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Generalizing Turdn’s classical extremal problem, Alon and Shikhelman investigated the problem of maximizing the
number of copies of 7" in an H-free graph, for a pair of graphs 7" and H. Whereas Alon and Shikhelman were
primarily interested in determining the order of magnitude for some classes of graphs H, we focus on the case when
T and H are paths, where we find asymptotic and exact results in some cases. We also consider other structures like
stars and the set of cycles of length at least k, where we derive asymptotically sharp estimates. Our results generalize
well-known extremal theorems of ErdGs and Gallai.
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1 Introduction

For a graph G, we let e(G) denote the number of edges in G, and for a given graph H, we let N (H, G)
denote the number of (not necessarily induced) copies of H in G. If there is no copy of H in G, we say
that G is H-free. We denote the path with k£ edges by P, and the cycle with k edges by Ci. By C>j, we
mean the set of all cycles of length at least k. By Si, we denote the star on k + 1 vertices. Given a graph G
containing a vertex v, we denote the neighborhood of v by N (v). The independence number, minimum
degree and number of vertices in G are denoted by «(G), §(G) and v(G), respectively. The vertex and
edge sets of G are denoted by V' (G) and E(G), respectively. Finally, given a set S C V(G), we denote
by G[S] the induced subgraph of G with vertex set S.

Following the notation of Alon and Shikhelman (2016), we let ex(n, T, H) be the maximum number
of (noninduced) copies of T in an H-free graph on n vertices. Observe that we have ex(n, Py, H) =
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Fig. 1: The graph G, k. is pictured on the left, and the special case of G, k¢ is pictured on the right. The dashed
edge appears only when k is even.

ex(n, H), the classical extremal number. If a set of graphs # is forbidden, then we define ex(n, ) (and
similarly ex(n, T, H)), in the obvious way.

We begin by recalling the famous theorem of Erdds and Gallai on Py-free graphs as well as some recent
generalizations due to Luo, where the number of cliques is considered.

Theorem 1 (Erd6s and Gallai (1959)). Foralln > k,

(k—1)n
2 )
and equality holds if and only if k divides n and G is the disjoint union of cliques of size k.

ex(n, P) <

In their paper, Erdés and Gallai deduced Theorem 1 as a corollary of the following result about graphs
with no long cycles.

Theorem 2 (Erd6s and Gallai (1959)). Foralln > k,

ex(n,Csy) < %Z(n—l),

and equality holds if and only if k — 2 divides n — 1 and G is a connected graph such that every block of
G is a clique of size k — 1.

As the extremal examples for Theorem 1 are disconnected, it is natural to consider a version of the
problem where the base graph is assumed to be connected. Kopylov (1977) settled this problem, and later
Balister et al. (2008) classified the extremal cases.

Definition 1. We denote by G, 1 q the graph whose vertex set is partitioned into 3 classes, A, B and C
with |A| = a, |Bl =n —k+a, |C| = k — 2a such that AU C induces a clique, B is an independent set
and all possible edges are taken between vertices of A and B. (See Figure 1.)

Throughout this paper we let t = |21 |. In G, 1, the class C has one vertex when k is odd or two
vertices when k is even. By grouping B and C together, we have that GG, 1, ; is obtained from a complete
bipartite graph K ,,—; by adding all edges in the color class of size ¢, and in the case that k is even, adding

one additional edge inside the color class of size n — t.

Theorem 3 (Kopylov (1977), Balister et al. (2008)). Let G be a connected n-vertex Py-free graph, with
n >k, then

e(@) < max(e(Gnt), €(Gnk1))-
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Moreover, the extremal graph is either G, 1.+ or Gy, 1. 1.

Note that if n > 5k /4, this maximum is achieved by G, 1 +. Also observe that

e(Gn ) =t(n—t) + <;) + Mk,

where 7y, is 1, if k is even, and 0 otherwise. Thus, Theorems 1 and 3 yield the same bound asymptotically
as n tends to infinity.

The following theorem was deduced by Luo (2018) as a corollary of her main result but also follows
from Theorem 1 using a simple induction argument. We present this proof here.

Theorem 4 (Luo (2018)).
r

ex(n, K, P) < %(k)

Proof: We use induction on r, and the base is Theorem 1. Let G be an n-vertex graph containing no P.
We have

N6 = 5 M eive) < 3 HEEIIR T b (Fae
veEV(G) veV(G)

since G[N (v)] contains no Py_;. By Theorem 1, we have e(G) < (kgl)" , and the result follows. O

For our results we will need only that ex(n, K, Py) < ¢ »n for some constant ¢, depending only on k
and 7.

If we impose the additional condition that the graph is connected, then the situation is more complicated.
Luo proved the following sharp bounds.

