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Recently, Araujo et al. [Manuscript in preparation, 2017] introduced the notion of Cycle Convexity of graphs. In
their seminal work, they studied the graph convexity parameter called hull number for this new graph convexity they
proposed, and they presented some of its applications in Knot theory. Roughly, the tunnel number of a knot embedded
in a plane is upper bounded by the hull number of a corresponding planar 4-regular graph in cycle convexity. In this
paper, we go further in the study of this new graph convexity and we study the interval number of a graph in cycle
convexity. This parameter is, alongside the hull number, one of the most studied parameters in the literature about
graph convexities. Precisely, given a graph G, its interval number in cycle convexity, denoted by in..(G), is the
minimum cardinality of a set S C V(G) such that every vertex w € V(G) \ S has two distinct neighbors u,v € S
such that u and v lie in same connected component of G[S], i.e. the subgraph of G induced by the vertices in S.

In this work, first we provide bounds on in..(G) and its relations to other graph convexity parameters, and explore
its behaviour on grids. Then, we present some hardness results by showing that deciding whether in..(G) < k
is NP-complete, even if G is a split graph or a bounded-degree planar graph, and that the problem is W[2]-hard in
bipartite graphs when k is the parameter. As a consequence, we obtain that in..(G) cannot be approximated up to a
constant factor in the classes of split graphs and bipartite graphs (unless P = N P).

On the positive side, we present polynomial-time algorithms to compute in..(G) for outerplanar graphs, cobipartite
graphs and interval graphs. We also present fixed-parameter tractable (FPT) algorithms to compute it for (¢,q —
4)-graphs when g is the parameter and for general graphs G when parameterized either by the treewidth or the
neighborhood diversity of G.

Some of our hardness results and positive results are not known to hold for related graph convexities and domination
problems. We hope that the design of our new reductions and polynomial-time algorithms can be helpful in order to
advance in the study of related graph problems.
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1 Introduction

A convexity in graphs can be roughly described as the rules of propagation of an infection process on the
vertices. Several graph convexities have been defined in the literature with different practical and theoret-
ical motivations |Varlet| (1976); |Jamison| (1982); |[Farber and Jamison| (1986); Duchet (1988));|(Changat and
Mathew| (1999). We refer to Section for more details. Apart from the study of a new graph convex-
ity, the main contributions of this paper are the design of new hardness reductions and polynomial-time
algorithms in order to tackle with convexity problems on graphs. We expect our results to be used for the
study of other graph convexities than just the one described in this work (formal relationships between all
these convexities are presented in Section[2.2).

There are several real-world applications that can be modelled by an infection process in a network.
Many of these applications can be seen as graph convexity problems such as, e.g., disseminated dis-
eases [Balogh and Pete| (1998), spread of opinion and community formation in social networks [Dreyer
and Roberts| (2009); Wasserman and Faust (1994)) and distributed computing [Peleg| (2002). Depending
on the application, some works in the literature name such processes as bootstrap percolation [Balister
et al.| (2010); Balogh and Bollobas| (2003), local majority processes |Peleg (2002), catastrophic fault pat-
terns Nayak et al.[{(2000), etc. Recently, a new graph convexity called cycle convexity has been defined for
its applications in Knot Theory |Araujo et al.| (2018]). Roughly, in the corresponding process we infect a
vertex only if it belongs to a cycle where all other vertices are infected. Relationships between the tunnel
number of a knot in the plane and the hull number of some planar graph in this new graph convexity
have been proved in |Araujo et al.[| (2018)). Such topological aspects are out of the scope of the present
paper. Nevertheless, we think that the study of cycle convexity can be interesting on its own, and for its
relationships with more studied convexity and domination problems on graphs. This paper is dedicated to
the study of the graph convexity parameter called interval number of graphs in this new graph convexity.
Before going into the details of cycle convexity and of the corresponding interval number of a graph, let
us recall general definitions of convexity and graph convexity.

A convexity space is an ordered pair (V,C), where V' is a non-empty set and C is a family of subsets of
V', called convex sets, that satisfies:

(C1) 0,V €C; and
(C2) CNnC' e, forall C,C" €C.

Given a subset C' C V, the convex hull of C' (with respect to (V,C)) is the unique inclusion wise minimal
C' € C containing C, and it is denoted by hull(y,¢)(C). If hull(y,¢)(C) =V, then C'is said to be a hull
set of (V,C). The hull number of V with respect to C is the size of a minimum hull set, and is denoted by
hn(V,C).

When studying Euclidean spaces, the set V' is R™ and C contains all the convex subsets of R™. Recall
that a set C' C R™ is convex if, for any two points p; and p, in C', any convex combination of p; and po
also belongs to C. In other words, C' is convex if all the points on the line segment between p; and po
also belong to C, for every pair of points p1, p2 € C. Remember that the convex hull of a set of points C'
in R™ can be computed by recursively augmenting C' with any point that lies on a segment between two
points already in C'. Metaphorically, it can be seen as a contagion (or percolation) process starting from
the initial set C' that infects (or percolates) the whole convex hull hull(y,c(C).

These notions where brought to graph theory in the 80’s [Farber and Jamison| (1986); |Duchet (1988)
by taking the vertex set of an input graph G = (V| E) as the set V. The set C of convex sets depends
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on the definition of the “contagion process” that is defined in terms of an interval function. For more
details, we refer the reader to |Pelayo| (2013). Let us now present some formal definitions concerning
graph convexities and their parameters.

1.1 Related work

General approach. Let us first give a general definition of f-convexity according to some function f.

Let G = (V, E) be a finite graph. An interval function f : 2V x V — 2V takes a subset X C V/, the
set of infected vertices, and a vertex v € V' \ X, a healthy vertex, as an input and returns either X U {v},
in which case the vertex has been infected or X, when x remains healthy. That is, for any X C V and
ve VX, f(X,v) e {X,XU{v}}. Ifv € f(X,v), vis said to be generated by X . Furthermore we
suppose f to be monotonic for every fixed vertex v, i.e. if v is generated by X then it is also generated by
any superset Y O X.

For any X C V/, let us define the interval f(X) of X as {J, ey x f(X,0), i.e. f(X) consists of X
plus any vertex that is generated by X according to f. By the monotonicity of f, for every fixed points
X, Yof fwehave f(XNY)C f(X)NfY)C XNY C f(XNY). In particular, X NY is also a
fixed point of f, and it holds f(X NY) = f(X) N f(Y). We can then define a convexity space (V,Cy)
with Cy C 2V containing the fixed points of f. The interval f(X) of X is also called the set generated
by X, and X is a generator of f(X). We say that a set X C V is a generator (a.k.a. interval set) for G
if f(X) = V. A generator X of f(X) such that no proper subset of X is a generator of f(X) is called a
minimal generator. A minimum cardinality generator is called a minimum generator.

Intuitively, a set X generates f(X) in one step. The infection process may continue applying recur-
sively f to the new set of generated vertices. The convex hull f*°(X) of a set X C V (with respect
to f) is the set of all vertices that will eventually be generated when X is the set of initially infected
vertices. More formally, for every set X and i > 1, let f1(X) = f(X), f{(X) = f(f""}(X)) and
(X)) = limioo fH(X). A set X is called a recursive generator of f°(X). If f°(X) =V, X is
called a recursive generator (a.k.a. hull set) for G.

For a graph G and an interval function f, several natural questions can be asked. For instance:

(a) What is the minimum size of a generator for G, i.e., the minimum size of a set X C V such that
f(X) = V? This graph invariant is called the interval number of G in the convexity defined by
the function f, denoted here by iny(G). We stress that the interval number has received differ-
ent names in the literature which usually depends on the convexity function f, such as geodetic
number |Hernando et al.|(2005al) and monophonic number Paluga and Canoy Jr| (2007)).

(b) What is the minimum size of a recursive generator for G, i.e., the minimum size of aset X C V
whose convex hull is V7 This graph invariant is called the Aull number|Everett and Seidman|(1985))
of G (with respect to f), denoted here by hn ¢ (G).

Many other graph-convexity parameters have been considered in the literature like convexity num-
ber|Chartrand et al.|(2002c), Radon number (e.g.,|Dourado et al.[(2012)), Carathéodory number
(e.g, Dourado et al.| (2013)), rank number Ramos et al.[|(2014), etc. In this work we focus on the interval
number.

Several interval functions have been proposed and studied. For instance:
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Geodetic convexity Dourado et al.| (2009); Araujo et al.| (2013): two contaminated vertices infect any
vertex on a shortest path between them. This is similar to the classic notion of convexity in an
Euclidean space, if one sees the segment between two points as the shortest path between them.
This function is denoted here by sp. That is, sp(X,v) = X U {v} if and only if v belongs to
a shortest path between two vertices of X. In Section [2.2] the corresponding hull number (resp.,
interval number) of a graph G is denoted by hng,(G) (tesp., ing,(G)).

Monophonic convexity [Jamison| (1982); Dourado et al.| (2010b)): two contaminated vertices infect any
vertex on an induced path between them. The function is denoted by m and m(X,v) = X U
{v} if and only if v belongs to an induced path between two vertices of X. In Section the
corresponding hull number (resp., interval number) of a graph G is denoted by hn,,(G) (resp.,
inm(G)).

Ps-convexity |Varlet]| (1976)); |Centeno et al.|(2010): a vertex is contaminated if it has two contaminated
neighbors, i.e. P3(X,v) = XU{v} ifand only if [N (v)NX| > 2. In Section2.2] the corresponding
hull number (resp., interval number) of a graph G is denoted by hnp, (G) (resp., inp, (G)).

P3-convexity |Araujo et al|(2013): a vertex is contaminated if it has two contaminated non-adjacent
neighbors, i.e. P;(X,v) = X U {v} if and only if there exist z,y € X N N(v), x # y and
{z,y} ¢ E(G). In Section the corresponding hull number (resp., interval number) of a graph
G is denoted by hnp; (G) (resp., inp; (G)).

Here we study a new graph convexity called cycle convexity, that has been defined as follows in|Araujo
et al.| (2018)):

Definition 1 (Cycle convexity). In cycle convexity, a vertex is contaminated if is has two distinct neigh-
bors in a same connected component of the graph induced by the infected vertices. The corresponding
interval function is denoted by cc, and cc(X, v) = X U{v} if and only if there is a path P of order at least
2 in the subgraph G[X] induced by X, such that both endpoints of P are neighbors of v.

In |Araujo et al.| (2018)), it is shown that the hull number in cycle convexity of a 4-regular planar
graph provides an upper bound for the tunnel number of the associated knot or link embedded in the
3-dimensional spherem A tight upper bound for hn..(G) is provided, when G is a 4-regular planar
graph and it is proven that it is NP-complete to determine whether hn..(G) < k, given a planar graph G
and a positive integer k.

1.2 Our results

In this paper, we further study cycle convexity and we focus on the corresponding interval number.

We first present some exact values for restricted cases and several bounds for the interval number of
a graph in Sections [2| and [3} Although some of these bounds imply complexity results, we focus on the
complexity analysis of computing the interval number in cycle convexity in Sections 4] [5]and [6]

Section[2]is devoted to some general basic results. We first present some trivial facts concerning simple
graph classes and we characterize when in..(G) = 2. Then, we prove some relationships between
cycle convexity and other more studied graph convexities (e.g., Ps-convexity), as well as with domination
problems in graphs (i.e., domination number and connected 2-domination number). Doing so, there are

() Formal definitions of tunnel, knot or link are out of the scope of this paper. We refer to|Clarkl (1980} for the interested reader.
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several bounds in the literature concerning the above parameters that can be extended to the interval
number in the cycle convexity (Chellali et al.[(2012); |[Bujtas and Jasko|(2017). We also show how this can
be used in order to derive inapproximability results for the computation of the interval number.

