arXiv:1702.03667v3 [math.CO] 1 Mar 2018

Discrete Mathematics and Theoretical Computer Science DMTCS vol. 20:1, 2018, #8

Finding Hamilton cycles in random
intersection graphs

Katarzyna Rybarczyk [
Adam Mickiewicz University, Poznan, Poland

received 15" Feb. 2017, revised 5" Oct. 2017, accepted 221 Jan. 2018.

The construction of the random intersection graph model is based on a random family of sets. Such structures, which
are derived from intersections of sets, appear in a natural manner in many applications. In this article we study the
problem of finding a Hamilton cycle in a random intersection graph. To this end we analyse a classical algorithm
for finding Hamilton cycles in random graphs (algorithm HAM) and study its efficiency on graphs from a family of
random intersection graphs (denoted here by G (n, m, p)). We prove that the threshold function for the property of
HAM constructing a Hamilton cycle in G (n, m, p) is the same as the threshold function for the minimum degree at
least two. Until now, known algorithms for finding Hamilton cycles in G (n, m,p) were designed to work in very
small ranges of parameters and, unlike HAM, used the structure of the family of random sets.
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1 Introduction

Since its introduction by |[Karonski et al.| (1999) the random intersection graph model and its generalisa-
tions have proven to have many applications. To mention just a few: “gate matrix layout” for VLSI design
(see e.g. [Karonski et al.| (1999)), cluster analysis and classification (see e.g. |(Godehardt and Jaworski
(2003)), analysis of complex networks (see e.g. Bloznelis|(2013)); Deijfen and Kets|(2009))), secure wire-
less networks (see e.g. [Bloznelis et al.| (2009)) or epidemics (Brittom et al.[(2008)). For more details we
refer the reader to survey papers |[Bloznelis et al.| (2015alb).

In the random intersection graph model G (n, m, p) to each vertex from the vertex set V (|V| = n) we
assign a random set of its features YV (v) from an auxiliary set W (|W| = m(n)). For each w € W and
v € V we have w € W(v) with probability p, p = p(n) € (0, 1), independently of all other elements
from V and WW. We connect vertices v and v’ by an edge if sets W(v) and W(v') intersect.

In the course of last years various properties of random intersection graph were studied. However, little
is still known about algorithms which might efficiently construct or find structures in random intersec-
tion graphs. In this article we address the problem of efficiently finding a Hamilton cycle in G (n, m, p).
The problem of determining a threshold function for the property of having a Hamilton cycle in the ran-
dom intersection graph has already been studied by several authors, for example: |[Efthymiou and Spirakis
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(2003)), [Rybarczyk| (2011) (both for the model considered in this paper), and [Bloznelis and Radavicius
(2011) (for the uniform random intersection graph model). Here we analyse algorithmic aspects of the
problem of finding a Hamilton cycle in G (n, m, p). Raptopoulos and Spirakis| (2005) proposed a ran-
domised algorithm which with probability tending to 1 as n — oo in polynomial time finds a Hamilton
cyclein G (n,m,p) if m/(nlnn) — 0and p = % with w(n) tending slowly to infinity. Our aim
is to show that there exists an algorithm which efficiently finds a Hamilton cycle in G (n, m, p) for a wider
range of parameters n, m,p. To this end we take algorithm HAM introduced by [Bollobas et al.| (1987)
and analyse its performance on G (n, m, p).

All limits in the paper are taken as n — oco. Throughout the paper we use standard asymptotic notation
apn, = o(by) if an /b, — 0asn — oo and a,, = O(b,,) if there exists a constant C' such that |a,,| < C|b,],
for large n. By Bin (n, p) we denote the binomial distribution with parameters n, p. We also use the phrase
“with high probability” to say with probability tending to one as n tends to infinity. We consequently omit
|-| and [-] for the sake of clarity of presentation. All inequalities hold for n large enough.

2 Main results

Algorithm HAM, as presented by Bollobas et al.| (1987), is designed to search for a Hamilton cycle in any
graph with the minimum degree at least 2. It is assumed that the vertex set of the input graph is ordered,
ie. V= {v1,vs,...,v,} (for simplicity we write v; < v; if ¢ < 7). Algorithm HAM utilises the rotation
technique introduced by [P6sal (1976). The rotation technique uses the fact that, given a path P of length
kinagraph G (i.e. P = (uq,...,ug)), if there is an edge e = {uy,u;}, 2 < i < k — 2, we may construct
another path of length k£ denoted by

ROTATE(P, €) = (U1, U, .., Uiy Uky Uf—1 5 - - 5 Uit1)-

We state algorithm HAM following [Bollobas et al.| (1987) (see Figure[I)). In most cases we keep notation
consistent with the one introduced by [Bollobas et al.| (1987). Algorithm HAM, starting with a path con-
sisting of one vertex vy, in each step extends the path (if its end has a neighbour outside the path or both
endpoints are neighbours) or, if extension is not possible, it searches for new paths of the same length
using Pdsa’s rotation technique. In the latter case the algorithm explores all possible rotations in the BFS—
type manner, i.e. given a considered path P = (uy, ..., uy) of length k, it explores all neighbours of wy,
and u; and new paths resulting from rotations related to those neighbours. Then for each new path, one
by one, HAM extends the path or, if an extension is not possible, it explores neighbours of the ends of this
path and does rotations. The algorithm stops if either it finds a Hamilton cycle or it is not able to extend
the path of length k. More precisely, it stops at stage k when it has explored without extension all paths
which result from at most 27" + 1 (7" is a function of n and d) rotations of the initial path of length %.
In what follows whenever HAM is executed on G (n, m, p) with mp? < 1 we set

d = nmp?.

The main result of this article is the following.

Theorem 1. Let G (n, m, p) be a random intersection graph with Inn = o(m) and mp® < 1, then

li_>m Pr{{6(G (n,m,p)) > 2} N {HAM terminates unsuccessfully on G (n,m,p)}} = 0.
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Algorithm HAM
Input: a connected graph G = (V, F) of minimum degree at least 2 and with ordered

vertex set V = {vy,vq,...,v,}, integer d.
begin
k:=1;

P~ the path (vy,u), where u = min{v : {vy,v} € E}

(L1) begin {stage k begins here}
Q=P 5:=1,t:=1,6Q;):=0
(0(Qs) — the number of rotations in the sequence constructing @, from Q)
repeat (ug, u; — endpoints of Qs, where ug < uy;)

for i =0,1do
begin
{ui, 21}, ..., {u;, zp} — all edges incident to u; and not contained in Qs,

where z1 < ... < xp;
for j=1topdo
if z; is not on @, then
begin
Piy1:= Qs + {u;, z;}; {extension}
k:=k+1; goto L1
end
else if z; = u;_; then
begin
let C be the cycle Qs + {ug, u1};
if C is a Hamiltonian cycle then terminate successfully
else
begin
starting from ug, let u be the first vertex along s, which is
adjacent to some vertex not in C; let v be the lowest numbered
neighbour of w not in C' and let v’ and u” be the neighbours
of u on C, where v’ < u”, then
Py =C+{u,v} —{u,v'}; k:=k+1;
goto L1 {cycle extension}
end
end else
begin
ti=t+1; Q; := ROTATE(Qs, {u;, 7,;}); 0(Q;) :=6(Qs) + 1
end
end for{next j}
end for{next i}
s=s+1;
until 5(Q,) > 27"+ 1 {where T = [Inn/(Ind — Inlnd)] + 1}
terminate unsuccessfully
end
end

Fig. 1: Algorithm HAM introduced by Bollobas et al.|(1987)
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We rigorously prove the above theorem in the case m > n24/25. Then we present a sketch of the proof
in the latter case.

