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A graph G is matching-decyclable if it has a matching M such that G — M is acyclic. Deciding whether G is
matching-decyclable is an NP-complete problem even if G is 2-connected, planar, and subcubic. In this work we
present results on matching-decyclability in the following classes: Hamiltonian subcubic graphs, chordal graphs, and
distance-hereditary graphs. In Hamiltonian subcubic graphs we show that deciding matching-decyclability is NP-
complete even if there are exactly two vertices of degree two. For chordal and distance-hereditary graphs, we present
characterizations of matching-decyclability that lead to O(n)-time recognition algorithms.
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1 Introduction

In this work we focus on the following problem: given a graph G, is it possible to destroy all of its cycles
by removing a matching from its edge set? Equivalently, is it possible to find a partition (M, F') of E(G)
such that M is a matching and F' is acyclic? If the answer is “yes” then we say that M is a decycling
matching of G, and G is a matching-decyclable graph, or simply m-decyclable.

The problem of destroying all the cycles of a graph by removing a set of edges (a decycling set) has already
been considered. For a graph G on n vertices and m edges and with w connected components, a minimum
decycling set E* has exactly m —n + w edges, because the removal of E* must leave a spanning forest of
G. On the other hand, for directed graphs, finding a minimum set of arcs whose removal leaves an acyclic
digraph is precisely the optimization version of the classical Feedback Arc Set Problem, a member of
Karp’s list of 21 NP-complete problems (Karp, {1972).

M-decyclable graphs have recently been studied in (Lima et al., [2017), where the authors prove that
recognizing matching-decyclability is NP-complete even for 2-connected planar fairly cubic graphs. (A
graph is fairly cubic if it has n — 2 vertices of degree three and two vertices of degree two.) The au-
thors also show polynomial-time recognition algorithms of m-decyclable graphs restricted to chordal,
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Ps-free, (claw,paw)-free, and Cy-free distance hereditary graphs, but no structural characterizations of
m-decyclable graphs in such classes are provided.

As we shall see later in this work, a necessary (but not sufficient) condition for a graph G to be m-
decyclable is that |E(H)| < [ 2|V(H)|| — 1 for every subgraph H of G. Say that a graph G sat-
isfying such a necessary condition is sparse. Two-connected fairly cubic graphs are sparse, thus the
NP-completeness result in (Lima et al., 2017) tells us that deciding matching-decyclability is hard even
for a subset of sparse graphs. On the other hand, a natural question is to find graph classes in which being
sparse is equivalent to being m-decyclable. In the next sections, we show that this is exactly the case for
chordal graphs and K 4-free distance-hereditary graphs.

The remainder of this work is organized as follows. Section 2 contains the necessary background. In Sec-
tion 3 we show that deciding whether a Hamiltonian fairly cubic graph is m-decyclable is NP-complete;
this result strengths the result in (Lima et al., [2017)), since Hamiltonian fairly cubic graphs form a sub-
class of 2-connected fairly cubic graphs. In Section 4 we characterize m-decyclable chordal graphs; the
characterization leads to a simple O(n)-time recognition algorithm for such graphs, refining a previous
result presented in (Lima et al.,|2017). M-decyclable split graphs are also considered in Section 4. Sec-
tion 5 describes a characterization of m-decyclable distance-hereditary graphs and a direct application of
this result to cographs; the characterization extends the result in (Lima et al.| 2017)), and implies a simple
O(n)-time recognition algorithm. Section 6 contains our conclusions.

2 Preliminaries

In this work, all graphs are finite, simple, and nonempty. Let G be a graph with |V (G)| = n and
|E(G)| = m. The degree of a vertex v € V(G) is denoted by dg(v). The minimum degree of G is
defined as 0(G) = min{dg(v) : v € V(G)}. A cut vertex (resp., bridge) is a vertex (resp., edge) whose
removal disconnects G. A block of G is either a bridge or a maximal 2-connected subgraph of G. A leaf
block is a block containing exactly one cut vertex. We say that G contains H if H is a (not necessarily
induced) subgraph of G. If, in addition, H is induced, we say that G contains H as an induced subgraph.
If G does not contain Hy, Ho, ..., Hy, as induced subgraphs then G is (Hy, Ha, ..., Hy)-free.

We say that G is subcubic if all of its vertices have degree at most three, and fairly cubic if G' contains
n — 2 vertices of degree three and two vertices of degree two (the latter terminology is adopted from (Chae
et al.,2007), p. 2985). A graph H is bad if |E(H)| > L§|V(H)\ | — 1. Say that G is sparse if G contains

no bad subgraph. If G is sparse then, of course, m < [ 5n | — 1.

The complete graph with n vertices is denoted by K,,. The graph K3 is called triangle. A 2K5 is graph
with vertices a, b, ¢, d and edges ab, cd. A gem is a graph with vertices a, b, ¢, d, e and edges ab, bc, cd,
ae, be, ce, de. A house is a graph with vertices a, b, ¢, d, e and edges ab, bc, cd, ad, ae, be. A domino is a
graph with vertices a, b, ¢, d, e, h and edges ab, be, cd, ad, be, eh, ch. A square is a 4-cycle with no chords.
A diamond is a graph consisting of a 4-cycle plus one chord. A k-hole (or simply hole) is a k-cycle with
no chords, for & > 5. We denote by K5 5 the graph obtained by removing one edge of K3 3, and by
Py, the path with k vertices. A chordal graph is a (square, hole)-free graph. A split graph is a (square,
5-hole, 2 Ks)-free graph (Foldes and Hammer, [1977). A cograph is a Py-free graph (Corneil et al., |1981)).
A distance-hereditary graph is a (house, hole, domino, gem)-free graph (Bandelt and Mulder, [1986). See

Figure [T}
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Domino Gem
Fig. 1: Forbidden induced subgraphs for distance-hereditary graphs[6]

We say that G is m-decyclable if there is a partition (M, F') of E(G) such that M is a matching and F
is acyclic; in this case, M is a decycling matching of G. It is easy to see that being m-decyclable is a
property inherited by all subgraphs. This fact and other useful facts are listed in the proposition below;
some of them are already mentioned in (Lima et al.,[2017).
Proposition 1. Let G be a graph. Then:

a) If G is m-decyclable then every subgraph of G is m-decyclable.

b) If G is m-decyclable thenm < | 3n | — 1.

