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Mixed powers of generating functions

Manuel Lladser!

! Department of Applied Mathematics, University of Colorado, Boulder, The United States

Given an integer mm > 1, let ||| be a norm in R™ " and let ST denote the set of points d = (do, . . . , dy,) in R™ ! with
nonnegative coordinates and such that ||d|| = 1. Consider for each 1 < j < m a function f;(z) that is analytic in an
open neighborhood of the point z = 0 in the complex plane and with possibly negative Taylor coefficients. Given n =
(no, . .., Mm) in Z™ with nonnegative coordinates, we develop a method to systematically associate a parameter-
varying integral to study the asymptotic behavior of the coefficient of 2™° of the Taylor series of H;":l{ fi(z)}, as
|[n|| — oco. The associated parameter-varying integral has a phase term with well specified properties that make the
asymptotic analysis of the integral amenable to saddle-point methods: for many d € S, these methods ensure uniform
asymptotic expansions for [z"°] [T72, {f;(z)}"7 provided that n/||n| stays sufficiently close to d as |[n|| — co. Our
method finds applications in studying the asymptotic behavior of the coefficients of a certain multivariable generating
functions as well as in problems related to the Lagrange inversion formula for instance in the context random planar
maps.

Keywords: Airy phenomena, asymptotic enumeration, analytic combinatorics, large powers of generating functions,
discrete random structures, saddle point method, uniform asymptotic expansions.

1 Introduction and Main Definitions

We start by introducing some notation that will be used consistently throughout this manuscript. In what
follows, m > 11is a fixed integer. Define Z := {0,1,2,...} and R := [0, 00). We use bold-face notation
to refer to vectors in R™"! and denote the coordinates of a vector d as (dy, . . .,d,,). The symbol n is
reserved for elements in Z""'. We let ||-|| be an arbitrary yet fixed norm in R™*!. Define ST := {d €
R 1 ||d|| = 1} and, for € > 0, B, := {d : ||d|| < €}. The boundary of a set D C S7* is denoted as ID.

Given € > 0 we write [|z] < €] to refer to the open disk of radius € centered at the origin in C.

For the remainder of this manuscript, 7 > 0 is a fixed radius and, for each 1 < j < m, f;(z) is an
analytic function over the disk [|z| < r]. We write f; as a shortcut for f;(z). For an arbitrary function f(z)
that is analytic about the origin we write [2"] f(z) to refer to the coefficient of 2™ of the Taylor series of
f(z) about z = 0.

We are interested in the behavior of the Taylor coefficients of HT:1 f;L 7 for non-negative integer expo-
nents n;. More specifically, given n = (ng, ..., ny,), we would like to systematically provide an asymp-
totic expansion for the coefficient

m
=] 147 M)

j=1
as ||n|| — oo. Since in a finite dimensional space all norms are equivalent, the condition ||n|| — oo is
equivalent to the condition ||n||s := max{|ng|,...,|nm|} — oo. The terminology of mixed powers of

generating functions used in the title of this manuscript aims to emphasize the following fact: in order for
the asymptotic analysis of the coefficients in (1)) to fall in the context of our discussion it suffices that at
least one of the exponents ng, . . . , 7, blows up to infinity. Although the actual norm used in R™*! is not
theoretically relevant, it is worth to stress out that a suitable choice for ||-|| may considerably simplify the
numerical analysis in an specific example. We take a considerably advantage of this fact in the applications
discussed in sections Bland @ ahead.

Various special instances of (1)) can be found in the literature. Coefficients of this form include the well-
studied case of the coefficients [27] f(z) as j — oo (Wil90; [FS06). It also includes the case [27] f(2)* as
j — oo or k — oo. Coefficients of this form occur frequently in Discrete Probability. For instance, if X is
a non-negative integer-valued random variable with moment generating function f(z) = E(2%), [/] f(2)*
corresponds to the probability that X; + ... + X = j, where X7, ..., X} are independent copies of X.
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On the other hand, at the very core of Computer Science, coefficients of this form also occur in standard
multinomial allocation problems (also called occupancy problems). For example, using the identity

> () e

. . 1 “e. k;
g MLe0d

where the summation indices are such that j; > 1 and j; + ... + jr = 7, it is not difficult to see that
J '(llc) [27](e* — 1)7 represents the number of ways of allocating j distinguishable balls to exactly & of [
available urns of unbounded capacities (JK77).

