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The aim of this paper is threefold: firstly, to explain a certain segment of ordinals in terms which are familiar to the
analytic combinatorics community, secondly to state a great many of associated problems on resulting count functions
and thirdly, to provide some weak asymptotic for the resulting count functions. We employ for simplicity Tauberian
methods. The analytic combinatorics community is encouraged to provide (maybe in joint work) sharper results in
future investigations.
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1 Introduction

It is usually difficult to attract the attention of mathematicians without background in logic to questions
about ordinals. We hope to change this situation a bit by explaining a certain quite far reaching initial
segment of these in terms of Hardy’s 1910 [6] orders of infinity.

Ordinals reflect the process of counting, thus they startlike 2, 3,...,n,... . Then the first limit
elementyv appears and counting continues withv + 1,w 4+ 2,w+3,...,w+mn, ..., and the longer the
process lasts the more obscure the ordinals become.

Let us now switch the scene to the following subcléssf Hardy’s order of infinity. Let€ be the least
set of functionsf : N — N such that the constant zero function— 0 is contained ir€ and such that
with f andg also the function: — =/(*) + ¢(z) belongs tct.

Define f < g via eventual domination, i.ef < g holds if there exists an, such that for albh > ng
we havef(n) < g(n). Letky denote the constant function with valueand then noticéy < k1 < ko <
... < ky < .... The first limit element with respect ta is then obviously given by the identity function
id, i.e.x — x. Moreoverid < id + ki < id + ko < ... < id +id < id - id < id'® < id?"" . ... As long
as we stay withir€ all mysteriosity of the counting into the infinite disappears and we can consider the
initial segment of ordinals provided [#&/as a natural mathematical structure for which no background in
logic is necessary. To understand h6wvorks one may verify that every polynomial function with non
negative integer coefficients represents a functiafi.itNote that e.gk; = id* + k.)

Hardy proved already in 1910 thé&ts linearly ordered with respect to, hence every non zero function
fin &€ has a unique ‘term’ representatign= id’* + - - - +id/~ wheref; = ... = f,,. If further the non
zero functiong has a corresponding representatjos: id9* + - - - + id9" whereg; = ... = g, then we
can decidef < g using the corresponding exponents as follojs; ¢ iff either m < n and for alli < m
we havef; = g; or there exists ak < min{m, n} such thatf; < g and for alll < k we havef;, = g;.

Usually it is assumed that proving the well-foundednes§ wfith respect to< is difficult to see. As
a sidestep let us show how to resolve this. We show that every nonempty subbskasfa<-minimal
element, or equivalently, there does not exist a strictly descending chain of elemé&nts iequivalently
for every functionF’ : N — & there exists an such thatF'(n) < F(n + 1). A non logical argument uses
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either an appeal to Kruskal's tree theorem or a compactness argument which is familiar from the proof of
the Bolzano Weierstral3 theorem.

Indeed, letid; := id andid,,; be defined recursively as— x4 (*), Let&, := {f € £ : f < id,}.
Then& = U,y En- We show by induction om: that for every function?” : N — &,, there exists am
such thatF'(n) < F(n + 1). Indeed this is clear fom = 1 since the natural numbers are well ordered.
Now assume that there exists an infinitely descending cRgl) > F(1) = F(2) = ... etc. in&,11
Then the corresponding lists of exponentsdh), F'(1), F'(2) can be arranged in an infinite but finitely
branching tree such that along any branch we obtain a strict descent of corresponding exponent functions.
By compactness we would obtain an infinite strictly descending chain of functions appearing as exponents
but this would give a strictly descending chaindp which is excluded by induction hypothesis.

Thus we can use the structufdor all sorts of transfinite recursion but in this paper we will not continue
in exploring this further.

2 Some basic results

The elements of come along with various natural norm functions. The most canonical choice is given
as follows: N(cp) := 0 and N(id’ + g) := 1+ N(f) + N(g). (This is well defined as a moment
reflection shows.) Then for everyin £ and every natural numberthere are finitely many < f such
that N (g) < n. We may thus consider

cy(n) :=+#{g < f: N(g) =n}.