¢) If G is sparse then every subgraph of G is sparse.

d) If G is sparse then G contains at least two vertices of degree two or less.

e) If G is sparse then G contains no K4, K3 3, or gem.

(
(
(
(
(
(f) Every 2-connected fairly cubic graph is sparse.
(9) If G is m-decyclable then G is sparse.

(h) The graph K 4 is not m-decyclable.

(2) If G is connected and matching-decyclable then G has a matching M for which G — M is a tree.
(

7) If G is subcubic and connected, then G is matching-decyclable if and only if G has a spanning tree T
such that all leaves of T are of degree at most 2 in G.

Proof.

(a) Let M be a decycling matching of G. Then, for every subgraph H of G, M N E(H) is a decycling
matching of H.

(b) If G is m-decyclable, the existence of a partition (M, F') where M is a matching and F is acyclic
impliesm = |M|+|F| < [2]+(n—-1)=[3n] -1

(c) Trivial from the definition of sparse graph.

(d) Suppose that G contains at most one vertex v with di(v) < 2. Thenm > (3(n—1)+2)/2 > [ 3n |1,
contradicting the definition of sparse graphs.

(e) Follows from the fact that the graphs K4, K3 3, and gem are bad.

(f) Let G be a 2-connected fairly cubic graph, and let H be a subgraph of G. We claim that H has at
least two vertices of degree at most 2. If H = G, then this is immediate by the definition of a fairly
cubic graph. So we can assume that H is a proper subgraph of G. If H contains exactly one vertex v
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with a neighbour outside H, then v is a cut vertex of GG, which contradicts the fact that GG is 2-connected.
Hence H contains at least two vertices with a neighbour outside H, which proves our claim. This implies
|E(H)| < | 2|V(H)|] — 1. Hence, G is sparse.

(2) Assume that G is not sparse. Then G contains a bad subgraph H, i.e., |[E(H)| > | 3|V(H)|] — 1.

By item (b), this implies that H is not m-decyclable. But this contradicts item (a). Therefore, item (g)
follows.

(h) A decycling set of K5 4 must contain at least three edges, but the size of a maximum matching in K 4
is two.

(i) The proof can be found in (Lima et al., | 2017).
(j) The proof can be found in (Lima et al.,2017). O

Since K 4 is sparse, Proposition h) implies that being sparse is not a sufficient condition for a graph
to be m-decyclable. An interesting question is to find graph classes in which being m-decyclable is
equivalent to being sparse. This question is dealt with in sections 4 and 5.

3 M-decyclable subcubic graphs

In this section we study m-decyclable subcubic graphs. Let € be the class of 2-connected planar fairly
cubic graphs. In (Lima et al., 2017) the authors show that a graph G € %4 is m-decyclable if and only if
G has a Hamiltonian path whose endvertices are precisely the vertices of degree two in G. In fact, the
assumptions ‘“2-connected” and “planar” are not needed to state their result:

Proposition 2. (Lima et al., 2017) Let G be a connected fairly cubic graph. Then G is matching-
decyclable if and only if there is a Hamiltonian path in G whose endpoints are the vertices of degree
two.

Proof. If G is matching-decyclable, by Proposition [I{i) G has a matching M such that G — M is a tree.
Thus |[M| = |E(G)|—(n—1) = (3n—1) — (n—1) = %, i.e., M is a perfect matching. This implies that
G — M has n — 2 vertices of degree two and two vertices s and ¢ of degree one, i.e., it is a Hamiltonian
path with endpoints s and ¢. Since dg(s) = dg(t) = 2, the first part follows. Conversely, if there is a
Hamiltonian path P in G whose endpoints are the vertices of degree two, it is easy to see that the edges
not in P form a matching, i.e., G is matching-decyclable. O

A simple by-product of the above proposition is the existence of a class of graphs in which being m-
decyclable is equivalent to being Hamiltonian:

Corollary 3. Let €' = {H € € : the vertices of degree two in H are adjacent}. Then G € € is
m-decyclable if and only if G is Hamiltonian.

As explained in (Lima et al| 2017), for a graph G € ¥ the problem of deciding whether there is a
Hamiltonian path whose endvertices are the vertices of degree two is NP-complete. Thus:

Theorem 4. (Lima et al.,[2017) Deciding whether a 2-connected planar fairly cubic graph is m-decyclable
is NP-complete.

Corollary 5. Deciding whether a sparse graph is m-decyclable is NP-complete.
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Proof. Recall from Proposition [I[f) that 2-connected fairly cubic graphs are sparse. Thus, by Theorem 4]
deciding matching-decyclability is hard even for a subset of sparse graphs. O

Now we strength the result of Theorem [ in the following way. By the theorem, deciding matching-
decyclability is NP-complete in the class & of 2-connected fairly cubic graphs. We show below that
deciding matching-decyclability remains NP-complete in a proper subclass of &, namely, Hamiltonian
fairly cubic graphs. By Proposition |2} we will show instead that, given a Hamiltonian fairly cubic graph
G, the problem of deciding whether there is a Hamiltonian path in G whose endpoints are the vertices of
degree two is NP-complete. First, we need to consider the following problem:

HAMILTONIAN CYCLE CONTAINING A SPECIFIED EDGE IN A CUBIC GRAPH
Input: A cubic graph H, an edge e of H.
Question: Does H admit a Hamiltonian cycle containing edge e?