Remark 1. We give the main theorem only for Inn = o(m) and mp? < 1. The latter cases would require
considering more cases in the proofs however the reasoning would be easier. Namely, if m = O(Inn), in
the relevant range of parameters, with high probability G (n, m, p) consists of m = O(Inn) independent
very large cliques thus it is very close to a complete graph. Similarly if mp? > 1 then the probability
of given two vertices being connected by an edge is a constant and with high probability almost all
vertices have degree at least n/1000. This case would require, among others, setting d = n, in some
places replacing dj by n, setting 7' = 2, and redefining property P3 defined in the proof (as in this case
n/d; < 1). Even though this case would require changes to some parts of the proof, in general the
reasoning would follow the same lies and would be easier. Thus we do not include it for shortness.

Remark 2. Using the same arguments as |Bollobas et al.|(1987)), we may show that with high probability
the time complexity of HAM on G (n, m, p) is O(n**¢) (for any € > 0). For completeness we give the
proof in Appendix A.

Theorem |1| together with the probability of the event that the minimum degree of G (n,m,p) is at
least 2, §(G (n,m,p)) > 2, gives the probability of the property that HAM finds a Hamilton cycle in
G (n,m,p). The proof of Theorem 2]is presented in Appendix B.

Theorem 2. IfIn*n = o(m)

_ Inn+1Ina, +c,
pl—(1-p)" )= —

m
where ¢, = o(Inn), and for some € > 0
nlnn .
0 — 1 form < (1 — )i,
S form > (14 ¢) e
then
0 for ¢, = —o0;
li_>m Pr{6(G (n,m,p)) >2} =< e * " forc, — cé€ (—00,00);
1 for ¢,, — o0.

In the above mentioned theorem we exclude the case m = (1 + o(1))nInn/Inlnn. This case may be
analysed by the same methods as those presented in the proofs but would require several additional case
studies and more cases in the definition of a,,. We omit it for the sake of clarity of presentation. The result
may be also expanded to the case ¢,, = Q(Inn) by a simple coupling and monotonicity of the property
{0(G (n,m,p)) > 2}.

The remaining part of the article is organized as follows. In Section 3] we introduce some notation and
gather facts which will be used repeatedly in the whole article. In the following three sections we present
a proof of Theorem in the case mp2 <landm >n'~<fore =1 /25. Namely, in Section 4| we study
the properties of G (n, m, p), which are crucial for the analysis of algorithm HAM on G (n, m, p). Then in
Section [5| we discuss the notion of deletable sets. In Section@ we prove Theoremin the case mp? < 1
and m > n!~¢ using facts proved in the first part of the article. In Section we give a sketch of the proof
in the case where m < n'=¢.
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3 Notation and important facts

For any graph G we denote by E(G) its edge set. If we mention an intersection graph G we mean not only
the graph but also the underlying structure of feature sets attributed to vertices. For any intersection graph
G with a vertex set V and feature set W, if w € W(v) then we say that vertex v chose feature w and w
was chosen by v. Forv € V,w € W, S C V, and R C W in random intersection graph G we use the
following notation

Wg(v) = {w € W : v chose w}, Ws(S) = U Wg(v)
vES

i.e. the set of features chosen by v (and, respectively, chosen by vertices from S);

Vg(w) = {v € V : w was chosen by v}, Vo(R) = U Vg (w)
weR

i.e. the set of vertices which chose w (and, respectively, chose features from R);

Wg(v) = {w € W(v) : [Vg(w)] = 2}, Wg(S) = |J wg(v)

veS

i.e. the set of features chosen by v (and, respectively, chosen by vertices from S) which contribute to at
least one edge in G;

W5 (S) = {w e W(S) : [Vg(w) N S| > 2};

i.e. the set of features chosen by at least two vertices from S.

Moreover for any graph G with vertex set )V and edge set F/(G) and for any S C V we set
Ng(v) = {v" € V\{v}: {v,"} € E(9)}, Ng(8) = |J No(w)\'s
vES

i.e. the set of neighbours of v in G (and, respectively, neighbours of S in G).
In addition

Wg(v) = Wg(v)], Wg(S) = Wg(S)l,
Vo(w) = [V(w)], Vo(R) = Vg(R)|,
W5 (v) = Wg(v)], W5(S) = IW5(S)I,

Wg(S) = Wg(S)I,

Ng(v) = [Ng(v)], Ng(S) = INg(S)],

and deg(v) = degg(v) = Ng(v).
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In the above mentioned notation we consequently omit subscript G when it is clear from the context
which G we have in mind.

Alternatively, in order to obtain an instance G of G (n,m,p), we may first construct an instance B
of a random bipartite graph B (n,m, p) with bipartition (V, W) in which each edge {v,w}, v € V and
w € W, appears independently with probability p. We connect vertices v € V and v’ € V by an edge
in G (n, m, p) if they have a common neighbour in B (n, m, p). An instance G of G (n, m, p) constructed
in this manner from B we will call associated with . Note that W(v), v € V, is the set of neighbours
of vertex v in B (n, m, p). Moreover V(w) is the set of neighbours of w € W in B (n,m, p). In addition
W (v) and V (w) are degrees of v € V and w € W in B (n, m, p).

Moreover, let

do = mp(1 — (1 —p)" ™), dy = nmp®.

Note that dj is the expected value of Wé (nym.p
G (n,m,p).

The following relations between dy, di, and mp will be frequently used without mentioning them

directly. In the range of parameters we are interested in (i.e. n, m, and p such that the probability of event
{6(G (n,m,p)) > 2} does not tend to 0), we have

)(v) and d; is almost the expected degree of a vertex in

do > (14 o(1)) Inn.

For the proof see for example Lemma 5.1 in|Rybarczykl (2017).
Moreover by definition

dO S mp,
do < nmp® = dy,
do < mpmin{np, 1},
dy < 2dp max{np,1}.
In addition,
if np > 40 then 0.9 mp < dy < mp and
if np < 40 then dy < dy < 40.1dp.
To get the first inequality for np > 40 we note that

do > mp(1 — e~ VP) > mp(1 — e73%) > 0.9mp.

In the proof of the second inequality for np < 40 we have, for large n,

6_40

1—

1 1—e (m=Dp
(n—1)p
since f(z) = (1 — e~ ")/« is decreasing for z > 0.

We will frequently use Chernoff’s inequality in the following form (see for example Theorem 2.1 in
Janson et al.[(2001)).

40.1dy > 40.1d, - 2=
n
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Lemma 1. Let X be a random variable with the binomial distribution and expected value p, then for any
O0<exl1

Pr{X <ep} <exp(—¢(e)n),

where
Ye)=elne+1—c.