Theorem 5 (Luo (2018)). Letn > k > 3 and G be a connected n-vertex graph with no path of length k,
then
N(Kra G) < max (N(Kr7 Gn,k,t)aN(Kra Gn,k,l)) .

Theorem 6 (Luo (2018)). Let n > k > 4 and G be a n-vertex graph with no cycle of length k or greater,

then
N(K,,G) < =1 (’“—1>.

~— k-2 T

Some recent generalizations of the Erdés—Gallai theorem and Luo’s results can be found in Ning and
Peng (2018). In the present paper we focus on results where paths or all sufficiently long cycles are
forbidden. The general problem of enumerating cycles of a fixed length when a fixed cycle is forbidden
has also been considered recently (see Gishboliner and Shapira (2018) and Gerbner et al. (2017) which
generalize earlier results for special cases, e.g., Bollobds and Gy®6ri (2008), Gy6ri and Li (2012), Alon
and Shikhelman (2016)).

Alon and Shikhelman (2016) considered the problem of maximizing the number of copies of a tree T’
in a graph which is H-free, for another tree H{. Given two trees 1" and H, they introduced an integer
parameter m (T, H) and proved that ex(n, T, H) = ©(n™TH)), thereby determining the correct order
of magnitude for all pairs of trees. A recent result due to Letzter (2018) extends the above result of Alon
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and Shikhelman to the case when only H is a tree and 7' is arbitrary. It is shown that, nonetheless, the
order of magnitude of ex(n, T, H) is a positive integer power of n.

In the present paper, we are interested in the case where the forbidden tree is a path, and we find correct
asymptotics and sometimes the exact bound for the maximum number of copies of a smaller path (as well
as for several other types of graphs). We also obtain asymptotic results for the problem of maximizing
copies of 7" in a graph with no cycles of length at least &, in the case when 7' is a path.

The paper is organized as follows: In Section 2, we determine asymptotically the maximum number of
paths and cycles in a Pj-free graph. For the case when k is even we provide a simple proof using a result
of Nikiforov on the spectral radius of Py, free graphs. Then, we give more precise estimates which are also
sharp in case when k is odd through double-counting arguments. In Section 3, we determine the order
of magnitude of ex(n, H,T') when T is a tree for the class of graphs H which satisfy the condition that
v(H) — a(H) < [ 551 |. In Section 4, we determine ex(n, H, P;) exactly for several graphs H including
4-cycles, stars and short paths. In Section 5, we consider the problem of enumerating copies of Py_; in a
Py-free graph. We determine the asymptotic result for copies of P5 in a Ps-free graph and pose a general
conjecture.

2 Asymptotic Results

k
We write f(n,k)~g(n,k) when lim ( lim f(n, k) = 1. We estimate on the number of copies of

k—oco \n—o0 g(n, k)

paths and cycles in a Py-free graph. For a fixed ¢ € N, we prove the following asymptotic results:

Theorem 7. o
Efntt
ex(n, Pag, Py) ~ ST
Theorem 8. 1 e
(0 + 2)k T intt
ex(n, Pary1, Pr) ~ otz
Theorem 9. o
k'n
ex(n,ng,Pk) ~ W
Theorem 10.
kEJrlnE
ex(n, Capy1, Pr) ~ o2

The construction showing the lower bounds for Theorems 7 through 10 is the same as the extremal
construction for the connected version of the ErdGs—Gallai theorem, Theorem 3. Because we are interested
in asymptotics, we will omit one edge from this construction which only occurs when k is even. Our n-
vertex graph G is defined by taking a clique on a set S of L%J vertices and connecting every vertex in
S to every vertex of an independent set U, defined on n — L%J vertices. It is easy to see that this graph
is Py-free. In enumerating the copies of Psy, the only paths which contribute asymptotically alternate
between S and U, starting and ending with U (the factor of 2 comes from counting the path in both
directions).

When enumerating the copies of Payy1, we have two kinds of paths which contribute asymptotically:

those that start and end in U, using an edge in .S at some step, and those that start in U and end in S, never
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using an edge contained in S. For the first type, we condition on which step in the path we use the edge in
S (¢ possibilities). Each such path gets counted twice, hence we divide by two. For the second type, each
path is counted once and so we do not have to divide by 2.

We begin by showing how Theorem 7 can be derived from a result about the spectral radius of Py-
free graphs due to Nikiforov (2010). Recall that the spectral radius of a graph G is the maximum of the
eigenvalues of the adjacency matrix of G. He determined, for sufficiently large n, the maximal spectral
radius of a Py-free graph on n vertices. We are interested in asymptotics so we will make use of the
following corollary which follows directly from the results in Nikiforov (2010).

Corollary 1 (Nikiforov (2010)). If n is sufficiently large and G is a Py-free graph, then the spectral

radius of G is at most /| (k +1)/2|n.