The above problem is easily seen to be in NP. The hardness proof is a straightforward reduction from the
problem of checking whether a cubic graph G is Hamiltonian (Garey et al.,[1976). From G we construct a
cubic graph H by replacing an arbitrarily chosen vertex v of G by the gadget H, depicted in Figure[2] In
addition, we define e = v’v”. Tt is easy to see that G admits a Hamiltonian cycle if and only if H admits
a Hamiltonian cycle containing edge v’v”. Therefore:

Lemma 6. The problem HAMILTONIAN CYCLE CONTAINING A SPECIFIED EDGE IN A CUBIC GRAPH
is NP-complete.

Fig. 2: Illustration for Lemmalg]

Theorem 7. Let G be a Hamiltonian fairly cubic graph, and let s,t € V(G) such that dg(s) = dg(t) =
2. Then deciding whether there is a Hamiltonian path in G whose endpoints are s and t is NP-complete.

Proof. The problem is clearly in NP, because given a path P in GG, one can easily check in polynomial time
whether P is Hamiltonian and has endpoints s and ¢. The hardness proof uses a reduction from HAMIL-
TONIAN CYCLE CONTAINING A SPECIFIED EDGE IN A CUBIC GRAPH. From an instance (H, ) of this
problem, we construct a Hamiltonian fairly cubic graph G as follows. We can assume that |V (H)| > 3.

Defining the gadgets. Write V(H) = {v1,v2,...,v,} (n > 3), and assume without loss of generality
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that e = vyvs. We replace each vertex v;, 2 < i < n, by the gadget G; depicted in Figure [3(a). If
v; has neighbors v;, v, v in H, then G; contains the vertices x;;, ik, 4 that will be used to connect
G; to gadgets G;, G, and G, respectively. We remark that their positions can be interchanged, i.e., in
Figure Eka), 2,; can occupy the position of x;;, or x;;, etc.

Vertex vy is replaced by a different gadget G, shown in Figure[3{b). The position of x5 is fixed (between

D and r1), and if v; has additional neighbors v and v; in H then x1; and x1; occupy the positions
indicated in Figure [3[b) (but their positions can also be switched, similarly as explained for Figure 3{a)).

Fig. 3: Gadgets used in the reduction of Theorem [7]

Connecting the gadgets. Figure@ shows how to connect the gadgets. If v; has neighbors v, vy, v; in H
then we link gadget G; to gadgets G, G, Gy by creating the edges x;;% i, TikTki, Ty ;. Since v1 and vy
are neighbors, the edge 12 x21 connecting gadgets G; and G5 always exists. In addition, there are edges
q1P2, 42P3, 434, - - - n—1Pn and gy, t (represented as dashed lines). Figure f] shows the construction of
G from H = K4.

Properties of G. Note that G is a fairly cubic graph, since vertices s and ¢ have degree two, and the
remaining vertices have degree three. Now, consider the following paths (where the symbol ‘D’ represents
a suitable subpath visiting all the vertices of a diamond) :

Py =p1sDwxiar Dy ur Ty q1 p2,
Py =p; D xyri a; b ¢; wi xi; Du; 2 D gy piyr (2<i<n-—1),

Pn = Pn Dxnl Tn Qn bn Cp Wy, Tnj Dun Tnk DQH tp1~
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Fig. 4: Proof of Theorem[7} construction of graph G from H = Kj.

Note that the concatenation P; P, --- P,_1 P, is a Hamiltonian cycle. Thus, G is a Hamiltonian fairly
cubic graph, as required.

Properties of the gadgets. We list below some important properties of the gadgets that will be useful for
the proof. All of them can be easily checked by inspection.

Property 1: There is a (unique) Hamiltonian path @; in G, 2 < ¢ < n, with endpoints x;; and x;;, (up to
distinct ways of traversing the diamonds — in fact, a diamond can be viewed as a vertex of degree two in
all the properties listed in this subsection):

Qi = Lij D b;a; c;wips Dxyg i qi D g
Property 2: There is a (unique) Hamiltonian path R; in G;, 2 < ¢ < n, with endpoints x;; and x;; :

R; = Tij D u; zix D q; 75 a3 by ¢; wi p; D xy.
Property 3: There is a (unique) Hamiltonian path S; in G, 2 < ¢ < n, with endpoints x;; and x;; :

Si = x4 D q; 15 a5 ¢ by ug D L5 Wi Pi D xy.
Property 4: There is a (unique) Hamiltonian path Z; in G;, 2 < i < n, with endpoints p; and g; :

Z; =pi D xyria; by c; w; Tij Dz D g;.
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Property 5: There is no Hamiltonian path in G;, 2 < ¢ < n, with an endpoint in the set {p;, ¢;} and
another endpoint in the set {x;;, Tk, T }-

To state the next property, we need some definitions. Let T; = {p;, ¢i, Tsj, Tk, Tir }, for 2 < i < n. Say
that 7; is the set of terminals of G;. The vertices x;;, Tk, xs are the type-x terminals of T;. Similarly,
we define Ty = {t, q1, x12, 1%, 21} as the set of terminals of G, where 212, x1%, and x1; are the type-xz
terminals of G.

Property 6: For 2 < i < n, there is no partition of V(G;) into two subsets X; and Y; such that both X;
and Y; form nontrivial paths starting and ending at terminals. In other words, it is not possible to cover all
the vertices of G; using two nontrivial disjoint paths whose endpoints are terminals.

The diamonds in Figures [3[a) and [3(b) have the purpose of forcing the paths to visit some parts of the
gadgets. Vertices of degree two could play the same role as the diamonds, but since we need to construct
a fairly cubic graph G, the use of diamonds is simply an artifice to make all the vertices have degree three
(except s and ¢, of course).

Completing the proof. Let us prove that there is a Hamiltonian cycle in H containing edge e = vjvy if
and only if there is a Hamiltonian path from s to ¢ in G.

Suppose first that there is a Hamiltonian cycle C' in H containing edge e = v1v2. Suppose without loss
of generality that C' = vyvovs ... vy—1v,v1. Forh = 2,3, ... n, let P(zp, p—1, Th p+1) be a Hamiltonian
path of G, from zp, ,_1 to zp, 41 (by Properties 1, 2, and 3 such a path is one of Qp,, Ry, Sp,). We remark
that h +1 =1 when h = n.

