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Let G be a simple graph with a perfect matching. Deng and Zhang showed that the maximum anti-forcing number of G is no more
than the cyclomatic number. In this paper, we get a novel upper bound on the maximum anti-forcing number of GG and investigate the
extremal graphs. If G has a perfect matching M whose anti-forcing number attains this upper bound, then we say G is an extremal
graph and M is a nice perfect matching. We obtain an equivalent condition for the nice perfect matchings of G and establish a
one-to-one correspondence between the nice perfect matchings and the edge-involutions of GG, which are the automorphisms « of
order two such that v and «(v) are adjacent for every vertex v. We demonstrate that all extremal graphs can be constructed from
K by implementing two expansion operations, and G is extremal if and only if one factor in a Cartesian decomposition of G is
extremal. As examples, we have that all perfect matchings of the complete graph K>, and the complete bipartite graph K, ,, are
nice. Also we show that the hypercube (), the folded hypercube F'Q),, (n > 4) and the enhanced hypercube Q,,,x (0 < k < n—4)

have exactly n, n + 1 and n + 1 nice perfect matchings respectively.
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1 Introduction

Let G be a finite and simple graph with vertex set V(G) and edge set F(G). We denote the number of vertices of G by
v(@), and the number of edges by e(G). For S C E(G), G — S denotes the subgraph of G with vertex set V(G) and
edge set E(G) \ S. A perfect matching of G is a set M of edges of G such that each vertex is incident with exactly
one edge of M. A perfect matching of a graph coincides with a Kekulé structure in organic chemistry.

The innate degree of freedom of a Kekulé structure was firstly proposed by [Klein and Randi¢| (1987) in the study
of resonance structure of a given molecule in chemistry. In general, |Harary et al. (1991) called the innate degree of
freedom as the forcing number of a perfect matching of a graph. The forcing number of a perfect matching M of a
graph G is the smallest cardinality of subsets of M not contained in other perfect matchings of G. The minimum forcing
number and maximum forcing number of G are the minimum and maximum values of forcing numbers over all perfect
matchings of G, respectively. Computing the minimum forcing number of a bipartite graph with the maximum degree
three is an N P-complete problem, see |Afshani et al.[|(2004). As we know, the forcing numbers of perfect matchings
have been studied for many specific graphs, see |Adams et al.[(2004)); Che and Cheng (2011);{Jiang and Zhang| (2011}
2016); Lam and Pachter| (2003)); Pachter and Kiml (1998)); |Shi and Zhang| (2016));|Zhang and Deng| (2015)); Zhang et al.
(2010L|2015); |Zhao and Zhang| (2016)).

Vukiéevi¢ and Trinajstic¢|(2007) defined the anti-forcing number of a graph as the smallest number of edges whose
removal results in a subgraph with a unique perfect matching. Recently |Lei et al.| (2016) introduced the anti-forcing
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number of a single perfect matching M of a graph G as follows. A subset S C FE(G) \ M is called an anti-forcing
set of M if G — S has a unique perfect matching M. The anti-forcing number of a perfect matching M is the
smallest cardinality of anti-forcing sets of M, denoted by af(G, M). Obviously, the anti-forcing number of G is the
minimum value of the anti-forcing numbers over all perfect matchings of G. The maximum anti-forcing number of G
is the maximum value of the anti-forcing numbers over all perfect matchings of GG, denoted by Af(G). It is an N P-
complete problem to determine the anti-forcing number of a perfect matching of a bipartite graph with the maximum
degree four, see Deng and Zhang| (2017a). For some progress on this topic, see refs. |Vukicevi¢ and Trinajstic| (2008));
Che and Cheng (2011); [Deng| (2007, 12008); Deng and Zhang| (2017alblc); |Lei et al.| (2016); |Li| (1997); Shi and Zhang
(2016);|Yang et al.|(2015b); Zhang et al.| (201 1)).

For a bipartite graph G, [Riddle] (2002) proposed the trailing vertex method to get a lower bound on the forcing
numbers of perfect matchings of G. Applying this lower bound, the minimum forcing number of some graphs have
been obtained. In particular, Riddle| (2002) showed that the minimum forcing number of @Q,, is 272 if n is even.
However, for odd n, determining the minimum forcing number of (), is still an open problem. For the maximum
forcing number of @),,, Alon proved that for sufficiently large n this number is near to the total number of edges in a
perfect matching of @Q,, (see Riddle| (2002)), but its specific value is still unknown. Afterwards, Adams et al.| (2004)
generalized Alon’s result to a k-regular bipartite graph and for a hexagonal system, a polyomino graph or a (4, 6)-
fullerene, | Xu et al.| (2013); Zhang and Zhou| (2016); [Shi et al.[|(2017) showed that its maximum forcing number equals
its Clar number, respectivey. For a graph G with a perfect matching, [Lei et al.|(2016) connected the anti-forcing number
and forcing number of a perfect matching of G, and showed that the maximum forcing number of G is no more than
Af(G). Particularly, for a hexagonal system H, [Lei et al.| (2016) showed that Af(H) equals the Fries number (see
Fries| (1927)) of H. Recently, see |Shi et al.| (2017), we also showed that for a (4, 6)-fullerene graph G, Af(G) equals
the Fries number of G.

The cyclomatic number of a connected graph G is defined as r(G) = e(G) — v(G) + 1. Deng and Zhang|(2017¢)
recently obtained that the maximum anti-forcing number of a graph is no more than the cyclomatic number.

Theorem 1.1 (Deng and Zhang|(2017c)). For a connected graph G with a perfect matching, Af(G) < r(G).

Deng and Zhang| (2017c)) further showed that the connected graphs with the maximum anti-forcing number attain-
ing the cyclomatic number are a class of plane bipartite graphs. In this paper, we obtain a novel upper bound on the

maximum anti-forcing numbers of a graph G as follows.

