,
|P(z,u?/™) = P(z,uV~D/™)|| < Ks/m,
IR(z,u//™) = R(z,u9= /™) < Ky/m,

forall (z,u) € Candj > 1.

Proof: The last two inequalities are just the consequence of the analyticity of the operators R(z, u) and
P(z,u) with respect to (z,u).
To show the first inequality, we start by showing that there is an integer jo > 1 such that

IR(z,wf| <1,

for all (z,u) € C. Following an argument by contradiction, we suppose otherwise. Then, for each
integer j > 1, there exist (z;,u;) € C such that |[R(zj,u;)7|| > 1. Because C is compact, we can
extract a subsequence (2’ 25, J) that converges to certain point (zp,ug) € C. Since the spectral radius of
R.(20,up) is strictly less than 1, there exists j; > 1 such that ||R(2o,u0)’t|] < 1/2. Further, due to
the continuity of ||R(z,u)’| as a function of (z,u), there exists a neighborhood Vy of (29, ug) such
that |R(z,u)|| < 3/4, for all (2,u) € V. In particular, there exists a constant o« > 0 such that
IR(z,u)’|| < «(3/4)L9/71), for all (z,u) € V, and integer j > 1. Since the right-hand side of this
inequality is strictly less than 1 for all sufficiently large j, we have reached a contradiction. Hence, there
is an integer jo > 1 such that [|R(z,u)’| < 1 for all (z,u) € C. By continuity over the compact set C,
there also exist a positive real number pe < 1 such that | R(z, u)? || < p¢ for all (z,u) € C. Furthermore,

there are finite constants p = pl/ 7 <1 < ¢ such that

IR(z,u)|| < cp?, 27)



24 Loick Lhote and Manuel E. Lladser

forall (z,u) € Cand j > 1.
To conclude the proof of the lemma, we aim to bound the norm of a product of the form

a+1 .
Il RGW/™), (28)
j=a+p

with m > 1 and «, 8 > 0 such that (o + 3) < m. For this, we first consider 8 = jg, where jj is as in
the previous paragraph. Before multiplying out, we rewrite each operator in the product as R.(z, u®/™) +
{R(z,u?/™) — R(z,u®/™)}. After multiplying out, we recognize a summation of terms, each of which
involves 7o factors of the form R(z,u®/™) or {R(z,u//™) — R(z,u®/™)}, with a < j < (« +j0)
Note that if a term involves k factors of the later form then its norm is bounded by (jo Ky /m)*cF+1 plo—k
because of the inequality in equation (27) and the fact that |R(z, u//™) — R(z,u®/™)| < ]0K4/m.
Since the only admissible values for k are integers between 0 and jy, we obtain that:

s Jo\ [ JoKa ; JocKy
R(zu®/™y — ] R(zu//™)| < E ( > ( ) Kok = ¢plo (1+ ) —1|.
mp

Jj=a+jo
Next, consider € > 0 such that (p¢ + €) < 1. Clearly, there exist mg such that for each m > my, the
right hand-side of the above inequality is strictly less than €. As a result:

a+1

II RGw/™)|| < (pc+e) <1,
Jj=a+jo

for all m > mg and (z,u) € C. Finally, to bound the norm of the product in equation |i write
B = (q- jo + r) using Euclidean division, and decompose the product into ¢ parts, each corresponding to
some operator [R];,, and a remainder part involving at most (jo — 1) factors. Precisely, for all m > my
and (z,u) € C, we obtain

a+1
H R(Z,uj/m) < R’jo(pc + E)CI < ]_(jo(pc + 6)(1—j0)/ju % (pc + e)ﬁ/jo7
j=a+p
with

(z,u)eC

K = max (1, sup ||R(z7u)||> )

whereas, for all m < mg and (z,u) € C, we obtain

The first inequality of the lemma now easily follows from the previous inequalities. O
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Lemma 7.3 For each compact set C C W, it applies that

1 1
jglK(z,uj/m):jgl/\(z,uj/m)x HP Ju? /™) —|—O(m) )

uniformly for (z,u) € C.