The following path is a Hamiltonian path in G from s to ¢:

SD:E12P<$21 ) xZS)x23x32P((E32’ ‘/E34)m34$43 ttt "L‘nfl 7an 'rr.flP(:L‘n n—17 mnl)xnlxln ql Tl lekulplt'

(The above path assumes that x1,, = x1; in Figure Ekb). If 1, = x1%, then the final part of the Hamilto-
nian path is:

-z, Dryogpwy, v pt.

in

This concludes the first part of the proof. Suppose now that there is a Hamiltonian path P,; from s to ¢
in G. We need the following definition. A visit to a gadget G;, 1 < i < n, is a maximal subpath P’ of
Py, such that P’ contains only vertices of G;. Note that a visit to a gadget G; is a path in G; starting and
ending at terminals of GG;. Since each G;, 2 < i < n, contains five terminals, it is visited at most twice.
The claim below says that Go, G, . . ., G,, cannot be visited twice. (G is an exception to this rule.)

Claim 1: In a Hamiltonian path Pj; from s to ¢ in G, each gadget G;, 2 < i < n, is visited exactly once.

Proof of Claim 1: Suppose by contradiction that some G;, 2 < i < n, is visited twice. Let P’ and P”
be the two paths representing such visits. Then V(P’) and V(P") is a partition of V' (G;) such that both
P’ and P” are paths starting and ending at terminals. But this contradicts Property 6. Hence, the claim
follows. O

The path P, starts at gadget G, and ends at the same gadget, so (1 is visited more than once. Consider
the first visit to GG1, that starts at vertex s.

» If the first visit to G; leaves it via ¢; then we have the following four possibilities:

sprurxry qr, sprurTik Driqr, sDxiariqr, sDxiam Dxig ur 2y qr.
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In all the possibilities above, it is easy to see that, besides ¢, at least one more vertex of G is not visited
before leaving the gadget. The path P,; then follows edge ¢;p2 and enters G2. By Claim 1, Go must be
visited only once. Thus the visit to G2 must pass through all of its vertices. But Property 5 tells us that
the visit to G2 must end precisely at g2; in addition, Property 4 tells us that that the visit to G is the path
Z». This process continues, and each new visit to a gadget G;, 2 < % < n, by Claim 1 and Properties 4-5,
consists precisely of the path Z;. Eventually, there is a visit to a gadget G'j, which is left via the edge ¢;t,
concluding the traversal of GG. But since at least one vertex of GG; has not been visited, this contradicts the
fact that P, is a Hamiltonian path. Hence:

Claim 2: The first visit to G; cannot leave it via ¢;.

In fact, the above arguments show that if a visit to G; (not necessarily the first one) leaves it via g1 then
the path Py, returns to G; using an edge g;t. Hence:

Claim 3: 1f a visit to G leaves it via ¢; then the only vertex of G; to be visited subsequently is ¢.

» The preceding discussion leads to the conclusion that the first visit to GG; leaves it via a type-x terminal.
Therefore, Ps; must then enter a gadget G;, 2 < i < n, at a type-z terminal as well. By Claim 1, all the
vertices of G; must be visited before leaving it, and by Properties 1 to 3 the visit to GG; consists of one of
the paths Q;, R;, S;. This implies that the next visit to a gadget G/, i’ # 14, similarly consists of one of
the paths Q;+, R+, Sir. The process continues, and eventually there is a visit to a gadget G'; which is left
via a type-x terminal x;1, and the path returns to gadget G'; at one of its type-x terminals. Hence:

Claim 4: The first visit to G leaves it via a type-z terminal, and Py; returns to G; at another of its type-z
terminals.

Claim 5: 1f a visit to G (not necessarily the first one) leaves it via a a type-x terminal then P, returns to
(G1 at another of its type-z terminals.

We now need to analyze the possible ways the path P, leaves and returns to G.

»» Suppose that the first visit to G; passes by all of its type-x terminals. The possibilities are:

sDx1arm1 D xypug xy; and s D x10 71 q1 X1 Ul T1k-
By Claim 5, P,; must return to GG; at one of its type-x terminals, but all of them have been already visited.
Thus the first visit to (G cannot pass by all of its type-z terminals.

»» Suppose now that the first visit to G; passes by exactly two of its type-z terminals. The table below
lists the possibilities. A symbol “?” means that the traversal cannot continue (thus the corresponding
possibility is impossible).

By Table[I] the first visit to Gy cannot pass by exactly two of its type-z terminals.

»» Finally, suppose that the first visit to GG; passes by exactly one of its type-x terminals. The table
below lists the possibilities.

From Table 2] we conclude that P, visits G twice: the first visit to G is
sD 12
and the second visit is

zikDriqurzuuipit or xyyquri Dxigugprt.
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1st visit to G'1 2nd visit to G1 | 3rd visit to G Observations
sprur X1 q1r1 D xik r12 D7 - impossible
SP1 UL X1 G171 T12 1k D? - impossible
sp1 u1 x1k D r1 x12 r1 1 t (Claim 3) a D is not visited
S P1 UL Tik D 71 41 T11 T12 D? - impossible
sD xi2r1 D 21 T1 q1 t (Claim 3) w1 and p; are not visited
sDxiar1 D x1x Ty u1p1t - q1 is not visited
s D xi27m1 q1 11 Tip UL p1t - a D is not visited

Tab. 1: Possibilities for the case when the first visit to G passes by exactly two of its type-z terminals.

