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Around the root of random multidimensional
quadtrees
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We analyse the distribution of the root pattern of randomly grown multidimensional point quadtrees. In particular,
exact, recursive and asymptotic formulas are given for the expected arity of the root.
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1 Introduction

A random quadtree is a data structure for multidimensional data access (5)). More precisely, in dimension d,
asequence P = (Py, Py, ..., P,) of points P; in the unit cube [0, 1]¢ C R< is represented by a d-dimensional
quadtree T constructed recursively by the following rules :

o If n =0, (P = (), then T is empty.

e If n > 0, then the first point P; is made the root of the tree. The 29 100t subtrees are then constructed
recursively from the 27 sublists of points

TOO...Oa TOO...la ) ‘:Ps162...€d7 ey :Pll...l; € =€1€2...€4 € {Oal}d; (11)

defined by restricting P \ P; to the 2¢ hyperoctants indexed by the binary words ¢ = £1e5...64 of
length d that are determined by the root node P .

The hyperoctant indexed by the word ¢ = €1e2...¢4 is, by convention, the one which contains the
vertex (€1, €2, . . .,&4) of the unit cube [0, 1]%. Each subtree is numbered by the decimal equivalent of the
corresponding hyperoctant’s index. For each node, the subtrees are drawn, from left to right, in ascending
order. In the case of usual quadtrees (d = 2) the quadrants are indexed as in Figure [I{a). A sequence of
random points and associated quadtree are given in Figure[T(b) and (c).

We define the root pattern of a d-dimensional quadtree T by the set R of binary words €13 .. .4 for
which P, ., ., is not empty. Obviously, the cardinality of R is the arity of the root of J. From example
illustrated in Figure b) and (c), one easily sees that the root pattern is

{00,01,10}. (1.2)

We are interested here in the analysis of the root pattern of randomly grown quadtrees built from n
uniformly distributed independent random points of the unit hypercube [0, 1] in d-dimensional space.

Let Q,[R] be the probability that such a randomly grown quadtree T has a given root pattern R. Using
inclusion-exclusion principle and d-dimensional integrals we have established in (10)) that

Qu[R] = > (-1)/FI151,[5] (1.3)

SCR

where J,,[S] is the probability that the root pattern is a subset of .S which is given by

1 1
Jn[S]:/ / (fs(ti,ta, ... tq)) " tdtidty ... dtg (1.4)
0 0
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Fig. 1: (a) Quadrants (b) Sequence of random points (c) Associated quadtree.

where
fs(tita, o ta) =Y 75175527 o t5a” (1.5)
eesS
is a polynomial linear in each variable ¢1,ta, . . . , ¢4 for which the notation -~ means
. t; ife; =0
<&;> __ 1 [ >

In fact, fs(t1,to,...,tq) is the probability that an independent uniformly distributed random point
(t1,t2,...,tq) € [0, 1]¢ belongs to one of the hyperoctants encoded by the binary words of S.

In the next section, we give an algorithm for the computation of J,,[S] as finite combinatorial sums with
inputs .S and d. In fact, using the Maple package gfun (4), it can be seen that for dimensions 2 and 3 the
Jn[S] are polynomially recursive sequences.

We present in Section 3 compact integral formulas for .J,,[S] which can be asymptotically evaluated using
Laplace transforms and the classical Watson’s Lemma (3). In Section 4, explicit, recursive and asymptotic
expressions are given for the expected arity of the root of randomly grown multidimensional quadtrees
following a suggestion by Flajolet et al. in (7).

Our results are related to the study of maxima in hypercubes (see (1), (2)). See also (8), (12), (13) and
(15) for other kinds of random trees.

The structure of our recursive trees is given by the underlying independant uniform random points added
successively to the tree (6), (9), (11) and (14). And instead of studying degree of vertices, we study what
we call the root pattern of the tree which leads us some results about the arity (or number of children) of
the root.

2 Combinatorial sums for root pattern probabilities

In this section, we first develop an explicit formula and an algorithm to compute the J,,[S] probabilities.