For specific choices of one re-obtains classical count functions, e.d. # id‘ thenc(n) is the number
of partitions ofn. which has a well known and intriguing asymptotic.

For a proof of this correspondence simply observe that every funefion + - - - id*= < id'? with
ki, = ... = k;, corresponds uniquely to the partitidn — 1,...4,, — 1).

The author has learned that there has been recently a lot of progress in clagsifimthe context of
Lie algebras) and thus we will not pursue this issue further. We just quote (besides the standard ones) the
results of Petrogradsky [9]. Lety(f) := f andidy,1(f) := id'@ (). Moreover letin'”) (n) := n and
™+ (n) == In(In"™ (n)).
Theorem1l 1. cigea(n) ~ mw*.

“/2n
2. C;qid (n) ~ %.

3. Leto = (1+ 1) (zimp¢(d + 1) ™. Thenln(c,y (n)) ~ o - na1.

4. There is an explicitly calculable constafitsuch thatin(c;q,, . , (k) (7)) ~ CV#W'
Moreover it is known from [10] thalim % =1forall f € €.

There is a multiplicative norm which is canonically associated Withit is inferred by the indices of
the enumeration function for the primég;);>1. Let I(ko) := 1 andI(id’ + g) := pys) - I(g). The

corresponding count function is

ch(n):=#{g < f:I(g) <n}.

This norm is natural in a far as it provides a bijection betwé&esnd the positive integers using the
theorem on unique prime factor decomposition for positive integers. (The commutativity of addition is
reflected by the commutativity of multiplication.) By elementary calculations with Dirichlet functions
following the advice provided in Burris one can prove the following Theorem.

Theorem2 1. There exists an explicitly calculable constéhsuch thatc!,., (n) ~ C(In(n)).

2. Wn(clua(m) ~ 757205 1),
3. In(c!, v, (n)) = O((In(n))751).

I _ In(n)
4. ln(Cidn1+2(kd)(n) = @(m)
Moreover it is known tha;t:§ is slowly varying at infinity for eacltf € £. We conjecture that th® results

can be sharpened to weak asymptotic similarly to Theorem 1 usirg(1+ ) (mg(djL 1)) T
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3 Exponential norms

The main emphasis of this paper is put on a norm which arises naturally in the context of logic, in almost
every book on recursion theory. This exponential coding naria defined byE (kq) := 1 and E(id/* +

S didfn) = pE(fl) --pf(f") if fi =...= fn.Let

cf(n) == #{g < f: E(g) <n}.

An additive version of the exponential coding norm which leads to generalized Mahler partitions is as
follows. Let the Mahler norm be defined By (0) := 0 andM (id” + g) := 2M () 4 M (g). Moreover let

' (n) :==#{g < f: M(g) <n}.

Note that forf = id** the number:}’ (n) is the number of sequencés, . ..4;) such thatp > ... > 4
and2® + ... 4 2% < n, hence a version of the Mahler partition function. For other valuesafe gets
suitably generalized Mahler partitions. In particular we obtain the following standard partition identity for
M which can be used to obtain the asymptotic for the resulting count functle}is:, ¢4, (n) - 2" =

2, %M() The treatment of weak asymptotic fo?” is very analogous toJ’? and we therefore
(1—229)°F ™

stick to the functions:]? from now on. (For better results the techniques of Dumas and Flajolet [5] seem
appropriate here.)

Following Hardy and Ramanujan lgt:= p; - ... p; wherel, := 1. As a warm up exercise we indicate
how the asymptotic forZ., can be obtained by Karamata’s Tauberian theorem which seems to be tailer
made for asymptotic on bounded partitions. (The proof is very similar to one found in [11].)

Lemma 1 Lethry(x) := cEe, (x). Then

@) =3 Y e <),

e=1j1<. . je<di1>...>ic

Proof. It suffices to show

#{f <id?: BE(f) <z} = #U U U {l ~I ~hn ~...~lﬁie_lj‘3_1§x}.

e=1j1<...je<di1>...>1,

This is more or less obvious by grouping the factors appropriately together. (In some sense this is
similar when one counts partitions and their conjugates. In terms of block diagrams this simply means
that we are counting blocks at one time via columns and at the other time via rows.) O

LetL(s) := > o0 1%

Theorem 3 (Hardy and Ramanujan [7]) L(s) ~ fors — 0T.