1st visit to G1 2nd visit to G 3rd visit to G Observations
S Pp1 UL T 1k D ri 212 ? impossible: all type-a terminals already visited
ik Driqu t (Claim 3) a D and x12 are not visited
z12 71 D 218 ? impossible: all type-x terminals already visited
Ti12 71 q1 t (Claim 3) the D’s and x1j are not visited
SP1 UL T1k T1 q1 t (Claim 3) the D’s, x12, and 71 are not visited
T1 Q1 T1 T12 ? impossible: all type-x terminals already visited
Ti2 T1 q1 t (Claim 3) the D’s and x1; are not visited
Ti2 71 q1 X1y ? impossible: all type-x terminals already visited
s D xi2 Tik U1 T1g ? impossible: all type-z terminals already visited
T1k UL X1 Q1 t a D, r1, and p; are not visited
Tik u1 p1t - a D, ri, q1,and x1; are not visited
ik Driqu t u1, p1, and x1; are not visited
ik D7r1qixy ? impossible: all type-x terminals already visited
rik Driqguriyuipit - ok: all vertices are visited
T1 U1 Tik ? impossible: all type-z terminals already visited
Ty w1 1 Dr1qa t p1 is not visited
T U p1t - a D, ri1, q1, and x1 are not visited
T q1 t a D, ri, u1, p1, and x1y are not visited
ruquri D ik ? impossible: all type-x terminals already visited
r1uqir1 Dxigurprt - ok: all vertices are visited

Tab. 2: Possibilities for the case when the first visit to G1 passes by exactly one of its type-x terminals.

After the first visit to G, the path Py; enters G5 via x21. By Claim 1, all the vertices of G2 must be
visited before leaving it, and by Properties 1 to 3 the visit to G2 consists of one of the paths @2, Rs, So.
Note that Ps; can only return to (G; after visiting all the gadgets G, 2 < i < n, because the second visit
to GG1 ends at ¢, the final destination of P,;. Thus, after leaving G5 via one of its type-x terminals, the next
visit is made to a gadget G;, ¢ ¢ {1, 2}, that similarly consists of one of the paths Q;, R;, S;. The process
continues, and eventually there is a visit to a gadget G; which is left via a type-z terminal x;;, and the
path finally returns to G; to make the second visit to it. Assume without loss of generality that Py; visits
G1,G2,Gs, ..., Gy, G in this order. This corresponds to a Hamiltonian cycle vy, va, v3, ..., vy, v1 In
H that contains the edge e = v1v9. This concludes the proof. O
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4 M-decyclable chordal graphs

A chain is a graph containing exactly two leaf blocks, such that: (i) if B is a leaf block then B is a
diamond; (i) if B is not a leaf block then B is a triangle. See Figure

Fig. 5: Some examples of Chains.

Theorem 8. Let G be a chordal graph. Then the following are equivalent:

(a) G is m-decyclable;
(b) G is sparse;

(¢) G contains no chain, and each block of G is a diamond, a triangle, or a bridge.

Proof.
(a) = (b). Follows from Proposition [Ifg).

(b) = (c). If G is sparse then, by Proposition|[Ife), G contains no induced gem. Therefore, by Theorem
2.5 in (Howorka, [1981), every k-cycle in G has at least | 3(k — 3) | chords. But note that if k > 5 then
such a cycle (together with its chords) forms a bad subgraph of G, a contradiction. This implies that G
contains no k-cycles for k£ > 5. Since G is chordal and, by Proposition e), G contains no K, the only
possible cycles in G are triangles and 4-cycles having exactly one chord (diamonds). Now, consider a
block B of G that is not a bridge, and two vertices a1, as € V(B). Let P and @ be two internally disjoint
paths linking a; and as in B. By the preceding discussion, the graph B’ induced by V(P) U V(Q) is
either a diamond or a triangle. We analyze two cases:
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1. B’ is adiamond. If V(B) \ V(B’) # 0, consider a path R leaving B’ at 1 and returning to B’ at
x9 # x1 such that R visits ¢ € V(B) \ V(B’). Let Ry and R, be the subpaths of R from z; to =
and from z to @, respectively. Figure[6]shows the three possible cases for 21 and x5. Figures [f[a)
and @b) contain cycles of size at least five, a contradiction. In Figure @c), both R; and Ry must
consist of a single edge each (R, = 12 and Ry = xx3), in order to avoid the existence of a cycle
of size at least five in G; but then the subgraph of G induced by E(B’)U{x1x, xxz2} is bad (contains
5 vertices and 7 edges), another contradiction. Hence, V(B) \ V(B’) =0, i.e., B= B'.

2. B’isatriangle. If B = B’, we are done. Otherwise, as in the previous case, we can similarly define
r1,Ts,x, R1, Ry (see Figure . Note that both 21 and R, must consist of a single edge each, in
order to avoid a cycle of size greater than four in G. Hence, B contains a diamond B” induced by
E(B’) U{x1z,zx2}. By Case 1, no vertices outside V' (B") are possible; therefore, B = B”.

Fig. 6: Case 1 in the proof of (b) = (c), Theorem|8]

From the above cases we conclude that each block of G is a diamond, a triangle, or a bridge. To prove that
G contains no chain as a subgraph, note that a chain with k triangle blocks (k > 0) has 2k + 7 vertices
and 3k + 10 edges, i.e., it is a bad subgraph; by Proposition[Ifc), this concludes the proof of (b) = (c).

(¢) = (a). Let G’ be the graph obtained by the removal of the bridges of G. As G’ has no chain then a
decycling matching M of G’ (and thus of G) can be trivially obtained as follows: (i) unmark all the edges;
(ii) include in M two disjoint edges for each diamond block of G’; (iii) mark every edge belonging to M
or incident with some edge in M (iv) include in M one non-marked edge e for each triangle block 7" of
G’ so that the chosen edges are pairwise disjoint. O

Corollary 9. Let G be a 2-connected chordal graph. Then G is m-decyclable if and only if G is a diamond
or a triangle.

The following result refines the polynomial-time algorithm presented in (Lima et al.,[2017):

Theorem 10. M-decyclable chordal graphs can be recognized in O(n) time.