Proof of Theorem 7 using spectral bounds: Let GG be a P;-free graph on n vertices (for n large enough
to satisfy Corollary 1). Let A be the adjacency matrix of GG, then we have

p M G)  gobwaloinG _ 1AL (G072 = (L(k + 1)/2n)"

n n 11 —

Where 1 is the all 1’s vector, and the second inequality comes from the fact that the spectral radius of a
Hermitian matrix M is the supremum of the quotient wxﬂi Z_ where z ranges over C™\{0}. Therefore, for

every k € N and n sufficiently large we have ex(n, Poy, k) < n**1|(k +1)/2]¢/2.

Unfortunately, it does not seem like this approach can be used to prove Theorem 8§ as the bound it would
yield is off by a factor of order \/n.

We will now prove the upper bounds from which Theorems 7 and 8 are immediate consequences. We
note that the upper bound we obtain for the Ps/-case is sharper than the proof using the spectral radius
yields.

Proposition 1. Let ¢, k be positive integers with 20 < k, then
£, 041

k'n

ex(n, Pay, Py) < o1

+ O(n").
Proposition 2. Let ¢, k be positive integers with 2 + 1 < k, then

(£ + 2)k!F1nt+l

ex(n, Pary1, Pr) < of+2

+0(nb).

The proofs of the propositions above will use a double-counting argument involving structures defined
using matchings. We will begin by estimating the maximum number of certain kinds of matchings occur-
ring in a Py-free graph.

Let us define M{, M% and M} to be the following graphs: MY is an (¢ — 1)-matching together with a
disjoint triangle, MY is an (¢ — 1)-matching together with a disjoint K and MY is an (£ — 2)-matching
with two independent triangles, disjoint from the matching (see Figure 2).

Lemma 1. The number of copies of M{, M4 and M in an n-vertex Py-free graph is O(n").
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Proof: Let GG be a Py-free graph on n vertices. By Theorem 4, the number of triangles in G is at most
O(k?n). By Theorem 1 the total number of edges in G is at most (k — 1)n/2. It follows that the number
of copies of M7 is bounded from above by

kn
2 2 _ b+l f
(E—l)k n=O0(k"""n").

The proofs of the bound for M§ and MY are similar. O

Proof of Theorem 7: Let GG be a Pj-free graph on n vertices. We will consider structures consisting
of a matching of ¢ edges and a vertex not contained in these edges. Namely, a matching structure is
an (¢ + 1)-tuple (ey, e, ...,eq,v) where {e1,ea,...,e} is a matching in G and v € V(G) \ Ut_e;.
We say that a path Py, aligns with a matching structure (eq,eo, ..., ep,v) if its edges are (consecu-
tively) e1, f1, e2, fa,...,es, fo where v € f,. We say that the matching structure spans the set of vertices
Ule e; U {v}

Let A:=={SCV:|S|=20+1, Mf CG[S]}. By Lemma 1, we have |A| = O(n?). Let M be the
set of all the matching structures which span a set of vertices not contained in A.

Claim 1. Ar most one Py aligns with each matching structure in M.

Proof: Let (e1, ea, ..., es,v) be a matching structure in M and fix a Py, which aligns with it, say

a1,b1,a2,ba ..., a0,by, apy1, where e; = {a;,b;} and v = ayy1. There is no edge from a; to a;41, other-
wise e1,€2,...,6;_1, {biJrl, aiJrQ}, {bi+2, ai+3}, ey {b[, aprl} together with the triangle {ai, bi, ai+1}
forms an M{. Since there is a unique Py, spanning the matching structure and not containing an edge
{ai, a;y1}, the claim is proved. (See Figure 3.) O

Next, we observe that for every Psy, there are precisely two matching structures for which that Poy
is aligned. Indeed, let the vertices of the P»y be traversed in the order vy, vs, ..., V2¢+1, then the two
matching structures with which the Ps, aligns are

({vi,v2}, {vs, va}, .., {voe—1,v20}, vaeq1) and ({v2er1,v2e}, {vae—1,v20-2}, .. ., {vs, v2},v1).
It follows that the if we define M := | M|, then the number of copies of Ps is bounded from above by
M/2+ O(n").
By Theorem 1, the number of edges in G is at most (k — 1)n/2. A matching structure is formed by
choosing ¢ edges in order followed by an additional vertex. Thus, we have the following upper bound on

M! MY M

D> TN TN

S~ — —

-1 -1 l—2

Fig. 2: Matching structures with negligible contribution.
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nk
M < (2)(!71.