Terms of the form of (1) also include the coefficients [27] f(2)¥g(2)!. Coefficients of this last form, with
k/j — 1 and [ bounded, arise in the context of the Lagrange inversion formula (GJI04): if f(0) # 0 and
h(t) is defined implicitly through the relation h(t) = ¢ - f(h(t)) then

7] g(h(t)) = % TN (2):

All the above instances of (T)) have the following in common: Cauchy’s formula is used to represent the
coefficients in (I)) via a contour-integral which is then analyzed using saddle-point methods (see (BH86)) for
a comprehensive discussion of this method as well as other related methods). This method has two variants:
the non-coalescing, and the coalescing version. While the non-coalescing version has been used systemati-
cally in the context of asymptotic enumeration, it was not until recently that Banderier et al (BESSO01)) used
the more elaborated coalescing saddle-point method to unravel the asymptotic distribution of the core size
of random planar maps. Their analysis relies on studying the asymptotic behavior of certain coefficients of
the form [27] f(2)*g(2)'h(z) as j, k and | grow to infinity at a comparable rate. Roughly speaking, they
show that these coefficients may expose phase transitions (from quadratic-exponential to cubic-exponential)
that are determined by subtle asymptotic linear dependences between j, k and [.

In a different context, Pemantle and Wilson (PW02; |[PW04) use residue theory and multidimensional non-
coalescing saddle-point methods to analyze the asymptotic behavior of the coefficients of multi-variable
generating functions of a meromorphic type. Indeed, since

1
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m
o [T 47 = oy - op]
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under some technical conditions, the asymptotic treatment of the coefficients in (1)) is adequate to Pemantle
and Wilson’s scheme but provided that all the exponents ny, . . ., n,, grow to infinity at a comparable rate
ie. |n| = O(n;), forall 0 < j < m. In the special case of m = 1 on the right-hand side above, the par-
tially unpublished dissertation of Lladser (L1a03) implies that the condition that ng and n; grow to infinity
at a comparable rate can be relaxed. This extension of Pemantle and Wilson’s scheme for two-variable gen-
erating functions follows from an adaptation of the coalescing saddle-point method (see (Lla06a; [L1a06b)).

To the best of our knowledge, the most general discussion of the asymptotic behavior of the coefficients
in (I) is due to Gardy (Gar95)). However the machinery developed in (Gar99) is restricted to terms f; with
non-negative Taylor coefficients. Specifically, under the additional assumption that f;(0) - f1(0) # 0 and
that n; = o(n1/\/no) for j > 1, Gardy determines the leading order asymptotic term of the coefficients
in (1) for two different regimes, namely ny = ©(ny) and ng = o(n1). The role of these hypotheses is
primarily technical: they prevent the saddle-point of the integral obtained by applying Cauchy’s formula in
to stay away from the saddle-point of integral (also obtained from Cauchy’s formula) that represents the
coefficients [ [, f;(p)" - ["°] f{". Here p is uniquely defined by the relation pfi(p)/ f1(p) = no/n1.

In this manuscript we introduce a framework that permits a systematic treatment for analyzing the asymp-
totic behavior of the coefficients in (1)) as ||n|| — oo. The special cases considered in the literature for coeffi-
cients of this sort are developed in more generality and without restricting the terms f; to have non-negative
coefficients nor the exponents ny, . .., n,, to be of the same asymptotic order. Within this framework, the
asymptotic analysis of the coefficients in () is amenable to either the non-coalescing or the coalescing
saddle-point method.

Our main result, Theorem [2.1] states that it is often possible to relate the asymptotic behavior of the
coefficients in (1)) with the asymptotic behavior of an oscillatory integral of the form

foo{em o)
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where the integration occurs over a subinterval of [—, 7| that is centered at the origin. Theorem the
accompanying result to Theorem [2.1] states that the function F', that we refer to as the associated phase
term, is a continuous function of its arguments however it is also an analytic function of §. Furthermore,
since 25 (0;n/||n||) = 0 and the R {F (6;n/|n|)} is minimized at & = 0 the asymptotic behavior of the
above integral is amenable to saddle-point methods.

Our methodology was partially developed in (LIa03) for a special cases of m = 1 and m = 2 in (IJ). The
proof of our two main results are omitted but are included in the full version of this manuscript. Further-
more, to keep the present discussion accessible for a wide audience, the application discussed in Section 3|
relies exclusively on the non-coalescing saddle-point method. The coalescing saddle-point method is rele-
vant only for Sectionf|however we do not implement it in there and rely on known results already available
in the literature. We refer the interested reader to (BESS00; BESSO1) and to Section 5.5 in (LIa03) to
complement the discussion in Section ]

In what follows it is assumed that forall 1 < 5 < m,

(H1) £;(0) # 0, and
(H2) f; is a non-constant function of z.

It should be clear that condition (H2) does not reduce the generality of our exposition. On the contrary,
while condition (H1) seems to reduce the generality of our results, this restriction is only apparent (see

Remark [2.2)).

Our main result develops from the following definition.

Definition 1.1 Given a vector d € RT‘H, we say that a point z with |z| < r is a critical point associated
with the direction d for (f1,..., fm) if

m m

[s@0 = me [TIG@, 2)
j=1 : j=

do = > d;- ACh 3)

If the maximum in is achieved only at x = z, then we say that z is a strictly minimal critical point
associated with the direction d.

