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A discrete space-filling curve provides a linear traversal/indexing of a multi-dimensional grid space. This paper
presents an application of random walk to the study of inter-clustering of space-filling curves and an analytical study
on the inter-clustering performances of 2-dimensional Hilbert and z-order curve families. Two underlying measures
are employed: the mean inter-cluster distance over all inter-cluster gaps and the mean total inter-cluster distance over
all subgrids. We show how approximating the mean inter-cluster distance statistics of continuous multi-dimensional
space-filling curves fits into the formalism of random walk, and derive the exact formulas for the two statistics for both
curve families. The excellent agreement in the approximate and true mean inter-cluster distance statistics suggests
that the random walk may furnish an effective model to develop approximations to clustering and locality statistics
for space-filling curves. Based upon the analytical results, the asymptotic comparisons indicate that z-order curve
family performs better than Hilbert curve family with respect to both statistics.
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1 Preliminaries

The subject of space-filling curves has fascinated mathematicians since late 19th century, and has many ap-
plications in algorithms, databases, and parallel computation, in which linearization techniques of multi-
dimensional arrays or grids are needed. Sample applications include heuristics for Hamiltonian traversals,
multi-dimensional space-filling indexing methods [BBKO01], image compression, and dynamic unstruc-
tured mesh partitioning. For a comprehensive historical development of classical space-filling curves, see
[Sag94].

For positive integer n, denote [n] = {1,2,...,n}. An m-dimensional (discrete) space-filling curve of
length n™ is a bijective mapping C : [n™] — [n]™, thus providing a linear indexing/traversal or total ordering
of the grid points in [n]™. An m-dimensional grid is said to be of order k if it has side-length n = 2¥; a
space-filling curve has order k if its codomain is a grid of order k. An m-dimensional space-filling curve C
is continuous if the Euclidean distance between C(i) and C(i+ 1) is 1 for all i € [n™— 1]. The generation
of a sequence of multi-dimensional space-filling curves of successive orders usually follows a recursive
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framework (on the dimensionality and order), which results in a few classical families, such as Gray-coded
curves, Hilbert curves, Peano curves, and z-order curves (see, for examples, [AN00] and [MJFS01]).

Denote by H" and Z"" an m-dimensional Hilbert and z-order, respectively, space-filling curve of order
k. Figure 1 illustrates the recursive constructions of HZ and ZZ form =2, and k = 1,2.

Fig. 1: Recursive constructions of Hilbert and z-order curves of higher order (H" and Z;"", respectively) by intercon-
necting symmetric (via reflection and rotation) subcurves of lower order (H"; and Z" ,, respectively): (a) Hf; (b)
HZ; () H; (d) 22 (e) 23 () Z3.

We measure the applicability of a family of space-filling curves based upon their common structural
characteristics, which are informally described as follows. Locality preservation reflects proximity be-
tween the grid points of [n]™, that is, close-by points in [n]™ are mapped to close-by indices/numbers in
[n™], or vice versa. Clustering performance measures the distribution of continuous runs of grid points
(clusters) over all identically shaped subspaces of [n]™, which can be characterized by the mean number
of clusters and the mean inter-cluster distance (in [n™]) within a subspace.

A few locality measures have been proposed and analyzed for space-filling curves in the literature (see
[MD86], [GL96], [NRS97], [AIb97], [ANO0O], and [DS03]). Different measures are defined to address
the proximity preservation of close-by points in the m-dimensional grid space [n]™ or in the indexing
space [n™]. Generally, Hilbert curve family, z-order curve family, and H-indexings [NRS97] achieve good
locality performances.

Empirical and analytical studies of clustering performances of various low-dimensional space-filling
curves have been reported in the literature (see [Jag97] and [MJFSO01] for details). Generally, the Hilbert
curve family exhibits good performance in these studies.

Jagadish [Jag97] derives exact formulas for the mean numbers of clusters over all rectangular 2 x 2
and 3 x 3 subgrids of an sz—structural grid space. Moon, Jagadish, Faloutsos, and Saltz [MJFS01] prove
that in a sufficiently large m-dimensional H-structural grid space, the mean number of clusters over

all rectilinear polyhedral queries with surface area Sm approaches %% as k approaches c. They also
extend the work in [Jag97] to obtain the exact formula for the mean number of clusters over all rectangular
29 x 29 subgrids of an sz-structural grid space.

This paper presents an application of random walk to the study of inter-clustering of space-filling curves
and an analytical study on the inter-clustering performances of 2-dimensional Hilbert and z-order curve
families. For an m-dimensional space-filling curve C : [M"] — [n]™ and a subgrid G of [n]™, a cluster of
G induced by C is a maximal (contiguous) subinterval | of [n™] such that C(l) C G. We can partition and
order C~1(G) into disjoint union of clusters. An inter-cluster gap of G is a subinterval of [n™] delimited by
two consecutive clusters of G, and the corresponding inter-cluster distance is the length of the inter-cluster
gap. Thus, the space-filling curve C induces the following statistics: (1) the mean number of clusters of
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C~1(G) over all identically shaped subgrids G of [n]™, (2) the (universe) mean inter-cluster distance over
all inter-cluster gaps from all identically shaped subgrids G of [n]™, and (3) the mean total inter-cluster
distance (in a subgrid) over all identically shaped subgrids G of [n]™.