Dividing by 2 yields the required bound on the number of copies of Psy. O

the number of matching structures in M:

Proof of Theorem 8: We will now define matching structures in a slightly different way. A matching
structure is an (¢ + 1)-tuple (e, ea,...,ep41), where {e1,ea,...,e,11} is a matching in G. A path
Pyy41q aligns with a matching structure (eq, eo, ..., epq1) if its edges are eq, f1, €2, fo, ..., €, fo, €041,
consecutively.

Let B:={SCV:|S|=20+2,M; CG[S]}andC :={S CV :|S|=20+2 M3 C G[S]}. By
Lemma 1, we have |[B| = O(n*) and |C| = O(n*). Let M be the set of matching structures which do not
span a vertex set in 3 or C.

Claim 2. There are at most £ + 2 copies of Pag41 which align with each matching structure in M.

Proof: Consider a matching structure (eq, ea, . .., ep1+1) € M. We will consider the edges in the matching
structure one by one and show that we can label the vertices of each edge e; with a; and b; in such a way
that there is no edge between a; and a;1. Thus, every path which aligns with the matching structure will
be a subgraph of the graph pictured (on the top) in Figure 4. Given that the matching structure has this
form, we may easily upper bound the number of copies of P54 ; which can align with it. Indeed, if the
P41 starts with the vertex by, there is at most one such path: by, a1, b2, as,...,bey1,ap41. If it starts
with the vertex aq, then for at most one i, 1 < ¢ < £, the path may use an edge {b;, b;11 }; all other choices
are forced. Thus, in total there are at most 1 4+ (£ 4+ 1) = £ + 2 paths which align with such a matching
structure. We now prove that the desired labeling of the edges exists.

We may suppose there is at least one edge from e; to e; 1 foralli = 1,2,..., ¢, otherwise no Pa41
aligns with the matching structure. We also know e; U e; 1 does not induce a K4, so there is at least
one edge missing among these 4 vertices. Now we may define e; = {a1,b1} in such a way that there
is at least one edge missing from a; to ep. Define ea = {ag,ba} such that there is no edge between
a1 and ao. In general, suppose we have already labeled the edges e1, ea, ..., e; in such a way that for
i €{1,2,...,5 — 1}, a; is not connected to a;4+1. We will show that e;1 can be labeled by a; 41 and
bj+1 such that there is no edge between a; and a;41.

We know there is an edge missing from e; to e;1. If there is an edge missing between a; and e;41,
then define €41 = {a;11,b;41} so that there is an edge from a; to aj4+1. Otherwise {a;} U e; 41 forms
a triangle. In this case, there is an edge missing from b; to e;41; label ej11 = {a;41,bj41} so that b; is
not adjacent to b; 1.

a as a;  Qit+1 ay

ag+1
by by b bt by

Fig. 3: Matching structure from the proof of Claim 1.
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Now if we do not have an edge from a;_; to b;, then we switch the labels on e; and ¢;,1, and we are
done. (By switching the labels we mean that the vertex in e; previously labeled a; is now labeled b;, and
the vertex previously labeled b; is now labeled a;.) Thus, assume we have an edge from a;_; to b;. Then
we have no edge from b;_; to by, for this would yield an M3. Next, consider ej_». If there is no edge
from a;_z to b;_1, then switch the labels on e;_1, e; and e;j41, and we are done. If there is an edge from
aj—2 to bj_1, we proceed similarly with e;_3. Continuing this procedure we will reach an edge e, such
that switching the labels of e, e,41,...,¢;4+1 yields no edge between a; and a; 1 forany 1 < ¢ < j.
(This procedure is illustrated in Figure 4.) o

We now complete the proof of Theorem 8. Again we set M := |M|. By Theorem 1, there are at most
(k — 1)n/2 total edges in G. Thus,

nk

IM| < (EJ(@H)!.

Since at most ¢ + 2 paths P51 align with each matching structure from M, and every Py aligns with
precisely two matching structures. It follows that the total number of copies of P41 in G is at most

nk
(€+2)(3) ¢+ 1) 04 2)kHptH!
251 + O(TLZ) = % + O(TLZ)

DM 4 o) <
O

The lower bound for Theorems 9 and 10 also comes from G, 1 ;. Similarly as before, the upper bounds
are consequence of the following propositions.

Proposition 3. Let 20 < k, then

0,0
eX(n7 CQ@, Pk) S W + O(ng_l).
Proposition 4. Let 2¢ + 1 < k, then
lirlnl B
eX(n, 02[+1,Pk) S W + O(nl 1).
+1
aq ax  Gr—1  Qp aj  Gj41
b1 bo b1 by bj  bjt1

Fig. 4: The structure of paths aligning with matching structures from M.
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It is enough to prove the following claims from which the propositions above follow (a proof of this
implication is included after the proof of the claim). Their proofs are similar, so we just give the proof of
the first claim.