4 Graph properties

In this and the following section we assume that m > n'~¢ (for ¢ = 1/25) and mp? < 1 (i.e. n > dy).
The efficiency of algorithm HAM on a random graph is due to the fact that random graphs, in gen-
eral, have good expansion properties. Below we list the properties which will be used in the analysis of
algorithm HAM on G (n, m, p).
Given an intersection graph G associated with a bipartite graph B, integers dg = do(n), di = di(n),
m = m(n), areal p = p(n) € (0,1), sets SMALL C V and LARGE = V \ SMALL, and a constant
b1 > 0 we define the following properties:

PO 6(G) > 2;

P1 |[SMALL| < n'/? and
if dy > 2Inn then [SMALL| = 0);

P2 There are no v,v’ € SMALL at distance 4 or less apart;
P3 For all S C LARGE, if |S| < n/d; then N(S) > b1d;|S)|.

P4 Forallv € V
W) <dmp, W'(v) <4dy, N(v)<12d;.

P5 Forallw e W
Inn

Inlnn

V(w) < max{np,4}.

Lemma 2. Let G (n, m,p) be a random intersection graph with p < \/W and
do > (1+0(1))Inn.
Moreover let
SMALL = {v eV :W'(v) <0.1dy}, LARGE={veV:W'(v) > 0.1do}.

If m > n'=¢ (e = 1/25) then with high probability G (n, m, p) has properties P1-P5 with by = 0.001.

It is easy to prove by the first moment method that if p > /3Inn/m then with high probability

G (n,m,p) is a complete graph. Therefore if p > /3 1Inn/m then with high probability HAM finds a
Hamilton cycle in G (n, m, p) without any problem. This is why we may restrict ourselves to the case

p < /3lnn/m.
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Proof of Lemma[2; Recall that all inequalities hold for large n.

In the proofs we assume that Inn = o(m). If we make some additional assumptions concerning relation
between n and m, we mention it at the beginning of the proof of the considered property. Moreover, we
set by = 0.001.

P1 Note that W/ (v) has the binomial distribution Bin (m, dy/m). Therefore for dyg > (1 — o(1)) Inn by
Chernoff’s inequality

E[SMALL| < nPr{W'(v) <0.1-do}
< nexp (—9(0.1) - do)
<exp (Inn —0.669Inn) = o(n'/?).

Thus by Markov’s inequality we get that with high probability [SMALL| < n'/3. Moreover the same
calculation implies that if dy > 21nn then E[SMALL| = o(1) i.e. with high probability SMALL = ).
P2 In the proof of P2 we assume additionally that m > n'~¢ (fore = 1 /25). First recall thatif dy > 21nn
then with high probability SMALL = §), i.e. the statement holds trivially.

Now assume that dy < 21nn, therefore either (for np < 40)

d1 S 401d() = O(lnn)

or (for np > 40)

dy = ﬁ(mp)2 < nf(1.2dg)* = O(n1n®n).
m

If there exist two vertices v,v" € SMALL, which are at distance t, t < 4, in G, then there exists a path
vwiviws . .. vi_1wev’ of length 2¢ in B with which G is associated and in intersection graph G the set
W ({v,v'}) \ {wn,...,w:} is of cardinality at most 0.2dy. The number of possible paths of the form
VWV Wy - . . Vi wv’ is upper bounded by nitim!. Probability that the path vw, v ws . .. ve_ 1wV’
is present in B (n,m,p) is p?!. Moreover, under assumption that the path vwiviws...vi w0’ is
present in B (n,m,p), the cardinality of the set W' ({v,v'}) \ {w1,...,w;} has the binomial distribu-
tion Bin (m — t,2(do/m) — p?) with the expected value 1 = (m — t)(2(do/m) — p?) = (1 — o(1))2dy
as dg/m > p(1 — e~ »=P) > p(1 — e~ ) min{1, (n — 1)p} > p? for p < \/3Inn/m = o(1). Since
0.2dy = 0.1 (1 + o(1))u, by Chernoff’s inequality the probability that there exist two SMALL vertices
at distance at most 4 is upper bounded by

4
> T mlp? exp(—1h(0.1(1 + 0(1)))(1 + 0(1))2dy)

t=1

= O0()ndin=*3 = O(n~'3p* In®n) = o(1).

Now we will prove property PS5 as it will be needed in the proof of P3.
P5 Let £ = % max{4,np}. Recall that V(w) has the binomial distribution Bin (n, p) and that we

Inlnn
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have p < /3 1nn/m. Therefore

Pr{3uenwV(w) >k} < m<:)pk

<m (@)kirz (np)®

k
<me (k—=2)(1+In(np) —In I — Inmax{4, np}
= mexp P Inlnn s np

1
-n23 nn

m
<n™%.n?.3lnn = o(1).

P3 The structure of G (n, m, p) differs a lot depending on the value np. Therefore we will need to divide
the proof into cases:

np <40 and |S|§d%; (1)

np <40 and - < |8 < - )
2 dy

np > 40. 3

First assume that (I)) is fulfilled. We will first prove that in this case with high probability for any
K CV,if K < n/d3 we have W"(K) < 2|K]|.

n/d3

ez} (0)0) (]

k=2

IA
N
»—l‘mw
&)=
N—
B
|
Q
=
—
SN—

Moreover if np < 40, and P5 is fulfilled, then

Inn (4, np} < 401Inn
lnlnnmax Py = Inlnn’

VwewV (w) < “4)

Assume that G is an intersection graph such that @) is true and

Vicev,ikj<ny/as W (K) < 2|K], (5)
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are fulfilled. In G, let S C LARGE be such that |S| < n/d}. We will find a lower bound for W’(S). Let B
be the bipartite graph associated with G. Then W/ (S) is at least the number of edges in 55 between S and
W/(S)\W"(S). Thereare }°, s W’(v) edges between S and W'(S) in Band at most 3, 1y (s) V(w)
of them are incident to some features from VW (S), therefore by (@) and (3)

WS =Y W - > V(w

veS wEW(S)
40Inn
Inlnn

Set K = SUN(S). Assume that N(S) < byd;|S|. Then, using (3), as W'(S) € W"(K),

> 0.1do|S| - 2|S|

> 0.1(1 — o(1))do|S].

W/(S) < W' (K) < 2|K[ < 2(|S] + b1da[S])
< 2(1 4 by -41-dp)|S| = 82(1 + o(1))bydo|S|.

Combining the above inequalities we get
0.1(1 — o(1))do|S| < 82(1 + o(1))b1do|S].
Thus

=b > —,
1000 820
a contradiction. Therefore in case (I) we have with high probability

N(S) > bidy|S).

Now assume that (2) is fulfilled and S is any subset of V, not necessarily a subset of LARGE. Note
that W (S), |S| = s, has the binomial distribution Bin (m, 1 — (1 — p)*®). Therefore, for large n, W(S)
stochastically dominates a random variable X, with the binomial distribution Bin (m, sp(1 — sp)) (recall
that sp < np/dy = 1/mp = o(1)). Therefore

> Pr{W(S) < 0.05/S|mp}
S,n/di<|S|<n/ds
n/d1 n
<
< Z (s) Pr{X, < 0.05smp}
s=n/d}
; 0.05
4 S
< § om0 (25 o)
s=n/d}
n/d1
< Z exp (s (1 4+ 41n(mp) + 41In(np) — 0.8mp)) = o(1).

s=n/d}
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Now we will show a similar bound in the case where (E[) is fulfilled. In this case, if S C LARGE,
|S| = s, then forallv € S
W(v) > W' (v) > 0.1dy > 0.09mp.