Theorem 1.2. Let G be any simple graph with a perfect matching. Then for any perfect matching M of G,

2¢(G) — U(G).

af(G.M) < AF(G) < 7

ey

In fact, this upper bound is also tight. By a simple comparison we immediately get that the upper bound is better
than the previous upper bound r(G) when 3v(G) < 2e(G) + 4. In next sections we shall see that many non-planar
graphs can attain this upper bound, such as complete graphs Ks,,, complete bipartite graphs K, ,,, hypercubes @, etc.

We say that a graph G is extremal if the maximum anti-forcing number A f(G) attains the upper bound in Theorem
[[.2] that is, G has a perfect matching M such that both equalities in (I)) hold. Such M is said to be a nice perfect
matching of G. In Section 2, we give a proof to Theorem obtain an equivalent condition for the nice perfect
matchings of GG, and establish a one-to-one correspondence between the nice perfect matchings of G and the edge-
involutions of GG. In Section 3, we provide a construction of all extremal graphs, which can be obtained from Ky
by implementing two expansion operations, and show that such a graph is an elementary graph (each edge belongs
to some perfect matching). In Section 4, we investigate Cartesian decompositions of an extremal graph. Let *(G)
denote the number of nice perfect matchings of a graph G. For a Cartesian decomposition G = G10---OGy, we
obtain &*(G) = Zle ®*(G;). This implies that a graph G is extremal if and only if in a Cartesian decomposition

of GG one factor is an extremal graph. As applications we show that three cube-like graphs, the hypercubes (),,, the
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folded hypercubes F'(),, and the enhanced hypercubes (), ;, are extremal. In particular, in the final section we prove
that @, has exactly n nice perfect matchings and Af(Q,) = (n — 1)2"2, FQ,, (n > 4) has exactly n + 1 nice
perfect matchings and Af(FQ,) = n2"~2, and for 0 < k < n — 4, Q,, 4 has n + 1 nice perfect matchings and
Af(Qnx) = n2"~2 We also show that F'Q),, is a prime graph under the Cartesian decomposition.

2 Upper bound and nice perfect matchings
2.1 The proof of Theorem[1.2

Let G be a graph with a perfect matching M. A cycle of G is called an M -alternating cycle if its edges appear
alternately in M and E(G) \ M. If G has not M-alternating cycles, then M is a unique perfect matching since the
symmetric difference of two distinct perfect matchings is the union of some M -alternating cycles. So M is a unique
perfect matching of G if and only if G has no M -alternating cycles. Lei et al. obtained the following characterization
for an anti-forcing set of a perfect matching.

Lemma 2.1 (Lei et al.| (2016)). A set S C E(G) \ M is an anti-forcing set of M if and only if S contains at least one
edge of every M -alternating cycle of G.

A compatible M -alternating set of G is a set of M -alternating cycles such that any two members are either disjoint
or intersect only at edges in M. Let ¢/(M) denote the maximum cardinality of compatible M -alternating sets of G. By
Lemma [2.1] the authors obtained the following theorem.

Theorem 2.2 (Lei et al{(2016)). For any perfect matching M of G, we have af(G, M) > ¢/ (M).

Fig. 1. A perfect matching M of Q3 (thick edges) and an anti-forcing set S of M (“x”).

In general, for any anti-forcing set S of a perfect matching M of G, the edge set E(G) \ (M U S) may not be an
anti-forcing set of M (see Fig. [I). However, for any minimal anti-forcing set in a bipartite graph, we have Lemma[2.3]
Here an anti-forcing set is minimal if its any proper subset is not an anti-forcing set. Recall that for an edge subset F/
of a graph G, G[E] is an edge induced subgraph of G with vertex set being the vertices incident with some edge of F
and edge set being E.

Lemma 2.3. Let G be a simple bipartite graph with a perfect matching M, and S a minimal anti-forcing set of M.
Then S* := E(G) \ (M U S) is an anti-forcing set of M.

Proof: Clearly, M is a perfect matching of G[M U S]. It is sufficient to show that G[M U S] has no M -alternating
cycle by Lemma By the contrary, we suppose that C'is an M -alternating cycle of G[M U S]. Then the edges of
C appear alternately in M and S. Let E(C) NS = {ey,eq,...,ex} (see Fig. for k = 3). Since S is a minimal

anti-forcing set of M in G, the subgraph G — (S \ {e;}) has an M -alternating cycle C; such that E(C;) N S = {e;},
k
i=1,2,...,k Then G — S has a closed M -alternating walk W = G[|J (E(C;) \ {e;}) as depicted in Fig. [2| Since

i=1
G is a bipartite graph, W contains an M -alternating cycle C’. So G — S has an M-alternating cycle C”. This implies
that S is not an anti-forcing set of M, a contradiction. So S™ is an anti-forcing set of M. O

Let X and Y be two vertex subsets of a graph G. We denote by E(X,Y) the set of edges of G with one end in
X and the other end in Y. The subgraph induced by F(X,Y"), for convenience, is denoted by G(X,Y"). For a vertex
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Fig. 2. Example of k = 3.

subset X of G, G[X] is a vertex induced subgraph of G with vertex set X and any two vertices are adjacent if and only
if they are adjacent in G. The edge set of G[X] is denoted by F(X).

Proof of Theorem[1.2] For any perfect matching M of G, let A be a vertex subset of G consisting of one end vertex for
each edge of M, A := V(G) \ A. Then G’ := G(A, A) is a bipartite graph and M is a perfect matching of G’. Let S
be a minimum anti-forcing set of M in G’. By Lemma.3] 5* := E(G’) \ (M U S) is an anti-forcing set of M in G’
So both S U E(A) and S* U E(A) are anti-forcing sets of M in G. Hence

0(G)

2af(G,M) < |SUE(A)|+|S* UE(A)| = e(G) — |[M| = ¢(G) — 5

Then af (G, M) < M. By the arbitrariness of M, Af(G) < w. O

For any perfect matching M of a complete bipartite graph K, ,,, (m > 2), any two edges of M belong to an

M -alternating 4-cycle. Since any two distinct M -alternating 4-cycles are compatible, ¢/ (M) > () = m22_ ™ By
Theorems and we obtain af (K m, M) = sz_m = Af(Km,m). Let M’ be any perfect matching of a
complete graph K5,,. For any two edges e; and es of M, there are two distinct M’-alternating 4-cycles each of which
simultaneously contains edges e; and es. So af(Ka,, M') > ¢/ (M') > (g) x 2 =n? —n. By Theorem we know
that a f(K2n, M') = Af(K2,) = n? — n. Hence every perfect matching of K, , and Ks,, is nice.