Section [3| first presents some general bounds to the interval number in cycle convexity. Then, we
study the interval number in.. of square grids. We show that, for any grid G,, with n vertices, n/2 <
inec(Gr) < n/2 + o(n). Furthermore, we explain how to use our bounds in this section in order to
design parameterized algorithms for computing ¢n.. in apex-minor free graphs, and so, in planar graphs
and bounded-genus graphs. This part is based on bidimensionality theory [Fomin et al.| (2011).

In Section we show that deciding whether in..(G) < k is NP-hard when k is part of the input, and G
belongs to the class of split graphs, or bipartite graphs, or planar graphs with maximum degree 6. To the
best of our knowledge the complexity of computing in (G) for planar graphs is open for other related graph
convexities. Furthermore, the results for split graphs and for bipartite graphs are even stronger because
both reductions are FPT-reductions from the Dominating Set problem. Thus, determining ¢n..(G) for any
G in these two classes of graphs is W[2]-hard. Moreover, our results imply that determining in..(G) for
any G cannot be approximated in polynomial-time up to a factor O(logn) in the classes of bipartite or
split graphs.

On the positive side, in Section we present polynomial-time algorithms to compute in..(G) on cobi-
partite graphs and interval graphs. We emphasize our positive result for interval graphs, that is surprisingly
intricate.

Finally, Section E] is devoted to parameterized algorithms. Since we prove that computing in..(G) is
WI[2]-hard when the parameter is the size of the solution, we investigate the behaviour of the problem
when we consider other parameters. We present FPT algorithms to compute in..(G) for (g,q — 4)-
graphs, where g is the parameter, for bounded treewidth graphs, and for graphs of bounded neighborhood
diversity. The result for bounded treewidth graphs allows us to prove that in..(G) can be computed in
polynomial-time in the class of outerplanar graphs G. Our motivation to study these parameters comes
from similar results obtained in different graph convexities (Campos et al.| (2015); |Araujo et al.| (2013));
Araujo et al.| (2013);|Araujo et al.|(2016).

Most of our results clearly show a strong relationship between the interval number for cycle convexity
and the Minimum Dominating Set problem. It would be interesting to know whether the complexity of
these two problems differ in some graph classes.

2 Preliminaries

For basic notions in graph theory, convexity in Euclidean spaces, computational complexity and parame-
terized complexity, the reader is referred toBondy and Murty| (2008)); [Flum and Grohe|(2006); Rockafellar
(1970); |Garey and Johnson|(1979).

All graphs considered in this paper are simple (i.e., without parallel edges nor loops), finite and undi-
rected. Unless explicitly stated, graphs considered in this paper are also connected.

Throughout the paper, we use the following notations. Let G = (V, E)) be a graph. For any v € V,
N (v) C V denotes the set of neighbors of v, and N[v] = {v} U N(v) is the closed neighborhood of v.
Let E, C E denote the set of edges incident to v. Forany X C V, N(X) = {J,cx N(z) \ X, ie. itis
the set of neighbors of the vertices in X that are out of X, and N[X]| = N(X)UX. G[X] is the subgraph
induced by X in G. A vertex v € V is universal if N[v] = V.

In this paper, we consider cycle convexity, where a vertex gets contaminated if it is adjacent to two
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distinct vertices of a same contaminated connected component. More formally, for any X C V and
v € V\ X, letce(X,v) = {v} U X if and only if there is a connected component A of G[X] such that
|AN N(v)| > 2. Otherwise, cc(X,v) = X. This means that the vertex v is generated by X if and only
if there is a cycle C' in G containing v and such that V(C') C X U {v} (note that such a cycle is not
necessarily unique). We say that this cycle C generates v for the set X.

Let us put cc(X) = U, ey x c¢(X, v). The interval number inc.(G) of G (in cycle convexity) is the
smallest integer & such that there exists X C V with |X| < k and cc(X) = V. Finally, the hull number
hne.(G) of G (with respect to cycle convexity) is the smallest integer k such that there exists X C V,
|X| < kand cc™(X) = lim;_oocc’(X) = V.

2.1 Basic properties

Let us start with some simple observations that are used all along the paper.
The following two lemmas are straightforward.

Lemma 2. Let G = (V, E) be a simple graph and X C V. cc(X) =V ifand only if, for everyv € V\ X,
there exist x,y € X N N (v), x # y, and x,y belong to a same connected component of G[X].

Proof: If cc(X) = V then, for every v € V' \ X, there is a cycle C such that V(C) € X U {v}. In
particular the two neighbours x, y of v in C' are connected in G[X]. Conversely, suppose that, for every
v € V\ X, there exist z,y € X N N(v), x # y, and z,y belong to a same connected component of
G[X]. The union of v with any induced zy-path in G[X] is a cycle of which v is the only vertex not in
X, thereby implying cc(X,v) = X U {v}. Therefore, cc(X) = V. O

Lemma 3. For any n-node forest T, in..(T) = n.
For any n-vertex cycle Cp,, n > 3, ine.(Cp) =n — 1.
For any complete n-vertex graph K, n > 2, in..(K,) = 2.

Proof: The first statement comes from Lemma@] and the fact that, in a tree, every vertex with degree at
least 2 is a cut-vertex. The second statement also follows from Lemma [2] since, if some vertex v € C,,
does not belong to a generator X, its two neighbors must belong to a same component of X and so
X =V(C,) \ {v}. Finally, again by Lemma[2] in..(G) > 2 for every graph with at least two vertices,
and it is easy to check that in..(K,) < 2. O

Theorem 4. For any simple n-vertex m-edge connected graph G, in..(G) = 2 if and only if G has two
distinct universal vertices. It can be decided in O(n + m)-time.

Proof: First, let us assume that G = (V, E)) admits a generator X = {u,v} C V (with u # v), i.e.
ce(X) = V. If |[V] = 2, the result follows since G is connected. Let us assume that |[V| > 2. By
Lemma for any w € cc(X) \ X, w has two neighbors in a same contaminated connected component.
This directly implies that {u, v} C N(w) and {u,v} € E. Hence, u and v are universal.

Reciprocally, if G has two (distinct) universal vertices u and v, then X = {u, v} is clearly a generator
for G, since any vertex of V' \ X is in a triangle with u and v. Hence, in..(G) < 2 and the equality
follows since |V| > 1.

Note that the existence of two universal vertices can be checked in O(n+m)-time, simply by computing
the degree distribution. O
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2.2 Relationship with other graph convexities

First, let us compare the hull number and interval number in cycle convexity with the corresponding
invariants in geodetic and monophonic convexity.

In what follows, we say that two parameters are not comparable if none of the two can be upper-bounded
by a function of the other for all graphs. By extension, we say that two convexities are not comparable if
their respective hull number and interval number are not comparable.

Lemma 5. Cycle convexity is not comparable to geodetic convexity nor to monophonic convexity.

Proof: Let C,, be an n-vertex cycle. It is easy to check that: hn,, (Cy,) = in,(Cy) = 2 and hng,(C),) =
ing,(Cpn) = 2if n is even, and hn,,(C),) = insy(Cy) = 3 otherwise. For any n-vertex complete graph
K, hngp(K,) = hng(K,) = ing(K,) = in,(K,) = n. Combining the above equalities with
Lemma [3] we get that interval and hull numbers in cycle-convexity and geodetic (resp., monophonic)
convexity are not comparable. O

Then, let us compare the hull number and interval number in cycle convexity with the corresponding
invariants in Ps (resp., P3)-convexity.

Lemma 6. In any graph G,
hnp,(G) < hnee(G) <2-hnp,(G) =1 <2 hnp: (G) — 1, and
inpg(G) < inCC(G) < 2- inp3(G) -1 < 2- Z"npg (G) -1

Proof: For any X C V(G), let P3(X) be the set of vertices obtained by adding to X all vertices that have
at least two neighbors in X. That is, P3(X) is the set of vertices generated by X in Ps-convexity. For any
i >2,let Py(X) = Py~ (P3(X)) and P} (X) = P5(X).

It directly follows from Lemma [2| and the definition of Ps-convexity that inp, (G) < in..(G) for
any graph G. By a similar argument, it is easy to show that, for any ¢ > 1 and for any X C V(G),
cc'(X) C Pi(X). Hence, hnp, (G) < hn..(G) for any graph G.

Note that hnp,(G) < hnp; (G) and inp,(G) < inp; (G) for any graph G. Hence, it only remains to
prove the upper bounds for cycle-convexity.

Let X C V(G) be any recursive generator for G in P3-convexity, i.e., PS(X) = lim;_oo Pi(X) =
V(G). Let ¢ > 1 be the number of connected components of G[X|. We prove by induction on c that there
exists Y CV(G)\ X, |Y| <¢—1and Y U X recursively generates G in cycle-convexity. This implies
that hn..(G) < |X| + ¢ —1 < 2|X| — 1. Since it holds for any recursive generator X in Ps-convexity,
this will imply that in..(G) < 2 - hnp,(G) — 1.

First, let us assume that ¢ = 1. We prove by induction on i that, for any i > 1, Pi(X) = cct(X).
Indeed, at each step, Pi(X) induces a connected subgraph of G. Moreover, any vertex v that gets gener-
ated (in P3-convexity) in P§(X) has at least two neighbors in P! (X), thus, by Lemma we also have
v € ce(Pi (X)). Hence, Pi(X) C cc'(X). By similar arguments, cc’(X) C P(X). Hence, if ¢ = 1,
then hn..(G) < hnp,(G).

Now, let us assume that G[X] has ¢ > 1 connected components. Let us assume that X does not re-
cursively generate G in cycle-convexity and let y € V(G) \ X be one of the first vertices that are not
generated. More precisely, let i be the minimum integer such that Pi(X) \ cc'(X) # () (i exists since
X recursively generates V (G) in Ps-convexity) and let y € Pi(X) \ cc’(X). Because y is generated
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by ng -1 (X)) in Ps-convexity, but not in cycle-convexity, it must have two neighbors in two distinct con-
taminated connected components of G[P:i~*(X)]. Note also that G[Pi~*(X)] has at most ¢ connected
components, since new components cannot be created during the infection process. Hence, P:,f_l (X)U{y}
recursively generates GG in P3-convexity and has at most ¢ — 1 connected components. By the induction
hypothesis, there is Y C V(G) \ (Py ' (X) U {y}) and [Y| < ¢ — 2 such that Y U (P;*(X) U {y})
recursively generates G' in cycle-convexity. Finally, since Pi ' (X) = cc'~'(X) (by definition of i and
by similar argument as in paragraph above), we have that X UY U {y} recursively generates G in cycle
convexity and [Y U {y}| <c—1.

The proof of the fact that in..(G) < 2 - inp,(G) — 1 is similar. O

Notice that the bounds of Lemma@are sharp, since on the one hand we have in..(K,) = inp,(K,) =
2 for any n-vertex clique K,, with n > 2, while on the other hand we have in..(Pant1) = 2n + 1
and inp,(Pony1) = inp; (Pop+1) = n+ 1 for any (2n + 1)-node path Ps, 11 (the same relationships
hold for hull number). Furthermore, we stress that the interval number in Ps-convexity is exactly the
2-domination number of the graph. The connected 2-domination number is a natural upper-bound on
the interval number in both the Ps-convexity and the cycle convexity. We prove with Lemma [] that the
connected 2-domination number of a given graph G has cardinality at most 2 - inp, (G) — 1.

By the previous lemma, combined with all inapproximability results on P;-convexity |Coelho et al.
(2014)), we get the following corollary. Namely, in bipartite graphs, computing the interval number for
Ps-convexity cannot be approximated in polynomial-time up to an approximation ratio O(log n) unless
P=NP Coelho et al.| (2014).

Theorem 7. The parameter in.. cannot be approximated up to a factor O(logn) in polynomial-time
(unless P=NP) in the class of bipartite graphs.