The studies of clustering and inter-clustering performances for space-filling curves are motivated by
the applicability of multi-dimensional space-filling indexing methods, in which an m-dimensional data
space is mapped onto a 1-dimensional data space (external storage structure) by adopting a 1-dimensional
indexing method based upon an m-dimensional space-filling curve.

The space-filling index structure can support efficient query processing (such as range queries) provided
that we minimize the average number of external fetch/seek operations, which is related to the clustering
statistics. Asano, Ranjan, Roos, Welzl, and Widmayer [ARR™97] study the optimization of range queries
over space-filling index structures, which aims at minimizing the number of seek operations (not the
number of block accesses) — trade-off between seek time to proper block (cluster) and latency/transfer
time for unnecessary blocks (inter-cluster gap). Good bounds on the two inter-clustering statistics translate
into good bounds on the average tolerance of unnecessary block transfers.

We show how approximating the mean inter-cluster distance statistics of continuous multi-dimensional
space-filling curves fits into the formalism of random walk, and derive exact formulas for the two inter-
clustering statistics for 2-dimensional Hilbert and z-order curve families over all identically shaped square
subgrids of [n]?, with computer program verification over various grid- and subgrid-orders. Our compar-
isons are accordingly twofold: first to gauge the relative performances of the two curve families with
respect to the two inter-clustering statistics based upon the analytical results, and second, to check the ap-
plicability of the random-walk approximation to the universe mean inter-clustering distance based upon
the approximation and analytical results. Note that we present the skeletons for proving the main results
without the lengthly derivations. Complete proofs and verifying programs are available from the authors.

2 Approximation with Random Walks

Consider an m-dimensional continuous space-filling curve C : [i"] — [n]™. Denote the frequency distribu-
tion of edge-direction of C with respect to the m-dimensional Cartesian coordinates by (di){l&. Note that
in a typical application of an m-dimensional order-k space-filling curve of length A" (n = 2¥), k (hence
n) is sufficiently large. We derive our statistical/approximation application of an m-dimensional random
walk in the absence of grid-boundaries.

The principal random elements defining the random walk are the successive unit-step transitions (since
C is continuous) from a grid point to one of its 2m neighboring grid points according to the edge-direction
distribution: (pj+,p;-)",, where p;+ and p;- denote the transition probabilities in the positive (i) and
negative (i) ith-axis directions, respectively, with p;+ + p;- =d; fori = 1,2,...,m. Denote by p;: the
probability of a one-step transition orthogonal to the ith-axis; thus p;. = ¥ jjji(Pj+ + pj-) =1 —di.

Let G be a hyperrectangular query subgrid of [n]™, and we consider how an inter-cluster gap J evolves
in our random-walk context, starting at a grid point (in [n]™ — G) neighboring a boundary hyperplane P of
G. Assume for computational simplicity that J (first) returns into G through P. Without loss of generality,
assume that the normal of P is the jth-axis, and the first return of J into G through P is in the j~-direction.

Consider the event “|J| = y* — length of J is y for some positive integer y and its probability. The
ordered sequence of transitions of J embeds a subsequence J’ such that:

1. J' consists of all j*- and j~-transitions of J and terminated with the first-return j~-transition of J
into G through P. Equivalently, J — J’ consists of all j*-transitions (parallel to P) of J, and
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2. The subsequence J” of J’ excluding the first-return j~-transition of J exhibits the Catalan structure
(see [GKP94]):

() number of j*™-transitions of J” = number of j~-transitions of J”, and

(o) For every proper prefix J” of J”, number of j*-transitions of J” > number of j~—-transitions
of J.

Thus, we have, for all positive integers vy,

Pr(d| =y+1) = (3 ( M )q Pl - V%) Py

>0
2l \ ¢
where ¢, denotes the Catalan number | )T
For computational simplicity, assume that the underlying random walk is symmetric with respect to
each ith-axis fori=1,2,...,m; thatis, pj+ = p;- = d—2‘. The probability above becomes:

I;)( 2yl )Cl (%)2'“(1 —dj)¥2.

An m-dimensional Hilbert curve enjoys a uniformly distributed (d;); asymptotically, and we can
express the probability above and an approximate mean inter-cluster distance statistics in terms of some
well-known functions.

Lemmal For an m-dimensional Hilbert curve of length n™ with its edge-direction distribution (d;) ,,
limpoyeo & = 1for alli,i’ € {1,2,...,m}.