Moreover, for any v € V, given W (v), the set YW (v) is uniformly distributed among all subsets of W of
cardinality W (v). Therefore, if for all v € S we have W (v) > 0.09pm then the probability that W (S) is
at most 0.05smp is at most

0.09smp
m 0.05smp /125 0.04smp
<0.053mp> ( m ) = (e 0.05 - sp) .

Recall that sp < np/d; = 1/mp = o(1). Therefore

> Pr{{W(S) <0.05[S|mp} N {S C LARGE}}
SCV,|S|<n/d1
< Y Pr{{W(S) < 0.05[S|mp} N {YuesW (v) > 0.09mp}}
SCV,|S|<n/dy
n/dy

< Zl (Z) (61'25 L 0.05 - sp)0.04smp
s=

n/d1
< Z exp (s (Inn 4+ 0.04mp(1.25 + In 0.05 4+ In sp))) = o(1).
s=1

)

Now we will find a bound on the probability that for some S C LARGE the size of its neighbourhood
N(S8) is smaller than b;|S|d; with by = 0.001. In both cases, (Z) and (@), the proof is similar.

Forany S C V, given the value W (S), N(S) has the binomial distribution with parameters n — | S| and
1—(1=p)" ie Bin(n—|[S|,1 - (1—p)"©E). If W(S) > 0.05S|mp then, for large n, N (S)

stochastically dominates a random variable with the binomial distribution Bin (n - 0.O4|S\mp2)
(note that |S|mp? < 1 as |S| < n/dy). Therefore

Pr {{N(S) < 0.001|S|d,} N {S C LARGE}}
< Pr {N(S) < 0.001|S]d; ‘ W(S) > o.o5|3|mp} + Pr{{W(S) < 0.05/S|mp} N {S C LARGE}}

< oxp (_w (10_0251) (1- d11)0.04|8|nmp2) + Pr{{W(S) < 0.05/S|mp} N {S C LARGE}}.
1

For |S| > n/d}

.02
) (10 0;1) (1 —d;1)0.04d; > 0.03d;.
-

For np > 40

0.025
0 () (1 —d;1)0.0d4nmp? > 1.4mp > 1.4-0.9Inn > 1.21nn.
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Thus finally in the case ([2), using (@), we get

Pr {asg,n/d%gls‘gn/dl{N(S) <0.001[S|d} N {S C LARGE}}

< > Pr{{N(S) < 0.001|S|d;} N {S C LARGE}}
SCV,n/di<|S|<n/dy
< 3 Pr {N(S) < 0.001[S|dy | W(S) > 0.05\S|mp}
SQV,n/d‘%ﬁ\S\gn/dl
+ > Pr{W(S) < 0.05/S|mp}
SCV,n/di<|S|<n/dy
’I’L/dl n
< Z (s) exp (—0.3sdy) + o(1)
s=n/d}
n/dl n
< R
< Z exp (s (1 +1n . 0.3d1)) +0o(1)
s=n/d}
?’L/L‘h
< Z exp (s(14+4Ind; —0.3d1)) +o(1) = o(1)
s=n/d}

Similarly in case (3)), using (7)),

Pr{3scy,is/<n/a {N(S) < 0.001|S|d1} N {S € LARGE}}
Tl/dl

< ; (Z) exp (—1.2sInn) + o(1)

n/dy
< Z exp(s(lnn —1.2lnn)) + o(1) = o(1)

Finally we get that in all cases with high probability
VSCLARGE,|S|<n/d, N (8) > 0.001[S|d;.

P4 We will show the statement only for N (v). W (v) and W’ (v) have the binomial distribution Bin (m, p)
and Bin (m, do/m), resp. therefore the proofs of the remaining statements are similar but easier. Note
that if dy > n/12 then the statement holds trivially. In the latter case, given W (v) < 4mp, N(v) is
stochastically dominated by a binomial random variable with the binomial distribution Bin (n, 4d; /n) (as
1-(1-p"® <1—(1—-p)*P < 4mp?). Having in mind that d; > dy > (1 + o(1))Inn and



Finding Hamilton cycles in random intersection graphs 13
mp > do > (14+0(1))Inn

Pr{3,evN(v) > 12d1} < n(Pr{N(v) > 12d; | W (v) < 4mp} + Pr{W (v) > 4mp})

n<12nd1> <4d1 ) o ”(4Zp>p4mp
(S)% n(5)"

xp(Inn +12(1 —In3)dy) + exp(Inn + 4(1 — In4)mp) = o(1)

IN

| /\

5 Deletable sets

In this section we will mainly analyse an instance G of the random intersection graph. G will have
properties listed in the previous section and will be such that HAM does not find a Hamilton cycle in G.
We will first create a random subgraph G, of G by randomly deleting connections between vertices and
attributes in the bipartite graph B associated with G. We will bound the probability that execution of HAM
on G, proceeds the same steps as on G and G, has good expansion properties. As a tool we will use a so
called deletable set of edges. Namely we will bound the probability that the edges from E(G) \ E(G’)
form a deletable set.

In the analysis of HAM we will use some additional notation. In most cases it is consistent with
Bollobas et al.|(1987). If HAM terminates unsuccessfully on stage k then

H(G) is the set of paths P1) ... P(M) and edges of the form {ug, u; }, where:

- P, =PW .. PM — P is the sequence of paths constructed by HAM, where PU+1) is
obtained from P(*) by a simple extension, cycle extension, or rotation and

— {up, u1} are endpoints of the paths on which HAM executes a cycle extension;

END(G) ={v € V: there exists a path @, on stage k with v as an endpoint and 6(Q) = t for some
1<t<T})

and for x € END(G)

END(G, z) ={v € V: there exists a path Q, on stage k with v and x as endpoints and §(Q;) = t
for some 1 <t < 2T'};

Let G be such that its vertex set is divided into two disjoint sets LARGE and SMALL and HAM with
input value d terminates unsuccessfully on G. Given a constant by > 0, we call X C F(G) deletable with
by if

D1 no edge of X is incident to a vertex from SMALL,;
D2 for any v € LARGE there are at most bod edges from X incident to v;
D3 X NH(G) =0.
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From the description of the algorithm it follows that
|H(G)| < n(2T + 2), (8)

where T is defined as in the algorithm, i.e. for d = Q(Inn) we have T' = o(lnn).
Following the lines of the proof of Lemma 3.2 from Bollobas et al.|(1987) one may show the following
lemma (see the proof in Appendix D).

Lemma 3. Let {G,,}n—1,2,... be a sequence of graphs on n vertices such that for large n HAM with input
value d, d = d(n) = Q(lnn), terminates unsuccessfully in stage k on G,,. Moreover let G/, C G,
bs (bs > 0) and by (0 < by < min{bs, 1/3}) be constants and 6y = max{1, by min{d(G,,),d}}. If for

large n
(i) 6(Gy,) > 2;
(ii) There exists a set V' C V such that:

— for every v there are at most &g vertices from V \ V' at distance at most 2 from v;
— forall S CV' such that |S| < n/d, Ng: (S) > bzd|S

(iii) H(Gn) C E(G),);

i

then HAM terminates unsuccessfully in stage k on G/, and for any constant by < (bs — by)/2 and large n

|[END(G')| > bsn;
|[END(G', x)| > bsn, forany x € END(G').