Claim 3. Forevery k. ¢ € N, there exists ny € N such that if n > ny,

kéné—l

ottt + O(nZ_Q).

ex(n +1,Cy, Pr,) — ex(n, Ca, Py) <

Claim 4. Forevery k. € N, there exists ny € N such that if n > ny,

[kEJrlnEfl

ex(n + 1, Copq1, Pr) — ex(n, Copy1, Pr) < +0(n"72).

20+2

Proof Proof of Claim 3: Let G be a Py-free graph on n + 1 vertices with maximum number of copies of
Cyy. If §(G) > t, then by the classical argument of Dirac (1952), every connected component must have
size at most k, and then N'(Cap, G) < k*~!n. So assume §(G) < t, and let v be a vertex of minimum
degree. Then every Cy, using v can be divided into two paths: v together with the vertex preceding it and
following it in the cycle (forming a P,), and the remaining 2/ — 3 vertices (forming a P(,_5)). Note that
every P, and Py(,_3) can be joined in at most two ways to make a Cy¢; therefore, the number of copies
of Uy containing v is at most

d(v t k572n271 B kfnffl B
2< (2 )> ex(n,Pg(g_g),Pk) < 2(2) o1 + O(ng 2) < ~aT + O(nl 2).

O

We include a proof that Proposition 3 follows from Claim 3. Similar ideas are used throughout the
paper.
Proof Proof that Claim 3 implies Proposition 3: We have

n

ex(n, Cor, Pi) = ex(no, Casg1, Pi) + Y (ex(s, Carp1, Pr) — ex(s — 1,Cary1))

s=ng+1

< ex(no, C2041, Pr) + 2e+1 Z et ))

(s+1)¢ st _
< ex(no, C2041, Pr) + 25+1 Z ( — 7) + O(nl 1)

kfnt

St O(n'"1),

where in the first inequality we used Claim 3 and pulled the constant out of the sum, and the second
inequality follows from (s+1)¢ = s +/£s5*~14+O(s'~2). The final inequality follows from the telescoping
sum. O
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3 The number of copies of H in graphs without a certain tree

Alon and Shikhelman, while considering the case when H is a bipartite graph and T is a tree, mention
that ex(n, H,T) = O(n®)) is a consequence of a theorem from Alon (1981). We prove that, in fact,
this holds for general graphs H.

Theorem 11. Let H be any graph and let T be any tree, then ex(n, H,T) = O(n®H)).
Corollary 2. For any graph H such that v(H) — a(H) < Lk—;lJ, we have ex(n, H, P) = ©(n®H)),

A construction yielding the lower bound in Corollary 2 is G, i ;. Indeed, for every subset of size a(H)
of the independent set in G, 1, + we can find a copy of H by joining the ¢t = L%J vertices involved in
the clique in G, 1 ¢

Theorem 11 follows as a simple consequence of the following lemma which will be proven by induction
on a(H).

Lemma 2. For any graph H and any tree T,
ex(n+1,H,T) — ex(n, H,T) = O(n®H)=1),

Here, the constant given by the O notation depends only on H and T'.
We start by proving the following well-known fact.

Proposition 5. Let H be a graph, and let u be a vertex of H. If H' is the graph obtained by removing u
together with its neighborhood, then «(H') < a(H) — 1.

Proof: If X is a maximal independent set in H’, then since no neighbor of u is in X, the set X U {u} is
independent in H and so a(H') + 1 < a(H). O

We are now ready to prove Lemma 2.

Proof Proof of Lemma 2: For the base case of the induction, note that if «(H) = 1, then H is a clique
and it is easy to see that ex(n, K5,T) = O(n) for any s and T. (We may, for example, use the simple
bound of ex(n,T") < v(T)n, for any tree 7', and apply an induction argument similar to the proof of
Theorem 4.)

To estimate ex(n + 1, H,T) — ex(n, H,T), we will start with a graph G on n + 1 vertices which is
T-free with maximum number of copies of H. We know that §(G) < v(T), otherwise T' C G. Let v be
a vertex of minimum degree in GG, and we will count the number of copies of H in G containing v as a
vertex.

Let V(H) = {u1,us,...,uym)}, and let H; be the graph obtained by removing u; together with its
neighbors. By Proposition 5, we know that a(H;) < a(H) — 1. Now for each copy of H using v as a
vertex, v must play the role of some w;, and the neighbors of u; must be embedded in the neighborhood
of v. Then the other vertices of H, that is the vertices of H;, must be embedded in some way in the
remaining vertices of G. We have to choose dy (u;) vertices in N (v), so the number of copies of H using
v 18 at most

v(H) v(H) v(H)
D A IN(H;, G) < 37 oMM IN(HLG) = 37 O, (n° 1)) = 007,
=1

i=1 i=1
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Thus, if G’ is the graph obtained from G by removing v, we have that
ex(n+ 1, H,T) = N(H,G) = N(H,G') + 0" 1) < ex(n, H,T) + 0(n~1).