Some technical remarks are worth mentioning regarding the above definition. First, observe that if 2 is
a critical point associated with d for (f1,..., f,,,) then it is also a critical point associated with ¢ - d, for
any t > 0. Therefore, without loss of generality, we may always assume that d € S''. In particular, due
to condition (H1), it follows that z = 0 is a strictly minimal critical point associated with any direction
d € S such that dg = 0. Secondly, observe that due to the maximum modulus principle, (H2) and
imply that

[T #0, )
j=1

whenever 2 is a critical point associated with some direction d for (f1, ..., fim).

Finally, we remark that the occurrence of critical points and more specifically strictly minimal points
is somewhat common in the context of combinatorial or probabilistic generating functions. In this case,
the functions f; have nonnegative coefficients implying that condition is certainly satisfied for each
z € [0,7). In particular, for all nonzero (dy, ..., d,) € R, each z € [0, r) turns out to be a critical point
associated with the direction

(do(z)7 dl, ey dm)

1(do(2), du, - )|

d(z) :=

where

_~, =)
do(Z) = Zdj fJ(Z) .

Furthermore, if there exists j such that d; > 0 and f; is aperiodic, or if there are j and & such that d;, d, > 0
and the period of f; is relative prime with the period of f, then each z € [0,r) turns out to be a strictly
minimal critical point associated with the direction d(z) for (f1,..., fim)-

J=1
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2 Main results.

Our main result is the following one.

Theorem 2.1 (Parameter-varying integral representation.) Suppose that conditions (HI) and (H2) are
satisfied, that D C ST is a compact set and that Z : D — [|z| < r] is a continuous function such that for
alld € D, Z(d) is a strictly minimal critical point associated with the direction d for (f1, ..., fm). Define

F(a;d):i.a.dozm:dj.ln{w}, (5)

j=1 1i(2(d)
and consider the shortcut notation
Z.—z <n> . (6)
|
There exists € > 0 sufficiently small such that

(a) (large exponent) for all compact sets Dy C D\ Z71{0} there exists a constant ¢ > 0 such that

[z”O]ﬁf?’=Z;° ﬁ{fxzw( [ e {cmier (020 fas o),y

—€

foralln € |n]| - Dy,

(b) (small exponent) for all set Dy C (Z71{0} +B.) N (D \ Z7{0}),

m . Z—"no m 7F n
no "_'LJ: (Z nj . X — - F 97 da 8
L = S M@y [ ew{-ml-r (o) o o

—T

Sforalln € ||n| - Dy.

The terminology of large versus small exponent is motivated by the applications of Theorem [2.1]in the
combinatorial or probabilistic setting i.e. when each f; has nonnegative coefficients. In this case, under the
hypotheses of the theorem, we must have that Z(D) C [0,7). Suppose that n € ||n|| - D as ||n|| — oo; in
particular, if Z is as defined in (€] then

©)
llnH E:: ]l fj Z)

If Z is confined to a compact set of (0,7), as ||| — oo, then asymptotics for [z"°] [/, fn] fall in the
context of part (a) in Theorem- However due to condition (H2), the right-hand side of @) vamshes only
at Z = Ounless ny = ... = n,, = 0. In either case, it follows that ng and ||n|| are of the same order.

Therefore, part (a) describes the coefficient of a relatively large power of z in H;nzl f;” . On the contrary,
if Z — 0as |[n|| — oo then asymptotics for [2"°] []7_, f; fall in the context of part (b). However, in this
case, (9) implies that ng = o(||n|)) i.e. part (b) provides information about a relatively small power of z in

[T 57

Remark 2.2 Condition (H1) in Theorem is not as restrictive as it may seem. Indeed, if k; is the degree
of vanishing of f; about z = 0 then one may rewrite f;(z) = z%i - g;(2), with g;(0) # 0. As a result,

m

(2] H f]n7 _ [ZNO*Z}":l kj”j] H g;”. (10)
=1

j=1

The asymptotic analysis of the coefficients on the right-hand side above is now amenable for Theorem [2.1]
Indeed, for all d € S, z is a strictly minimal critical point associated with d for (g1, . . ., gm) if and only

if z is a strictly minimal critical point associated with (dy + Z?Zl kidj,di,....dw) for (fi,..., fm)-
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Remark 2.3 In some situations one might be more inclined to study the asymptotic behavior of coefficients
of the form [2™°] fo(2) - [Tj=, f;” as ||n|| — oo, where fy is certain analytic function defined on the disk
[|z| < 7). In this particular setting, if one defines

A(0;d) == fo(Z2(d) - ), (11)

then the asymptotic formulae in (7)) and (8) are respectively replaced by

IR ([ i) ol -+ 0 ).
[Zno”oﬁffj ~ H{fﬂ }/ ) afeg ) o "

The above approach could be preferred, for instance, if some of the exponents n; in (I) remain constant as
|[n|| — oo. In this case, fo(z) would collect all factors associated with a constant exponent. An advantage
to this approach stems from the fact that it might be slightly simpler to find strictly minimal points associated
with directions in ST for (f1,..., fm) than in ST for (fo, f1, .-+ fm)-

Remark 2.4 It should be noted that formula (8) is not an asymptotic expansion but an equality based on
the integral representation of the coefficient [2™°] H —1 f by means of Cauchy’s formula.