In the remaining part of the paper, we only consider cycle convexity.

3 General bounds and Grids

This section is devoted to general lower bounds on the interval number of a graph (in cycle convexity),
depending on its number of vertices and maximum degree. These lower bounds are then improved in the
case of grids.

3.1 General lower bounds

Let X be a generator for a graph G. For any v € V' \ X, let gx (v) be a set consisting of two arbitrary
distinct vertices in N (v) N X that are in a same connected component of G[X] (two such vertices must
always exist by Lemmal[2). When X is clear from the context, we write g(v) instead of gx (v). Note that
the two vertices in g(v) are the ends of a path in X which generates the vertex v.

Theorem 8. For any n-vertex graph G with maximum degree A, in..(G) > AQ—fl.

Proof: Let X be a generator for G. Let x € X be an isolated vertex in G[X] (i.e., z has no neighbors in
X). Then, forany v € V \ X, x ¢ g(v) since x cannot generate any vertex. For any vertex x € X with
at least one neighbor in X, there are at most A — 1 vertices v in V' \ X such that z € g(v) (since z has at
most A — 1 neighbors not in X).
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Hence, for any vertex = € X, there are at most A — 1 vertices v in V' \ X such that z € g(v). That is,
Uvevx 9(v) € X and any z € X appears in at most A — 1 sets g(v). Moreover, recall that |g(v)| = 2
forany v ¢ X.

Therefore, 2|V \ X| = 2(n — |X]) = 35,y x |9(v)] < (A = 1)|X]. Hence, | X| > 525 O

In the next theorem, the above bound is refined using the structure of the subgraph induced by the
generator. It is easy to see that this bound is tight by considering, for instance, any cycle.

Theorem 9. For any n-vertex graph G with maximum degree A, and for any generator X for G such
that G[X| has v > 1 connected components: | X| > @-

Proof: Let z € X and let degx (x) > 0 denote its degree in G[X]. Forany 0 < i < A, let X; be the
subset of vertices of X with degree ¢ in G[X], i.e. X; = {& € X | degx(x) = i}. As in the proof of
Theorem 8] if 2 € X, then 2 cannot appear in any set g(v), v € V \ X. If z € X; fori > 0, then x has
at most A — ¢ neighbors in V' \ X and, therefore, it appears in at most A — i sets g(v), v € V' \ X.
Hence, we get that 2(n — [X[) = 3 v\ x [9(v)] < 201<;<a (A =) X5
Let C be any connected component of G[X] and let X&' = X; N C. Moreover, let Cx be the set of
connected components of G[X] that are not reduced to a single vertex. The previous inequality can be

rewritten as:
S olgw) < >0 (> (A=d)X7)). (1)

veV\X CelCx 1<i<A

Let us prove that, for any C € Cx,

Y (A=DIXT < 2(A -1) +(A-2)(0] - 2). 2

1<i<A

In order to prove Inequality 2| let us prove more generally that for every subset C’ C C' inducing a
connected subgraph in G[C].

ST (A-)IXT < 2A - 1)+ (A -2)(|C"] - 2),

1<i<A

where X denotes the vertices of €’ with degree i in G[C"] (i.e., with i neighbors in C”). The proof is

by induction on | XE'|. If there are at most 2 vertices with degree 1 in C’, i.e. |XC'| < 2, then the result
holds since 37, ;< A (A — )| X[ = (A = DIXT |+ Xpcica (A = )X < (A= 1)[XT [+ (A -

2) ZzgigA |Xicl|’ and ZQSiSA ‘XiC/| = |C'| - |X1C/|-

Else, | X¢'| > 3, let us assume that the induction hypothesis holds true for every subset C" C C
inducing a connected subgraph of G[C] and such that | XC"| < | XC'|. Let v; € X have degree 1 in
G[C']. Let vy, be a closest vertex to v; in G[C’] that has degree at least three in G[C’]. Such a vertex
exists since G[C"] connected, and | XE'| > 3 implies that C” is not reduced to a path. Furthermore, let
P = (v1, - ,um), m > 2, be a shortest vy v,,,-path of G[C’]. By the choice of v,,, all internal vertices
of P have degree 2 in C'. Let C” = C' \ {v1, -+ ,vm—1} (note that C”’ induces a connected subgraph)
and let d,,, = degcr(vy,) — 1 > 2 be the degree of v, in G[C"']. Since there is one vertex of degree 1
less in G[C”] than in G[C"], i.e. | XE"| = |XC'| — 1, we may apply the induction hypothesis on C”’ and
S rcicald— )X <A 1)+ (A - 2)(C"] - 2).
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Moreover, 3, ;e A (A =) XE | = (A =1) + (A =2)(m —2) = 1+ 3 c;ca (A —9)|XE|. In the
last sum, the first term A — 1 comes from vy, the term (A — 2)(m — 2) comes from v, - -+ , v,,—1 and
the —1 comes from the fact that v,,, has degree one more in G[C’] than in G[C"].

Altogether, we get that:

Y (A-DXT < (A=) +(A=-2)(m—2) - 1+2(A— 1)+ (A —2)(|C"] - 2).
1<i<A
And, since (A—1)+(A—=2)(m—2)—14+2(A—1)+(A-2)(|C"]|-2) = 2(A-1)+ (A —-2)(|]C'"| - 2),
we get:
Yo A-XT =28 - 1)+ (A= 2)(C"] - 2).
1<i<A

This concludes the proof of Inequality 2]

Let Y C X be the set of isolated vertices in X (i.e., the vertices in X that have no neighbors in X). Let
r’ = |Y| and let " be the number of connected components of X \ Y. Let r = r’ 4 r” be the number of
connected components of X . From Inequalities[T]and 2] we get that

2n—|X)= Y lg() <2"(A -1+ (A-2)(IX\ Y] —2").
veV\X
Note that Z = 2r'(A — 1) + (A = 2)(|Y| — 2r") > 0 (since |Y| = 7).
Therefore,
2n— X)) = Y lg) <2 (A -1+ (A-2)(IX\Y|-2") + 2.
veEV\X

Since 27" (A—1)+(A=2)(|X\Y|-2r")+Z = 2(r'+r")(A=1)+(A=2) (| X\Y |+|Y|-2r"—2¢") =
2r(A —1) + (A —2)(|X]| — 2r), we get that

2n—|X[) = Y lg(v)] < 2r(A = 1)+ (A - 2)(|X] - 27).
veV\X

Hence, W <|X]. O

3.2 Application to the grids

In the proof of Theorem[9] the Inequality [2] can be refined in some cases. In particular, we now show that
it is the case for any generator of a grid.

Corollary 10. For any grid G with n vertices, in..(G) > n/2.

Proof: Notations are the same as for Theorem [9] Let X be a fixed generator for G' of minimum size.
Consider Inequality [T} For the upper-bound, we assume the worst-case when (i) all vertices in X have
degree A = 4, and (ii) for all z € X, x € g(v) for every of its neighbors v that is not in X. So, in the
particular case when there is a vertex in X that has degree strictly less than A, the upper-bound can be
decreased by 1. Similarly, in the particular case when there exists € X such that x ¢ g(v) for some of
its neighbors v ¢ X, the upper-bound can also be decreased by 1.
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We now claim that for every (non isolated) component C' of X, we fall in one of the two above cases:
precisely, there exist two vertices in C that have degree strictly less than A or that have a neighbor that
they do not generate. Indeed, the leftmost (resp., rightmost, topmost, downmost) vertex of C' has either
the first property (if it is at the border of the grid) or the second one (it cannot generate the vertex that is
left, resp., right, top, down to it). As a result, the upper-bound of Inequality [I] can be decreased by 2r,
with r being the number of components in X. Combined with Inequality 2} one obtains:

20— [X]) = D lg(v)] < 2r(A = 1)+ (A = 2)(IX| - 2r) - 2r = (A - 2)| X].
veV\X

Hence, ing.(G) = | X| > & = n/2. O

Since the set that consists of one row plus one column every two columns (plus, if the number of
columns is even, one vertex every three rows for the last column) is a generator, we get that

Theorem 11. For any square grid G with n vertices, n/2 < in..(G) = n/2 + O(y/n).

To conclude this section, let us give some algorithmic applications of our result for grids, using tech-
niques from the bidimensionality theory [Fomin et al.| (2011). First, let us generalize it in a larger graph
class.

Let us remind that a planar triangulation of a planar graph G is a planar supergraph of G whose faces
are bounded by triangles. A partially triangulated (r x r)-grid is any graph that contains an (r x r)-grid
as a subgraph and is a subgraph of some planar triangulation of the same (r x r)-grid.

The graph I'y, [Fomin et al.{(201 1)) is obtained from a (k x k)-grid by triangulating its internal faces such
that all internal vertices become of degree 6, all non-corner external vertices are of degree 4, and then one
corner of degree two is joined by edges with all vertices of the external face.

Lemma 12. Forany k € N, in..(I'y) = Q(k?).

The proof of the above lemma is similar to the one of Theorem [§] by noticing that all vertices have
bounded degree at most A = 6 except the corner adjacent to the external face. This latter vertex has
degree O(k), hence its contribution is negligible in the equations of the proof of Theorem 8] Precisely, it
becomes 2|V \ X| = 2(k* — [X|) = 35, ¢y x [9(v)] < (A=1)(|X[—1) +O(k). Hence, [ X| > Q(k?).

Let tw(G) be the treewidth of a graph (defined in Section . On the algorithmic point of view, it is
known that for any graph parameter II stable under edge-contraction, if II(I'y) = (k?) and II(G) can
be computed in f(tw(G)) - n®1-time for some computable function f, then deciding IT(G) < k can be
done in f(O(Vk)) - n®M-time for any apex-minor-free graph G (see for instance (Fomin et al., 2011,
Theorem 4)). Notice that ¢n., is trivially stable under edge-contractions. Furthermore, we will prove in
Theorem [26| that in..(G) can be computed in 20w (@) 1og(tw(G)) . y_time. Then, altogether combined
with Lemma|[I2] we obtain the following result:

Theorem 13. Deciding in..(G) < k can be done in 20(Vkloghk) .y _time for any apex-minor-free graph
G.

4 Hardness for restricted cases

This section is devoted to the time-complexity of computing in..(G) in various graph classes. Clearly, the
problem is in NP. The reductions presented below take advantage of the relationship between Minimum
Dominating Set Problem and the problem of computing the interval number for cycle convexity.
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4.1 Relationship with Minimum Dominating Set and case of Split graphs

Given a graph G = (V, E), aset D C V is a dominating set of G if N[D] = V. Let v(G) denote the
minimum size of a dominating set of G. Let G* be the graph obtained from G by adding a universal
vertex u, i.e., V(G*) =V U {u} and E(G*) = EU {{v,u} |v e V}.

Theorem 14. For any graph G, in..(G*) = v(G) + 1.

Proof: Let u be the universal vertex added to obtain G*.

Let us first prove in..(G*) < 7(G) + 1. Let D be a dominating set of G. We claim that D U {u} is a
generator for G*. Indeed, for any v ¢ D U {u}, there is a vertex w € D that dominates v. Hence, v is in
the triangle {v, w,u} and it is generated by D U {u} in G*.