Remark 3. Let LARGE and SMALL be defined as in Lemma Let G be an instance of G (n, m, p) with
properties PO—P5 and let d = d;. Moreover let X be deletable with bs < b in G, G’ = (V, E(G) \ X),
and let V' = LARGE. Then P0, P3, D1, and D2 imply (4) for n large. Moreover, D3 implies (7ii), and
D1, D2, P2, and P3 imply (4¢) with by = 0 and b3 < by — bo.

Assume that we have an instance B of B (n,m, p) and intersection graph G associated with B. De-
note by B, a random subgraph of B obtained by deleting each edge of B independently with probability
g = A\/n, where X is a positive constant. Moreover let G, be a random subgraph of G associated with
B,. For any G and its subgraph G, let X, be the set of egdes included in G but absent in G,. Consider a
probability space in which we first pick G according to the probability distribution of G (n, m, p) and then
create G,. The outcome of the experiment is a pair of graphs (G, G,). Denote by G,(n, m, p) the random
graph G, constructed in this manner and by X, (n, m, p) the set X,. If an edge was present in G (3, resp.)
and is absent in G, (B, resp) we will say that the edge was deleted in G, (B, resp).

Lemma 4. Let G be an intersection graph on n vertices and let LARGE and SMALL be defined as in
Lemma[2) If G has properties PO-P5 and HAM terminates unsuccessfully on G then

Pr {Xq(n,m,p) is deletable with bs = 0.5b1 | G (n,m,p) = g} > (14 0(1)) exp(—2A(2T + 2))

where o(1) is uniformly bounded over all possible choices of G.
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Proof: Recall that X, is deletable if it has properties D1, D2, and D3.

Set features in WV in any order {ws, ..., w,,}. For any edge {v, v’} let w,,  be the smallest (in order
of W) feature in W' ({v,v'}) (neighbour of both v and v in B).

Forany v € V,v' € N'(v) and w € W’ (v) define events:

Ay, — event that neither {v, Wi, } nor {wy,, v’} was deleted in By;
B, — event that {v/, w,, } was deleted in By;
Cyy —event that {v, w} was deleted in B,,.

Consider events

A= ﬂ A'uv’ N m Avv’a

vESMALL,v’ €N (v) {v,v'}eH(G)

s- U U e

vELARGE SCN (v),|S|=0.1b1dg v'ES

c= U U ) Cow,

vELARGE RCW'(v),|R|=0.11nlony, g, weR

Inn

and event
AN(BUC)=ANB°NCe,

where, for any event D, by D¢ we denote the complement of event D. First we will prove that if event
AN B¢NC* occurs then X, is deletable with by = 0.5b; = 0.0005. ﬂvESMALL,v/EN(v) Ay implies D1
and ﬂ{v,v’}e’)—[(g) A, implies D3. We are left with showing that B¢ N C° implies D2.

Let v € LARGE. Note that if an edge between v and AV (v) is deleted in G, then there is a deleted edge
in B, between W' (v) and N (v) or between v and W' (v).

Let S C N (v) be the largest set such that, for all v* € S, all edges between v" and W' (v) were deleted
in B,. Event B¢ implies that |S| < 0.1b1dy < 0.1b1d4, therefore there are at most 0.1b,d; edges incident
to v deleted in G, due to deletions of edges between W' (v) and N (v) in B,.

Let R C W'(v) be the largest set such that, for all w € R, {v, w} was deleted in B,. Event C° implies
that |R| < 0.1218p, 4y, Property P5 implies that

Inn

Inn
Inlnn
<0.1 bidy

Inn
< 0.4b1dp max{np, 1} < 0.4bympmin{np, 1} max{np, 1} = 0.4b,d;.

Vo, (R) < [R|= - max{np, 4)

n
4
- max{np,4}

Therefore there are at most 0.4b,d; edges between v and A (v) deleted in G, due to deletions of edges
between v and W (v) in B,,.

In conclusion, B¢ N C¢ and PS5 imply that for any vertex v € LARGE there are at most 0.5b1d; edges
incident to v in X,.

Now we will bound the probability that, given G with properties PO-P5, A N (B U C)¢, occurs. Let
Prg {-} = Pr{-|G (n,m.p) = G}.
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In what follows we will use the fact that, given G = G (n, m, p), the edges in B, are deleted indepen-
dently. Moreover, if we know that some set of edges of B, say E, was not deleted in B, then for any other
set of edges E’ of B (possibly intersecting with E) the probability that all edges from E’ were not deleted
(were deleted, resp.) is at least (1 — q)'E/| (at most ¢/Z'l, resp.).

Now we will bound the number of edges incident to vertices from SMALL. Recall that by P1, if
dp > 21Inn then |SMALL| = 0. Therefore we need only to consider the case dy < 2lnn. If m > nl—e
and dy < 2Inn then d; = O(n In? n) (see discussion in the proof of P2). Therefore properties P1 and
P4 imply that there are at most

ISMALL| - 12d; = O(n'/*n/? In? n) = o(n)

edges in G incident to vertices from SMALL. In addition, by (8), |H(G)| < n(2T + 2). Therefore

Prg {A} > (1 - @)*)°" - (1 = )M = (1 - o(1)) exp(~2A(2T +2)).
Moreover by P4 and the fact that p < 1/3Inn/m = o(1)
ProBlA} < Y 5 pr{ N B

A}
vELARGE SCN (v),|8]=0.1b1do es

12dy \ o1p.4 12¢ A\ O tordo
< 0rdo — -2 1. =
- n(()lbldo) q " 0.16 maX{np? } n
A}

< n (0(1) max(p,n~1) T < o),

and

Prg {ClA} < > > Prg{ () Cow
do

vELARGE RCW'(v),|R|=0.1b, nlnn weER

Inn

< 4dy 0.1b, lalnn g
=n Inlnn q
0.161 222dy

Inn

ed Inn A\ R
<n|l——=—~- -
- (0.1()1 Inlnn n)

= o(1).
Therefore, given an instance G of G (n, m, p) with properties PO-P5 we have

Prg {AN (BUC)°} = Prg {A} (1 — Prg {BUC|A})
> Prg {A} (1 — Prg {B|A} — Prg {C[A}) > (1 — o(1)) exp(—2A(2T + 2)),

where o(1) is uniformly bounded over all possible choices of G with properties PO-P5. O

6 Probability of HAM terminating unsuccessfully

Recall that we consider pairs (G, G,), where G is chosen according to the probability distribution of
G (n,m,p) and G, is a random subgraph of G. In previous sections we already bounded the probability
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that in the case when HAM terminates unsuccessfully on G during the execution of HAM on G, a linear
number of longest paths is created. In this section we will additionally prove that it is highly unlikely that
among the large number of paths in G, none of them close a cycle in G. This will lead us to the bound on
the probability that HAM terminates unsuccessfully on G (n, m, p).