Theoremwould be of no use without aditional quantitative information about the phase term F'(6;d).
The following accompanying result reveals the principal ingredients required to determine uniform asymp-
totic expansions (via non-coalescing or coalescing saddle-point methods) for the integral terms appearing

in (@), @), (12) and (13).

Theorem 2.5 (Associated phase term properties.) Under conditions (H1) and (H2) it follows that for all
open disk © C C centered at the origin there exists an open disk B C © centered at the origin such that
F(0;d), as defined in (@, is a continuous function over the set

A= (©x Z7'B)U (B xD).
Furthermore,
(a) ford € D, F(0;4d) is an analytic function of 0 such that F(0;d) = %—?(0; d) =0,
(b) for (0;d) € A suchthat§ € R\ {0} and d ¢ Z~1{0}, the R{F(6;d)} > 0,
(¢) F(6;d) = Z(d) - G(0;d), for a certain continuous function G(0; d) defined over A, and

(d) for (0;d) € A such that d € Z-{0}, G(6;d) = 2Z(0,0;d) — 0 - 1L (0,0;d), where
‘ ¢ f—(z-e“’)}
H(,zd :=z~9-d—§ d--ln{J .
( ) 0 = J fJ(Z)

3 Application: Coefficients of a tri-variate generating function

From a set of cardinality k a collection of n disjoint pairs is named. Let ¢(n, k, t) be the number of subsets
of cardinality ¢ that fail to contain all of the pairs as subsets. By definition ¢(n, k,t) = 0 for 2n > k. On
the other hand, a simple inclusion-exclusion argument shows for 2n < k that

c(n, k,t) = g(—l)iG) (IZ:QQZZ)

where it is understood that (;) = O unless 0 < 5 < 4. Following the lines of (PWO05) in Section 4.10,

observe that
Z n k — 21 ,’1777’ kztwi . 1 1
i)\t —2i)"Y S l-y(l42) 1—ay?(1+22+ (1 +w)22)’

n,i,k,t:2n<k
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In particular, by letting w = —1, we see that

n, k. _t __ 1 1

C(z,y,z2) = c(n, k, )z y* 2 = . .
(z,y,2) nk%gk( )"y 1—y(l+2) 1—ay?2(1+22)

(14)

Up to notational modifications, the coefficients of C(z,y, z) are analyzed in (PW03)) for some special
cases where n, k and ¢ blow up to infinity at a comparable rate. These coefficients are also analyzed
in (LPST06) for a special case where n and k blow up to infinity at a comparable rate, however, ¢ grows
sub-linearly with k. The discussion that follows extends the asymptotic analysis in (PW03) and (LPST06).

The connection between the coefficients of C'(z,y, z) and the discussion in the previous two sections
is revealed in the following lemma. Its proof can be found in (LPST06) and follows by two consecutive
applications of the geometric series.

Lemma 3.1 If2n < k, then [z"y*2!]| C(x,y, 2) = [2!] (1 + 2)*72"(1 + 22)™.

In what follows, it is assumed that 2n < k. In R3 consider the norm ||d|| := |do| + |d1| + 2|d2|, where
d = (do,dy, dy); in particular, S3 := {d € R} : dy + di + 2d> = 1}. Define I to be the set of elements
d € S? for which there exists a strictly minimal critical point associated with d for (1 + 2,1 + 2z). An
explicit description of D is revealed by the following result.

Lemma3.2 D={d e Si 2 dy + dy > do} and, the transformation Z : D — R defined as

Z(d) = 2do
" dy 4 2dy — 3do + /(d1 + 2da — 3dp)2 + 8do(dy + da — do)

15)

is such that for all d € D, Z(d) is a strictly minimal critical point associated with d for (1 + z,1 + 2z).
Furthermore,
Z7H0} ={d e R? : dy = 0and dy +2dy = 1}. (16)