For the opposite direction, let X be a generator for G*. If u ¢ X, let C be any cycle that generates
u for X and let v € X be any vertex of C. We claim that X’ = X U {u} \ {v} is a generator for G*.
Clearly, C generates v for X’. Moreover, for any vertex w in V(G) \ X, there is a cycle C,, that generates
w for X. If v ¢ C,, then w is still generated by C,, for X’. Otherwise, let C!, be the cycle obtained from
C, by replacing v by u (C., exists since u is universal). Then, C), generates w for X’. Hence, we may
assume that X contains u. Because X is a generator for G* containing u, any vertex in V(G) \ X has at
least one neighbor in X \ {u} (by Lemma[2). Hence, X \ {u} is a dominating set of G. O

Notice that Theorem [I4]implies that, if the Minimum Dominating Set problem is NP-hard, or even not
approximable, in some graph class G closed under the addition of a universal vertex, then it also holds for
MNee-

A graph is a split graph if its vertex set can be partitioned into two sets, inducing a clique and an
independent set respectively. Computing +y in split graphs is NP-hard and cannot be approximated up to a
factor O(log n) unless P=NP|Chlebik and Chlebikovd|(2008); Dinur and Steurer] (2014).

Corollary 15. Computing in.. in split graphs is NP-hard and cannot be approximated up to a factor
O(log n) unless P=NP.

4.2 Bipartite graphs

We consider the MINIMUM DOMINATING SET Problem (MDS) which takes a graph G = (V, F) and an
integer k as inputs and asks whether there exists aset X C V, | X| < k and N[X] = V. It is well known
that this problem is NP-hard, and that:

Theorem 16. |Flum and Grohe|(2006) Minimum Dominating Set Problem is NP-hard and W[2]-hard in
bipartite graphs.

Theorem 17. Computing in.. is NP-hard and W(2]-hard in bipartite graphs.

Proof: To prove the theorem, we propose an FPT-reduction from MDS (i.e., a reduction preserving both
the size of the problem and the parameter).

Let G = (AU B, E) and k € N be a bipartite instance of MDS.

Let G* be obtained from G by adding a vertex a adjacent to all vertices of A, a vertex b adjacent to all
vertices in B and the edge {a,b}. Clearly, G* is bipartite. We claim that there is a dominating set of size
k in G if and only if in..(G*) < k + 2. Combined with Theorem|[16] this claim will prove the result.

Let X be any dominating set of G with size k. Let X* = X U {a,b}. It is easy to check that
cc(X*) = V(G*) and therefore, in..(G*) < k + 2.
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On the other hand, let X* be a minimum generator for G* (i.e., cc(X™*) = V(G*)) such that | X*| <
k+ 2. If a,b € X*, then it is easy to check that X* \ {a,b} dominates V(G). Indeed, suppose that
v e V(G)\X* (wlo.g,v € A)and N(v)NX* C {a,b}. Then, by construction of G*, N(v)NX* = {a}
and X cannot generate v by Lemmal[2}

It remains to prove that, if there exists a set of size k + 2 that generates V' (G*), then there is such
a set that contains a and b. Indeed, assume that a ¢ X*. Therefore, there is a cycle C' in G* where
a is the single vertex not in X*. In particular, there is a vertex ¢ € V(C) N X* N A. We show that
X' = X*U{a} \ {c} is a generator for G*. Indeed, c is clearly generated by C in X’. Moreover, for
any cycle C” containing c that generates a vertex v for X* (notice that C’ cannot contain a), the cycle C”
obtained by replacing ¢ with a in C’ (it can be done since N(c) C A and A C N(a)) generates v for X'.
Hence, X’ will generate the same vertices as X *. O

4.3 Planar graphs with bounded degree

Finally, let us consider the case of planar graphs with bounded degree. Let us observe that by Theorem [I3]
the problem is FPT in planar graphs when the parameter is the size of the solution.

Theorem 18. The problem of computing in..(G) in planar graphs G with degree at most 6 is NP-hard.

Proof:

Let G = (V, E) be a graph with n = |V vertices and m = |E| edges. The graph G’ is obtained from
G by adding 3m new vertices and corresponding edges as follows. For every e € F, we add a triangle
(Zey Ye, 2e ), then we make the vertex x. adjacent to both vertices incident to e. Observe that if G has
maximum degree A, then G’ has maximum degree at most max{2A, 4}, and furthermore, if G is planar,
then so is G'. Let us now prove that in..(G") = v(G) + 2m, where v(G) is the domination number
of G. Since it is NP-hard to compute the domination number of planar graphs with maximum degree
three |Garey and Johnson| (1979), the latter will prove that it is NP-hard to compute in..(G) even when G
is a planar graph of maximum degree six.

Let us prove first that in..(G’) < v(G) + 2m. Consider a minimum-size dominating set D of G. The
set S is constructed from D by adding the two vertices ., y. for every e € E. We claim that S is a
generator for G’. Indeed, since for every e € F, vertex z, has its two adjacent neighbors z., y. in S, the
3m vertices Ze, Ye, 2, € € E are all generated by S. Furthermore, for every vertex v € V' \ D, since D is
a dominating set there is w € D that is adjacent to vertex v. Lete = {u, v} € E. The two adjacent vertices
xe, u are neighbors of vertex v in .S, hence v is generated by S. As aresult, in..(G') < |S| = 2m+~(G).

Conversely, let us prove that in..(G’) > v(G) + 2m. Let S be a minimum-size generator for G’. For
every e € E, if y. ¢ S, then since S is a generator for G’, the only two neighbors z,, z. of vertex y.
must be in .S. The same holds for vertex z.. As a result, for every e € FE, there must be at least two
of Z¢,Ye, 2 in S. Now, let D = S N V. In order to prove the lower-bound, it suffices to prove that
D is a dominating set of G. By contradiction, suppose the existence of a vertex v € V \ D with no
neighbor in D. Since S is a generator for G/, by Lemma[2] vertex v has two neighbors in some connected
component of G[S]. Furthermore, since we assume that v has no neighbor in D = V' N S, there must be
Te, Ter € S such that there is an z.z.-path in G'[S] and e, €’ € F are two edges incident to vertex v. Let
e = {u,v}, e’ = {u,v}. By construction of G’, any z.x./-path in S must pass by the two vertices u, v,
thereby contradicting that v has no neighbors in V N S. As a result, D is a dominating set of 1, and so,
ine.(G') =S| > |D| + 2m > v(G) + 2m. O
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5 Polynomial-time algorithms

This section is devoted to polynomial-time algorithms to compute the interval number in several graph
classes.

5.1 Cobipartite graphs

Recall that a graph is cobipartite if it is the complement of a bipartite graph. In other words, its vertex set
can be partitioned into two cliques.

Theorem 19. Let G = (V, E) be a n-vertex cobipartite graph with n > 1. Then, in..(G) < 4, and:
e in..(G) = 2 if and only if it contains two universal vertices;
o otherwise, in..(G) = 3 if and only if one of the two following conditions hold:

— either there exists u € V such that in..(G \ u) = 2;

— or for any partition of V into two cliques A and B, one of them contains two vertices that
dominate the other one.

Moreover, in..(G) can be computed in O(n3)-time.

Proof: Let G = (AU B, E) where A and B induce disjoint cliques. Given a co-bipartite graph G, A and
B can be computed in time O(n?) by taking the complement of (i, which is bipartite, then bicolouring
this complement (in this situation, A and B can be chosen as the two colour classes for the complement).

Clearly, taking two vertices in each clique (or one vertex if a clique is reduced to a single vertex)
generates the whole graph. Hence in..(G) < 4. Furthermore, we have in..(G) > 1, and by Theorem
ine.(G) = 2 if and only if there are two universal vertices in G (which can be checked in time O(n?)).
So, we are left to characterize when in..(G) = 3. In what follows, let us assume that in..(G) € {3,4}.

Suppose that in..(G) > 3. First, for any u € V, by Theorem |4} it can be checked in time O(n?)
whether in..(G \ u) = 2. If such a vertex is found, then in..(G) = 3. The case is solved.

From now on, assume that in..(G) > 3 and, for every vertex u € AU B, in..(G \ u) > 2. We will
show that in this case in..(G) = 3 if and only if one of the cliques, A or B, contain two vertices that
dominate the other clique.

Suppose in..(G) = 3, and let S be a generator of size three that contains vertices of both cliques.
W.lLo.g, say that |[SN A| = 2,and let SN B = {u} and S’ = S N A. Let us show that S’ dominates B.
Indeed, u must have some neighbor in S’. Otherwise, by Lemma[2] each vertex in cc(S) \ S would have to
be adjacent to both vertices in S’, and S’ would be a generator for G \ u of size 2. This is a contradiction.
On the other hand, since S N B contains only one vertex, by Lemma every vertex in B \ .S must be
adjacent to at least one of the vertices in S’. Hence, S’ dominates B and |.S’| = 2.

Now, let S be a generator of size three that is included in one of the cliques, w.l.o.g., say S C A. By
Lemma [2] all vertices in B are adjacent to at least two vertices in S. So we may pick any v € S and
S’ = S\ {v} still dominates B and |S’| = 2.

For the opposite direction, w.l.o.g. suppose that there are x,y € A such that B C N({z,y}). Pick
any vertex z € B and let S = {x,y, z}. It is easy to check that S generates V' and, by previous remarks,
ine(G) = 3.

The condition for in..(G) = 3 can be verified in O(n3)-time by considering all the possible pairs z, y
in A and B. O
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5.2 Interval graphs

This section is devoted to a dynamic programming algorithm to compute a minimum size generator for
the cycle convexity in interval graphs.

An interval graph is the intersection graph of a set of segments of the line. In other words, each of
its vertices corresponds to a segment in R and two vertices are adjacent if and only if the corresponding
segments intersect Lekkeikerker and Boland|(1962). A graph is chordal if it has no induced cycle of size
at least 4 [Blair and Peyton| (1993). Interval graphs are chordal. In particular, it is well known that any
interval graph G admits a clique-path, that is an ordering of its maximal cliques such that, for any vertex
v of G, the maximal cliques containing v are contiguous in the ordering [Blair and Peyton| (1993).

This section is devoted to the proof of the following theorem.

Theorem 20. If G is an interval graph, then in..(G) and a minimum generator can be computed in
O(n?)-time.

Since the proof is technical we have divided it into several parts. First, we present some structural results
on the generators for interval graphs, that will be the cornerstone for the algorithm of Theorem [20] These
properties can be exploited in order to design a dynamic programming algorithm that computes in..(G),
in interval graphs, in exponential time (Lemma [25)). Then, we explain how to reduce its time-complexity
using the structure of interval graphs.

Notations. Let us introduce additional notations for the proof. Given an interval graph G = (V, E), let
P = (X1, Xo,..., X)) be a clique-path of G, that is, the set of maximal cliques of G ordered in such a
way that, for any vertex v of G, the maximal cliques containing v form an interval (subpath) P, in P. By
convention Xg = X;,1 = 0. Letus set Y; = U;Zl X;, Vi =Y;\ X;41. Note that V; \ Vi_1 = X; \ X;11.

The following properties are the cornerstone of our algorithm.
Recall that interval graphs are chordal. As a warm up, we prove a useful lemma on generators for
chordal graphs.

Lemma 21. For any generator S of a chordal graph G, every vertex x ¢ S has two adjacent neighbors
inS.

Proof: Since x ¢ S, it is generated by a cycle C' where it is the unique vertex not in S. Let C' be the
shortest among such cycles, and u, v be the neighbors of x on C'. Notice that C' must be an induced cycle,
otherwise there would exist a shorter cycle C’ that also generates x. Since G is a chordal graph, C' must
be a triangle, and therefore u and v are adjacent. That proves the lemma. O

We will often use the above lemma in what follows.

Lemma 22. Let G = (V, E) be an interval graph and P = (X1, Xo, ..., X;) be a clique-path of G. For
any generator S for G, the vertices in V; are generated by S N'Y;.