Recall that the n-dimensional hypercube @), is the graph with vertex set being the set of all 0-1 sequences of length
n and two vertices are adjacent if and only if they differ in exactly one position. For z € {0,1}, set Z := 1 — . The
edge connecting the two vertices x1 -+ - T;—12;Ti41 - Tp and 1 - - - T;_1T;X;41 - - - Ty, of @y, is called an i-edge of
Qn. We denote by E; the set of all the i-edges of @, 7 = 1,2,...,n. In fact, E; is a O¢, -class of Q),,. We can show
the following result for Q,,.

Lemma 2.4. O -class E; of Q, is a nice perfect matching, that is, af (Qn, E;) = Af(Qn) = (n —1)2"~2

Proof: It is sufficient to discuss F;. Clearly, F; is a perfect matching of @,,. For vertices z = z129-- -z, and y =
Z1Ts - - - Ty, the edge vy € Fq belongs ton—1 Fj-alternating 4-cycles. Over all edges of E'p, since each E'-alternating
4-cycle is counted twice, there are % = (n — 1)2"~2 distinct F;-alternating 4-cycles in Q,,. Since any two
distinct E -alternating 4-cycles are compatible, ¢/ (Ey) > (n — 1)2" 2. So af(Qn, E1) > ¢/(Ey) > (n — 1)2" 2 by

Theorem Since Af(Q,) < (n—1)2"2 by Theorem af(Qn, B1) = Af(Q,) = (n —1)2772, O
The above three examples show that the upper bound in Theorem [I.2]is tight.

2.2 Nice perfect matchings

In the following, we will characterize the nice perfect matchings of a graph. The set of neighbors of a vertex v in G is

denoted by N¢(v). The degree of a vertex v is the cardinality of N¢(v), denoted by dg (v).



Tight upper bound on the maximum anti-forcing numbers of graphs 5

Theorem 2.5. For any perfect matching M of a simple graph G, M is a nice perfect matching of G if and only if for
any two edges ey = xy and ea = wv of M, zu € E(G) if and only if yv € E(G), and zv € E(Q) if and only if
yu € E(G).

Proof: Here we only need to consider simple connected graphs. To show the sufficiency, we firstly estimate the value
of ¢/ (M) for such perfect matching M of G. Let ¢, (M) be the number of M -alternating 4-cycles that contain edge
wz. Since for any two edges e; = zy and e2 = uv of M, xu € E(G) if and only if yv € E(G), and zv € E(G)
if and only if yu € E(G), ¢,,,(M) = dg(w) — 1 = dg(z) — 1 for any edge wz of M. Obviously, any two distinct
M -alternating 4-cycles are compatible. Then

> (M)

wzeM

2

wzeM

c'(M)

Y
NI= D

[(da(w) =1) + (da(z) = 1)]

2 )
> 3(da(w) —1)

weV (G)

By Theorems|1.2]and2.2] ¢ (M) < af(G, M) < Af(G) < 22924 5o af (G, M) = 249D hais, M
is a nice perfect matching of G.

Conversely, suppose that M is a nice perfect matching of G. Let A be a vertex subset of G consisting of one
end vertex for each edge of M and A := V(G) \ A. Then (A, A) is a partition of V(G). Given any bijection
w: M — {1,...,|M|}, we extend weight function w on M to the vertices of G: if v € V(G) is incident with e € M,

then w(v) := w(e). This weight function w gives a natural ordering of the vertices in A (A). Clearly, if e = zy € M,
then w(x) = w(y), otherwise, w(z) # w(y). Set

EY :={zy € E(G) :w(z) > w(y),r € Aand y € A},

EY:={zy € E(Q) :w(z) <w(y),z € Aand y € A}.

Since G — E4 U E(A) has a unique perfect matching M, EY U E(A) is an anti-forcing set of M in G. Similarly,
E% U E(A) is also an anti-forcing set of M in G. Since M is a nice perfect matching of G, af(G, M) = M.
So |[E% U B(A)| > 249G pey p(A)| > 2499 Since |EY U E(A)| + |EY U E(A)| = e(G) — [M| =
e(G) — U(QG) | ESUE(A)| = |EXUE(A)| = w. Hence EY U E(A) is a minimum anti-forcing set of M in
G.

Now we show that for any two edges e; = zy and e = ww of M, zu € E(G) if and only if yv € E(G),
and zv € E(QG) if and only if yu € E(G). It is sufficient to show that zv € E(G) implies yu € E(G). Given
two bijections wy : M — {1,...,|M|} and wy : M — {1,...,|M|} with wi(e1) = 1, wi(es) = 2, wa(er) = 2,
wa(ez) = 1 and wo|pn\fey, 2} = Wila\{ey, es}- As the above extension of w, we extend the weight functions w; and

wo on M to the vertices of G.
We first consider the case that z,u € A. Suppose to the contrary that xzv € E(G) but yu ¢ E(G). Set A’ :=
A\ A{x,u}, A= A\ {y,v}, B} = {wz € B(GQ) : wi(w) > wi(2),w € A’ and 2 € A’}. Then

E%? UE(A) = {zv} U E({y, v}, A") U E, U E(A) = {zv} U ES U E(A). 3)

By the above proof we know that both E* U E(A) and E%? U E(A) are minimum anti-forcing sets of M in G, it
contradicts to the equation (3). Thus yu € E(G).
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For the case that v € Aand u € A, set U := (A\ {v}) U {u}, U := (A\ {u}) U {v}. Then each edge in M is
incident with exactly one vertex in U. Substituting the partition (A, A) of V(@) with the partition (U, U), by a similar
argument as the above case, we can also show that v € E(G) implies yu € E(G). O

M, M, H

Fig. 3. Two nice perfect matchings M; and Mo of G’ and a nice perfect matching of H.