Proof: Since f1(z) := 1+ z and fa(z) := 1+ 2z are aperiodic polynomials with non-negative coefficients,
strictly minimal critical points associated with any direction for (f1, f2) must lie in R. In particular, for
afixedd € Si, z is a strictly minimal critical point associated with d for (f1, f2), provided that it is a
solution of the equation
d12 2d22
= , > 0. 17
1+2 + 1+ 22 “= 17
We claim that the above equation has at most one solution. To show this, and since the above equation
has no solution if d € Si is such that d; = da = 0, we may assume without loss of generality that d; # 0
or dy # 0. Given any such d € S2, suppose that z > 0 is a solution of . Then, since z/(1 + z) and
2z/(1 + 2z) are strictly increasing functions of z > 0, it follows for 0 < z; < z < z that

do

dlzl 2d221 < d12 2d22 - < dle 2d22’2
T+2  1+22 142z 142z 0 14z 142z

This shows our first claim.
Next, we claim that D C {d € Si : dy +dy > dy}. We show this by contradiction. Indeed, if
di +ds < dp and had a solution z then

dlz 2d22
di +dy < dgy = .
R I s
In particular,
dq ds

<0
1—|—z+1+22_

Since d € S2, the above implies that dy = 1 and d; = do = 0. This is inconsistent with lb which would
imply that dy = 0. Therefore, D C {d € S% : dy + d > do} as claimed.

Finally, we show that {d € Sﬂ_ :dy +ds > dp} C D. As a matter of fact, observe that the solutions
of coincide with the solutions of

2(dy +dg — do)z* + (dy +2dy — 3do)z —dg =0, 2z >0.
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Since for dy + dy > dy,

L \/(d1 + 2dy — 3d0)2 + 8d0(d1 +dy — do) - (dl + 2dy — 3d0) (18)
4(dy + do — dp)

is a solution to the above equation, the claim follows. This in turn implies that D = {d € Si tdy +do >
dp}. Furthermore, since equation has at most one solution, it follows that z, as defined in , is
a a strictly minimal critical point associated with d for (f1, f2). The lemma follows by noticing that the
conjugate expression of coincides with the definition of Z(d) in . O

As a first application of Theorem consider a fixed compact set K € D\ Z71{0}. According to
Lemma if 2n < t then [z"y* 2] C (2,9, 2) = [2!] (14+2)*~2"(1422)". In particular, using Lemma
and part (a) in Theorem 2.1} it follows that for all sufficiently small € > 0 there exists a constant ¢ > 0 such
that

[y 2] Cla,y,2) = 271+ 2)F 72014 22)" - (L(n k) + O(eTIEE=2mmlke) ) - (19)

for all (n, k,t) such that 2n < k and (¢, k — 2n,n)/||(t,k — 2n,n)|| € Kas || (¢, k — 2n,n)|| — oo, where

(t,k —2n,n) ) ot
Z = Z = 20
((t,k—%,n)ll k—3t++/(k—30)2+8t(k—n—t) @0
1 [ tk—2
Lnkt) = - _exp{—||<t,k—2n,n)||~F(9;M)}de, @1
1+ Z(d)e® 1+ 22(d)e?
F(0;d) = i~d0-9—d1~ln{;_é(()f)}—d2~ln{;2;z(()f)}, 22)
_ Z(a) d 2dsy ,
= {(1+Z(d))2+(1+22(d))2}9 T 23)

Using the quantitative properties stated for F'(6;d) in Theorem one may analyze the asymptotic be-
havior of I.(n, k, t) by means of the non-coalescing saddle-point method. Our findings are summarized in
the following result.

Corollary 3.3 Let § € (0,1). If (n, k,t) is such that 2n < k, (1 4+ )t +n < (1 =)k, and k = O(t) as
t — oo then

- G Tl ¢ - s LT R ¥ L G ) om 2
[z"y"2' ] C = Ner: .{(1—|—Z)2+(1+QZ)2} (I+0(1). @4

Proof: Observe that (1 + §)t + n < (1 — )k is equivalent to ¢ + §||(t, & — 2n,n)|| < (k — 2n) + n.
As aresult, if ¢ # 0 and o > 0 is such that £ < «t then (¢, k — 2n,n)/||(¢t,k — 2n,n)|| € K, where
K:={d €S2 :1/(1+a) <dy < (di +dz) — &} is a compact set. On the other hand, Lemmaimplies
that K € D\ Z71{0}. Since ||(¢,k — 2n,n)| = (k+t) — oo as t — oo, formula applies for the
regime of Corollary[3.3|if « is the multiplicative constant in k = O(t).

According to Theorem there exists an open disk B C C centered at the origin such that F'(6;d) is
continuous for (#;d) € B x K and analytic for § € B. Without loss of generality assume that ¢ in is
such that [—¢, €] C B. Since, ford € K, Z(d) # 0, we see from that

10°F, . Z(d) d 2d
a0 ) == {(14—Zl(d))2+(1+222(d))2}'

(25)

Since the above quantity is strictly positive for d € K, F(6; d) vanishes to constant degree 2 about § = 0
for all d € K. This motivates us to consider the transformation

2 1/2 F(o;d) - L2E0:d) - 02"
T:¢(9;d)::9~{laF(0;d)} ~<1+ O:d) = o1 o (0:) ) :