Define LARGE and SMALL as in Lemma [2| For a pair (G (n,m,p),G,(n,m,p)) analysed in the
previous section define events

Dy — G (n, m, p) has properties P1-P5 with b; = 1/1000;
Dy —6(G (n,m,p)) > 2 (G (n,m, p) has property P0);
D3 — HAM terminates unsuccessfully on G (n, m, p);
E; — HAM terminates unsuccessfully on G, (n, m, p);

We consider also two other events contained in F;

E, — there is no edge {v,v’'} € X, (n, m, p) such that v € END(G,(n, m,p))
and v" € END(G,(n, m,p),v);

Es — |[END(G4(n, m,p))| > n/5000 and [END(G,(n, m,p),v)| > n/5000,
for all v € END(G,(n, m,p)).

Let moreover
D:DlﬂDQQDg and E:ElmEgﬁEg.

Note that by Lemma [3| and Remark [3] D and the event that X,(n, m,p) is deletable with constant
by = 0.5b; = 1/2000 imply event E. Therefore by Lemmal]

Pr{DNE}>Pr{E|D}Pr{D}
> Pr{X,(n,m,p) is deletable with by = 0.5b1|D} Pr {D} )
> (1—o0(1))exp(—2A(2T +2)) Pr{D}.

Now we will find an upper bound on the probability Pr {D N E}. Note that G,(n, m, p) is distributed
as G(n,m,p’) associated with B(n, m,p"), where p’ = p(1 — q).
First we bound the probability of event F'°, where

F -Ys51=n/5000 W(S) = Wg(n,m.p)(S) > 0.3m min { =605 1} inG(n,m,p).

Assume that n < m. Recall that if |S| = n/5000 then W(S) has the binomial distribution

Bin (m,1 — (1 —p/)"/5%%0) and 1 — (1 — p/)"/?%%0 > 0.5 min{np’ /5000, 1}. As mp’ > (1+ o(1))Inn
andn <m

. 5000m n
5000°" [ = 5000 = 5000

/
EW(S) > 0.5m min{ "p 1} > " _0.5min {mp , > - 2500.
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Therefore, if n < m then
Pr{F°} = Pr{3 W W(S) < 0.3mmin{ 221
r{F°} =Pr{3scw, =2 < 0.3mmin | =5,
n . np’
< —4(0.6) 0. P
= (n/5000> P ( ¥(06)0.5m min { 5000’ }) (10)
< exp (WT:)O (1+ In 5000 — (0.6) - 2500))
< exp (

o
5000
Now assume that n > m. Then np’ = (n/m)mp’ > (1 + o(1)) Inn, therefore, for n large, we have

0.3mmin { 225,11 = 0.3m. Let

(1 + In 5000 — 233)) < exp(—0.04n).

V'=H{veV: W) <01mp'}.

Note that Pr {W (v) < 0.1mp'} < exp(—(0.1)mp’) < n=2/3 and W (v), v € V, are independent. V"’
is therefore stochastically dominated by a random variable with the binomial distribution Bin (n, n=2/ 3).
In addition, given W (v) = t > 0.1mp’, the set W(v) is distributed uniformly over all subsets of W of
cardinality ¢ (independently of all other vertices from V). Thus, for n > m,

Pr{F¢} <Pr {Fclvn < nl/z} +Pr{V” > n1/2}

(5()"00—n1/2)~0.1mp/
< ( ’: )( m ) <O.3m> +( 7112)(71—2/3)711/2
=565/ \0.3m m nl/
n e \0.3m . , nt/?
S (eSOoo)m (ﬁ) 0.3(1+0(1))me 4 <€n1/2n_2/3)

< exp(—n'/?).

Recall that B,(n, m, p) is distributed as B(n, m,p’). Therefore B(n,m, p) is distributed as a random
bipartite graph B, (n, m, p)UB(n, m, ¢'), where B, (n, m, p) and B(n, m, ¢’) are independent and we have

¢ = pq/(1—p+pq) = (140(1))pq (recall that we assume that lnn = o(m) i.e. p < y/31lnn/m = o(1)).
If E5 occurs then in B(n,m,¢’) for all v € END(G’) there is no edge between W(END(G’, v)) and v,
therefore

Pr{Es|EyNE3sNF} < H (1 — /)W (END(G"v)
vEEND(G')

/
<oxp (=" (14 o1))p- 2 0.3mmind 2 1
5000 n 5000

3 dy
< (14 o(1)A - —>— min{ L
—eXp( (140X =500 mm{5000’mp})

< exp(—\'lnn)

for N = \-1078.
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Therefore by (T0) and the above calculation
Pr{DNE} <Pr{EE1NEsNF}+Pr{F°} < (1+0(1))exp{—)\ Inn}.
Combining this equation with (9) we get
(1 —o0(1)) exp(—2A(2T + 2)) Pr{D} < (1 + o(1)) exp{—X Inn},

ie.

Pr{D} < (1+o0(1))exp{—NInn + 2X(2T + 2)} = o(1).

Therefore by the above equation and Lemma 2]

Pr{{6(G (n,m,p)) > 2} N {HAM finishes unsuccessfully on G (n, m,p)}}
=Pr{DyN D3} <Pr{D;NDyN D3} +Pr{Df} =o0(1).

7 Proof form < n'—*

We will not give the whole proof in the case m < nl=f =1 /25) and mp? < 1 as, in its main part, it
follows the lines of the proof for m > n'~¢. We just note several adjustments that we make.
We leave the definition of d but we redefine SMALL and LARGE.

SMALL, = {v € V:W'(v) <6-10>mp}, LARGE, ={veV: W (v)>6-10"3mp}.
We need to add that in this case
np = (n/m)mp > (1+o0(1))n"lnn and mp = (1+ o(1))do. (11)
We redefine the properties.
P0. 6(G) > np/2 > n®lnn/2;

P1. |SMALL,| < n® and
if mp > 2Inn then [SMALL,| = 0;

P3, Forall S C LARGE,, if |S| < n/d; then N(S) > b1d;|S|.

P4 ForallveV
W(v) < 4mp, W'(v) <4dy, N(v) < 12d;.

PS5 Forallw e W
Inn

V(w) <

41,
“Ilnlnn max{np, 4}

Now we may prove the following analogue of Lemma[2]
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Lemma 5. Let G (n, m, p) be a random intersection graph and
do > (14 0(1)) Inn.
Moreover let
SMALL, = {v €V :W'(v) <6-103mp}, LARGE,={veV:W'(v)>6-10"3mp}.

Ifm < n'=¢ (¢ = 1/25) then with high probability G (n,m,p) has properties P1,, P3, with by = 0.001,
P4, and P5.

Remark 4. If m < n'~¢ then

Pr{{0(G (n,m,p)) = 2} N{5(G (n,m,p)) = np/2}°} = o(1). (12)

The proofs of Lemma[5]and Remark [d] are presented in Appendix C.
We also redefine the notion of a deletable set. Let G be such that HAM terminates unsuccessfully on G.
Given constant by > 0, we call X C F(G) deletable with bs if

D1, for any v € SMALL, there are at most body edges from X incident to v;
D2, for any v € LARGE, there are at most bod; edges from X incident to v;
D3 XNH(G)=10.