By Theorem [2.5] we can easily check whether a perfect matching of a graph is nice. For example, in Fig. [3] the two
perfect matchings M, and My of the bipartite graph G’ are nice, and the perfect matching of the non-bipartite graph
H is also nice.

Proposition 2.6. Let M be a nice perfect matching of G and S a subset of V(G). Then M N E(S) is a nice perfect
matching of G[S] if M N E(S) is a perfect matching of G[S].

Proof: By Theorem [2.5] it holds. O

In the proof of Theorem 2.5 we notice that d¢; (u) = de/(v) for every edge uv of a nice perfect matching of G. So

we have the following necessary but not sufficiency condition for the upper bound in Theorem[I.2]to be attained.

Proposition 2.7. Let G be a graph with a perfect matching. Then Af(G) < w if there are an odd number of

vertices of the same degree in G.

Proposition is not sufficient. For example, for a hexagonal system with a perfect matching, it does not have
a nice perfect matching by Theorem [2.3] that is, its maximum anti-forcing number can not be the upper bound in
Theorem|I.2] but it has an even number of vertices of degree 3 and an even number of vertices of degree 2.

Abay-Asmerom et al.| (2010) introduced a reversing involution of a connected bipartite graph G with partite sets
X and Y as an automorphism « of G of order two such that «(X) = Y and a(Y') = X. Here we give the following

definition of a general graph.

Definition 2.8. Suppose that G is a simple connected graph. An edge-involution of G is an automorphism o of G of

order two such that v and o (v) are adjacent for any vertex v in G.

Hence an edge-involution of a bipartite graph is also a reversing involution, but a reversing involution of a bipartite
graph may not be an edge-involution. In the following, we establish a relationship between a nice perfect matching and
an edge-involution of G.

Theorem 2.9. Let G be a simple connected graph. Then there is a one-to-one correspondence between the nice perfect

matchings of G and the edge-involutions of G.

Proof: For a nice perfect matching M of GG, we define a bijection s of order 2 on V(G) as follows: for any vertex
v of G, there is exactly one edge e in M such that v is incident with e, let ajs(v) be the other end-vertex of e. Let
and y be any two distinct vertices of G. If xy € M, then apr(x) =y, an(y) = = and ay(z)anm(y) = yr € E(G).
If vy ¢ M (x may not be adjacent to y), then both za s (x) and ya s (y) belong to M. Since M is a nice perfect
matching, vy € E(G) if and only if cips (z)aas (y) € E(G) by Theorem[2.5] This implies that cv is an automorphism

of G. Thus ay is an edge-involution of G.
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Conversely, let o be an edge-involution of G. Then for any vertex y of G, ya(y) € E(G). Since « is a bijection
of order 2 on V(G), M’ := {ya(y) : y € V(G)} is a perfect matching of G. For any two distinct edges y; «(y1) and
yac(y2) of M', y1y2 € E(G) if and only if a(y1)a(y2) € E(G), and y1a(y2) € E(G) if and only if a(y1)y2 € E(G)
since « is an automorphism of order 2 of G. So M’ is a nice perfect matching of G' by Theorem We can also
see that ap;r = «. This establishes a one-to-one correspondence between the nice perfect matchings of G and the

edge-involutions of G. O

3 Construction of the extremal graphs

In the following, we will show that every extremal graph can be constructed from a complete graph K» by implementing
two expansion operations.

Definition 3.1. Ler G; be a simple graph with a nice perfect matching M;, i = 1,2 (note that V(G1) NV (Gz) = 0).
We define two expansion operations as follows:

(1) G :=G; +e+¢€, where e, ¢’ ¢ E(G;) and there are edges e1,es € M; such that the four edges e, €', e, ea
form a 4-cycle.

(i1) For M{ C My and M} C My with |M{| = |Mj})|, given a bijection ¢ from V(M) to V(M}) with uv € M|
if and only if p(u)p(v) € M. G joins G over matchings M| and M} about bijection ¢, denoted by G1 ® G, is a
graph with vertex set V(G1) UV (G2) and edge set E(G1) U E(G3) U E', where E' := {u¢p(u) : u € V(M])}.

e E'
| e ;
al bl al ] bl :
£ fu, Sy,
2 2
u v, N
a b u Vv
2 1 1
€ |2 U 7 Vi are, |b,
) e, |b, ‘u
3 3
a, b, u, v, a; A v,
/s /s
Hl HZ H

Fig. 4. H = Hy, ® H> over matchings M7 and M3 about bijection ¢'.

For example, in Fig. 4| graph H is Hy ® Hs over matchings M of Hy and M} of Hs about bijection ¢’, where
M| = {e1,ea,es3}, My = {f1, fa, f3}, ¢'(a;) = vi, ¢'(b;) = u;, @ = 1,2,3. H has a nice perfect matching which is
marked by thick edges in Fig. 4] Recall that n K is the disjoint union of n copies of K.

Theorem 3.2. A simple graph G is an extremal graph if and only if it can be constructed from Ko by implementing
operations (i) or (i1) in Definition (regardless of the orders).