Proof: Since G is an interval graph, and so, chordal, by Lemmaevery vertex of V'\ S has two adjacent
neighbors in S. In particular, V; is generated by S N N[V;] = SNY;. O

Next, we describe in Lemma[23]a procedure which given a generator .S intersecting some ordered subset
T, ensures the existence (under some conditions) of a generator S* of the same size as S and containing
the largest element in 7". Applications to interval graphs are then discussed in the subsequent lemmas.
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Lemma 23. Let G = (V, E) be an interval graph, P = (X1, Xs, ..., X)) be a clique-path of G and S
be a generator for G. Suppose that there exist vertices vy ,...,v8 € Sandu}l,...,uf ¢ SUV,_y such
that the following hold:

o the vertices of Y;_1 U {v}, ... ,vE} are generated by S* = (S '\ {v},...,vF} ) u{ul, ... uF},
e andforevery1 < j <k N[v!]\ Vi_y C N[u!]\ Vi_..
Then, S* is also a generator for G.

Proof: By the hypothesis the set S* is a generator for Y;_; U {v}, ..., v¥}. Let us prove that every vertex
x € V\ (Yieg U{v},...,vF}) can be generated with S*. If z € S*, then we are done. Otherwise,
z ¢ S*, and so, z ¢ S. By Lemma[21] since G is chordal, z ¢ S implies the existence of two adjacent
neighbors of x in S, denoted by y and z. Note that y, z ¢ V;_ since x ¢ Y;_1, and for every j,
u] ¢ {y,z} since u] ¢ S. Let us define y* = y if y € S*; otherwise, y = v/ for some j and we define
y* = uf We define z* in a similar fashion. By the hypothesis, N[y] \ Vi—1 C N[y*]\ Vi1 and similarly
N[z] \ Vic1 € N[z*]\ V;_1. Therefore, since x ¢ V;_; and by construction y*, z* ¢ V;_; are distinct,
vertex = has two adjacent neighbors y*, 2* € S*. Hence every vertex € V' \ (Y;_1 U {v},...,v*}) can
be generated with S*. As a result, S* is a generator for G.

Our algorithm for Theorem [20]is based on a technical consequence of the above lemma. We describe it
next.

Lemma 24. Let G = (V, E) be an interval graph, P = (X1, Xo, ..., X)) be a clique-path of G and S be
a generator for G. Furthermore, let T C'Y; be such that |TNS| > k. Let u%, - ,uf € T be such that for
every j, ul maximizes N[ul]\ Vi_y in T \ {uf/ |3 <ib IF(S\T)U{ul,...,ul} generates Y; 1 UT
andu}, ..., uF ¢ V;_, then there exists a generator S* for G such that |S*| < |S| and u}, ..., uF € S*.

Proof: We assume w.l.o.g. (up to removing S N {ul,...,u¥} from T) that u},...,u¥ ¢ S. Let
vl,...vF € TN S, that exist by the hypothesis. First note that since T C Y; and G is interval, the
subsets in {N[v] \ Vi1 | v € T} can be ordered by inclusion. Therefore, let us assume w.l.o.g. that
Nw!]\ Viiy € N[/t \ Vi_y for any j < k, by the choices u},...,u¥ we have N[v!]\ V;_; C
N [uz ]\ Vi1 for any j. Therefore, the result follows from Lemma [23| applied to S, v},...,vF and
ul uk O

I NC

Equipped with the above lemmas, we now describe a first (exponential-time) algorithm for computing
a minimum-size generator for interval graphs.

Lemma 25. If G is an interval graph, then there exists a dynamic programming algorithm that computes
ine.(G) and a minimum generator (in exponential-time).

Proof: Let P = (X1, Xo,...,X;) be a clique-path of G. Note that P can be computed in O(n + m)-
time [Blair and Peyton| (1993). Our purpose is to compute in..(G) by dynamic programming on the
clique-path.

Iteratively, for ¢ = 1 to [, the algorithm computes a set S; of subsets of vertices such that, for any
S € S;, 5 CY; and S generates V;. Initially, S; consists of all possible subsets of Y; = X; that
generates V. Then, assuming that S; has been built, the next set S;41 is computed as follows. For any
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set S € S;, the sub-procedure CONVEX(4, S) (described below) is applied. It returns one or two subsets,
each of which are added to S; ;. Finally, the algorithm outputs the minimum size of a set in S; and a
corresponding set.

The correctness of the above algorithm will directly follows from the properties and the correctness
of the sub-procedure CONVEX that we detail below. Moreover, as it will be clear, the sub-procedude
CONVEX performs in polynomial time. Therefore, the exponential-time complexity of the algorithm
only relies on the potentially exponential size of the sets S;. This drawback will be handled in the next
lemma.

The sub-procedure CONVEX takes as input ¢ € {1,...,l}, and any subset S;_; C Y;_; thatis a
generator for V;_;. It returns one (or possibly two) superset(s) .S; of S;_1 that is (are) a generator(s) for
V;. We will show that at least one subset \5; that is output by the sub-procedure is contained in a generator
for G that is of minimum size among all those containing .S;_;. In particular, this will prove that, if we
start with Sy = (), then the algorithm will compute in ! steps a minimum-size generator for G.

We both describe the algorithm and prove its correctness simultaneously.

Let 7 <[ be fixed. Several cases and sub-cases have to be considered.

e if V; is generated by S;_1, then since S; = S;_1 generates V;, we set CONVEX(7,5;_1) = {S;} =
{S;_1} and it satisfies all the desired requirements for the sub-procedure;

e clse, S;_1 does not generate V;\V;_1 = X;\ X, 1. Since X; is a clique, it implies that |S;_1NX;| <
1. Indeed, otherwise there would be u, v € S;—1 N X; and any vertex of X \ S;_1 would belong to
a triangle with » and v and, hence, would be generated. Two cases must be considered.

— Let us first assume that | S;_1 N X;| = 1. In that case, let u; € X;\ S;_1 maximizing | N¢[u;]\
Vi—1|andlet S; = S;_1U{u;}. Note that S; generates V;. We set CONVEX(i, .S;_1) = {S;}.
In order to prove that this choice satisfies all the requirements for the sub-procedure, it is
sufficient to prove that there is a generator S* of GG, containing S;_; and with minimum size
for this property, such that S* contains S;, i.e. such that u; € S*.

Indeed, let .S be any generator for G, containing .S;_; and with minimum size for this property.
By Lemma S NY; generates V;, and so, since S;_; does not generate V;, there must be a
vertex v; € Y; \ S;_1 thatis in S. Furthermore, S; generates V;, and so, Y;_1. Therefore, the
existence of the desired generator S* follows directly from Lemma by taking 7' = Y;\S;—1
and u} = u;.

— Second, let us assume that S;_1NX; = (). Let u; € X; be a vertex maximizing | Ng[u;]\ Vi—1]
and let u; € X; \ {u;} be a vertex maximizing | Ng[u;] \ V;—1| (recall that X; N S;—1 = 0, so,
ug,u; & S;—1). Ideally, we would like to set CONVEX(4,.S;_1) = {S;} in this case, where
this time S; = S;_1 U {u;, u} }. However, we were not able to prove that it is always possible,
and so, there are several subcases to be considered.

More precisely, suppose that there exists a generator S for G that is of minimum-size among
all those containing S;_; and that contains at least two vertices of Y;\ S;_1. In this situation, it
can be found by applying Lemmato S, T =Y;\S;_1 and u} = u;,u? = ul a generator S*

of the same size as S such that S;_; C S* and u;, u} € S*. Choosing CONVEX(7, S;_1) =
{S;} in this case indeed satisfies all the requirements of the sub-procedure. However, if the
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existence of such generator S cannot be guaranteed, then another set S} than S; will also need
to be output.

x First, let us assume that there are at least two vertices v;, v, € X; \ X, that are not
generated by S;_;. However, assume that at least one of v; and v} has no neighbor in
S;—1. We claim that in this subcase, there always exists a generator S as defined above.
The latter will imply that we can choose CONVEX(i, S;_1) = {.9;} in this subcase.
Indeed, w.l.o.g., say Ng(v;) N S;—1 = 0. Let S be any generator for G, containing .S;_;
and with minimum size for these properties. By Lemma[21] and since N¢ (v;) N Sj—1 =
(0, either v; € S\ S;_1 or it has two adjacent neighbors in S \ S;_;. Furthermore,
there must be w; € Ng[vj] \ S;—1 such that w]; € S (in order to generate v}), and in
particular, since N¢(v;) N S;—1 = 0 and so, no two adjacent vertices in S;_1 U {v; } are
common neighbors of vertex v}, we may assume by the above paragraph and Lemma
that w;, # v;. Consequently, there must be two distinct vertices w; € Ng[v;] \ S;—1 and
w}; € Ng[vi] \ Si—1 such that w;, w] € S that proves the claim.

* Second, assume that every vertex of X; \ X, that is not generated by S;_1 has a neigh-

bor in S;_;. Note that since G is an interval graph, there is a vertex of S;_; that is a
common neighbor to all vertices in X; with a neighbor in S;_;. Amongst all vertices
in X; with one neighbor in S;_;, choose one vertex u; maximizing |Ng[u;] \ V;_1]
(possibly, u; = uf or u; = ). In this subcase, we will consider the two possibilities
Sz/ = Si,1 U {u;’} or Sz = Si,1 @] {uz,u;} and we set CONVEX(Z, Sifl) = {SZ, Sz/}
Note that any of the two choices .S; or S will generate the set V;. Indeed, this is clear
for the case S; = S;—1 U {u;,u}}. In the case S, = S;—1 U {u}}, it is sufficient to
notice that every vertex of X; \ X, can be generated with u; and any vertex of .S;_;
which is a common neighbor of all vertices of X; \ X, 1. Furthermore, in order to prove
that our choice for CONVEX (4, S;—1) = {S;, S!} satisfies all the requirements for the
sub-procedure, it is sufficient to prove that there is a generator S* of GG, containing .S; 1
and with minimum size for this property, such that u;, v, € S* or u} € S*.
Let S be any generator for GG, containing .S;_; and with minimum size for this property.
As said before, if S contains at least two vertices of Y; \ S;_1, then we are done, as
in this situation there exists a generator S* of GG, containing S;_; and with minimum
size for this property, such that u;, v, € S*. So, let us assume that S contains no more
than one vertex of ¥; \ S;_1. Since by Lemma S N'Y; generates V; and v; is not
generated by S;_1, there is exactly one vertex v; € Y; \ S;_; contained in S. We claim
that v; has a neighbor in S;_;. The latter will imply by Lemma [24] (applied to S, T' =
Y;NNg(Si—1), uj = ul)the existence of a generator S* containing . In order to prove
the claim, let w; € X; \ X;4+1 be a vertex not generated by S;_1. By the hypothesis, w;
has a neighbor in S;_;. In particular, if w; € S, then we are done as in this situation,
w; = uY has a neighbor in S;_;. Otherwise, by Lemmas and w; has two adjacent
neighbors y, z € S NY;, at most one of which is in .S;_; (else, w; would be generated by
Si—1). Since v; is the unique vertex of Y; \ S;_; that is in S, it implies that v; is one of y
and z, say w.l.o.g. y = v;, and z € S,_ is a neighbor of v;, that proves the claim.

x Else, in all other cases, there is a unique vertex v; € X; \ X, that cannot be generated
with S;_1, and this vertex has no neighbor in S;_;. In this subcase, we will consider
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the two possibilities S; = S;—1 U {v;} and S; = S;_1 U {u;, u}} and we will choose
CONVEX (%, S;—1) = {S;,5/}. Again, note that both choices of S; or S! will generate
V;. Furthermore, and as in the previous sub-cases, in order to prove that our choice for
CONVEX (3, S;—1) = {5, S}} satisfies all the requirements for the sub-procedure, it is
sufficient to prove that there is a generator S* of GG, containing .S;_; and with minimum
size for these properties, such that u;, u} € S* or v; € S*. Indeed, let S be any generator
for G, containing .S;_; and with minimum size for this property. By the Lemma
v; € S (in such case, it is trivially generated), or it has two adjacent neighbors in S.
Moreover, in the latter case, these two neighbors are in Y; \ S;_1, which as explained
before implies by Lemmathe existence of a generator S* such that u;, u, € S*.