Theorem 2.1 Probabilities J,,[S] can be expressed explicitly with multiple sums :

1 L (S k(S ko))

n(n!)d-1 Zsesg—nl [lcgke!
Proof. Using multinomial formula, we get, considering the expression for fg(t1,t2,...,tq) :

1 1 1 el
JulS] = /// (fs(tl,tz,...,td)) dtydts . .. dty 2.2)
0 0 0

_ $ H/Ol/ol.../oln(t<5>)kﬁdt1dt2-~-dtd (2.3)
eeS 'ver

Zseska:”*1 eesS
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where

I1(#)" = TJ (e o) (24)
ees eeS
ke ke ke
= 1] (t<sl>> I1 (t<62>> 11 <t<ed>> , (2.5)
eeS eeS eesS
Each of these products can be written in the following form
A\ Res _o ke
[T (6) ™ = =g em e, 2:6)

ees

We can thus rewrite the J,,[S] probabilities and evaluate them using Beta functions as follows

s =Y l%neslk,/ / < P R (R R f)dtl Lty 27)

EGSk =n—1

- Z ]%n -k k. H/ o E - ti)EEFI P dt; 238)
eeS 5

ZEGS ==n—1 =1

) > (n—1)! ;H 3o ke (Zeizl ke)! 2.9)

Dces ke=n—1 HEGS £i=1

d
(n—1)! Ty (e RN oy o))
- (nl)d Z .. k! (2.10)
>ces ke=n—1 eeS e
d
1 Z Hi:l ((Zai:O kEﬂ(ZQ:l ks)!) @.11)
= 7' a—1 | . .
n(n ) Dces ke=n—1 HEES ket
"
We are now able to describe our algorithm.
Algorithm - Formula for J,[S]with binomial coefficients

Input  dimension d, number of points n, set S of binary words
Output formula to compute .J,,[S]

Step 1 : Build a table with, on the first line, ¢ followed by each k. of S. Let the last two columns be
D ei—o ke and > c,—1 ke. There will be d others lines, each of them numbered from 1 to d (which constitutes
the column below z) Below the first k., write down the sequence of 0 and 1 (including leading O’s if any)
that forms the binary representation of €. Do the same for each others k..

Step 2 : Fill the last column in the following way : for each line, write down the binomial coefficient
) where & = Ye—okeora=>3_ _ ke

Step 3 : Form the following fractional expression : The numerator will be the multinomial coefficient
( ( k”;les) where (k:)ccs denotes the sequence of all k. where € runs through S and the denominator will be
the product of the binomial coefficients in the last column. To obtain J,,[S], make the sum of each fractional

expression obtained when >"__ . k. = n — 1 and divide the result by n?.

Ei:U

e€eS
Example. Calculation of J,,[S] ford = 6 and S = {1, 7,25} = {000001,000111,011001}, we get
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i | ki ko ko D ei—o ke Yoo ke binomial coefficient
110 0 0 | ki+Fkr+kos 0 )
2 0 0 ]. kl + k7 k25 (7;;51)
310 0 1 k1 + kr kos (’L;l)
410 1 0 kq + kos ks (”*71)
510 1 0 k1 + kos k7 (n;l)
n—1
61 1 1 0 kv + k7 + ks ("5

If we rename k; by 4, k7 by j and ko5 by k for more readability, we obtain

P S crr I G U NN
n® it it h=n—1 (“;1) (";1) n® i=0  j=0 (7;])(“; )

Note that for large S the computation of J,,[S] can be simplified using the following duality formula
which involves .J, [CS], where CS denotes the complement of the set .S,

= _1f{n-1
Ja[S] = kz::(—nk (k B 1) Ji[CS]. (2.13)

=1

This follows from (1.4) using the fact that fg = 1 — fpg. Section 5 contains complete tables for .J,,[S] in
dimension d = 2 and d = 3 computed using our Algorithm and the above duality.

3 Compact integrals and asymptotic forms for root pattern proba-
bilities

The multidimensional integral (given by equation ) for the probability J,,[S] can be rewritten as a

simple definite integral (see (10) for more details)

18] = /0 (1 — 2)"Leo()da = /O T ettt G.1)

where DM
wlr) = P ) = o1 - e, 62)
Ms(z) = {(t1,...,tq) €[0,1]%| fs(tr,...,tq) >1—x} C[0,1]% (3.3)

In (3.2)), 1 denotes the usual Lebesgue measure. This shows that J,[S] can be expressed as a Laplace
transform

(Lgp) (n) (3.4)
and from which asymptotic expressions for J,,[S] can be deduced using classical Watson Lemma (3)) :

Theorem 3.1 Consider sequence (a,,)n>0 defined by integrals of the form
T
ap = / e "op(t)dt, 0<T<oo (3.5)
0

where function p(t) admits a convergent expansion
o(t) = cot™ + c1th + ot + - - 1< Bo<Pr<Pa<--. (3.6)

valid for all positive t small enough. Suppose also that there exists an integer ng > 0 such that

T
/ e "0 p(t)|dt < oo. 3.7
0
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Then we have the following asymptotic expansion

F(Bo+1) T+l TB+1)
n/80+1 1 n61+1 2 n52+1 ?