Proof: Let P’ be the set of all the graphs that can be constructed from K5 by implementing operations () or (i). For
any graph G € P’, G is a simple graph with a nice perfect matching by the definition of the two operations.
Conversely, we suppose that G is an extremal graph, that is, G has a nice perfect matching M = {ej,ea,...,e,}.
If n = 1, or 2, then G must be isomorphic to K, 2K, Cy or K4. So G € P’. Next, we suppose that n > 3 and it
n—1
holds forn — 1. Let G’ := G[ |J V(e;)]. Then {ey, ..., e,_1} is a nice perfect matching of G’ by Proposition So
i=1
G’ € P’ by the induction. If e,, is an isolated edge in G, then G = G'U{e,, } € P’. Otherwise, e,, = u,,v,, has adjacent

edges u,v; and v, u;, or u,u; and v,v; for some i € {1,...,n — 1}, where u;v; = ¢; € M. Let G” = G’ ® K5 over
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matchings {¢;} and {e,, } about bijection ¢ : {u;,v;} — {tun,v,}. S0 G” € P’. Then G can be constructed from G”

by implementing several times operations (7). So G € P’. O
010 1 0100 0101 110 0111
00 001 000 0001 0011
0010
110, 1100 1101
111 1110 1111
100 01 1000~—1001 1010 1011
O, 0,
010 011 0100 0101 0110 0111
000 %001/ 0000, 0L =10 ~
1. ~Yoo11
fors LA A 1111
100 101 1000 —1001 1010 1011
FO, FO,

Fig. 5. The nice perfect matchings E1 of Q3 and Q4 are depicted by thick edges; the dashed edges are the complementary edges.

As a variant of the n-dimensional hypercube @, the n-dimensional folded hypercube F'Q),,, proposed first by
El-Amawy and Latifi (1991), is a graph with V(FQ,,) = V(Q,,) and E(FQ,,) = F(Q,) UE, where E := {2 : z =
T1To Ty, T = T1Tg -+ Tn}, T; := 1 — x;. Bach edge in E is called a complementary edge. The graphs shown in
Fig.[lare FQ3 and F'Q4, respectively.

Corollary 3.3. FQ,, is an extremal graph and Af(FQ,,) = n2"~2.

Proof: By Lemma[2.4] F is a nice perfect matching of Q,,. F'Q,, is constructed from Q,, by applying the operation
() over the nice perfect matching F; of Q,, (see Fig. [5|for n = 3,4). So F; is also a nice perfect matching of the
folded hypercube F'Q,,. O

For any positive integer n, a connected graph G with at least 2n + 2 vertices is said to be n-extendable if every

matching of size n is contained in a perfect matching of G.

Proposition 3.4. Any connected extremal graph G other than Ko is 1-extendable.

Proof: Since G is an extremal graph, it has a nice perfect matching M. For any edge uwv of E(G) \ M , there are
edges ux and vy of M. By Theorem xy € E(G). So uv belongs to an M-alternating 4-cycle C' := uzyvu. Then
MAE(C):=(MUE(C))\(MNE(C)) is a perfect matching of G that contains edge uv. So G is 1-extendable. []

By Proposition [3.4] any connected extremal graph except for K is 2-connected.

4 Cartesian decomposition

The Cartesian product GOH of two graphs G and H is a graph with vertex set V(G) x V(H) = {(z,u) : = €
V(G),u € V(H)} and two vertices (x,u) and (y, v) are adjacent if and only if zy € F(G) and u = v or z = y and
wv € E(H). For a vertex (z;,v;) of GOH, the subgraphs of GOH induced by the vertex set {(z,v;) : x € V(G)}
and the vertex set {(z;,v) : v € V(H)} are called a G-layer and an H-layer of GOH, and denoted by G% and H":,

respectively.
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For any graph H, let E’ be the set of edges of all K»-layers of HOKj. Clearly, E’ is a perfect matching of HOK5.
Define a bijection o on V (HOK>) as follows: for every edge uv € E’, a(u) := v and a(v) := u. Then « is an edge-
involution of HOK,. So HOK is an extremal graph by Theorem [2.9] This fact inspires us to consider the Cartesian
product decomposition of an extremal graph. Let ®*((G) be the number of all the nice perfect matchings of a graph G.
We have Theorem [d.1] Recall that for an edge e = uv of G and an isomorphism ¢ from G to H, p(e) := ¢(u)p(v).

Theorem 4.1. Let G and G2 be two simple connected graphs. Then

B*(G10Gy) = 3" (G1) + D*(Ga).

Proof: Let V(G1) = {z1,22,...,2Tn, } and V(G2) = {v1,v2,...,v,, }. Since ®*(K;) = 0, we suppose n; > 2 and
ng > 2.

We define an isomorphism p,,, from G to G7* and an isomorphism o, from G2 to G5’ p,, (z) := (z, v;) for any
vertex = of G and o, (v) := (z;,v) for any vertex v of Go. For any nice perfect matching M; of Gy, i = 1,2, let

p(My) = | po(M), o(My):= ] ou, (M), 4)
v, €V (Ga2) z;€V(Gy)
By Theorem[2.3} p,, (M7) is a nice perfect matching of G* and p( M) is a nice perfect matching of G;0G5. Similarly,
o(My) is also a nice perfect matching of G10G5.

Conversely, since E(GY), ..., E(G}"?), E(G3"), ..., BE(G5"") is a partition of F(G,0G5), for any nice perfect
matching M of G1 0G5 there is some ; or v; such that M N E(G5') # 0 or M N E(GY) # 0. If M N E(G5) # 0
for some x;, then we have the following Claim.

Claim: M N E(Gy’) is anice perfect matching of G5’ foreach z; € V/(G1), and o, {(M N E(Gy)) = o, (M N
E(G31)). So M N E(GY) = () for each v € V(G2).

Gy Gy
(x,',vz) (-xiavl) (xi'9V2)(xi"Vl)
g g'
(x,v)(x,v,)/ N\ vs) (%0, V)

Fig. 6. Nlustration for the proof of the Claim in Theorem

Take an edge [ = (2, v1)(24,v2) € M N E(G5Y). Then vivg € E(Ga). If ng = 2, then M N E(G3*) = {f}
is a nice perfect matching of G5°. For ny > 3, since G is connected, without loss of generality we may assume that
dga,(v2) > 2. Let vs be a neighbor of vy that is different from v;. So (z;,v2)(z;,v3) € E(G35'). Let g be an edge of
M with an end-vertex (z;,v3). Since M is a nice perfect matching of G, the other end-vertex of g must be adjacent
to (x;,v1) by Theorem 2.5} So the other end-vertex of g belongs to V (G5?) (see Fig. [6), that is, g € E(G3"). Since
G5' = G4 is a connected graph, we can obtain that M N E(G3?) is a perfect matching of G5° in the above way. So
M N E(G3?) is a nice perfect matching of G5 by Proposition [2.6]

Since (G is connected and n; > 2, there is some vertex x;» of G such that x; and x;/ are adjacent in G;. So vertex
(zir,v1) ¢ G5 is adjacent to (z;,v1) in G10G5 (see Fig. [6). Let f’ be an edge of M that is incident with (z;/,v1).
Since M is a nice perfect matching of G10G5, the other end-vertex of f/ must be adjacent to (z;, v2) by Theorem
So f' = (xir,v1)(mr,v2) € M N E(G5"). As the above proof, we can similarly show that M N E(G5") is a nice
perfect matching of G5 Since G is connected, in an inductive way we can show that M N E(G5”) is a nice perfect
matching of G5’ for any z; € V(Gy).