Now we will show that with the above definition we may give an analogue of Remark 3]

Lemma 6. Let G be an instance of G (n,m,p) and LARGE, and SMALL, be defined as in Lemma
If G has properties PO, P1,, P3,, P4, P5 and X is deletable in G with a constant by < by. Then for
G = (V,E(G) \ X) and large n the assumptions ofLemmawith V' = LARGE, are fulfilled with any
constants 0 < by < by — by and 0 < by < min{bs, 1/3}.

Proof:
Recall that mp = o(np), dy = (1 + o(1))mp, and np = o(d; ). Therefore By P0,., P3., D1,, and D2,

5(G") > min{5(G) — bado, (b1 — ba)d1} > (1 +0(1))np/2 > (1 + o(1))n Inn/2.

This implies (i).
Now we show the first part of (ii). By the above calculation we have

min{§(G’),d1} > (1 + o(1))n° Inn/2,
therefore by PO, and P1,
ISMALL,| < n° = o(min{d§(G’),d1}) < bymin{5(G’),d; }

for any constant b, and large n. This implies the first part of (¢7). The second part of (ii) follows by P3,
and D2,. Finally (éi7) follows by D3. O

Now we will show an analogue of Lemma 4]
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Lemma 7. Let LARGE, and SMALL, be defined as in Lemma E] and G be an intersection graph on n
vertices with properties PO, P1,, P3,, P4, P5 such that HAM finishes unsuccessfully on G. Then

Pr {Xq(n7 m, p) is deletable with by = 0.5b | G (n,m,p) = g} > (14 0(1)) exp(—2X(2T + 2))
where o(1) is uniformly bounded over all possible choices of G.

Proof: We redefine events A and B. For any v € V and w € W let A, be event that {v, w} was not

deleted in B,. Moreover
A, = N A0 () Aw,
vESMALL,.,weW (v) {v,v'}YeH(G)

B* = U U ﬂ Bm)’a

vEV SCN(v),|S|=0.1b1dy v'€S

o= | U N o

vELARGE. RCW'(v),|R|=0.1812np,d, weR

Recall that for v € SMALL,, if mp < 2Inn then we have W (v) < 6 - 1073mp < 12103 Inn.
Otherwise by P1, SMALL,. = (). Therefore by P1,, and (8)

Prg {A,} > (1 — g 12107 (1 _ )2HOI > (1 4 o(1)) exp(—2A(2T + 2)).
Moreover, similar bounds as for Prg { B|A} and Prg {C|A} in the case m > n'~¢ give
Prg {B.|A.} =0o(1) and Prg{C|A.} =o(1).
Therefore
Prg {A. N (B.UC)} > (14 0(1)) exp(—2X(2T + 2)).

We are left with showing that A, N (B, U C)° implies that X, is deletable. The same arguments as before
give that A, implies D3 and (B, U C)° implies D2,. Moreover A, with B, imply D1..
In the remaining part of the proof we only replace Dy and D5 by

D1, — G (n,m,p) has properties P1,, P3., P4, P5 with b; = 1/1000;

Dsy —6(G (n,m, p)) > np/2 (G (n, m, p) has property P0.);
and at the end, using (12), we get

Pr{{d(G (n,m,p)) > 2} N {HAM finishes unsuccessfully on G (n,m,p)}}

< Pr{{d(G (n,m,p)) > np/2} N {HAM finishes unsuccessfully on G (n,m, p)}}
+ Pr{{8(G (n,m.p)) = 2} 0 {3(G (n.m, p)) = np/2}°)

=Pr{D2.N D3} + o(1)

< Pr{Di1.N D, N D3} +Pr{Df,}+ o(1) =o(1).
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Appendix A

First consider the case mp? < 1. In this case by Lemma (property P4) with high probability each vertex
in G (n, m, p) has degree at most 12d. Therefore in stage k, 1 < k < n, each of the considered paths has
at most 24d rotations (at most 12d rotations for each of its ends). As we consider only those paths which
result from at most 27" 4 1 rotations, the total number of rotations made during the execution of stage k
is at most (12d)?T+2 = O(n?*¢), for any constant ¢ > 0. Summing over all stages we get that with high
probability the algorithm makes O(n®¢) rotations. Considering the time needed to execute a rotation
we get that with high probability HAM terminates in O(n**¢) time on G (n, m, p). In the case mp? > 1
we have T < 2 therefore in each stage the number of rotations is at most O(n?). Thus the algorithm
terminates in O(n*) rounds.

Appendix B

Proof of Theorem 2k
The following result is a special case of Lemma 5.1 from Rybarczyk| (2017).

Lemma 8. IfIn”n = o(m) and

Inn+c
1-1-pH=——"7"
P (1-p = 2
then
0 for ¢, = —o0;
ILm Pr{6(G (n,m,p)) >1} =< e *"  forc, — c€ (—o0,00);
1 for ¢, — .

Now we will find the probability of existence of a vertex of degree 1. Recall that

n Inn+1Ina, +c¢,
pAI—-(1-p" )= —

m
and
1 form < (1 —¢)nlnn/Inlnn;
a, =
e form > (1+¢)nlnn/Inlnn.

First consider the case m < (1 —¢)nlnn/Inlnn. In this case p(1 — (1 —p)" 1) = Bt 454, = 1.
We will show that if ¢,, — ¢ € (—o00, 00| then with high probability there is no vertex of degree 1 in
G (n,m, p). Note that in this case

e n(lnn + ¢, Inlnn
np > np(l — (1 —p) 1)2% > (1+0(1)) 11—z

Therefore, for large n, np > (1 + o(1))Inlnn/(1 —¢) > (1 +¢)Inlnn, Innp = o(np), and mp =
(14 0o(1))Inn.

Note that v € V has degree 1 in an intersection graph G associated with a bipartite graph B if there exist
a feature w and vertex v’ such that V(w) = {v, v’} and for any other feature w’ € W \ {w} pair {v, w’}
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is not an edge in BB, or w’ is adjacent only to v in BB, or V(w’) = {v,v’}. Therefore, for any vertex v € V
and ¢, — ¢ € (—00, 0],

Pr{deg(v) =1} < > > p*(1—p)" *(1—=p)+p1—p)" " +p*)"
wEW v €V
< mp - np - exp(—np + p)
cexp (—mp(1— (1 =p)" ') + O(mp* + p))
<exp(lnmp +Innp —np —Inn — ¢, + o(1))
<exp(In((1+0(1))Inn) — (14 o(1))np —Inn — ¢, + o(1))
<exp(lnlnn—(14+¢)lnlnn —Inn — ¢, + o(1))

=o(n™t)

Thus with high probability there is no vertex of degree 1 in G (n, m,p). This combined with Lemma
completes the proof in this case.