PINGIE

where the square-roots are to be interpreted in the principal sense. The above transformation is a well-
defined continuous function of (6;d) € B x K and analytic function of § € B provided that the disk B is
chosen with a sufficiently small radius. Indeed, for a sufficiently small radius, one can warranty that for all
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d € K, ¢(6;d) is a 1-to-1 analytic function of § € B. Furthermore, since ¢(0; d) = 0 and, using that K is
compact,

9¢

—(0;d)| > 0,

0

Kébe 1/4-Theorem implies that there exists a radius p > 0 such that, foralld € K, [|7] < p] C ¢(B;d). On

the other hand, since for each d € K, ¢~!(7;d) is a 1-to-1 analytic function of 7 such that ¢=1(0;d) = 0

and .
%(O;d)’ =

T

inf
dek

1

sup %(0; d)

inf ‘
dekK

>0,
dekK

Kébe 1/4-Theorem implies that there exists a radius 6 > 0 such that, for all d € K, [|0] < §] C ¢~ 1([|7| <
p]; d). Summarizing, we have shown that there exist 4, p > 0 such that, for all d € K, ¢([|f| < d];d) C
[I7] < p] C ¢(B;d). Assume without loss of generality that € < 4. In particular, if (n, k, ) is such that
d=(t,k —2n,n)/||(t, k — 2n,n)|| € K then, by substituting 7 = ¢(; d) in (21), it follows that

Lnkt) = o [ T e L] ar 6)
U 2w Jyeay or ’ ’

uniformly for (¢,k — 2n,n)/||(t,k — 2n,n)|| € K. Furthermore, since ¢ < ¢, the integrant above is an
analytic function of 7 for |7| < p and hence the line integral above is path independent. On the other hand,
observe that if 7 = ¢(&¢;d) then R{7%} = R{F(+e;d)}. Since K is a compact subset of D \ Z71{0},
Theorem [2.5|implies that

inf +e;d))?} = inf R{F (e d .
Inf R{(¢(+€;d))"} = inf R{F(£e;d)} >0
Consequently, according to the saddle-point method, the asymptotic behavior of the integral in (26) is, up to
an exponentially decreasing term, equivalent to the asymptotic behavior of the same line integral but with
the contour of integration replaced by a small real-neighborhood of 7 = 0. More specifically, since

o 1, C(rerr, 7V
Sl —{GgEea)

T

it follows that

19°F TR g e 2
_ - . L —(k+t)-T .
IG(TL, kat) {2! 962 (Ovd)} 27 /_OO ¢ dr (1 + 0(1))7
1 02F A 1
_Jr . (14 0(1).
{21 06? (O’d)} N7 g o)
The corollary follows from (I9) and (25). o

The second application of Theorem is concerned with the asymptotic behavior of [z"y*2!] C for
(n, k,t) such that (¢,k — 2n,n)/||(¢, k — 2n,n)| € D however (¢, k — 2n,n)/| (¢, k — 2n, n)| approaches
to the set Z71{0} as ||(t, k—2n, n)|| — oo. In this case, part (b) in Theorem2.1]and part (c) in Theorem[2.5]
imply that

[t"yf 2| C = Z7H 1 + 2)F 2 (1 +22)" - I(n, k, t), (27)
where
L e k2 2. (o =2
I(n,k,t) = o 7rexp{ I(t,k —2n,n)| - 2 G(G, ||(t,k:—2n,n)||>}d9’ (28)
_ _ 1 dy 2ds 9
G(0;d) = 2{(1+Z(d))2+(1+22(d))2}0 + ... (29)

and Z is as defined in . Observe that if Z — 0 as ||(¢, k —2n,n)|| — oo then the coefficient [z"y*2!] C
exposes a phase transition when || (¢, k — 2n,n)|| - Z goes from a bounded quantity to an unbounded one.
The properties specified for G(6; d) in Theorem lets us obtain the following result.
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Corollary 3.4 If (n, k,t) is such that 2n < k and t = O(1) as k — oo then

t

k
[2"y" 2" C(2,y, 2) = o (L+o(1). (30)
If (n,k,t) is such that 2n < k and t = o(k) as k — oo and t — oo then

Z7H1 + Z)k_Q"(l +22)"
V21t

Proof: Lemmairnplies that Z=1{0} = {d € S% : dy = Oand dy + 2d; = 1}. Observe that in the
context of formulae and , t = o(k); in particular, since 2n < k, t < k — n for all k sufficiently
large. Thus, for k large, Lemma [3.2] implies that (¢, k — 2n,n)/||(t,k — 2n,n)| € D. In addition, since
t/||(t, k —2n,n)|| =t/(t+ k) — 0as k — oo, it follows that (¢, k — 2n,n)/||(t, k — 2n, n)|| approaches
the set Z=1{0} as k — oco. All this implies that the asymptotic formula in (27) applies for all & sufficiently
large. On the other hand, part (d) in Theoremimplies that G(0;d) = (dy + 2ds) - (1 + 46 — €?) =
(1440 — €'?), forall d € Z71{0}. As a result,