Notice that o, ' (f) = vivg = o' (). Let ¢ be the edge of M that is incident with (z;/, v3). Since (27, v3) is
adjacent to (x;, v3), the other end vertex of ¢’ must be adjacent to the other end vertex (z;,v4) of g by Theorem So
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g = (z4,v3)(ir,v4) since ¢ € E(G5"). This implies that 05,(9") = vsvg = 0, '(g). In an inductive way, we can
show that o | (M NE(G5")) = o, ' (MNE(G5")). Similarly, we also have o, '(M N E(G3")) = 0, (MNE(G3"))
forany z; € V(G1).

By this Claim, M; := o' (M N E(G35)) is a nice perfect matching of G with M = o(Ma). It MNE(GY’) # 0,
then we can similarly show that G has a nice perfect matching M; with M = p(M;). So @*(G10G2) = ®*(G;) +
O*(Ga). O

In fact, we can get the following corollary.

-

Corollary 4.2. Let G be a simple connected graph. Then we have ®*(G) =
G10---0G}, of G.

®*(G;) for any decomposition

=1

Now, it is easy to get the following proposition.

Proposition 4.3. A simple connected graph G is an extremal graph if and only if one of its Cartesian product factors

is an extremal graph.

The n-dimensional enhanced hypercube Q,, 1, see Tzeng and Wei (1991), is the graph with vertex set V(Q,, x)=
V(Qn)andedgeset E(Qn k) = E(Qn)U{(z122 - Tp—1Zn, T1T2 - Tn—k—1Tn—kTn—k+1 Tnk+2: * Tp : T1T2 - Ty €
V(Qnx)}, where 0 < k < n — 1. Clearly, Q,, = Qn n—1 and FQ, = Q. o, i.e., the hypercube and the folded hy-
percube are regarded as two special cases of the enhanced hypercube. By [Yang et al|(2015a), we have Q) =
FQpn—10Q4, for 0 < k < n — 1. Hence we obtain the following result by the Proposition 4.3}

Corollary 4.4. Q,, j; is an extremal graph and Af(Qp ) = n2" 2.

According to the above discussion, for any graph G, we know that K,, ,,,0G, K»,0G, Q,,0G, FQ,0G and
Qn,x0G are extremal graphs. Moreover, we can produce an infinite number of extremal graphs from an extremal
graph by the Cartesian product operation.

5 Further applications

From examples we already know that K, ., Kap, Qrn, FQ, and Q,, j are extremal graphs. Two perfect matchings
M and M5 of a graph G are called equivalent if there is an automorphism ¢ of G such that p(M;) = M. So we
know that all the perfect matchings of K, ,,, (or K5, ) are nice and equivalent. Further in this section we will count

nice perfect matchings of the three cube-like graphs.

Theorem 5.1. Q,, has exactly n nice perfect matchings F1, Es, . .., E,, all of which are equivalent.

Proof: By Lemma[2.4] F1, F», ..., E, are n distinct nice perfect matchings of @,,. Since @),, is the Cartesian product
of n Kjy’s, @, has exactly n nice perfect matchings by Corollary .2] So the first part is done. Now, it remains
to show that F; and E; are equivalent for any 1 < ¢ < j < n. Let the automorphism f;; of @, be defined as
fij(@1 @i @i@iq1 o T T Bn) = X1 i1 - L1254 - - - T, fOT €ach vertex x1 2 - - - 2y
of Q. Then f;;(E;) = E;. O

The theorem can be obtained by applying the reversing-involutions of bipartite graphs, see Abay-Asmerom et al.
(2010), but the computation is tedious.

Since F'Q)2 = K4 and FQ3 = Ky 4, we have ®*(FQ2) = 3 and ®*(F'Q3) = 24. For n > 4, we have a general
result as follows.

Theorem 5.2. F'Q),, has exactly n + 1 nice perfect matchings for n > 4.

Proof: By Lemma[2.4] E; is a perfect matching of @,,. Then FEj is also a perfect matching of F'Q,,. We can easily
check that E; is a nice perfect matching of F'Q),, by Theorem [2.3]
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Let F, 11 be the set of all the complementary edges of F'Q,,. Then E,, 1 is a perfect matching of F'Q,,. Let ut
and vv be two distinct edges in E,, ;. Since any two distinct complementary edges are independent, the edge linked
u to v or v (if exist) does not belong to E, ;. We can easily show that uv € Ej if and only if uv € E; for some
j=1,2,...,n,and uv € E, if and only if uv € E, forsome s = 1,2,...,n. So E,,4; is also a nice perfect matching
of FQ,,.