Proof. Given a chordal graph G, first check whether m < | 2n | — 1. If so, we have m = O(n), and then
the block decomposition of G can be obtained in O(n) time using standard depth-first search. Next, check
whether every block of the decomposition is a diamond, a triangle, or a bridge (this can be easily done
in O(1) time per block: if a block has more than four vertices then the process stops, otherwise if it has
four vertices then it must have exactly five edges). Finally, remove the bridges and check whether each
resulting connected component contains at most one diamond block. The entire process clearly runs in
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Fig. 7: Case 2 in the proof of (b) = (c), Theorem|8]

O(n) time. In addition, if each resulting connected component in the above procedure indeed contains at
most one diamond block then a decycling matching M of G can be trivially obtained in O(n) as follows:
(1) unmark the current edges of G; (ii) include in M two disjoint edges for each diamond block of G’; (iii)
mark every edge belonging to M or incident with some edge in M; (iv) include in M one non-marked
edge er for each triangle block T of G’ so that the chosen edges are pairwise disjoint. O

Corollary 11. If M is a decycling matching of a chordal graph G then M contains exactly 2d + t edges,
where d is the number of diamond blocks and t the number of triangle blocks of G.

Proof. Follows directly from the previous proof. O

A star is a graph isomorphic to K ,, for a natural number p. The center of the star is the vertex of degree
p. A double star is the union of two stars together with an edge joining their centers. A “triangle with
pendant vertices” is a graph containing a triangle formed by vertices a, b, ¢, such that each remaining
vertex v (if any) has exactly one neighbor in {a, b, c¢}. A “diamond with pendant vertices all attached to a
same triangle” is a graph containing a diamond formed by vertices a, b, ¢, d and edges ab, ac, ad, be, cd,
such that each remaining vertex v (if any) has exactly one neighbor in {a, b, c}.

By combining the fact that a split graph contains no 2K5 as an induced subgraph (see (Foldes and Ham-
mer, |1977)) with item (c) in Theorem@ an easy consequence of Theorem@]is:

Corollary 12. Let G be a connected split graph. Then G is matching-decyclable if and only if G is a star,
a double star, a triangle with pendant vertices, or a diamond with pendant vertices all attached to a same
triangle.

5 M-decyclable distance-hereditary graphs

In this section we present a characterization of distance-hereditary graphs that are m-decyclable. The
arguments used in the proofs are strongly based on sparseness, and extend in some sense those used in the
previous section for chordal graphs. As we shall see, the concept of ear decomposition (Whitneyl, [1932)
will be useful for the proofs.

We use the following notation. Let C' = v1vy ... v,v1 be a k-cycle in G. The subgraph of G induced by
V(C) is denoted by G¢. A j-chordin C (2 < j < |£]) is an edge joining two vertices v;, v;4; € V(C)
(where 7 + j is taken modulo k). Note that K5 5 consists of a 6-cycle plus two 3-chords.



14 Fdbio Protti, Uéverton S. Souza

Lemma 13. Let G be a sparse distance-hereditary graph, and let C be a cycle of G. Then G¢ is one of
the following graphs: triangle, square, diamond, or Ky 5.

Proof. Let C be a k-cycle of G. If k = 3 then G is a triangle, and if k& = 4 then, by Proposition [I[e),
G is either a square or a diamond.

Assume k£ = 5. Since G is distance-hereditary, G is neither a hole nor a house. Thus C' must contain
at least two chords. But this implies that G¢ is a bad subgraph of G with five vertices and at least seven
edges, a contradiction. Hence, GG contains no 5-cycles.

Assume now k = 6. Since G is distance-hereditary, G¢ is neither a hole nor a domino. In addition,
C contains no 2-chord, for otherwise G would contain a 5-cycle, and this is impossible by the previous
paragraph. Since by Proposition[I{c) G¢ is sparse, C' cannot contain three or more chords. Thus G¢ is
the graph K 5.

In all the remaining cases, C' must contain at least one chord, because G contains no holes. The cases are
explained below.

» k = T7: If C contains a 2-chord then G¢ contains a 6-cycle C’; but, by the previous analysis, G¢ is
the graph K 5, implying the existence of two additional chords in C' and therefore at least ten edges in
G, a contradiction. If C' contains a 3-chord then G contains a 5-cycle, which we have already seen to
be impossible. Hence, G contains no 7-cycles.

» Kk = 8 If C contains a 2-chord then G'¢ contains a 7-cycle, which is impossible by the previous
case. If C contains a 3-chord, say v1vy4, then G¢ contains a 6-cycle C’ = viv4v5v6v7vgv1 such that G
is again the graph K 5; now C’ contains an additional pair of 3-chords, {v1vs, v4v7} or {vsv7, Usvs}
or {vyvg, v5vg }, but in any case additional 6-cycles other than C’ exist in G, each of them requiring
one additional chord not yet listed; and this implies the existence of more than eleven edges in G¢,
a contradiction. Finally, if C' contains a 4-chord then G¢ contains two 5-cycles, which is impossible.
Hence, G contains no 8-cycles.

» Lk = 9: If C contains a 2-chord (resp., 3-chord, 4-chord) then G contains a 8-cycle (resp., 7-cycle,
5-cycle), which is impossible by the previous cases. Hence, G contains no 9-cycles.

» k = 10: Forany j € {2,3,4}, if C contains a j-chord then G¢ contains an (11 — j) - cycle, which
is impossible by the previous cases. If C' contains a 5-chord then G contains two distinct 6-cycles, each
requiring two additional chords; this implies the existence of at least fifteen edges in G, a contradiction.
Hence, G contains no 10-cycles.

» k > 11: In this case, the existence of any chord in C' implies a k’-cycle in G¢ for 7 < k' < k, and this
is impossible by the previous cases. Hence, G contains no k-cycles for £k > 11. O

The following definitions are necessary for the next theorem. The union of two graphs GGy and G is the
graph G; UG5 such that V(G1UG3) = V(G1)UV(G3) and E(G1UG2) = E(G1)UE(G3). An ear of
a graph G is a maximal path P whose internal vertices have degree two in G, and whose endpoints have
degree at least three in G. An ear decomposition of a graph G is a decomposition Go U G1 U --- U G,
of GG such that Gy is a cycle and G; is an ear of Go U G; U --- U G;. It is well known that a graph is
2-connected if and only if it admits an ear decomposition. Furthermore, every cycle in a 2-connected
graph is the initial cycle of some ear decomposition (Whitney, |1932).