. . ) a,..., ay---ap X
Let F denote the hypergeometric function (see [GKP94]): F ( P z) = 1 Pz
yperg (see [ ) by.....bg | Ekzomk!

with upper parameters a’s and lower parameters b’s, where x| denotes the rising factorial power.

Lemma 2 For all positive integersy > 2,

v — y—1 Lo m-liy g —$+3,-¥+1 1 1 om-1,,
Pra == 5 (V3" Ja 2 it 2 3 ) e

For an m-dimensional Hilbert curve of length N = n™, the random walk formulated above yields an
approximate mean inter-cluster distance statistics based upon z{,\‘zlyPr(|J| =Y). To measure the goodness
of our approximation model versus an analytical study presented below, we consider the case of m = 2
(see [BRWW9T]). Let I' denote the Gamma function.

Lemma 3 For a 2-dimensional Hilbert curve of length N = n?,

1. The inter-cluster distance probability is:

rv+3 _o
Pr(df=vy) = Win) =W
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2. The approximate mean inter-cluster distance statistics is:

N 2(N+2)2r(N+ 3) (N+2)(2N+1)
yzlypr(p':y): \/ﬁf(N+3) z -2= 4N CN—2.

Note that ¢y ~ ikg by using Stirling’s formula. Thus the approximate mean inter-cluster distance for
VTk?2

2-dimensional Hilbert curve of length N = n? is asymptotically %TN% (= %Tn).

3 Analytical Study of Inter-clustering Performances

Our analytical study of inter-clustering performances is focused on 2-dimensional Hilbert and z-order
curve families. We develop and state all supporting lemmas for the Hilbert curve family in this section;
those for the z-order curve family can be obtained analogously.

For a mathematical formalism of discrete Hilbert curves that facilitates combinatorial studies of multi-
dimensional Hilbert indexing, see [ANOQ] for details. One of the salient characteristics of Hilbert curves
is their “self-similarity” — a Hilbert curve can be generated by interconnecting identical subcurves via
reflection and rotation (see Figure 2). For 2-dimensional Hilbert curves, this self-similar structural prop-
erty guides us to decompose sz into four identical H2_1-subcurves (via reflection and rotation), which
are amalgamated together by an Hf—curve. Following the linear order along this Hf—curve, we denote the
four HZ_,-subcurves as Q1(H?2), Q2(H?), Qa(H2), and Qa(H?).

For a 2-dimensional grid, the “orientation” of Hk2 uniquely determines that of Qa(Hf) fora =1,2,3,4,
and thus only one sz exists modulo symmetry (whereas there are 1536 structurally different 3-dimensional
Hilbert curves [ANOQ]). For a 2-dimensional Hilbert curve sz indexing the grid [2]?, with a canonical
orientation shown in Figure 2(a), we denote by d1(H2) and d2(H?) the entry and exit, respectively, grid
point in [2X]2 (with respect to the canonical orientation). Figure 2 depicts the decomposition of Hk2 and
the 91- and 0»-labels of four H2_1—subcurves.

) . Q(HE) Qs(H2)
Qa(H) ‘ ______ ‘ Qs(H2) o ot la
ar)| | QuH) , 02 o5 i
61(HE) 02(HE Qu(H) ] L Qa(H)
01(Qu(H2)) 02
(@ Hf = al(HE—l)

(b) HZ-interconnection
Fig. 2: Generation of HZ in (a) from a HZ-interconnection of four H2_,-subcurves in (b).
With respect to the canonical orientation of sz shown in Figure 2(a), we cover the 2-dimensional k-

order grid with 2X rows (Ry 1,Rk 2, - -, Ry ), indexed from the bottom, and 2% columns (Cy 1,Cx 2, - - - ,Cy ).
indexed from the left. We denote:
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1. For a grid point v € [2X]?, its x- and y-coordinate by X (v) and Y (v), respectively (that is, v is the
intersection grid point of the column Cy x(y) and the row Ry y (),

2. For the grid points v,v' € [2]2, their index-difference by R(v,V') (= |(HZ)~1(v) — (HZ)~1(V)]),
and

3. For a rectangular query subgrid with its lower-left corner at grid point (x,y) and upper-right corner
at grid point (X,y) (1 <x<x <2Xand 1<y <y < 2¥) covering UX_,Cka mU)[_?{:yRk,B' its set
of grid points by Gk(x,y,x',y") (= {v e [2K? | x < X(v) < X' and y <Y (v) <y'}). The size of the
query subgrid Gk(x,y,X,y') is (X —x+1) x (y —y+1).

Remark 1. For most self-similar m-dimensional order-k space-filling curve C[" indexing the grid [2<]™,
we can view C[f' as a Cj?' ,-curve interconnecting 229 C-subcurves for all q € [k].

The remark above motivates our analytical study of inter-clustering performances to be based upon
query subgrids of size 29 x 29.