Now, we have found n + 1 nice perfect matchings of F'Q),,. Next, we will show that F'Q),, has no other nice
perfect matchings. By the contrary, we suppose that M is a nice perfect matching of F'Q),, that is different from any
E;,i=1,2,....,n+ 1. Since Ey,...,E, 1 is a partition of the edge set E(FQ,), there is Ej with k # n + 1
such that M N Ey, # 0 and Ey # M. Clearly, FQ, — (Fn+1 U Ey) has exactly two components both of which
are isomorphic to Q,,—1. We notice that the k-th coordinate of each vertex in one component is 0, and 1 in the other
component. We denote the two components by Q¥ and QL, respectively. In fact, V(Q%) = {z1 -+ Tp_1i2p 41 Tp :
zj=0o0rl,j=1,...,k—=1k+1,...,n},¢=0,1. Since M N Ej, # 0, there is some edge vv’ € M N Ej, with
v € V(Q%) and v € V(QL). For any vertex w of Q¥ with w and v being adjacent, we consider the edge g of M
that is incident with w. By Theorem the other end-vertex of g is adjacent to v’. If g = ww is a complementary
edge of FQ,, then there are exactly two same bits in the strings of @ and v’. So the edge wv' € FE(FQ,) is not a
complementary edge of F'Q,,. Since w and v’ are adjacent, there is exactly one different bit in the strings of @ and v’.
So n = 3, a contradiction. If g = wz € E(QY), then there are exactly three different bits in the strings of z and v'.
Since z and v’ are adjacent in F'Q,,, the edge zv’ is a complementary edge of F'Q),,. So n = 3, a contradiction. Hence
g € Ej. Since Qg is connected, using the above method repeatedly, we can show that M/ = E}, a contradiction. So
F@Q,, has exactly n + 1 nice perfect matchings. O

Proposition 5.3. All the nice perfect matchings of FQ,, (n > 2) are equivalent.

Proof: We notice that F'Q); = K4 and F'Q3 = K, 4. So all the nice perfect matchings of F'Q),, are equivalent for
2 < n < 3. Suppose that n > 4. From the proof of Theorem @] we know that Ey, Eo, ..., E, ;1 are all the
nice perfect matchings of F'Q,,. f;; defined in the proof of Theorem is also an automorphism of F'Q),, such that
p(E;) = Ejforl < i < j < n. We will show that E; and E,, 4, are equivalent. Clearly, FQ,, — (E1 U E;11)
has exactly two components each isomorphic to @,,—1, denoted by QY and Q}. Set V(Q%) = {izoxs - xy : x5 =
Oorl,j=2,...,n},i=0,1. We define a bijection f on V(F'Q,,) as follows:

T1To- Ty, ifz122- -2, € V(QO),
flxizg - xy) = .

fli'g"'fn, 1f:v1x2~~xn € V(Q},L)
It is easy to check that f is an automorphism of F'Q,,. In addition, f(E;) = F,,11. Hence all the nice perfect matchings
of F'Q),, are equivalent. O

By Corollary [4.2)and Theorems [5.1]and [5.2] we can obtain the following conclusion.

Corollary 5.4. (I)*(Qn,n—l) =n, (I)*(Q7,,7n_2) =n -+ 1, ®*(Qn,n—3> =n—+ 21 and (I)*(Qn,k) =n -+ lfOI" any
0<k<n-—4

Proposition 5.5. For 0 < k < n — 1, Qi has exactly two nice perfect matchings up to the equivalent.

Proof: Since Q,x = FQ, 1DOQk, by adapting the notations in Eq. (@) and by the proof of Theorem [.1| we know
that all the nice perfect matchings of @, 5, are divided into two classes M’ and M", where M' = {p(M) : M is a
nice perfect matching of FQ,_j} and M” = {o(M) : M is a nice perfect matching of Qy}.

For M, M} € M’, there are two nice perfect matchings M; and Ms of F'Q,,_ such that M = p(M;), i = 1,2.
By Proposition [5.3] there exists an automorphism ¢ of FQ,,_j, such that o(M;) = M. Let ¢ (2, u) := (p(z),u) for
each vertex (x, u) of FQ,_,0Qy. It is easy to check that ¢’ is an automorphism of Q,, ;. and ¢’ (M7) = MJ. By the
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arbitrariness of M/ and M}, we know that all the nice perfect matchings in M’ are equivalent. Similarly, we can show
that all the nice perfect matchings in M"’ are equivalent.

(ylyz. . .ynfkﬂu) (y]j}Zy}' : 'ynfkﬂu) (y1)72)73Y4' ' 'yn-k’u) (ylj}Z v .yli-/(-ly)l-k’u) (ylj}Z o .)7[1-/(-1-)7)1-1{’”)

e e, >< e i e, .
/ e3

Y2 Vo) D00Ys Voo W) (DI V3V4  Voioh) (Do Vi Vo) WV Vi1 Vi )

Fig. 7. The graph H.

Let F and E; be the sets of all the 1-edges of F'Q,,— and @y respectively. Then F} is a nice perfect matching
of FQ,—x and F is a nice perfect matching of Q. So p(Fy) € M’ and o(E;) € M”. See Fig. []| we choose a
subset S := {e1,...,e,—k} of p(F1). Then all the vertices incident with .S induce a subgraph H as depicted in Fig.
For any subset R C o(E}) of size n — k, let G be the subgraph of (), ;, induced by all the vertices incident with R.
We note that (), , — o (E1) has exactly two components A and B each of which is isomorphic to FQ,,—0Qj_1, and
o(Eq) = E(A, B). So G— R has at least two components. Clearly H — .S is connected. So for any automorphism ¢ of
Qn k> ¥Y(S) # R. By the arbitrariness of R we know that p(F}) and o(E) are not equivalent. Then we are done. [J

From Corollary .7 it is helpful to give a Cartesian decomposition of an extremal graph. It is known that Q,, =
KoO--- 0K and Q1 = FQp—;0Q. However we shall see surprisedly that F'Q),, is undecomposable.

A nontrivial graph G is said to be prime with respect to the Cartesian product if whenever G = HUOR, one factor
is isomorphic to the complete graph K and the other is isomorphic to G. Clearly, for m > 3 and n > 2, K, ,, and
K5, are prime extremal graphs. In the sequel, we show that F'Q),, is a prime extremal graph, too.