1
sin(1)

Recall that a (measurable) functign: R — [0, oo| is called slowly varying iflim; ., < (tf)) = 1 for
z > 0.

Theorem 4 (Karamata’s Tauberian Theorem [2]) LetU be anon decreasing right continuous function
on the real numbers with (z) = 0 for all z < 0. Let LU (s) = [;~ exp(—sz)dU(z). If f : R — [0, 00
varies slowly and: > 0, p > 0 the following are equwalent

1. U(z) ~ Crx(lj_:_;)) for z — oo,

2. LU(s) ~cs P f(L)ass — 0T,
As a nice application we obtain the following result.
In(z)
Theorem 5 hrg(x) ~ T 11(173—1)1_[[1 Ty (ln(ln(:c))
Proof. Define natural numbeds, by the equation

EOC Ed E j : l l 1 l l
ann—s — (lin lsz J1 o, L. lZJ: Je—1 )—s
n=1

e=1j1<...je<di1>...>1¢

)4 for z — oco.
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Then)"

n<z

an = hrq(z). LetU(z) = 32y, ()<, an- Then, as — ot,

! ()
AT (pe — DTIZ2 0 sIn(s)
d

1 1 1
iPIRDD el sin(ly,s) 7 (L, — l._)sn((ly, —1j,_,)s)

e=1j1<...je<d

d
SID SN DI - P S o

e=1j1<...je<d

~ Z Z Z l 71 . . Z" 71-7671)—5(&]1‘1 )5 (li:eiljkl )

e=1j1< . je<di1>...>ic
- e
n=1
(o)
= / exp(—sxz)dU(x) = LU(s).
0

The functions m is slowly varying. Theorem 4 yields

1 T
U(x d
O T - DI )
forz — co.Now}_ _ a, = U(ln(z)) and the result follows. O

Now we consider count functions for functiond’ where f growth at least linearly. It turns out that
tailor made Tauberian theorems are provided by Parameswaran [8].

Theorem 6 (de Bruijn [3]) If M is slowly varying, then there is a (asymptotically uniquely determined)
slowly varying functiol\/* such thatM/*(z- M (x))-M (z) — 1asz — ocoandM (z-M*(x))-M*(x) —
lasz — oo.

Theorem 7 (Parameswaran [8]) Suppose that the following conditions hold.

1. L(u) and P(u) are functions on the non negative reals such tfg)gtL( du and fo u)du exist
in the Lebesgue sense for every posifie

2. exp(s [° 19w L(u)du) = s [;° P(u)e*"du for all positives,
3. (M, M*) form a pair of conjugate slowly varying functions,
4. M is non decreasing,
5. Jo K8 dt ~ M(u) asu — oo, and
6. P(u) is non decreasing.
Thenlog P(u) ~ ﬁ asu — oo.

. . li i
Theorem 8 We haver?,,(n) = #{(li,,...,li,) 1 i1 = ... = ip & pi* - . pam < n}. Moreover,

In(ca(n)) = @(151?121?1(1:83)))))

Proof. We have

cBia(n)
< Hiyy o liy) i > >y, & 282l <)
. : In(n)
#{(11a m) (3! ? &ll+ +lm ln(Z)}

Let
( ) #{(11,... zm):il2-~-Zim&li1+-~-+limSn}



Analytic combinatorics for a certain well-ordered class of iterated exponential terms 413

and

Theng(n) ~ 1n](TI£?n This follows froml; = exp(¥(p;)) and the well know facts (resulting from the

prime number theorem) tha(z) ~ z andpz ~ i1n(¢). Parameswaran’s theorem now yield§Q(n)) ~
L n(n)” g yieldsin(p(n) < 1In(n(m))® Moreover the prime number theorem give&asuch that

2@ (n) < 3 O

pi < Kzln( ) for all i. HencecE,,(n) > #{(Li,,- .. ,1;,)) : i1 > ... > i & (Kmn(m)ba

(Km1n(m)ln)}. We claim thap(n) > Q(1/In(n)) for largen. Indeed(l;, +...+1;,)? < In(n( yields

(liy +...+1;,) - In(mIn(m)K) < In(n) for sufficiently largem and therp,* - . .- phi < n. Therefore
In In(n)))?