For a 2-dimensional order-k Hilbert curve HZ, let Wq(HZ) denote the summation of all inter-cluster
distances over all 29 x 29 query subgrids of an H2-structural grid space [2492. For a subgrid G, let 81(G)
denote the first entrance (the lowest I—E—indexed grid point) into G and 62(G) denote the last exit (the
highest sz—indexed grid point) out of G.

Remark 2. Within a query subgrid G (with |G| grid points), the summation of all its inter-cluster dis-
tances is R(01(G),02(G)) — |G|+ 1. In developing the supporting lemmas, we express R(61(G),02(G))
as Rh(02(G),v) — R(B1(G),v) for a suitably chosen grid point v.

Remark 2 reduces the computation of the summation of all inter-cluster distances over all identically

shaped subgrids G to the computations of 54 g R(6;(G),v) for j = 1,2 and a suitably chosen v.

T o (D7 o (2

:RZ(.S):KZ(,S):
S Y N T O
PO I S R Y6
o T SR R 0
""""" i

Rl R H2

Fig. 3: The boundary regions of neighboring quadrants are organized into nine disjoint regions: Qgi(ilr)md 4
K'v(izr)nod 441 fOri=1,2,3,4,and R.

The recursive decomposition of sz (see Figure 2(b)) gives that

Wq(HE) = 4Wq(HZ 1) + &iq(HP),
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where & q(HZ) denotes the summation of all inter-cluster distances over all 29 x 29 query subgrids, each
of which overlaps with more than one quadrant (that is, two or four). These query subgrids are contained
in the boundary regions of neighboring quadrants, which can be organized into nine disjoint regions:

R-h(ilr)nod Al ygﬁmd a1 fori=1,2,3,4,and R, as shown in Figure 3.

Remark 3. For a query subgrid G overlapping with more than one quadrant, 8,(G) is in the lowest-
numbered quadrant, and 82(G) is in the highest-numbered quadrant.

For a 29 x 29 query subgrid G, G overlaps with:

1. Exactly Qi(H2) and Qi mog 4+1(H?) ifand only if G C Ry,(ilr)nod 41V R-h(izr)nod 441 foreveryie {1,2,3,4}.
In this case, 8;(G) € R\') 44,1 for j € {1,2} by Remark 3.

2. Qi(H@) for all i € {1,2,3,4} if and only if G C K. In this case, 81(G) € Q1(H2) (upper-right
corner) and 82(G) € Qa(H?2) (upper-left corner) by Remark 3.

We divide the computation of & q(HZ) into three parts:

1. 3 R(82(G),01(HP)) overall 29 29 query subgrids G C &\ o 4.1 UR moq ars fori € {1,2,3,4},

2. 5 (61(G),01(HP)) over all 2% x 29 query subgrids G C R.r g 41 UR Coog 41 FOr i € {1,2,3,4},
and

3. the summation of all inter-cluster distances over all 29 x 29 query subgrids contained in & .

We develop combinatorial lemmas in the following three subsections to support the computations.

3.1 ¥ R(62(G),01(H?2)) over Subgrids G Overlapping with Two Quadrants

Consider an arbitrary 29 x 29 query subgrid G C R,-(fﬁ?md%l U ﬂ{-h(iz,)nod ap1 Where i € {1,2,3,4}. Remark

3 gives that 82(G) € 'J(-h(izr)nod 4+1» and we zoom in on the “incomplete” rectangular subgrid G N i&’(izr)nod 41
(with one side-length at most 29— 1). Observe that for i = 1,2,3,4, R@,(izr)nod 4+1 aggregates the 29 —

1 bottom rows, leftmost columns, top rows, and leftmost columns of Q2(H2), Qa(H2), Qa(H?), and
Q4(Hk2), respectively. Since the quadrants are isomorphic to a canonical Hf_l via symmetry (reflection
and rotation), we consider the following system of summations Qa1 = (Qf 51, Q2a; A 21, Q¢ a) in @
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general context of a canonical HZ:

20-12-2941
Qkw = Zl z; TR(B2(Gk(1,y, %, y+29 —1)),01(HZ)) — for left boundary (see Figure 4(a)),
X= y=
2 22941
Ofy = TR(O2(Gi(x,Y, 2%, y+29 — 1)),81(HZ)) — for right boundary,
x=2K-204+2 y=1
X_294129-1
QEZq = 21 zl R(B2(Gk(%,1,x+29 —1,y)),01 (H?)) — for bottom boundary,
X= y=
2X_2941 2«
leq = 2 z R(B2(Gr(x, Y, x+29—1, 2")),61(H,f)) — for top boundary, and
X=1 y=2Kk—2442
S 20-12-2941 ) o
Nea = 1 — for the number of incomplete rectangular subgrids in a boundary.
x=1 y=1

C3

e o oL
Q1
e >
[ *

!—Lﬂ E ___’Qﬁl_l,zq "—LJ_’-
j* QE—l,zq

(@) (b) (©)

Fig. 4: (a) Qk o for a canonical Hlf; (b) its recursive decomposition; (c) the four (29 — 1) x (29— 1) corners of a
canonical HZ.