(t,k —2n,n)
1(t, k = 2n,n)||

2"y 2" C(a,y,2) =

(14 0(1)). 31

Jim G (9 ) = (146 — "), (32)
and the above limit is uniform for all § € [—, 7]. Furthermore, since ¢ = o(k) then, using , it follows
that Z = t/k- (1 + o(1)) as k — oo. As aresult, since ||(t,k — 2n,n)|| = (k+t) = k- (1 4 o(1)), the
condition that ¢ = o(k) implies

(t,k —2n,n) ) 0
Itk —2n,n)||- Z-G (0; =t-(1+i0—¢")-(1+0(1)),
1t k= 2n,n)]|
as k — oo, uniformly for all § € [—m, 7].
If t = O(1) as k — oo then, in particular, ¢ = o(k). As a result, we may use the above asymptotic
formula in (27) to obtain that

[xnykzt]c -z t +Z)k 2n(1+22) 1 /7r o t(1+i0—e'")-(1+0(1)) 49
o r ’
k 1
= <6> { g t(tio—c! d9—|—0(1)}~(1—|—0(1)),
t 2
ke 1 t(z 1)
- <t> {gﬁ L, ol >}-<1+o<1>>,
k-e 1/t
- (t) {t' <€> +O )}(1+0(1)),
= ]:;— (14 0(1)).
This shows (30).

Finally, we consider the case where (n, k, t) is such that 2n < k and ¢t = o(k) as k,t — oo. Since t =
o(k) then ||(t, k—2n,n)||-Z = t-(1+t/k)-(14+0(1)) > t(140(1)); in particular, || (¢, k—2n,n)||- Z — oo.
On the other hand, using (32), it follows that

] ~ (t,k—2n,n) .
i {6 (0 =g ) =1 e

uniformly for all # € [—m,x]. In particular, under the regime we are considering, it follows that for all
sufficiently small € > 0 there exists a constant 7y > 0 such that

e (t,k —2n,n) _
I(n,k,t) = — —(k+1t)-Z-G (0, —————_ ) L df+ O(e” FFDE7),
it = [ o {-te+0- 20 (s oo :
To analyze the asymptotic behavior of the integral above, observe that from (29) it follows that

1 0%G 1 ds 2ds
7o 00 = 3| T s@p * wres@r )
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In particular, G (6; d) vanishes to constant degree 2 about § = 0 for all d € D sufficiently close to Z~1{0}.
By repeating the argument used to show Corollary [3.3] it follows this time that

(182G (. (tk—2n,m) \) 1 1 (bt 2o
N b =) '2m'<1+0<1>>+0<6 s,

The asymptotic formula in follows from and (32). This completes the proof of the corollary. O

4 Application: Core size of planar maps

To end our manuscript we would like to emphasize that the methodology we have provided can also deal
with the occurrence of factors with negative Taylor coefficients in (I). To fix ideas consider the probability
Pn,k that a non-separable rooted map with (n + 1)-edges has a 3-connected non-separable rooted sub-map
with (k + 1)-edges. The asymptotic behavior of coefficients like these is exhaustively studied in (BFSSOI))
as part of a more general apparatus developed by Banderier et al to study the connectivity properties of the
root of a random planar map.

Let M,, be the number of non-separable rooted maps with (n + 1)-edges and Cj, the number of 3-
connected non-separable rooted maps with (k + 1)-edges. It follows from Tutte’s work that

k-G

= oo IR ),

Pn,k

where ¢(z) := (1 + 2)% and ¥(2) := z(1 — 2). Since the coefficients Cj and M,, are of a Lagrangean type
their asymptotic behavior can be determined using singularity analysis (FO90). Hence asymptotics for p,,
are reduced to asymptotics for [2"1]¢(2)"(2)*~19’(2) as n, k — oo. Using the non-coalescing version
of the saddle-point method Banderier et al (BESS00) obtain asymptotic formulae for p,, ;, for the central
region k = n/3. On the contrary, the coalescing saddle-point method must be used to study the asymptotic
behavior of these coefficients in the central region with scaling window of size /3, namely when k and n
satisfy an asymptotic relation of the form

k— 2 =0(n3). (33)

w

For this regime, the leading asymptotic term of the integral obtained by representing p,, ;. via Cauchy’s
formula corresponds to the occurrence of two simple-saddles that coalesce at z = 1/2 as n — co. Banderier
et al obtain for all finite real numbers a < b that

1 4/3 4/3 k—
lim sup n2/3.pnk_76.37..,4 377”/3 =0, (34)
(n,k)—o0 a< k—n/3 <b ’ 81 4 4 n2/3

=7 373 =

where A(z) := 2¢72*"/3 (z - Ai(z?) — Ai'(2?)) is the density of the map-Airy distribution and Ai(z) is
the Airy function (see (BESS00) for more details).