Theorem 14. Let G be a 2-connected distance-hereditary graph with n > 3. Then G is sparse if and only
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if G is one of the following graphs: triangle, square, diamond, K3 3, K 4, or K3 5.

Proof. If G is a triangle, square, diamond, K3 3, K2 4, or K?: 3 then G is sparse. Conversely, suppose
that G is sparse, and let Go U G ... U G, be an ear decomposition of G. By Lemma[I3] Gy is a triangle,
a square, or a 6-cycle. We analyze below the possible cases for Gj.

Henceforth, whenever the arguments used in the proof lead to the existence of a bad subgraph (contradict-
ing the sparseness of G) or a k-cycle for k = 5 or k > 7 (contradicting Lemma[13), we will simply use
an (*) to indicate the contradiction, in order to shorten the explanation.

» G is atriangle: If p = O then G is a triangle. If p > 1, we analyze the possible cases for GG;.

If G; = P3 then Gy U G is a diamond. If G; = P, or G; = P; then G contains a 5-cycle (*). Finally, if
G1 = Py, for k > 6 then G contains a (k + 1)-cycle (*).

If p > 2, recall that Gy U GG7 is a diamond. If G5 = P, then G contains a K4 (*). If Go = P5 then
Go U G1 U Gy is bad (*). If Go = Py then G contains a 5-cycle, no matter the endpoints of G5 are
adjacent or not (*). If Go = Ps and the endpoints of G5 are adjacent then G contains a 5-cycle (*).
If Go = P;5 and the endpoints of G2 are not adjacent then G contains a 6-cycle requiring two chords,
implying the existence of a bad subgraph in G' (*). Finally, if Go = P for £ > 6 then G contains a
(k 4+ 1)-cycle (*).

This concludes the first case: if G is a triangle then G is either a triangle or a diamond.

» Gy isasquare: If p = 0 then G is a square. If p > 1, we analyze the possible cases for G;.

If Gy = P; then Gy U G is a diamond and, from the argumentation of the previous case, no additional
ears can exist, i.e., p = 1 and G is a diamond. If G; = Ps and the endpoints of G; are adjacent then
G contains a 5-cycle (¥). If G; = Ps and the endpoints of GG; are not adjacent then Gy U G is a K 3.
If Gy = P, and the endpoints of G; are adjacent then Gg U GG is a domino, that requires an additional
edge to form a K 5; thus there must be an additional ear, and the analysis is postponed. If G; = P, and
the endpoints of G are not adjacent then G contains a 5-cycle (¥). If G; = P and the endpoints of G
are adjacent then G contains a 5-cycle and a 7-cycle (*). If G; = Ps and the endpoints of G; are not
adjacent then GG contains a 6-cycle requiring two chords, implying the existence of a bad subgraph in G
(*). Finally, if Gy = P, for k > 6 then G contains a (k + 1)-cycle or (k + 2)-cycle, depending on the
adjacency relation between the endpoints of G (*).

Thus, if Gy is a square and p > 1 then G U G| is either a K 3 or a domino. These subcases are analyzed
below.

P> GoUG isa Kyz: If p=1then Gisa Ky3. If p > 2, we analyze the possible cases for G>.
Assume that V' (Go U Gy) is partitioned into stable sets {u, v} and {z,y, z}.

Note that G5 cannot be a P, otherwise Go U G U G5 is bad (*). If G = P5 and the endpoints of G5 are
adjacent then G contains a 5-cycle (*). If Go = P5 and the endpoints of G5 are u and v then G contains
a K5 4. If G = P; and the endpoints of G are in {z,y, z} then Go UG U G2 is a K33 IfGa = Py
and the endpoints of G2 are adjacent then G U G; U G2 contains a 6-cycle requiring an additional chord;
but this would imply the existence of seven vertices and ten edges in Go U G1 U G5 (*). If Go = P4 and
the endpoints of G5 are not adjacent then G contains a 5-cycle. If Go = P;5 and the endpoints of G are
u and v then Gy U G; U G4 contains a 6-cycle which requires two additional chords; thus Gy U G U G4
contains eight vertices and at least twelve edges (¥). If Go = P5 and the endpoints of G2 are not both
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in {u, v} then a k-cycle is formed for k > 7 (*). Finally, if Go = Py for k > 6 then a (k + 1)-cycle is
formed for k& > 6 (*) (this conclusion holds for any possible pair of endpoints of G in V(Go U G1)).
Thus, if Go UG1 is a Ko 3 and p > 2 then Go U G1 U Gy is either a K5 4 or a K. If p=2then Gis
either the graph K> 4 or the graph K5 5. If p > 3, we analyze the possibilities for G.

We first observe that if Go U G U G2 is a K5 4 and the new ear G5 is a P3 then Go U G U Gy U G3 is
bad (*). In all the remaining possibilities, we obtain the same contradictions as those previously obtained
when ear G was added to Gy U G1, because we can always look at the endpoints of G3 as if they were
located in a K5 3. Therefore, assume that Go U G1 U Ga is a K 5.

Note that G5 cannot be a P», otherwise GoUG1 UG UG5 is bad (*). If G5 = P53 then GoUG1 UG UG3
has seven vertices and ten edges, i.e., it is bad (*). If G3 = Py, let Gy U G1 U G2 consisting of a cycle
V1V2U3V4U5 V601 together with the 3-chords v1v4 and vavs. Also, let G'3 = v;uiusv;, where v; and v; are
the endpoints of G5 and i < j.