C4

We will establish a system of recurrences (in k) for Qy >q (see Lemma 7 below). The system of recur-
rence involves another system of summations as prerequisites, as demonstrated in the following example.
Consider a recursive decomposition of Qk,zq, illustrated in Figure 4(a) and (b), into four parts: (1) QE_l’Zq,
(2) QL1 50, (3) Qic_y 20, and (4) adjustments for the previous three parts. The part Q. ; 5q helps compute
s M(62(G),01(H2)) over all incomplete rectangular subgrids G (with one side-length at most 29 — 1)
overlapping both Q1(H?) and Q2(H2). According to Remark 3, the computation of this summation is
reduced to 3 -1(82(G),01(HZ_,)) over all incomplete rectangular subgrids G (with both side-lengths at
most 29 — 1) in the c;-corner (lower-left corner) of a canonical sz_l (that is, Qz(HE)). Each of the three
parts Q@ yq, Q¢ 5a, and Q_; 5 is defined with respect to di(HZ ;) of a canonical HZ ;, we need to
adjust each part with distance cumulation between the entry/exit of the underlying quadrant and 61(Hk2).

The recursive decompositions of all four parts in Qp 5, QF, Qgoq, and Qf 5 lead us to consider
a prerequisite system of summations QF ,q = (Qa, Q%a; Q. Q'ae) in @ more general context of a
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canonical Hk2 (see Figure 4(c)):

20-129-1
Q= Z TR(B2(Gk(1,1,x,Y)),01(H?)) — for lower-left corner,
’ x=1 y=1
2-1 2%
Q% = Z z R(B2(Gi(1,y, %, 2X)),01(HZ)) — for upper-left corner,
' Y=L y=2Koa42
o 2
Q2 = 2 R(62(Gk(x,y; 2X,2X)),81(H2)) — for upper-right corner,
' x=2K 204 2y=2K 2042
2 201
Q= > > R(B2(Gi(x,1,2X,y)),01(HZ)) — for lower-right corner, and
' x=2K"2042 y=1
20-129-1
Mfzq = 1 — for the number of incomplete rectangular subgrids in a corner.
x=1 y=1

Note that in Q[Z‘Zq, 082(Gk(x,1,2X,y)) = 92(H2) for all x and y in the summation-index ranges, hence
Qﬁj‘zq = (29— 1)2R(02(HP),01(H?)) = (29— 1)2(2%<—1). All other three summations involve rectangular
subgrids contained in (29— 1) x (29— 1) corners. As suggested by Remark 1, we zoom in on the 29 x 29
H2-structural corners, and consider the following system of summations Qg » = (Qg'2a, Qgr20, Qza):

20 24

S Y R(82(Gq(L,1,x)),01(HZ)) — for lower-left corner,

x=1y=1

. 2 2

Quz = Y Y W(O2AGq(Lyx, 29)),01(Hg)) — for upper-left corner,
x=1y=1

. 2 2

Qg = z z "ﬁ(eg(Gq(x,y,Zq,zq)),al(Hg))—for upper-right corner, and
x=1y=1

. 2 2

Ngza = Y Y 1—forthe number of rectangular subgrids ina2 9 x 24 corner.
x=1y=1

C1
Qg2

Thus far, we learn that the system of recurrences for Qy oq can be defined and solved via the prerequisite
system Q ,q, which is related to the system ﬁg’zq (see Lemma 6 below). The system ﬁgvzq, which involves

subgrids (with both side-lengths at most 29) of a canonical Hg, represents the basis of the recursive
decompositions (in k to q) of Qi za and Qg . Similar to the reduction of Q2 to Q 54, we develop a

system of recurrences (in q) for 5872q via a prerequisite system, as demonstrated in the following example.
Consider a recursive decomposition of ﬁg}zq =52, 2511 "lﬁ(ez(Gq(l,1,x,y)),01(H§)) into four parts
(together with adjustments), based upon the overlapping scenario of the rectangular subgrid G4(1,1,x,y)
with the four quadrants of a canonical Hg (see Figure 5).

Case 1: G4(1,1,x,y) is contained in Ql(Hg) (see Figure 5(a)). This part is reduced to ﬁ;l_l’zq,l after
(+3)-rotating and then reflecting Q1 (HZ) into a canonical HZ_;.

Ease 2: Gq(1,1,x,y) overlaps with exactly Ql(Hé) and Qz(Hé) (see Figure 5(b)). This part is reduced
to Q:l_ 1201 (With adjustment of distance cumulation).
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Case 3: Gq(1,1,x,y) overlaps with exactly Ql(Hg) and Q4(H§) (see Figure 5(d)). This part is reduced
to 5;3—1,%1 after (—7J)-rotating and then reflecting Q4(HZ) into a canonical HZ ; (with adjustment of
distance cumulation).