From the properties of sub-procedure CONVEX, the dynamic programming algorithm presented at the
beginning of the proof actually computes a minimum-size generator of G. O

Having explained the guiding principles of the algorithm with Lemma [25] we finally explain how to
turn it into a cubic-time algorithm.

Proof Proof of Theorem Computing CONVEX(4, S;_1) for all possible pairs 4, .5;_1 would result in
a complexity that is exponential in n. In order to obtain the desired polynomial-time complexity, we will
partition the family of sets S;_; into classes such that, when S;_; and S,_, are in the same class, the set
of vertices added by the algorithm is the same. Formally, S;_; and S}_; will be said equivalent whenever
{T; CY;\Si—1 | S;—1UT; € CONVEX(i, S;—1)} ={T] CY;\S]_, | S_,UT] € CONVEX(3,S!_;)}.
By doing so, we will show that we only need to consider polynomially many classes. Let us define
a(Si—1) = (Ju, je), Where j,, respectively j., is the maximum index j such that X; contains a vertex,
respectively two adjacent vertices (an edge), of S;_1. We set j, = 0if S;_; = 0, similarly j. = 0 if
G[S;-1] is edgeless.

In what follows, we shall prove that all decisions made by the algorithm CONVEX only depend on
a(S;—1). In other words, for every pair S;_1,S;_,, generators of V;_1, such that «(S;_1) = «(S]_,)
we have {Ti cY; \ Si_1 ‘ S, 1 UT; € CONVEX(i,Sifl)} = {Tzl CY; \ Sz/'—l I Sz{—l @] Tz/ S
CONVEX(7, S!_;)} = generator(i,a(S;—1)), where generator is a function defined in what fol-
lows.

By doing so, we will be able to modify the exponential-time algorithm of Lemma 23] as follows: itera-
tively, for ¢ = 1 to [, the new algorithm computes a set S; of subsets of vertices such that: as before for
any S € S;, S C Y, and S generates V;, and in addition o(S) # «(S’) for every S, 5’ € S;. In more
details, at first all possible subsets S of Y7 = X that generates V; are considered, and their respective
class «(S) is stored. For every such a class (j,, j.), exactly one minimum-size subset S is placed in S;
such that «(S) = (ju, je) and V; is generated by S. Then, assuming that S; has been built, the next set
Si+1 is computed as follows. For any set S € S;, the sub-procedure CONVEX(4, S) is applied and it
returns one or two subsets, stored in an intermediate set S;. Finally, for every class (jy, j.) of a subset
in S/, exactly one minimum-size subset S € S is placed in S; such that «(S) = (j, je). Finally, the
algorithm outputs the minimum size of a set in S; and a corresponding set.

The remaining of the proof is devoted to the description of the sub-procedure generator. As before,
we prove its correctness simultaneously, i.e., for any S;_; generator of V;_; we have CONVEX (4, .5;_1) =
{T;US;,_1 | T; € generator(i,a(S;—1))}.
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Let «(S;—1) = (ju,je) be defined as above. Note that since G is an interval graph, any vertex of X;
with some neighbor in S;_; must have a neighbor in S;_; N X , and similarly every vertex of X; with
two adjacent neighbors in S;_; must have two neighbors in S;_; N X;_. In what follows, we will rely on
the two above observations.

For every vertex v € V(Q), let js,, jl,, be respectively the smallest and the largest index j such that
v € X;. We will show that we can base the decisions of the algorithm on the js, (i.e., which case
or subcase applies), while we can pick the desired vertices u;, u;, u; (as defined earlier in the proof of
Lemma by using the jl,. W.l.o.g. (up to a preprocessing step in O(n + m)-time), the vertices of X,
resp. the vertices of X; \ X1, are ordered by increasing value of js,,. Furthermore, for every 1 < i </,
we store a vertex f; such that js;, < ¢ and jly, is maximized. Similarly, we store a vertex f! # f; such
that js;; < i and jl; is maximized. In this situation, the vertices u;, u}, u (as defined earlier in the proof
of Lemma can be chosen respectively as f;, f7, f;,, and accessed in constant-time.

Now let us revisit the three main cases of the sub-procedure CONVEX, as follows.

e First, we need to verify whether S;_; generates V;. If j. > i, then there are two adjacent vertices
of S;_1 in X, and so, V; is generated by .S;_;. Otherwise, since S;_; is assumed to generate V;_1,
we have that V; is generated by S;_; if and only if for every v; € X; \ X;41, je € [JS0,, 500, ]-
Altogether, V; is generated by S;_; if and only if for all v; € X; \ X1, jSu; < je. It can be
verified in constant-time by taking v; € X; \ X;41 maximizing js,,.

We recall that in this first case of the sub-procedure, CONVEX(i, S;_1) = {S;_1}. Therefore, we
set generator(i,a(S;_1)) = {0}.

e Else, V; is not generated by .S;_1, and so, i—1| < 1. We need to decide whether X;N.S;_1 #
(). In this situation, | X; N S;_1| = 1 if and only if i < j,,.
In this case, we have CONVEX(z, S;_1) = {S;} with S; = S;_1 U {u;}. In particular, we can set
generator(i,a(S;—1)) = {{u;}}. By the choice of u; (maximizing | N¢ (u;)\ Vi—1]), jlu; > jo-
Furthermore, u; has a neighbor in S;_1, and so, in S;_1 N X, . Hence, a(S;) = (jlu,, jv) and the
class of the new subset S; can be computed in constant-time.

e Else, X; N S;_1 = 0 and we need to distinguish between three subcases. As stated above, the
vertices v; € X; \ X, 41 that are not generated by V;_; are precisely those satisfying j. < js,,. By
considering the two vertices of X; \ X;11 maximizing js,,, we can check in constant-time whether
there are at least two vertices not generated by S;_1. Finally, for every vertex v; € X; \ X;11, it has
no neighbor in S;_; if and only if js,, > j,. Again, this can be tested by taking v; € X; \ X;11
maximizing js,,.

In the first subcase, since CONVEX(3,.S;_1) = {S;} with S; = S;_1 U {u;, u}}, we have a(S;) =
(max{jy, jlu; }, max{je, jlu;}) = (jlu,,jlu;). In particular, we set generator(i,a(S;)) =
{{wi, ui}}.

In the second subcase, we test for S; = S;_1 U {u;,u;} and S} = S;_1 U {u}} and we have
CONVEX (%, S;—1) = {S:,S/}. In particular, we set generator(z a(S;)) = {{ui,ul}, {u"}}
Furthermore, we have a(S}) = <]lu//,jv> since w; has a neighbor in S;_1, and so, in S; 1 N X,

In the third and final subcase, we test for S; = S;—1 U {u;,u;} and S, = S;_1 U {v;} and we
have CONVEX (7, S;_1) = {5, S}}, where v; € X; \ X, is the only vertex that is not generated
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by S;—1. In particular, we set generator(i,a(S;)) = {{w;, u}}, {v;}}. Furthermore, we have
a(S!) = (jly,, je) since v; has no neighbor in S;_1.

Overall, there are O(n?) possibilities for a(S;_1). In other words, the main algorithm only need to
consider at most O(n?) subsets in each of the sets S;. As a result, in..(G) and a minimum-size generator
for G can be computed using dynamic programming in O(n?) time and space. O

6 FPT algorithms

This section is devoted to FPT algorithms for computing in...

6.1 Bounded treewidth graphs

This section is devoted to the proof that computing the interval number of a graph admits an FPT algorithm
parameterized by the treewidth.

Let G = (V, E) be a graph. A tree-decomposition (T, X) of G consists of a tree T and a set X' =
(Xt)tev () of subsets of V' indexed by the vertices of 7', satisfying the following properties.

* Uievir Xe = Vs
o forany edge {u,v} € E, there exists t € V(T') with u,v € Xy;
e forany vertex v € V, the set {t € V(T) | v € X} induces a subtree of T'.

The width of (T, X) equals max;cy (7 |X¢| — 1 and the treewidth of G, denoted by tw(G), is the
minimum width over all tree-decompositions of G.

A tree-decomposition (7', X) is nice if T is rooted in some vertex r € V(T'), any vertex of T has a at
most two children and, for any ¢ € V(T'), one of the following cases holds:

e tisaleaf of T and | X¢| = 1 (Leaf vertex);

e ¢ has one child u and there exists v € V such that X,, = X, U {v} (Forget vertex);

e ¢ has one child u and there exists v € V such that X; = X, U {v} (Introduce vertex);
e t has two children v and w and X, = X,, = X; (Join vertex).

Theorem 26. If an n-vertex graph G has tree-width at most k, then in..(G) can be computed in time
2(9(k log k) n.

Proof: Let (T, X') be a nice tree-decomposition of an n-vertex graph G with width ¥ = O(tw(G)) and
O(n) vertices. Such a decomposition exists and can be computed in time 2°(%)n|Bodlaender et al.[(2016).

Our algorithm proceeds by dynamic programming from the leaves of T to its root . For any t € V(T),
let T} be the subtree of T" rooted in ¢ (i.e., if t = r is the root, then T3 = T', otherwise T} is the component
of T'\ e containing ¢, where e is the edge between ¢ and its parent). Let G be the subgraph induced by

UuEV(Tt) X“
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Representation of a generator S in a bag X;. First, let us consider a generator S C V(G) and t €
V(T). We aim at describing how S is “represented” in X;. Let n; = |S NV (Gy)|.

Let S1, S2,- -+, S¢ be the connected components of S. Because S is a generator and by the properties
of tree-decompositions, for any vertex v € V(G;) \ (X; U S), there exists ¢ < ¢ such that v has two
neighbors in S; NV (Gy).

Foranyi < {,letS; 1,- -, S; ¢, be the connected components induced by S; NV (G;) in G;. Then, for
any i < fand j < ¢;, let S} ; = S; j N X;. Note that S ;,---, 57 . ,55,,---,5} ., are disjoint subsets
of X, and there are no edges between any two of them.

Let S* = J;«;<,Si N Xy = SN X, and let N* = X, \ S* be the set of vertices in X, that do not
belong to the geﬁe?ator S. The set N can be partitioned in two subsets. Let A’ be the vertices v of N*
such that, there exists ¢ < ¢ such that v has two neighbors in S; N V(G}) (i.e., they are the vertices that
are “already” generated). Finally, let Bt = N*\ A? be the set of vertices that “still need to be generated”.

The tuple (ns, A", BY, (871, , 57 0), -+ 5 (871, ,S¢,,)) fully characterises the generator S in
X;. This tuple is called the representative of S in bag X;.

Partial solutions. Let¢ € V(7). From the previous paragraph, we define a partial solution at bag X,
as any tuple (ns, A", B*, (87 1,---, 8% .,),---,(Sf,--+,S},,)) such that:
o (A B, S, St i3S, Sh,,) is a partition of X;

l,c10

o for any four integers a, b, ¢, d, (a,b) # (c,d), no edge has an end in S, , and its other end in S} ;;

e for any vertex v € B, there exists no ¢ < £ such that v has two neighbors in | J Sf’ i

Jj<ci
LI Z |St|

The algorithm. Note that, for any ¢ € V(T'), there are at most 20(klogk) quch partial solutions to be
considered (indeed, for each possible partition, we only keep the corresponding tuple for which n; is
minimum).

For any leaf ¢ of T', computing the partial solutions in ¢ (each one is a partition of X;) can be done in
constant time (by brute force), imposing that, in a leaf t, n, = |St|.

It remains to prove that, in constant time, we can compute the partial solutions for an internal node ¢
using the partial solutions of its children. There are three cases.

t is a Forget vertex Let u € V(T) be its child and v € V such that X,, = X; U {v}.