Now assume that m > (1 + ¢)nlnn/Inlnn. We will use the method of moments to get a Poisson
approximation of the number of vertices of degree 1 (see for example Corollary 6.8 inJanson et al.|(2001)).
Inthis case np < (mplnlnn)/((1+¢)Inn) and, as a consequence, a,, = (nplun)/(e™ —1) — oo (note
that z/(e® — 1) is decreasing for x € (0, 00)). Recall that mp? = o(1), i.e. also np? = o(1). Let k be
a constant integer and {v1,...,v;} C V. Note that (m)y, is the number of choices of wy, . . ., wg, which
might be chosen by vertices vy, . . ., vy, resp., (n — k)p*(1 — p)"~2 is the probability that w;, 1 < i < k,
was chosen only by v; and one other vertex from V' \ {vy, ..., v}, and ((1 — p)* + kp(1 — p)"—1)(m=k)

is the probability that each feature from W \ {wy,...,wy} either was not chosen by any vertex from
{v1,..., v} or was chosen by exactly one vertex from {v1, ..., v;} and no other vertex. Therefore
Pr{deg(vy) = ... =deg(vx) = 1}

> (m)g ((n = k)p*(1 = p)" )" (1= p)* + kp(1 — )"~ ) mH)

n—1 k
> (14 0(1))(mp(1 — (1 —p)"~))* (%)

(1= kp+kp(1 —p)n=t)m=F)

= (14 o(1)) <(1 _Eﬁiﬁi — 1>k

~exp(—kmp(1 — (1 —p)" 1) + O(mp* + p))

lnn-np\"
= (14 0(1)) (M) exp(—k(lnn +Ina, + ¢,))
enp —
e=en\ "
=1 1
1+ ()
Now we will find an upper bound on Pr {deg(v1) = ... = deg(vi) = 1}. Below weset4,0 < i < k/2,

to be the number of edges induced by {v1, ..., vt} in G (n,m,p). We note that the probability that for
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a given feature w set V(w) is the same as some edge incident to a vertex from {vi,..., v} is upper
bounded by kp?. Therefore
Pr{deg(vy) = ... =deg(vx) = 1}
k/2
< Z )2i(np? (1 — p)"~2)F=9

. (( _ p) + kp( _ p)n—l + k,p2)(m—k)
< (1= kp+kp(1 —p)" ™" + (kp)® + kp*) "M

k/2 _ k—i
. 2i (1, (1 o \n—1\\k—i np(l —p)" !
>k o1~ (=5 (22
k/2
= (1+o(1))exp (=k(Inn +Inan +c,)) Y k> al >
—cn k -
— 1+ ()

Therefore by the method of moments the number of vertices of degree 1 in G (n, m, p) tends to a random
variable with the Poisson distribution Po (¢~¢), where ¢ = lim,,_,, ¢,,. This combined with Lemma
finishes the proof in the second case.

O

Appendix C

Proof of Remark [} In fact we will show that with high probability

Vrew,[rj<p-1V(R) > (13)

np|R|

9 +1
Note that (T3) implies that with high probability each vertex is either isolated or of degree at least np/2.
Therefore (12) follows by (13).

We will now show (T3). Recall that np > (1 + o(1))n®Inn. For R C W with |R| = r < p 1,
V(R ) has the binomial distribution Bin (n, 1 — (1 — p)") with EV(R) > 3npr/5 (as for large n we have
1—(1—p)" > 3pr/5). Therefore

Pr {3rcow.ri<p 1 V(R) < (npr/2) + 1} < Z( ) exp (-((1-+ 0(1))5/6)300/5)

< Zexp 7 (0.008np — Inm)) = o(1).
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Proof of Lemma 3k
P1.. This proof is practically the same as the proof of P1.
P3.. As in the proof of P3 in the case np > 40

Pr{3scrarcE. [s|<n/a, W(S) <3107 - mp|S|}
n/d1

< Z n m 3-10 3mps 610" mps
T\ \3- 10—3mps m

W 3.1073
Z n’ (e 3. 10_3ps) ' s

s=1

n/dy
<Y exp(s(Inn+3-1073(1+ o(1)) Inn(lnps + O(1)))) = o(1).

IN

The above stated inequalities together with (T3)) imply that if m < n'~ then with high probability for all
S C LARGE,, |S| < n/d;, and n large

N(S) = VOV(s) - || = VS

—1S| > % 231073 mp|S| — |8] > 10~3d4 S|

P4 and PS5 The proofs of P4 and PS5 presented in the proof of Lemma are also valid in the case m < n!'~¢.
O

Appendix D

Proof of Lemma 3k

SetG =G, and G’ = G/,. As H(G) C E(G’), the execution of HAM on G’ will be the same as on G,
i.e. HAM will start stage k in G’ with Py (with endpoints uo and ©1) and terminate unsuccessfully in this
stage.

Let

S; = {v :v € V' and at stage k there exists a path 5 with endpoints ug, v such that §(Q,) = t}

First we prove that S; # 0. P, = Q1. If u; ¢ V' then u; has at least §(G') neighbours on Q; and at
least §(G’) — 1 of them are not connected with u; by an edge of Q1. Therefore on ) there are at least
0(G’) — 1 > 1 new ends obtained by one rotation from Q1. If 69 = 1 then all of these ends are in V'
(otherwise there would be a vertex with more than g = 1 vertices at distance at most 2 in V \ V’). This
implies S; # 0 in the case 6o = 1. If §g > 1 (i.e. §(G’) > 1/by > 3) then, by (ii), at least

(1-b)8(G)—1>2.3-1=1

wl o
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of the ends of the paths obtained by one rotation from Q1 are in V', i.e. 81 # 0. If u; € V' then u;
has at least bsd neighbours and at least bsd — 1 new ends obtained by a rotation from (1. Then at least
bsd — byd — 1 > (b3 — by)d — 1 > 1 of these ends are in V', i.e. Sy # 0.

Now assume that 1 < |S;| < n/dforsomet, 1 <t <T.

For each v € S; set a path Q4(,,) with endpoints ug and v such that S(Qs(v)) =1.

Now look at the pairs (v,u), where u is a neighbour of v in G’, i.e. uw € Ng/(v). For {v,u} which
is not an edge of (., denote by x(v,u) the endpoint of ROT AT E(Qs(,), {v,u}) other than ug. If
z(v,u) € V' then z(v,u) € St41.

For any v € Ng/(S;) there are at most 2 vertices z € S;y; such that for some v € S; we have
x =x(v,u) and {z,u} € E(Py).

Moreover, for any v there is only one u € Ng/(v) such that {v,u} € E(Q,()), at most byd vertices
u € Ng/(v) such that z(v,u) ¢ V' and at most ¢ (where t = §(Qy(,))) vertices u € Ng:(v) such that
{x,u} ¢ E(Py) (since there are at most ¢ edges on Q) 5(,,) which are not in Py).

Therefore

|St+1] = {z(v,u) : v € St,u € Ng/(v) and z(v,u) € V'}|
> {z(v,u) : v € S, u € Ng (v),z(v,u) € V', {u,v} ¢ E(Qyv)), {z(v,u),u} € E(Py)}|
> [{u € Ng/(8) : Fves, z(v,u) € V' {u, v} ¢ E(Qsw)), {z(v, u),u} € E(Py)}/2
> (Ngi(S)) — (¢ + 1+ bud)|Si]) /2
> ((bs — ba)d — T — 1)[S1]/2
= (1 +0(1))(bs — ba)d|Si|/2 > b5d| Sy
for any constant b5 < (b3 — by)/2.
Sy # () and |S;41| > bsd|S;|, therefore for some 7 < T — 1 we have |S;| > n/d. Applying the same
argument as in above calculations for any S’ C S, such that |S’| = n/d we have that S, 1 > b5d|S’| >

bsn. To prove the second part of the lemma, for any 2 € END(G’), it remains to apply the same arguments
replacing ug by = and Py, by the path ), with one endpoint z and 6(Q,) < 2T O
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