Case 4: Gq(1,1,x,y) overlaps with all quadrants (see Figure 5(c)). The overlapping condition gives
that x,y € {29+ 1,291 4 2,...,29}. According to Remark 3, 62(Gq(1,1,X,y)) € Qa(HZ). Observe
that, as shown in Figure 6, for every x € {29-14-1,29-1 4.2 . 29} the subgrids Gq(1,1,x,y) for all
y € {201 4+1,29-1 42 ... 29} have the same 82(Gq(1,1,X,Y)) (independent of y).

IN] ] ] T T R T
) o e et
L ) 0y oy 41 PR
L a gis]=

@ ®) © @

U]
7
L
=

In
C
]
5

il
I
C
C

L]

m)iniipl
I

Fig. 5: Fpur 0\_/erlapping scenarios when decomposin.g §gizq in a canonical Hg: (a) contained in Ql(Hg); (b) and (d)
overlapping with exactly two quadrants; (c) overlapping with all quadrants.

Iy
=
.
n

I 5
il C]
- -
5 5

(@ (b) (©

][

il
-
C
C

][

I
=
C
C

[T

T
h
C
C.

eI

=S
e

Fig. 6: For subgrids overlapping with all quadrants of a canonical Hg, their last exits are the same.

The recursive decompositions of ﬁfﬁzq, ﬁgfzq, and ﬁffzq lead us to consider a prerequisite system of
L= =T =L, . .
summations g = (I‘Iq , I'Iq) in a general context of a canonical Hg:

1
I‘Ig = y;qWa(ez(Gq(l,y,2q,2q)),61(H§))—toptobottom incrementally, and
24
ﬁ; = zl"ﬁ(eg(Gq(l,l,x, 2q)),al(H§)) — left to right incrementally.
X=

We develop and solve a system of recurrences for Mg and reverse the sequence of reductions to obtain

the closed-form solutions for Qy 2q, which are summarized in the following four lemmas. Note that we
present the systems of recurrences only (which are solved by a mathematical and analytical software such
as Maple).
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Lemma4 For a canonical Hg,

T _ ) Mg +200 )34 Tg g +3(20 ) ifg>1
4 5 ifg=1
At ) Pga+ (RT3 ifg>1
q 4 ifg=1

The closed-form solutions for Mg are employed to establish a system of recurrences for ﬁg,zq

Lemmab’ For a canonical Hé,

’ 7 ifg=1,
ﬁgzzq _ { 3Qq 1,201 +3 28 1.240_ 3 .22 ifq>1,
’ 7 ifg=1;

0%, = 5:1,17211—1 +§g?’_172q—1 + % 24 2% 22 ifg> 1,

a2 10 ifq> 1.

The closed-form solutions for Qq 20 and Mg are employed to obtain exact formulas for QF .

Lemma6 For a canonical HZ structured as an Hk_q—curve interconnecting 229 HZ2-subcurves,

Q%zq = Qq,zq m, _(Zq_l)(22q_l),
R

=t =T 2 20k "Soa o2
0Py = Ogu Mg (- 18- 1)+ 1)22% -y 22 2%).

i=q
The exact formulas for Qf . are employed to establish a system of recurrences for Qy 2.

Lemma 7 For a canonical HZ structured as an HZ_,-curve interconnecting 2= H2-subcurves,

oL.. _ Qk 120+ (L1 0+ (29— 1)2(2)?) + (Qf_y 0 + (271 = 294 1)(29 - 1)(21)?) ifk>q,
k2d = I} _(22q_1) ifk=q;
(QR 100 +3(2T =294 1)(29 - 1)(271)2) + (Qt 1 50 +3(29 - 1)2(271)?)
QR = +(QF 4 o +2(21 - 2941)(29 - 1)(21)2) ifk>q,
(29-1)(229-1) ifk=q;
QB = Q150+ (Q 120 +3(29=1)2(25 1)) +(QR ;50 +3(2 1 =29+ 1)(29-1)(21)?) ifk>q,
k.29 (29-1)(229 - 1) ifk=q;
(Q 100+ (21 =294 1)(29 - 1) (27 )?) + (2 1 50 +2(29-1)%(21)?)
Um = +(Qk 10 T2 =294 1)(29-1)(21)?) ifk>q,
g —(2%9-1) itk=q.

We obtain the closed-form solutions for Qi oa by using the mathematical software Maple.
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3.2 ¥ R(61(G),01(H?)) over Subgrids G Overlapping with Two Quadrants

We may proceed as in Section 3.1, based upon the system of summations 6 21 = (W yq, O g, 00 20, Wi 50

20-12k_2941

o = 5 Y ROGKLYxY+29-1)),01(HF)) —for left boundary,
%=1 y=1
2« 2k_2d941
Whpa = > S RBL(GK(x Y2, y+29-1)),01(HE)) — for right boundary,
x=2K—2+2 y=1
_204129-1
uﬁzq = > > RO(Gk(x1,x+ 29—1,y)),01(H?)) — for bottom boundary, and
x=1
041 2
Xx = Y S RGOy x+29-1, 2K)),01(HZ)) — for top boundary.

x=1 y=2k_2042

Or, we apply the following lemma to relate the two systems wy 29 and Qy oa.