Let Py = (ny, A%, B, (St'1, -+, ST, )y 5 (Sy, -+, 5§, )) be any partial solution computed
for bag X,,.

e if v € BY, then the solution is discarded. Indeed, vertex v will never be generated by a
solution extending P,.

e If there exists i < /¢ such that ¢; > 1 and there exists j < ¢; such that Sz?fj = {v}, then
the solution is discarded. Indeed, the sets S;fh cee S;fci will never be subsets of a connected
component of a generator (there is no way to “reconnect” S}’ ;).

e Otherwise, the tllp1€ (nu7 Au\{v}7 B, (Sil\{v}7 Ty Sﬁcl \{U})7 ) (S21\{v}7 ) SZCE\
{v})) is a partial solution for bag X;.
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Then, for each partial solution with same partition of X, we keep the corresponding tuple that has
the minimum n;.

t is an Introduce vertex Let u € V(T') be its child and v € V such that X, = X, U {v}.

Let P, = (ny, A%, B", (S{'1,-++,Stc,)s o+ 5 (S¢y, -+, ), ) be any partial solution computed
for bag X,,. There are two ways to include v in a partial solution. That is, any partial solution for
bag X, leads to one or more partial solutions for bag X;.

First, v may not be part of the generator.

e Ifthereis no4 < ¢ such that v has two neighbors in U1<j<ci Sj';, then the tuple (N, A", B*U
{o}, (Stq, -, 810 ) -5 (SE s+, Sit,,)) is a partial solution for bag X;.
e Otherwise, the tuple (n,, A* U {v}, B*, (S{'1,--- ,St.,)s -5 (S, -+, S),,)) is a partial

solution for bag X;.

Second, it may be possible to include v in the generator.

u

o Suppose that there is a unique ¢ < ¢ such that v has neighbors in J; . j<ei Si;. In that case,

let I C {1,---,¢c;} be such that v has neighbors in S}'; if and only if j € I. W.l.o.g. (up to
reorder the sets), i = land I = {1,--- , h} forsome h < ¢y and let S ; = {v} U, ST ;-
Moreover, let X C B* be the set of neighbors of v that have another neighbor in  J, <j<er St
Then, the tuple

(nu+1aAuUXaBu\Xa (Si,lasﬁh—o—la"' ) ﬁcl)a(sg,la"' aS;,Q)"' 7(5213"' 7SZC())

is a partial solution for bag X;.

e Otherwise, if v has no neighbors in S* = (J,.,,S; N X, , then there are several partial
solutions that are created:

= (ny + 1, A, B (ST 1, ST )s o (Sis o+ 0S¢, ), ({v})) is a partial solution for bag
Xt
— forany i </,

(nu+17AuUX7Bu\X7< ilv"' 7Su )7 7(5?,17"' 75%51-7{7)})7"' 7(SZD"' 752@;,))

1,e1

is a partial solution for bag X;, where X is the set of vertices in B* N N(v) that have a
neighbor in {J, ;.. S

Then, for each partial solution with same partition of X, we keep the corresponding tuple that
has the minimum n;.

t is a Join vertex Letu,w € V(T) be its children.

Let P, = (ny, A", B", (S{'1,- -+, Si‘,czf), e (S8 ,S}%mc? )) be any partial solution com-
puted for bag X, and let P, = (nw, A, B*, (511, -+, S ), - (S8 4, E"c;u)) be any

partial solution computed for bag X, such that

o =4y =1
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e forany i </, ;<. i = Ujcow S

Letd < /. Recall that (S}';,- -+, S}'.u) is supposed to represent some connected component S; of
some expected generator S for G. Précisely, U j<er S;fj = SN X, and, for any j < ¢, S}fj is the
intersection of a connected component of S; N V(G,,) with X,, = X;. Similarly, for any j < c¥,
S}f’j is the intersection of a connected component of S; NV (G,,) with X, = X;. To obtain a partial
solution in bag X, we need to “merge” some components .S;'; and S}, if they are part of the same

connected component of S; NV (Gy). We proceed as follows.

For any i < ¢, let us consider the bipartite graph G; with vertices {.Sj'y, -+ , S, S}, -+, S{'w)

) i,c%"

and, for any j < ¢} and j’ < c}‘i, add an edge between Sﬁj and S;f“j, if both sets intersect.

Let Cy,- -+, C,. be the connected components of G;. For any j < cf, let S{ ;= U su ec; St U

Usp

hECH Sﬁ)h‘

Finally, let ny = n, + n, — |SY].

Then, (n¢, A* U A¥, B* N B, (5] 4, ,Sic,l,)7 e (Sf s ’SZCE)) is a partial solution for
bag X;.

Then, for each partial solution with same partition of X, we keep the corresponding tuple that has
the minimum n;.

Correctness. First, we need to prove that, for any minimum-size generator S for G, the algorithm
returns its representative as a partial solution of the root r of the tree-decomposition. For this purpose, we
can prove the following more general claim by a classical induction (from the leaves to the root).

Claim 27. Let S be a minimum-size generator for G. For any t € V(T), the algorithm computes a
representative of S as a partial solution of bag X;.

On the other hand, we can prove the following claim by considering the sets of partial solutions (for
each bag X;) that lead to some partial solution computed for the root.

Claim 28. Any partial solution (n,, A", B", (S 1, -+ 87 ¢, )s s (Si1s -+, S).,)) of the root v such
that B" = () and c; = 1 for all i < { is the representative to a generator of size n,. for the entire graph.

The first constraint ensures that all vertices of G are well generated and the latter constraint ensures that
the “connected components” of the expected generator have “actually” been connected. O

Since outer-planar graphs have treewidth at most 2 |Bodlaender| (1998)), we get the following corollary:
Corollary 29. The interval number (in cycle convexity) can be computed in linear-time in the class of
outer-planar graphs.

For purpose of completeness, we present a weaker (but simpler to prove) theorem.

Theorem 30. Let k,t be fixed integers. in..(G) < k can be decided in time O(n) in the class of graphs
G with treewidth at most t.

Proof: According to Courcelle’s Theorem |Courcelle and Mosbah| (1993), deciding if in..(G) < k (k
being a fixed integer) is FPT in ¢ + & (and linear in |V (G)|) in the class of graphs of treewidth at most ¢
(t being also fixed) if the problem is expressible in MSOL.
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We propose the following logical formula to express the problem.

Joy, - o €V, 3K, X CV
// the vertices v; are the ones of the generator and the sets X; are the connected components of the
genera’tor.

o Vi <k, 3j <k, suchthatv; € X // all v;’s are in one set X

o Vj <k, Vv e Xj;,3i <Eksuchthatv = v, // the X;’s contains only vertices of the generator

Vj <k VY C X;,3v €Y and Ju € X; \ Y such that {u,v} € E // each X;’s is connected

Yo e V,ifv ¢ X;forall j <k, then 3j < k, Ju € X;, Jw € X}, such that {u,v} € E and
{w,v} € E and w # . // all vertices can be generated

O

6.2 (q,q—4)-graphs

Letg > 4. A (¢,q — 4)-graph G = (V, E) is such that for any S C V, |S| < ¢, S induces at most ¢ — 4
paths on four vertices Babel and Olariu| (1998)). In this section, ¢ > 4 being fixed, we present a linear-time
algorithm in order to compute in..(G) and a minimum-size generator for G, for any (g, ¢ — 4)-graph G.
The following result will be used in what follows.

Proposition 31. If G = (V, E) has a vertex v € V(G) of degree one, then in..(G) = in..(G —v) + 1.

Proof: Since G is simple and v does not have two distinct neighbors, then v must belong to any generator
for G. O

The algorithm we present uses a well-known decomposition of (g, ¢ — 4)-graphs.

Let Gy and G be two graphs. G; U G denotes the disjoint union of G; and G3. G @ G5 denotes
the complete join of G; and G, i.e. the graph obtained from G; U G2 by adding an edge between any
two vertices v € V(G1) and w € V(G2). A spider G = (S U K U R, E) is a graph with vertex set
V' =S U K U R and edge set E such that:

1. (S, K, R) is a partition of V and R may be empty;

2. the subgraph G[K U R] induced by K and R is the complete join K & R, and K separates S and
R, i.e. any path from a vertex in .S and a vertex in R contains a vertex in K;

3. S is a stable set, K is a clique, |S| = |K| > 2, and there exists a bijection f : S — K such
that, for all vertices s € S, either N(s) N K = K — {f(s)} or N(s) N K = {f(s)}. Roughly
speaking, the edges between S and K are either a matching or an anti-matching. In the former case
orif |S| = |K| < 2, G is called thin, otherwise G is thick.

A graph G = (S U K U R, E) is a pseudo spider if it satisfies only the first two properties of a spider.
A graph G = (S U K U R, E) is a g-pseudo spider if it is a pseudo spider and, moreover, |S U K| < q.
Note that g-pseudo spiders and spiders are pseudo spiders.



26 Julio Araujo, Guillaume Ducoffe, Nicolas Nisse, Karol Suchan

Theorem 32 (Babel and Olariu| (1998)). Let ¢ > 4 and let G be a (q,q — 4)-graph. Then, one of the
following holds:

1. G = Gy UGy is the disjoint union of two (q,q — 4)-graphs G1 and G, or
2. G = G ® Gy is the join of two (q,q — 4)-graphs G and G, or

3. Gis a spider (SU K U R, E) where G|R) is a (q,q — 4)-graph, or

4. G is a g-pseudo spider (S U K U R, E) where G[R] is a (¢,q — 4)-graph.

In[Babel et al.|(2001), the authors have reinforced the above characterization of Theorem [32]as follows.
A module in a graph G is any subset M C V(G) such that for any v € V(G) \ M, either M C Ng(v) or
MN Ng(v) = (0. A module M is strong if it does not overlap any other module, i.e., for any module M’
of G, either one of M, M’ is contained in the other or M and M’ do not intersect. The quotient graph of
G is the graph with vertex-set the inclusion wise maximal strong modules of G that are proper subsets of
V(G) such that there is an edge between M and M’ when there is an edge of E(G) with an end in each
of M, M’. By |Babel et al.| (2001), if G is a (g, ¢ — 4)-graph that is a g-pseudo-spider (S U K U R, E),
then either R = {) or the quotient graph of G[K U 5] is a split graph.

Theorem 33. For a fixed q, if G is a (q,q — 4)-graph, then in.. can be computed in f(q) - (n + m)-time
for some computable function f.

Proof: Let G be a (¢,q — 4)-graph. Without loss of generality, G is connected (else, we consider the
connected components of G separately). Furthermore, if G has a universal vertex u, then by Theorem [T4]
inec(G) = (G \ u) + 1. Since G \ u is a (¢, ¢ — 4)-graph (because this class is closed by induced
subgraph) and so, its dominating number v(G \ u) can be computed in linear-time Babel et al.{(2001), the
minimum-size in..(G) of a generator for G can also be computed in linear-time in this case. Therefore,
let us assume for the remaining of the proof that there is no universal vertex of G. In particular, G has
n > 2 vertices, and by TheoremE], it is easy to check whether in..(G) = 2 in time O(n + m). Hence,
from now on, we may assume that in..(G) > 3. We will consider all the cases of Theorem [32] (but the
first one since G is connected).

e Suppose that G = G & G5 is the complete join of the two (g, ¢ — 4)-graphs G; and G5. Note
that since G has no universal vertex, the graphs G; and G5 have n; > 2 and no > 2 vertices,
respectively. In such case, since every vertex of GG1, resp. of G, is adjacent to every vertex of
G, resp. of G, two vertices on each side are enough in order to generate G, hence in..(G) < 4.
Therefore, we are left to characterize when in..(G) = 3. We will prove the following claim.