The end of our manuscript is devoted to show how the above analysis would fit in our framework. For
this observe that

"0 () 1 (2) = [N+ 2 (= ) =2l (2 (- ), G9)

where ng := (n—k), fi1(z) := (1+2),n1 := 3n, fa(z) := (1—z) and ny := (k—1). In what follows we use
|| -||oo as the reference norm; in particular, S2. = {d € R3 : 0 < min{dp, d1,d>} < max{dy,dy,d>} = 1}.
Notice that for the regime in (33)), [|(r0, 71, 122) || oo = 3n and (ng, n1,n2) ~ n-(2/3,3,1/3). In particular,
under the restriction imposed by (33) it applies that

2 1
lim _(no,ni,ne) Z1,- ). (36)
n—oo |[(ng, N1, M2 || 9° 9

Furthermore, observe that the above limit belongs (D N 9D), where I is the set defined as
D:={deS%:d; =1and (di —d2)* > 4do(d1 + do — do)} \ {(0,1,1),(1,1,0)}.

The link between the Airy phenomena as described by Banderier et al and our framework is revealed by the
following result.
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Lemma 4.1 The transformation Z : D — R defined as

_ 2d
R TR ERY Ty e Ty

is such that for all d € D, Z(d) is a strictly minimal critical point associated with d for (1 + z,1 — z).
Furthermore,

0’F
962
for all d € D with equality only for d such that dy = 0 or (dy — d2)? = 4do(dy + da — dp).

(0:d) >0

Proof: Set f1(z) := 1+ z and f3(2) := 1 — 2. Consider d = (dy, d1,dz2) € D; in particular, d; = 1 and
dy < 1. Furthermore, 2dy < (1 — \/d3)? or 2dy > (1 + y/d2)? and if either of these inequalities is indeed
an equality then d € dD. In what follows it is assumed that 2dy < (1 — v/d2)?. The proof of the lemma
for the other case is similar and left to the reader.

In order for z to be a critical point associated with d for (f1, f3) it is necessary that dy = d1z/(1 + 2) —
daz/(1—z). A straightforward calculation shows that z = Z(d) is a non-negative solution of this equation.
On the other hand, by reducing to polar coordinates, one determines for > 0 that | f;(2)|% | f2(x)|% has
x = r as its unique maxima on the circle |z| = r provided that

1—d2> 2r
1+dy = 1472

(37

Solving for the above mequahty in terms of the variable r, one sees that the condition r < (1 —+/d2)/(1 +

V/dy) is sufficient for (37) and that the above inequality is strict unless 7 = (1 — 1/d2)/(1 + V/d2). In
particular, since

Z(d) < (- va) ,
1—d2—|—\/(1—d2)2—4d0(1+d2—d0)
11— 1 —dy
T 14 Vd 1—dy+ /(1 —d2)? —Ado(1 + d3 — do)
< L= Vi,
— 1+\/£7

it follows that Z(d) is a strictly minimal simple point associated with d for ( f1, f2). The above shows in
particular that Z(d) < 1. In addition, since

0*F (1—dg)Z(d) 1 —Vdy 1+ /do
0;d ——= | Z(d Z(d
592( )= 2(1—Z(d)2)2< =g )( (d) - 1—\/d)’
it also follows that %95 (0;d) > 0. Furthermore, & 692 £(0;d) = 0 if and only if Z(d) = 0 or Z(d) =

(1 — V/d2)/(1 + +/d3). The first condition is equivalent to having dy = 0. The second condition is
equivalent to having 2do = (1 — \/d2)? which in turn implies that d € dD. This completes the proof. O

With the aid of the above lemma and of theorems [2.1) and 2.5] we see from (33) that the asymptotic
behavior of [2"~1]¢(2)")(2)*~14’(z) can be reduced to the one of an oscillatory integral provided that
n — oo and that for all n sufficiently large,

(n—kj,l,k—1> cD.
3n 3n

Indeed, as it follows from the proof of the Lemma [.1] the above condition is equivalent to request that

1 < k < n and that
2 2
2(n—k) k-1 2(n—k) k-1
= < |1- -~ >11
3n ( 3n> or 3n - + 3n

The regime in (33) is a particular instance of the left-hand side above. In terms of our framework, the
occurrence of the Airy function in is due to and the fact that

1.2 1
Flol12) =8, 094
9°9) 81
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The local limit in (34) results from part (a) in Theorem [2.1 and from a second-order asymptotic expansion
(obtained using the coalescing saddle-point method) of the integrals associated with the two terms on the
right-hand side of . The need for second-order expansions is because the factor ¢’'(z) = 1 — 2z on the
right-hand side of (35)) cancels out at z = Z(1/9,1,2/9) = 1/2.
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