Lemma 8 For a canonical HZ,

“’{2 2+ Ql%zq (2% 1) 2qv W0 + Q0 = (2%~ 1)%22%
‘*’kzq‘|‘Qk2q (2%~ 1)%% W o+ Qf 30 = (2 = )N

)

3.3 Query Subgrids Overlapping with All Quadrants

For a 29 x 29 query subgrid G C R, we have: (1) 82(G) € Qa(H?) and (2) 81(G) € Q1(H?) by Remark 3.
For (1), when zooming in on the incomplete rectangular subgrid G ﬂQ4(Hk2) (with both side-lengths at
most 29— 1), we reduce ¥ a1 ccx R(62(G),01(HF)) to Q2 ; q after (+5)-rotating and reflecting Qa(Hg)
into a canonical Hf_l (with adjustment of distance cumulation).
For (2), similar consideration leads to a reduction of Yz gcg R(B1(G),01(HZ)) to 62 4 5, Where Wy

denotes zx e 2q+22 " k_paip R(B1(GK(X,Y,2%,2%)),01(H2)) for a canonical HZ and is related to Qy%,
as follows.

Lemma 9 For a canonical HZ, 6%q + Q%q = (2% — 1) Ny
Thus, the summation of all inter-cluster distances over all 29 x 29 query subgrids contained in ®_is

(QE2 g 50 +3-2% 2N 1 20) — O 4 0 — (229~ DA 1 .
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3.4 The Big Picture: Computing Wq(H2)

The results in the previous three subsections yield g q(H2). Hence, we have the following recurrence for
Wa(H?):

4Wq(HZ 1) (- 12;1";22'; ) W 120~ 2(2 1— )%Slzq <
F(QL o+ 2-2% ™ 422 (2291
(Qk 12q+3 2 k—Z%S ) ((‘q( 12q+2 2 ky\%]\d(é 22q 79\?9\2}2(1
Wq(HE)= k—1,20 ey 12 ‘*&—12 2 12 — 1,20
(Qlé 120+3:2 e N 1.20) — (‘*)té—l,zq) (29— DN 1 2 _
Q2 1 50322 2N | ) — (@ 1 ) — (22— NS 4 ifk> q,
0 ifk=q.
The exact formula for LIJq(HZ) is
Wo(H2) = 17 93Hq _ 23k 280185815 9229 | 14389 92k+q +3 9220 90 _ p2k-1_ % p2k—q-2
31 k-2 3+f 3—=VB.q,, 21-VB i oq 3+f 3-v5 4
+ 1252 2 (( )9+ ( > )+ 20002 (( )A+( > ")

29767 5 7 _

- .2 +3q_13.2k+2q 4_2k+q___2k q3q 32k 2

21736 39 +

0 63V5 g 3+V5q 3=V 31 g4 3+V54 3-VE . 755
2090 279 2 )y 2 )= 418 2 2 Ji+( 2 ))*35112'

73 21-4/5 3+f 3— f 3+f 3—5 1
21 27432207 1045 ( 2 )= ( 2 ))+627(( 2 ) ( 2 )q)_é'qu'

3.5 Total Number of Inter-cluster Gaps

In order to compute the (universe) mean inter-cluster distance over all inter-cluster gaps from all identi-

cally shaped subgrids, we need to derive the total number of inter-cluster gaps, denoted by ® (H?) for a
canonical HZ.

For a grid space indexed by a space-filling curve, since the clusters interleave with the inter-cluster gaps
of every query subgrid, we have:

total number of inter-cluster gaps = total number of clusters — total number of query subgrids.
As observed in [MJFS01],

total number of clusters = total number of edges cut by all query subgrids / 2.

They derive the exact formula for Eyq(H2), which denotes the total number of edges cut by all 29 x 29
query subgrids.

Alternatively, we follow a recursive approach similar to the computation of Wq(H2), and develop a
recurrence for E q(H2):

4Bk q(HE 1)+ YR 120+ Vi 2q+(2q—1)

+YR 1211‘|‘YL 12q‘|‘YB 12q+(2 2-1)+ Y 1

+ Y10+ Vi 12c|+YC 2q+Yc 10+ Yk 2q+Y° 12 iTk>q,
2 ifk=aq,

Ek,q(ng) =
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where Y (replacing Q) denotes the desired statistics (edges cut by query subgrid) over the four side-
regions (L, R, B, and T) and four center-regions (c1, C, C3, and c4).
The closed-form solution for Ex q(H2) is

22k+q+l _ 2k+2q+2 + 2k+q+l + 2k7q+1 + 23q+1 _ 22q+1_

Hence,

Exq(HE) .k 2
SR\ ok a4 q
5 ( +1)

22k+q _ 22k _ 2k+2q+l + 3. 2k+q _ 2k+l + 2k7q + 23q _ 22q+1 + 2q+1 1.