O

For some particular graphs H, by studying more carefully the number of copies of H that use some
fixed vertex, we can find a better recursion than the one from Lemma 2. In the following section, we
improve the recursion for several specific classes of graphs. For these graphs we will find an integer
valued function f(n) which is a lower bound of the extremal number ex(n, H, T), such that f(n) grows
faster than ex(n, H,T) (when they do not agree). Since both functions are integer valued they must
coincide eventually.

4 Exact Results

We now turn our attention to proving some exact results. Recall that we are using the notation ¢ = L%J .

4.1 Number of copies of C,
We begin by determining the maximal number of copies of Cy in a Py-free graph.

Theorem 12. For every integer k > 5, there exists n1 € N such that if n > ny,

ex(n, Ca, Pr) = N(Cu, Gouor) = <” ) t) (;) +3(n—1) <§> +3 G) + o @ ,

where i, = 1, if k is even, and 0 otherwise. Moreover, the only extremal graph is G, . +.

To prove Theorem 12, we will prove the following claim from which the theorem follows simply by
induction on n.

Claim 5. There exists ng € N such that if n > no, ex(n + 1,C4, Py) — ex(n, Cy, Py) < (é) (n —2).
Equality can hold for this difference only if the unique extremal graph with n + 1 vertices is Gy, 11kt

Itis easy to see that N'(C, Gy 1,,¢) = N(Ca, Gpoit) + (5) (R —2). By Claim 5, ex(n+ 1, Cy, Py,) <
ex(n,Cy, Pr)+ (;) (n—2) with equality only if the unique extremal graph with n+ 1 vertices is Gp+1 k-
It follows that ex(n+1, Cy, Pi) =N (Cy, Gnt1.k,t) < ex(n, Cy, Py)—N(Cy, Gy i.+) and so the sequence
ex(n, Cy, Pr) — N(Cy, G k,t) is a non-increasing sequence of non-negative integers that is strictly de-
creasing after every non-zero term. Thus, this sequence is eventually the constant 0 sequence, and hence,
moreover, G, i, + is eventually the unique extremal graph.

We now prove Claim 5.

Proof: Let GG be a Py-free graph on n + 1 vertices with the maximum number of copies of Cy; that is,
N(C4, G) = ex(n + 1, C4, P]g)

If 6(G) > t, then by the classical argument of Dirac (1952), every connected component must have
size at most k, and therefore N (Cy, G) < ”T“?)(Z) = (”H)(k*lgk*z)(k*?’). Then we can choose ng so
that this number is less than N (Cy, G, k.¢) for n > ng. Thus, we can assume 6(G) < t.

Let v be a vertex of minimum degree. By removing v, we are removing at most (d(;)) (n—-2) <

(g) (n — 2) copies of Cy4. Equality can hold only if d(v) = t and the neighbors of v have full degree. It
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follows that if equality holds, then G contains a complete bipartite graph with color classes of size ¢ and

n + 1 — ¢ respectively such that the size ¢ class is a clique. If k is odd, we have that G = G, 41 ,¢. If k is

even, since GG contains the maximum number of Cy’s, it follows that GG has an additional edge (it cannot

have 2 more for otherwise we would have a Py). Thus, if k is even we also have G = G 41 k¢
Therefore, either G = G415, or by removing a minimum degree vertex v we obtain a graph G’

with V'(Cy, G') > N(Cy,G) — (3)(n —2) = ex(n+1,Cyq, P) — (4)(n — 2). Since ex(n, Cy, Py,) >

N(Cy, G"), we have that ex(n + 1, Cy, Py) — ex(n, Cy, Pr) < (1) (n — 2). O
The same argument proves the following.

Theorem 13. For every positive integer k > 5, there exists ny € N such that if n > ny

ex(n, Cs, Csi) = N(Ca, Gpt) = (n ) t) (;) +3(n—t) (;) + 3(2) + 2 (;)

where n, = 1, if k is even, and 0 otherwise. Moreover, the only extremal graph is G, i, 1.

4.2 Number of copies of S,

We will prove the following theorem about the number of copies of P,. However, it will follow as a
consequence of a more general result about stars.

Theorem 14. For every positive integer k > 3, there exists n1 € N such that if n > ny

-1 t
GX(R,PQ,Pk) :N(P%Gn,k,t) = t<n ) ) + (n — t) <2> + 2t7’]k,

where n, = 1, if k is even, and 0 otherwise. Moreover, the only extremal graph is G, . +.
More generally we have,

Theorem 15. For every positive integer k > 3 and r > 2, there exists n1 € N such that if n > ny,

ex(n, Sy, Pe) = N(Sr, Grjs) = t<” - 1) +(n—1) (:) T 2 <T i 1) ,

where ny, = 1, if k is even, and 0 otherwise. Moreover, the only extremal graph is Gy, i+, unless k is even
andt < r — 2 in which case the only extremal graphs are G, 1, + and G, j—1 +.