QAp ~ Co

Taking the formal sum of the Laplace transform of individual terms in function ¢ (),

< LBk +1)
B _ nt 3 _
L[cptP*](n) = Ck/o e MR dt = ¢, BT 3.9)

one obtains the terms of asymptotic expansion for a,,. In particular, this asymptotic expansion is indepen-
dent of the bound 7" and depends only on the behaviour of ¢ () for small values of .
More generaly, if the function w(x) in (3.1) contains logarithmic terms, for example

w(x) = Zakmk+2bkajk lnx+ZCk$k(lnx)2+~" (3.10)

k>0 k>0 k>0
then the corresponding function (t) will also be of the form
p(t) = apt® + D Bet"Int+ >yt (Int)® + - (3.11)
k>0 k>0 k>0

with suitable constants ay, O, Vk - .. The asymptotic expansion of J,,[S] can be computed by taking term
by term Laplace transforms as above using series expansion of ((t) in (3.1). For example, in dimension 3
for S ={1,2,3,4,5,6,7} we get

1
M 254567(7) =7 —2hn(z) + Szi(z)?, (3.12)

w(x) = %ln(z)Z, (3.13)

and the corresponding asymptotic expansion is

2

72 +692+ 127 In(n) + 6 (In(n)) n —14+~+In(n)

Jnl{1,2,3,4,5,6, 7} ~

9-27y-2In(n) 1 5—|—127+121n(n)+ 1 n
24n3 8nt 1440n® 48nS ’

where ~y denotes the Euler’s constant. Complete tables of the asymptotic expansions of J,, [S] for dimensions
2 and 3 will appear in an expanded form of the paper.

4 Distribution of the arity of the root and its mean value

We have already established in a previous paper the following lemma (10).

Lemma 4.1 The probability p,, i q that the root of a random quadtree of dimension d of n points has exactly
k children is given by

k
2¢ —p
_E _1\k—v d
priea = 2471 <k‘—u> > JulSl, 0<k<2t @.1)

Theorem 4.1 For fixed n and d, the generating series (polynomial in fact) of the arity of the root of a
random d-dimensional quadtree of n points is given by

2¢ 24
fn,d(x) = an,k:,d-rk = Zan,u,dxy(l - x)Qd_V (42)
k=0 v=0
where
Onwa= Y JulS]. (4.3)

|S|=v
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Proof. Use Lemma[4.1] n

The following corollaries are closely related to similar results concerning maxima in a random set of
samples from [0, 1]¢ (see, for example, (1)) and (2)).

Corollary 4.1 The expected arity E,, q of the root of a random quadtree of dimension d of n points are
given by

Ena = 2°(1-J,[{1,2,...,2¢—1}]) (4.4)
-1\ 1 —1\ 1 -1\ 1 1
= (" )a - (g () e

Proof. For (4.4)) use the fact that

2|

2d
Bna=Y kpuid = fna(1) (4.6)
k=0

and compute the derivative using the right hand side of (4.2). Only the terms corresponding to v = 2¢ and
v = 2¢ — 1 will survive. Using the fact that

1 1 1
J,L[{1,2,...,2d—1}}:/ / / (1—t1t2...td) dtydty . . dty, 4.7)
0 0 0

#.3) follows immediately by expansion of the integrand. [

Corollary 4.2 The probabilities J,,[{1,2, ...,2% — 1}] can be written in the form

1 —Inz)d-!
1,220 — 1)) = 1— ”*1(7d. 4.
22 =1 = [ @8
Moreover, .