Dy q(HE)

)

4 Comparisons and Verification

By applying the same recursive approaches as in Section 3 to z-order curve family {Zf [k=1,2,...}, we
obtain the summation of all inter-cluster distances over all 29 x 29 query subgrids of a Z2-structural grid
space [2K]2,

‘Pq(ZE) — 23k+q _ 93k _ 92k+2q+1 + 22k+a+1 + ok+30 _ okt+atl + ok _o3q + 220+1 _ o

and the total number of inter-cluster gaps,
q)k,q(zlf) — 22k+q+1 —3. 22k +3 . 22k—q—1 _ 22k—2q—1 _ 2k+2q+2 + 2k+q+3 —3. 2k+l + 2k—q+1_|_ 23q+1 _5. 22q + 2q+2 —1.

For a space-filling curve G indexing the grid space [2X]2, denote by Dy q(Cx) the universe mean inter-
cluster distance over all inter-cluster gaps from all 29 x 29 subgrids of the Cy-structural grid space, and by
Dy q(Ck) the mean total inter-cluster distance over all 29 x 29 subgrids of the Cy-structural grid space.

The exact formulas for Wq(HZ), @i q(HZ), Wq(ZZ2), and Py q(Z2) give the exact formulas for Ay q(H2),
Diq(ZR), Drg(HR), and Ay q(Z2). We simplify the exact results asymptotically as follows. For sufficiently
large k and g with k >> q (typical scenario for range queries),

17 .ok PRIy 17 oktq £ i H2
.2 if CcisH ~ 75 -2%t9 ifCyisH
Dy o(Co) &~ 4 L ko Ng(C) <! 18 ke
ka(Ck) { %_Zk if Cy is ZE; ka(Ci) { 2k+a if G is Z&;
Dig(HD) . 17 Big(HD) ~ 7
Do) = T X243, Bz 112

With respect to the Ay g-statistics, the z-order curve family clearly performs better than the Hilbert curve

family over the considered ranges for k and g. With respect to the Ek’q—statistics, the superiority of z-order
curve family persists but declines significantly.

We have verified all the exact formulas (intermediate and final) involved in the derivations in the
analytical study with computer programs over various grid- and subgrid-orders: k € {3,4,...,10} and
qe{2,3,...,k}.

The random-walk model formulated provides good approximation to the true mean inter-clustering
distance statistics for 2-dimensional order-k Hilbert curve Hf: the approximate statistics is asymptotically
2K~ 1.1284 - 2 and the true statistics Ay q(Hg) & 1.2143- 2
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5 Conclusion

We formulate a multi-dimensional random walk to study the inter-clustering performance of continuous
multi-dimensional space-filling curves, and obtain a closed-form approximation to the universe mean
inter-clustering distance for the Hilbert curve family. The excellent agreement suggests that the random
walk may furnish an effective model to develop approximations to clustering and locality statistics for
space-filling curves.

The principal random elements in our random-walk model depend solely on the edge-direction distribu-
tion of the corresponding space-filling curve. For general space-filling curves, such as the non-continuous
z-order curve family, both spectra of rectilinear and non-rectilinear edge-direction distributions translate
into the underlying transition probabilities. The added non-rectilinear transitions with non-unit step-size
are expected to complicate required probabilistic analyses. However, more statistical/approximation ap-
plications of random walk for space-filling curves in general (dimensionality and continuity) settings, in
which the edge-direction distribution and topological characteristics of the modeled space-filling curve
are mathematically formulated into the principal random elements, are desired in order to confirm its
robustness.

Our analytical study of the inter-clustering performances of 2-dimensional order-k Hilbert and z-order
curve families are based upon the two inter-clustering statistics Ay g and Ak,q — universe mean inter-
cluster distance over all inter-cluster gaps and mean total inter-cluster distance over all subgrids of size
29 x 29, respectively. The exact results allow us to compare their relative performances with respect to
these two measures. For sufficiently large k and g with k >> g, z-order curve family performs significantly
(marginally) better than Hilbert curve family with respect to Ay o-statistics (Ax q-statistics, respectively).
We also verify the results with computer programs over various grid- and subgrid-orders.

A similar analytical study with dimensions greater than 3 appears to be much more difficult due to
the loss of geometric intuition. The analysis of clustering properties of space-filling curves in [MJFS01]
indicates that the Hilbert curve achieves better clustering than the z-order curve. Analytical studies that
identify or characterize space-filling curve families that exhibit good clustering and inter-clustering per-
formances simultaneously would be interesting.
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