) > @) ~ LS D

Recall thatn" denotes then-th iteration of then-function.

Theorem 9 Letog(n) := &, .-, (n). Thenln(og(n)) = ©(In® (n) (12t )H+1).

Proof. We have,(n)
<H#{(Ef1,...,Efn):ca=fi= ... zfm&ﬁfl- 2Bfm < n}
= #{(Bf1,.  Efm)ica= frm ... = fm & Bfi +... 4 Efm < 55} Now

#{(Ef1,....,Efm)ica=fir...m fm& Efi+...+ Efy, <n}~ C’((h?(lz)))d“.

Thus Parameswaran [8] yieltis o4(n)) < C'In® (n )(}EEE;EZ; )41 Similarly as in the proof of Theorem

4 we see thaty(n) > C - In(y/In(n)) - (IH(M)CHJ

In®) (n)
O
Recall thatidy(f) := f andid,, 1 (f) := id** (). Moreover letid,,, := id,, (k1).
Theorem 10 Lete(n) := ¢ (n). Thenln™ (c(n)) = @(%).
Proof. By induction onn. Theorem 9 covers the case= 1. Assumen > 2 and
(m—1) : (I (n))?
In (#lge £ g <idy & Eg <n}) ~O(——").
™+ ()
Then
(m)
™V (#{g e E: g <idy, & In(259) < n}) ~ @(M).
In(m+ )(n)
By thinning out we can find a subs&tC F such that
: E (In"™(n))
#{g €5: g = de & 111(2 g) < TL} = expm—l(c' (71))
In(™ Y (n)
i _ (In™ (w))? — (% L(w)
for a suitable constart. Let L(u) = exp,,,_(C - (m)). Let M(u) = [ = du. Then
d (In®™ (u))?
M(u) ~ L(u) - %(expmq(c' (W)))
andM%(u) ~ M(’LL) Thus
In(#{(g1,...,gm) : g € S & 2F9 .. . 2F9 < p}) ~ M(In(n))
and
I (n))2
In(#{(g1, - 98) g EE& g1y, g < idp & pro-.. pp? <In(n)}) = expm,l(O(( (n)) ).

"2 ()
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The lower bound is obtained similarly. Indeed, we have

#{(gl,...,gk>:idm>gli...§gk&pf91~...-p§g’“ <n}

<91, .. agk> :idm > g1 t .. t gk & (Kkln(/{))Egl+"'+Egk’ S n}
= #{{o, -, 9k)dm g1 = ... =g & Eg1 + ...+ Egr < /In(n)}
= ( . & ln(2E91+'“+E9’“) < +/In(n)}

= #{(91,--. 9m) vidm = G
(In" Y (n))?

> exp,_1(C —————

z Prn—1( ) (n)
sincem > 2. O

The same proof yields the following refinement.
m m In(™+Y) (p,

Theorem 11 Thenln™(c% \(n)) = ©(In""+?) (n)(gll(?mgb;)w).

Investigations on count functions have applications in logic. Let us state one application to the phase
transition for the Ackermann function. L&t be a number-theoretic function and h@hnt}E(F)(m) be
the maximal possible number ¢f,...,gx € £ such thatf = g1 = ... > gr and (Vi < k)[E(g;) <
m + F(4)]. This is well defined by a compactness argument for every funétiohhen forf = id,;, 12, d
fixed, and functions® with F(i) > 2 ¥ () for ; large enough the functiomunt¥ (F) will eventually
dominate every primitive recursive function. But fr= id,, - and functionsF with F(i) < In™ (i)
(for ¢ large enough) the functiomvuntj’?(F) will be bounded by a double exponential function.

We close with some conjectures.

Conjecture1 1. ™ (cM (n)) = O(In™ (n)?).

idm+1

2. c? is slowly varying for eaclf in £.

3. n— ln(c}”(n)) is slowly varying for eaclf in £.

Following Burris’s philosophy on logical limit laws we conjecture that for the norm functidasd M/
there will be associated zero one laws for first order logic.
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