Again, the result follows from a claim about the difference of the values of two consecutive extremal
t n—1
numbers. Let a,, = N(Sy, Gni1,5,t) — N(Sp, Grit) = (r) + t(r 3 1).
Claim 6. There exists ng € N such that for every n > ng, ex(n + 1, S,, Py) — ex(n, Sy, P;) < a,, and
equality can hold only if either Gy, 41 k¢ is the only extremal graph on n+ 1 vertices or k is even, t < r—2
and the only extremal graphs are G411 i+ and G114

d
Proof: For any graph G, we have that N'(S,., G) = Z ( (U)> Let G be a Pj-free graph with n + 1
r
veV(G)
vertices and maximum number of copies of S,; that is, N'(S,., G) = ex(n + 1, S, P). We will consider
cases depending on the minimum degree of G.
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If 6(G) > t, then every connected component of G must have at most k vertices. So the number of
copies of S, is bounded by n(kzl), then we choose ng such that this number is less than N'(S,, Gy, . ¢)
forn > ng.

If §(G) < t, then by removing v a vertex of minimum degree, we remove at most

d(v) d(u) —1 t n—1
<
(T)+Z(T—1 _T+t7’—1
u€EN (v)
copies of S,.. Equality can hold only if 6(G) = ¢ and ¢ vertices have degree n, so G contains a complete

bipartite graph with color classes of size ¢ and n 4+ 1 — ¢ such that class of size ¢ is a clique. Then the
characterization of the extremal cases again follows from the maximality of G. O

Remark 1. By checking more carefully the difference between the number of r-stars using v and the
number a,,, we can find a bound for n, of order k3/2.
Similarly to before, the same method proves the following two results.

Theorem 16. For every positive integer k > 5, there exists n1 € N such that if n > nq,

t
2t
2) + 2tnx,

where ny, = 1, if k is even, and 0 otherwise. Moreover the only extremal graph is Gy, i +.

ex(n, Py, C>p) = N(P2, G it) = f<n ; 1) +(n—1) (

Or more generally,
Theorem 17. For every positive integer k > 5, there exists ny € N such that if n > nq,

ex(n, Sr, CZk) = ./\/'(ST, Gn,k,t) = N(PQ, Gn,k,t) = t(n B 1> + (TL — t) (:) ~+ 2n <7‘ i 1),

r

where ny, = 1, if k is even, and 0 otherwise. Moreover the only extremal graph is G, i+, unless k is even
andt < r — 2 in which case the only extremal graphs are G, . ; and G, j—1 1.

Remark 2. For k = 3, Theorem 16 also holds. Since G must be a tree and by convexity the number of
stars is maximized in a star of n vertices, we have G, 31 = K1 ,_1, and this graph has (";1) stars. For
k = 4, a star with a perfect matching or almost perfect matching in the neighborhood of the center vertex

maximizes the number of copies of Pa, with (";1) + (n— 1), when n is odd or (";1) + (n — 2), whenn

is even. Any graph containing the n vertex star maximizes the number of copies of S, for r > 3.
4.3 Number of copies of P
Theorem 18. For every positive integer k > 5, there exists ny € N such that if n > ny

Bi(t—1) 5

ex(n, P3, Py) = N(P3,Gpit) = 5

+ O(n).
Moreover the only extremal graph is G, i, 1.
t—1
Leta, = N(P3, Gny1,k,) =N (Ps, Gy pt) = 2t << 5 ) +n=-t)t-1)+ nk) +t(t—1)(n—2).

As in the previous results it is enough to prove the following claim.
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Claim 7. There exists ng € N such that for every n > ng, ex(n + 1, P, P,) — ex(n, P3, P) < a,, and
equality can hold only if Gy 1 i+ is the only extremal graph on n vertices.

Proof: Let G be an (n + 1)-vertex graph with maximum number of copies of P;. We may assume that
0(G) > 2. (If a vertex has degree 1, then it is in at most 2(¢(n — t) + (;) + 1) copies of Ps.)

If §(G) > t, then each connected component of G must have size at most & (by Dirac’s argument) and
so N(P5,G) < 3(’;) "T“ In this case, we can choose ng such that for n > ng, this number is less than
N (Ps, G 1) Thus, we assume that §(G) < t.