(;Jn[{l,Q,...,Qd—l}]zd_lz (SRS

Sketch of the proof. The first equation, (4.8) follows from using appropriate change of variables. The
second one ({.9) is obtained this way

! —Inz)dt
31,220 - 1t = Z/O (1- x)n—l((clli)!zd_ldx’

d>1 d>1

4.9)

Corollary 4.3 The expected value E,, ; can be expressed as the following finite sum involving generalized

harmonic numbers.
1 Hy(n
Epg=2" (1 - > A”) , (4.10)

2z
AFd—1
where, \ = (A1, A2, ...) F d—1denotes a partition of d — 1 and then, let k; be the number of parts of size
1in A,
N = 1k1k1!2k2k2!3k3k3! ce

H(n) = Ha, () Hy, (n) Hy, (n) - = [ ] (Hio)"™ (.10
i>1
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and, for k > 1, the generalized harmonic number Hy(n) is given by the sum,

1 1 1 1
Proof. From (4.9) we have
d—1 1 z
Z In,az® " = —exp (f Inl-—=)—In(l—=)—---— In(1 — 7))
n n
d>1
1 " z+1(z)2 1(z>3+
n P — \t 2 \3 3
) =1 . . (4.13)
= —exp (Hl(n)z + §H2(n)22 + §H3(n)23 + )
_1 ( Z HA(”)) d-1
s \obae1 A
n
In particular, for d = 2,
e (11 (Bae)  F0))
n 21,1 Z2
Ly A (Ot y)? (gt t ) (4.14)
n 112! 211!

To get asymptotic expressions for the £, 4 we can also use Laplace’s transform of @) or the explicit
expression from (4.10) using Euler-MacLaurin sommation formula to get the asymptotic of Hy(n). We
obtain

E,1=2-2n""

In(n) +~

Epno~4—4 —2n 24 ...

(In (n))* + 72 412~ In(n) + 6~2 In(n)+~v-1
- —4 2 +oe (4.15)
2 (In (n))® + 273+ 621In (n) + 721n (n) + 6y (In (n))* + 72y +4¢ (3)
n
(ln(n))2—12’y+672+12fyln(n)+7r2—12 In (n) n
2

6
En3~8—2/3

Eny~16—4/3

6
—92/3

n

Using gfun we compute the following recurrence for E,, 4, d = 2,3 :

Ey2 =0, Eap =1,

B 9 o 5> e (4.16)
(’I’L 2)71 Emg = (TL 1)(2n 4n + I)En_l,g (n 1) (Tl 2)En_2,2

@

27’

(n—2n3Eps=(n—3)(n—2)(n—1)2E,_33—(n—1)(n—2)3n2—Tn+3)E,_s3 &7
+(n—1)0Bn*-8n*+5n—-1)E, 13

Ey3=0, Ey3=1, Es3 =

Longer tables will appear in an extended form of this paper including the probabilities @,[R] and an
analysis of the variance of the expected arity.

We can partition the set of all sets S with a given cardinality and a given root pattern (up to rotations and
mirror transformations) into orbits. Every set S in a fixed orbit gives the same value of .J,,[S]. This leads us
to use an orbit’s representative S and multiply J,,[S] by the cardinality of this orbit.
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5 Explicit tables for dimensions 2 and 3

When two sets of hyperoctants S and S’ are equivalent under rotation and reflection (that is, are in the
same orbit under the action of the hyperoctahedral group) we have J,,[S] = J,,[S’]. Formula for the
root pattern probabilities can be simplified using sums over orbit’s representative. If we collect, for a given
dimension and a given cardinality, all sets .S which are equivalent under rotations and reflections in a set
called an orbit, we can simplify formula (&.T)) for the root pattern probability using an orbit’s representative
multiplied by the cardinality of the orbit. This leads to the following tables.

5.1 Bidimensional case

Orbit’s representative | Size Jn|S]
{} 1 0
{0} 4 e
1
{0, 1} 4 1
(0.3) 2 =T oy
{0, 1,2} 4 ﬁ Zi+j+k:n—1 w = %
{0,1,2,3} 1 1
5.2 Tridimensional case
Orbit’s
representative | Size JnlS]
{} 1 0
{0} 8 5
1
{0, 1} 12 =
{0,3} 12 771& Z?;ol (nlfl) = # Ziﬂ:nq ily!
n—1 02 .
{0,7} 4 % > im0 (n;1)2 = # Ziﬂ‘:n—l il?51?
{0.1,2} 24 ﬁ Zi+j+k=n—1 M = %
N2
{07 1’ 6} 24 # Zi+j+k:n71 — i(!z+k)lk!

{0’ 3, 5} 8 % Zi+j+k:71,—1 %

j k

{0,1, 2,3} 6 %

0124 | 8 | b ik
0125 | 24 | B Tipsinenns
0127 | 24 | b Sisinnenns
oL67 ) 6 F S risionas LD
{0’ 3.5, 6} 2 % Zi+j+k+l=n—1 G;;)(E%%

The remaining J5, [S] can be computed using (2.13).
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