Claim 34. in..(G) = 3 if and only if min{y(G1),v(G2)} = 2.
In order to do so, assume the existence of a generator S of size three for G. Clearly, |[SNV(G;)| > 2

for some i € {1,2}. W.lo.g., let us assume that S has at least two vertices in G. Furthermore,
since S is a generator for G, every vertex of V(G) \ S has at least two neighbors in S.

We aim at proving that there exists D C SNV (G1) of size two that dominates GG;. There are three
cases to be considered.
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- Case |SNV(Gy)| = 2. Since |[S N V(G2)| = 1, each vertex of G \ S must have at least
one neighbor in SNV (G1) to be generated (otherwise it would have a unique neighbor in S).
Hence, S N V(G1) dominates G;.

- Case |[SNV(G1)| = 3 (e, S C V(Gy)) and S is connected. Let Y C S be any subset of
size two of S. Every vertex of G \ S must have at least two neighbors in .S (to be generated).
Therefore, every vertex of G \ S has at least one neighbor in Y. Hence, Y dominates G.

- Case |SNV(G1)| = 3 and S is not connected. Since S must have at least one connected
component with at least 2 vertices, let  and y be two adjacent vertices of S and let {z} =
S\{z,y}. Letw € V(G1)\ S. The only way that w is generated is that = and y are neighbors
of w. Hence, x dominates V' (G1) \ {z}. Finally, {z, z} dominates G;.

Conversely, suppose that there exists ¢ € {1, 2} such that y(G;) = 2 (observe that y(G;) > v(G) >
1 because G has no universal vertex). W.l.o.g., let us assume that y(G1) = 2. Let S; = {u, v} be
a dominating set of Gy, let x € V(G2) be arbitrary and let S = S; U {x}. By construction, every
vertex of G has at least two neighbors in S, furthermore, S induces a connected subgraph of G,
hence S is a generator for G by Lemmal[2]

So, the claim is proved and in..(G) = 3 if and only if min{vy(G1),v(G2)} = 2, which can be
decided in linear-time [Babel et al.| (2001).

e Now suppose that G = (S U K U R, E) is a spider. There are two subcases to be considered.

— If G is a thin spider, then every vertex in S is a 1-vertex, and so, by Proposition ine.(G) =
[S] + ine(G \ S). Since G \ S is still a (g,q — 4)-graph, one can apply recursively our
algorithm on G \ S. Precisely, since every vertex u € K is a universal vertex of G \ S, by
Theorem[14] inc.(G\ S) = v(G \ (SU{u})) + 1, that can be computed in linear-time Babel
et al.|(2001)).

- Else, G is a thick spider. Let us prove that in..(G) = 3 (recall that we have assumed that
ine.(G) > 3). Indeed, since G is a thick spider, | K| = |S| > 3, and we pick any three vertices
in K in order to form the subset X that we will prove to be a generator for GG. In order to
prove it, since X induces a triangle, it is sufficient to prove that every vertex of G \ X has at
least two adjacent neighbors in X. First, since X C K and K is a clique, the latter holds for
every vertex of K \ X. Furthermore, since there is a complete join between K and R, it also
holds for every vertex of R. Finally, since every vertex of S has | K| — 1 neighbors in K, there
is at most one vertex in X that is nonadjacent to a given vertex in .S, and so, since | X| > 3,
every vertex of .S has at least two neighbors in X. Consequently, X is a generator for G.

e Else, G = (SUKUR, E) is a g-pseudo-spider. Let us assume that R # () (else, since |K US| < g,
the problem can be solved by using exhaustive search). By Babel et al.| (2001)) the quotient graph
Q of G[K U S] is a split graph, with the strong modules in K and the strong modules in .S forming
respectively a clique and a stable set in Q. In particular, if K is a strong module (i.e., there is a join
between S and K), then G = G[K]| & G[S U R], and so, we go back to a previous case. So, we
assume the existence of two strong modules K7, Ko C K. Note that there exists a complete join
between K7 and K> (because the modules of K induce a clique in Q).
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Roughly, we will show that in order to compute a minimum-size generator for G, it suffices to
“guess” its part in S U K. Precisely, we address the following subproblem: given Xy C S U K,
does there exist a subset R* such that Xy U R* is a generator for GG, and if so, what is the minimum-
size of such a subset ? We will show the following claim.

Claim 35. Given Xg C S U K, it can be decided in linear-time whether it exists a set R* such
that Xo U R* is a generator for G. Moreover, if it exists, such a set R* with minimum size can be
computed in linear-time.

Overall, since |S U K| < g, there are at most 27 subsets X to be considered, and so, since g is
fixed, in..(G) can be computed in linear-time in this case.

In order to prove the claim, consider a minimum-size generator X* for G. Let Xq = X* \ R.
Suppose that Xy # X* (else, we are done).

First we claim that XoU{r} has to generate .S for any choice of vertex r € R. Indeed, let s € S\ X,
be arbitrary. By Lemma 2] there is a path in X* whose both ends are distinct and adjacent to s. In
particular, if this path lies onto X, then we are done. Else, as K is a S R-separator, the path goes
by two vertices in K, that can be linked through vertex r since there is a complete join between K
and R. Therefore, s is generated by X U {r}, that proves the claim.

Furthermore, we claim that it can be assumed that | X* N R| < 2. Indeed, if it is not the case, then
let 7o € X* N R be arbitrary, and let u; € K, us € Ky. We claim that X = X U {uq,ug, o} is
a generator for G (note that | X'| < |X*|). Indeed, by the previous claim it generates S. Moreover,
since there is a complete join between K and R, and the strong modules in K form a clique of Q,
vertices u1, ug, 7o form a triangle and every vertex of R, resp. of K, is adjacent to uy and us, resp.
to ro and at least one of u; or us (because they are in different modules). Therefore, these three
vertices generate X' U R by Lemma[2] that finally proves the claim.

Thus, we are left to distinguish between the subcases | X* N R| =2 and [X* N R| = 1.

— Suppose that | X* N R| = 2. We claim that it can be assumed that Xy N K = (). Indeed,
if it is not the case, then assume w.l.0.g. that Xq N K; # (), and let u; € K; N Xy and
let rg,71 € X* N R. Let ug € Ko, it can be shown similarly as for the previous claim that
X = XoU{ug,ro} is a generator for G. Since | X| < |X*| and | X N R| = 1, the latter proves
the claim, and so, from now on let us assume that Xo N K = (. In this subcase, since K is a
S R-separator, the two vertices in X* N R generate R, i.e., in..(G[R]) < 2. By Theorem it
implies that |R| = 2 or the two vertices in X* N R are two universal vertices of G[R]. Note
that any choice of two universal vertices of G[R] will generate R U K in this subcase.

- Else, X*NR = {ro}. By Lemma every vertex of R \ 79 has two neighbors in X* (in order
to be generated). So, R = {rq}, or | Xo N K| > 2, or ry is a universal vertex of G[R]. Note
that, if | Xo N K| = 2, then XoU{r} is a generator for G for any choice of r € R, furthermore,
for any choice of a universal vertex o of G[R], Xo U {ro} is a generator for G.

To sum up, given X fixed a candidate for the subset R* can be chosen as follows. Assume that
|R| > 3, orelse since g is fixed, the above subproblem can be solved in constant-time by exhaustive
search. If X is a generator for G, then R* = (). Else, if |[Xo N K| > 2, then R* = {ry} with
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ro € R being arbitrary. Else, if | Xy N K| = 1, then we search for a universal vertex in R; if no such
vertex exists, then we discard Xy, else R* = {ro} with o being universal to R. Else, Xo N K = 0,
we search for the existence of two universal vertices in R; if no such two vertices exist, then we
discard Xy, else R* = {rg,r1} with ro,r; being two universal vertices of R. In all cases, we
discard X when X U R* does not generate . If it does, then by the above characterization R* is
a minimum-size subset of R such that Xy U R* is a generator for G.

O

Cographs are the graphs without any induced P, (path on four vertices). In other words, they are exactly
the (¢, ¢ — 4)-graphs for ¢ = 4. Therefore, the following corollary directly follows.

Corollary 36. If G is a cograph, then in..(G) can be computed in linear-time.

6.3 Neighborhood Diversity

This section is devoted to the design of an FPT algorithm for computing in.. parameterized by the neigh-
borhood diversity. Two distinct vertices u and v are twins if N(u) \ v = N(v) \ u. The neighborhood
diversity of a graph is k, if its vertex set can be partitioned into k sets P, ..., Py such that, for every
i € {1,...,k}, any pair of vertices u,v € P; are twins. This parameter was proposed in Lampis| (2012),
motivated by the fact that a graph of bounded vertex cover also has bounded neighborhood diversity, and
therefore the later parameter can be used to obtain more general results.

Many problems have been shown to be FPT when the parameter is the neighborhood diversity (Ganian
(2012).

Lemma 37. Let G = (V, E) be a graph, let S be a minimum-size generator for G and let P C 'V be a
set of pairwise twins. Then, either |S N P| <2or P C S.

Furthermore, in the former case, for every P* C P of size |P*| =|SN P
is also a generator for G.

, the set S* = (S'\ P)U P*

Proof: Let P’ C P be of size |P/| = min{2,|P N S|} andlet S’ = (S\ P)U P’.

First, we claim that S is a generator for V' \ S. Indeed, let z ¢ S. If x € S’, then we are done.
Otherwise, recall that every vertex = ¢ S is the unique vertex of a cycle C that is not in S. In particular,
by taking the smallest such cycle we can assume w.l.0.g. C' to be induced. In this situation, C' contains
no more than two vertices of P since they are pairwise twins. Furthermore, for any P” C P’ of size
|P"| = |P'NnV(C)|, the subset V(C'\ P) U P” induces a cycle C’ (again, this is because the vertices
of P are pairwise twins). Therefore, since x is the only vertex of C’ not in S’, x is generated by 5’, that
proves the claim.

Now there are two cases to be distinguished.

e Suppose that S’ is a generator for G. By minimality of .S and since |S’| < |S| by construction, we
get |S’| = |S] and so, |S N P| = |P’| < 2. Moreover since the vertices of P are pairwise twins,
for any P* C P of size | P*| = | P’| there is an automorphism of G mapping P’ to P*. Therefore,
S* = (S'\ P) U P* is also a generator for G.

e Otherwise, S” does not generate G. The latter implies |S N P| > 3 (otherwise, we could go back to
the previous case by setting P’ = P N S). Suppose for sake of contradiction that P \ S # (). Let
v € P\S. Since [SNP| > 3, we further assume v ¢ P’, i.e., v ¢ SU.S’. Furthermore, since V'\ S
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is generated by S’, there exists a cycle C” such that v is the only vertex of C’ not in S’. However, for
every v’ € (PN S)\ .S, since v and v’ are twins it implies that there is a cycle C" with vertex-set
V(C\ v)U{v'}, and so, v’ is also generated by S’”. Overall, (V\ S)US'U((PNS)\S")=Vis
generated by S, thereby contradicting the assumption that S’ is not a generator for G. As a result,
P C S in this case.

O

Theorem 38. If the neighborhood diversity of a connected graph G is at most k, then in..(G) can be
computed in (4% - O(n))-time.

Proof: Let P;, 1 < i < k be a partition of V into k£ pairwise twins, and let S be a minimum-size
generator for G. By Lemma for every 1 < i < k there are at most four possibilities for |P; N S|:
either |P; N S| < 2 (three possibilities) or P; C S. Overall, there are 4k possibilities for the sequence
|SNPy[,|SNP,l,...,|SN Py, and since by Lemma[37|the p; = | P;N S| vertices of P; NS can be chosen
arbitrarily, a minimum-size generator S for G can be computed by exhaustive search over 4 subsets if a
partition into P;, 1 < ¢ < k is given. Such a partition can be computed in linear time |Lampis|(2012). [
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