Assume first that v; = v (by symmetry, this case is the same for any choice of v; in {v1, v, v4,v5}). If
the endpoints of G3 are v and v, then G contains the 8-cycle vy ujusv2v3v4v5v6v1 (*). If the endpoints
of (G5 are vy and v3 then G contains the 5-cycle vy ujusv3vovy and the 7-cycle vy uj usvzvavsvgvy (*). If
the endpoints of G3 are v; and vy then G contains the 6-cycle v;vov3v4uzu V1, that requires two chords
(note that there is already one chord, namely v;v4); but this would imply the existence of eight vertices
and thirteen edges in Gy U G1 U Gy U G5 (*). If the endpoints of G3 are v; and vs then G contains
the 7-cycle vivougvgvsusuivy (¥). If the endpoints of G3 are v; an vg then G contains the 8-cycle
V1V203V4UsVeU2U1 VT (F).

Next, assume that v; € {vs,vs}. In fact, the only case that remains to be analyzed is G3 = vzujugvg.
But then a 6-cycle vsuj usvgv vovs is formed that needs two additional chords, leading to a contradiction
— the existence of eight vertices and thirteen edges in Gy U G1 U Gy U G5 (*).

Finally, if G5 = Py for k > 5, whatever are the endpoints of G3 a k-cycle is formed for k& = 5 or
k>17(%).

Thus, if G UG UGy is a Ks_.,s then G is the graph K3:3. To conclude this subcase, if Go UG isa Ko 3
then Gisa Ky 3,a Ky 4,0ra Ky 5.

»» (UG, is adomino: In this case Gy U 1 requires an additional edge between two of its vertices to
form a K73 5. Thus, we may assume without loss of generality that Gos=Pyand G UG UGy isa Ky 5.
But, from the argumentation of the previous subcase, no additional ears can exist. Then p = 2 and G is
the graph K5 5, and this completes the proof of this subcase.

» () is a 6-cycle: Note that two chords must be added to G in order to form a K. 3.3- Thus, we may
assume without loss of generality that Gy = P, Go = Py, and Go U Gy U Gy is a K3_73. As already

explained, no additional ears can exist. Then p = 2 and G is the graph K 5. This concludes the proof of
the theorem. O

Theorem 15. Let G be a 2-connected distance-hereditary graph. Then the following are equivalent:

(a) G is m-decyclable;
(b) G is sparse and Ko 4-free;
(¢) G is one of the following graphs: triangle, square, diamond, K 3, or K 3.3
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Proof.

(a) = (b). Follows from Propositions[1fg) and[Ifh).

(b) = (c). Follows from Theorem

(¢) = (a). All the graphs listed in item (c) are m-decyclable. O

Corollary 16. Let G be a 2-connected, K s-free distance-hereditary graph. Then G is matching-
decyclable if and only if G is sparse.

If G is a (not necessarily 2-connected) m-decyclable distance-hereditary graph then, by Theorem[I5] each
block of G is a bridge, triangle, square, diamond, K> 3, or K; 5. However, as in the case of chordal
graphs, some subgraph configurations are forbidden for G. They can be determined by combining the
possible blocks into minimal subgraphs that are not m-decyclable. Instead of a exhaustive description of
such forbidden configurations, we present an O(n)-time algorithm for the recognition of m-decyclable
distance-hereditary graphs.

Theorem 17. M-decyclable distance-hereditary graphs can be recognized in O(n) time.

Proof. The proof is similar to the proof of Theorem Given a distance-herditary graph G, check
whether m < | 3n ] — 1. If so, m = O(n) and then the block decomposition of G can be obtained in
O(n) time. Next, check whether every block of the decomposition is a bridge, triangle, square, diamond,
Ky 3, or K. 3.3 this can be easily done in O(1) time per block since the number of vertices in a block is
at most six. Then, execute the following steps: (1) remove the bridges; (2) set all the remaining edges as
“unmarked”; (3) take any leaf block B and try to find a decycling set M g of B formed only by unmarked
edges — if not possible, stop (G is not m-decyclable); (4) adjust Mp so that its edges are not incident
to the cut vertex xp of B (if possible); (5) if xp is covered by Mp, mark all the edges incident to
xp in G — B; (6) remove V(B) \ {zp} from the graph; (7) if no more edges are left, stop and return
U {Mp : Bisablock} as a decycling set of G, otherwise go back to step (3). The entire process clearly
runs in O(n) time. O

An md-star is a graph G such that: (a) G contains exactly one cut vertex x; (b) G contains at most one
diamond block, and the remaining blocks are bridges or triangles; (c) if there is a diamond block D then

Let G be an m-decyclable, nontrivial connected cograph. Since every cograph is distance-hereditary, by
Theorem and the fact that K5 5 is not a cograph, it follows that every block of G is a bridge, triangle,
square, diamond, or K> 3. In addition, since G is Py-free, G contains at most one cut-vertex. If G contains
no cut-vertex then G is a Ky, triangle, square, diamond, or K3 3. If G contains exactly one cut vertex
then no block of G is a square, a K 3, or a diamond D with dp(x) = 2, otherwise there would be an
induced P, in G; in addition, G contains at most one diamond, otherwise G would have a bad subgraph;
thus, GG is an md-star. Hence:

Corollary 18. Let G be a nontrivial connected cograph. Then G is m-decyclable if and only if G is one
of the following graphs: Ko, triangle, square, diamond, K> 3, md-star.
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6 Conclusions

In this work we considered the following question: characterize matching-decyclable graphs belonging to
a special class ¥. This question was solved for chordal graphs, split graphs, distance-hereditary graphs,
and cographs. In such classes (except in distance-hereditary graphs) being matching-decyclable is equiv-
alent to being sparse. In addition, the presented characterizations lead to simple O(n)-time recognition
algorithms.

The graph K3 4 is sparse but not m-decyclable. Hence, in planar graphs, being m-decyclable is not
equivalent to being sparse. An interesting question is to find a subclass of planar graphs in which these
concepts are equivalent.

Finally, for Hamiltonian subcubic graphs, we proved that deciding whether a Hamiltonian fairly cubic
graph is m-decyclable is NP-complete. This leads to an interesting by-product: deciding whether a Hamil-
tonian fairly cubic graph contains a Hamiltonian path whose endpoints are the vertices of degree two is
NP-complete.
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