Proof: Fix an integer m > 1. Due to the decomposition in equation (25]), we obtain:

1

1 1
I KGw/™ = TG’ I] (Pew/™ + Rw'), 29)

j=m j=m j=m
1 1
= H Az, u/™) Hquj/m
j=m j=m
+> Y [Plio[R], 00 [R]; 0[P |, (30)

k 9050k, 01500k

where 1 < k < [m/2]5i0,4, > 0341, ... ik—1,J15---,Jk = Lyand (o + - +ig +j1+ -+ Ji) =

Next, to understand the summation above, consider the bracket operators [P]; = Zii 4+ P(z, ut/m)
and [R]; = HZJF; 4 R(2 u’/™) for appropriately selected integers a, b > 0. Observe that if i, > 1 and

a = (b+ j) then

a+2 b+1
Pl o R = H P(z,u"/™) o (P(z,u(‘”l)/m) - u®™) ) H R(z,u"/™),
l=a+i L=b+j

because P(z,u®/™) o R(z,u®™) = R(z,u*™) o P(z,u®™) = 0. In particular, if the notation [P];a
is used to mean that the most-right factor in [P]; i.e. the operator P(z,u(*1/™) is replaced by the
difference P (z, u(®t1/™) — P(z,u®/™), the above shows that

[Pli o [R]; = [Plia o [R];. 31)
Similarly, when ¢, 5 > 1 and b = (a + %) we find that:
[R]; o [Pi = [R]ja o [P]. (32)

By applying recursively the identities in equations (31)-(32), the remainder terms in equation (29) may
be also expressed as

[P]ioA o [R]le 0:--:0 [P]ikflA o [R]jkA o [P]zk R lf’Lo > 0 and ’ik > O,

_ ) [Pliiaco[R]ja00[Pl;,_,a0[R], » ifdg > Oand i, = 0; (33)
R]ja0---0[Pli,_,a0[R]ja o [Pl , ifig = 0andig > 0;
R]j,a0---0 [Pl a0 [R]; , ifig =0and i, = 0.
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Due to Lemma [7.2] note that ||[P];a]| < K1K3/m and ||[R]jal < K2K4p'~'/m. Inserting these
inequalities into the relations in equation (33, we obtain the upper-bound

I[P, o [Rlj, 00 [R;, o [Pl < ¢ x ([[ _0]+ ﬂ>0ﬂ>

where we have defined ¢ := K1 Ko K3 K, > 1.

Motivated by the identity in equation (30), for a fixed value of k, we aim now to add up the terms on
the right-hand side of the above inequality over all the admissible values for g, . .., %x, j1,-..,Jx. This
corresponds to extracting the coefficient of 2™ of ¢? - I3(z) - (1(2))*~(J(2))¥, where

Io(z) = Z(ﬂi:0ﬂ+[ﬁ>ﬁ]>zi:1+n@;

>0
¢ ; cz
1 = — =
) inzle m2(1—z)’
. . z
J(z) = PPl = .

In particular, adding up over all £ > 1, we obtain

Yo > Pl o[R] 0o R, o [Plill < "] S(2),
k d0,etk,J1e0k

where
1§ (2) - J(2)
1—1(2)-J(2)"
This rational generating function admits three-poles at z = 1, z = zg and z = 21, with zg = 1+ O0(1/m?)
and 2; = p~! x (1 + O(1/m?)). Due to Cauchy’s formula and the Residue theorem, there is a constant
r > 1 such that

S(z) :=

m S(z S(z m
[2™]S(z) = -—Res <ZW(L+)1,Z = 1) — Res (ZnEJr)l,z = z0> +O0(r™™),
1 1 —m\ __ 1
= ot (Ho(m)) +Or™M =0(;).
This completes the proof of the lemma. g

We finally prove Proposition[6.6]
According to Lemma there exists a bounded linear form By(z, u) such that

1

[I P(zw//™) = Bo(z,u) (1 +0 (;)) .

j=m
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Furthermore by the Euler-Maclaurin formula, we obtain
m i Jm m 1
H Az, w?'™) = A(z,u)"B(z,u) {1+ 0 — ] ],
! m

Jj=1

with

A(z,u) = exp (/OllogA(z,ut)dt);

Az, u)
Az, 1)

B(z,u) :=

This completes the proof of Proposition [6.6] with
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