Recall that the length of a shortest path between two vertices z and y of G is called the distance between = and
y, denoted by dg(x,y). Let G be a connected graph. Two edges e = zy and f = ww are in the relation O if
da(z,u) + dg(y,v) # dg(x,v) + de(y,w). Notice that O is reflexive and symmetric, but need not to be transitive.
We denote its transitive closure by ©F,. For an even cycle Cy,,, ©¢,, consists of all pairs of antipodal edges. Hence,

G, has n equivalence classes and ©¢,, = Of, . For an odd cycle C, any edge of C'is in relation © with its
two antipodal edges. So all edges of C belong to an equivalence class with respect to ©F.. By the Cartesian product
decomposition Algorithm depicted in Imrich and Klavzar| (2000), we have the following lemma.

Lemma 5.6. If all the edges of a graph G belong to an equivalence class with respect to OF,, then G is a prime graph

under the Cartesian product.

The Hamming distance between two vertices x and y in @),, is the number of different bits in the strings of both
vertices, denoted by Hg,, (x,y) .

Theorem 5.7 (Xu and Mal (20006)). For a folded hypercube F'Q,,, we have

(1) FQy, is a bipartite graph if and only if n is odd.

(2) The length of any cycle in FQ,, that contains exactly one complementary edge is at least n + 1. If n is even,
then the length of a shortest odd cycle in FQy, isn + 1.

(3) Let w and v be two vertices in FQy,. If Hg, (u,v) < |5, then any shortest uv-path in F'Q, contains no
complementary edges. If Hg, (u,v) > [ %], then any shortest wv-path in FQ, contains exactly one complementary

edge.

Here we list some known properties of @, that will be used in the sequel. For any two vertices = and y in @,

dg, (z,y) = Hgq, (x,y). For any shortest path P from z 123 2, to Z1Z2 - - Zp, in Q,, |E(P) N E;| = 1 for each
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i =1,2,...,n. For any integer j (1 < j < n), there is a shortest path P from z1x5 - - x, to T1Z2 - - - Ty, in @, such
that the edge in E/(P) N E; is the jth edge when traverse P from x123 - - - &, 10 Z1Z2 - + - Tpy.

For every subgraph F of a graph G, the inequality dg(u,v) > dg(u,v) obviously holds. If dr(u,v) = dg(u,v)
for all u,v € V(F), we say F is an isometric subgraph of G.

Proposition 5.8 (Hammack et al.|(2011)). Let C be a shortest cycle of G. Then C' is isometric in G.

Theorem 5.9. F'Q,, is a prime graph under the Cartesian product.

Proof: Clearly, F'QQ2 and F'()3 are prime. So we suppose that n > 4. We recall that E; is the set of all the i-edges
of Qn, i =1,2,...,n. Let E, 1 be the set of all the complementary edges of F'Q),,. Then F1, Es, ..., E,, 41 isa
partition of E(F'Q,,). Since the girth of F'Q,, is 4 for n > 4, any two opposite edges of a 4-cycle are in relation © p¢,, .
So E; is contained in an equivalence class with respect to ©%.o .7 =1,2,...,n + 1. For any vertex z1xg - - - Ty, it is
linked to Z1 %5 - - - T,, by a complementary edge e in F'Q),,. Let P be any shortest path from x1x5 - - -z, t0 T1ZT2 - - Ty,
in Q. Then the length of Pisnand |[PN E;| = 1 foranyi = 1,2,...,n. Set C := P U {e}. Then C is a cycle of
length n 4 1.

If n is even, then the length of any shortest odd cycle in F'Q,, is n + 1 by Theorem (2). So C is a shortest odd
cycle in F@Q,,. By Proposition[5.8] C' is an isometric odd cycle in F'Q,,. So all edges of C' belong to an equivalence

n+1
class with respect to O}, . Since E(C) N E; # ) forany i = 1,2,...,n+ 1, all edges of E(FQ,) = |J E; belong
' i=1

to an equivalence class with respect to ©%, , thatis, F'Q),, is a prime graph under the Cartesian produzc_t by Lemma
5.6

For n being odd, we first show that C' is an isometric cycle in F'Q,,. It is sufficient to show that d¢(u,v) =
drq, (u,v) for any two distinct vertices v and v of C. By Theorem (3), there are two cases for the shortest
uv-path in FQ,. If Hg, (u,v) < [5], then any shortest uv-path in F'Q,, contains no complementary edges. So
drq, (u,v) = dqg, (u,v) = Hq, (u,v) = dc(u,v). If Hg, (u,v) > [5], then any shortest uv-path in F'Q,, contains
exactly one complementary edge. Let P; be the uv-path on C' that contains the unique complementary edge e. Since
Hgq, (u,v) > [ 5] and the length of C'is n + 1, dc(u,v) = |Pi| =n+1— Hq, (u,v) < [§]. Clearly drq, (u,v) <
dc(u, v). We suppose that dpq, (v, v) < do(u, v), that is, P; is not a shortest uv-path in F'Q),,. Let P be a shortest uv-
path in F'Q,,. Then P, contains exactly one complementary edge by Theorem([5.7](3). Set P := C' — (V (P1)\ {u, v}).
Then P'U P, is a walk in F'QQ,, that has exactly one complementary edge. So there is a cycle C’ C P’U P, that contains
exactly one complementary edge. We can deduce a contradiction by Theorem (2) as follows:

n+1<|C<|P |+ P <|P|+|P|=|C|=n+1.

Sodrg, (u,v) = dc(u,v).

For any i € {1,2,...,n}, let P! be a shortest path from x125 - -2, t0 T1Ts - -+ Xy, in @, such that the unique
edge in P’ N E; is the antipodal edge of e on C? := P’ U {e}. Since C’ is an isometric even cycle by the above
proof, the unique complementary edge e on C? and its antipodal edge P N E; are in relation © pq, . So E; and E,, 41
are contained in an equivalence class with respect to ©% .7 = 1,2,...,n. Hence FQ),, is a prime graph under the
Cartesian product by Lemma[5.6] O

Now we know that for m > 3 and n > 2, K, ,,,, Ko, and F'Q,, are prime extremal graphs. From Proposition
it is interesting to characterize all the prime extremal graphs.
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