Let v be a vertex in G with minimum degree, and consider the copies of P; beginning containing v as
their second vertex. We may suppose G is connected and has enough vertices to apply Theorem 3. Then
the number of copies of P3 whose second vertex is v is bounded from above by

o)) - (-2 - 20a0) -2 () - et )

Indeed, the first term is the trivial upper bound 2(d(2v)) (n — 2) obtained if every pair of neighbors of v
could be extended to path of length 3 in any possible way. The subtraction comes from the fact that each
non-edge {a, b} in the neighborhood of v along with a third neighbor ¢ € N(v) uniquely forbids 2 copies
of P3; namely cvab and cvba. We have bounded from above the number of copies of P; containing v as a
second vertex. Now we will obtain an estimate on the number of copies of P; starting at v. We consider
the number of ways to take distinct u € N(v),w € N(u) and x € N(w):

>y <d(w) —1- nweN(v)> = > < > <d(w)> —d(u)+1> —2¢(N(v))

€N (v) weN (u) u€N (v) \weN (u)
w#v w#v

= Z ( Z (d(w)) - Z <d(w)> —d(v) — 2d(u)> —2e(N(v)) + d(v)

ueN (v) \weV(G) wEN (u)

w#u

= > <28(G) - > <d(w)> - 2d(u)> —2e(N(v)) — d(v)(d(v) — 1)

u€EN (v) wgN (u)

w#u

< Z <2e(G) —2(n—d(u)) — 2d(u)> —2e(N(v)) —d(v)(d(v) — 1)

u€EN (v)

where the inequality uses that 6(G) > 2.

The above sum is maximized when d(v) = ¢, and to achieve this maximum it is necessary that for every
neighbor u of v, we have that the non-neighbors of u have degree 2. Moreover, if £ = 2 it is simple to
check that to maximize the expression the two neighbors of v must be adjacent. From here it follows that
the number of copies of P containing v is at most a,.
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Fig. 5: Constructing paths using v.

When ¢ > 3, we have the bound (conditioning on whether v is at the beginning or middle of the path)

2t(e(G) — n) — 2e(N(v)) — t(t — 1)+ £(t — 1)(n — 2) — 2(t — 2) ((;) _ e(N(v))) ,

<2t(e(G) —m) = 2t(t — 1)+ t(t — 1)(n — 2).
From Theorem 3 it follows that this number is at most a,,. To obtain equality, in both cases it is necessary

that every neighbor of v has full degree and so by maximality we have that G = G 41 k¢ O

Remark 3. For k = 4, it is simple to check that the only extremal graph is a balanced double star on n

vertices, which has | %5+ | [251] copies of Ps.

Next we consider paths of length 4.

4.4 Number of copies of P,

Theorem 19. For every positive integer k > 5, there exists n1 € N such that if n > nq, then

tt—1) 5
5 n® 4+ 0(n?).

eX(na P47 Pk) = N(P47 Gn,k,t) =

Moreover the only extremal graph is G, i, 1.

Let ay, .= N (Py,Gnt1,k,t) — N(Py, Gy 1), defined similarly as before. We can check that
Ay = 2tN(P2, Gn—l,k—2,t—1) + 2t(t - 1)6(Gn—2,k—4,t—2) + (;) (n — 2)(7’L - 3)
As in the previous results it is enough to prove the following Claim.

Claim 8. There exists ng € N such that for every n. > ng, ex(n + 1, Py, Py) — ex(n, Py, P;) < a,, and
equality can hold only if Gy, 41 ¢ is the only extremal graph on n vertices.

Proof: Let G be an (n + 1)-vertex graph with maximum number of P4 copies. Assume that 6(G) > 2.
(If a vertex v has degree 1, then it is in at most 2N (P2, G, k1) < a, copies of Py.)

If 6(G) > t then each component of G must have size at most & and so N (P, G) < 12 (’Z) 2t 50 we
can choose ng such that if n > ng this number is less than N'(Py, Gy, k. t)-

Suppose now that 6(G) < t. Let v be a vertex of minimum degree. As before suppose G is connected.
To count the number of paths of length 4 starting at v, fix v € N(v) and let G’ be the subgraph of G
obtained by removing v and u. Any path vuu;usus can be decomposed as the edge vu together with the
ordered path wjugus in G’ so the number of paths of the form vuujusus is at most 2N (P, G’), since
there are two orderings of any P,. It is easy to check that G’ cannot contain a cycle of length at least
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Y
w w

w1 w2 w w29

Fig. 6: Lemma of the cycle in Theorem 19.
k — 1, otherwise together with the edge uv we would have a copy of Py. Thus, there are two cases:

a) Suppose first that G’ is does not contain a Cy_3. Then G’ is C>j_a-free and so N'(P2,G’) <
ex(n—1, Py,Cs) = N(Gp-1 k—21-1, P2). We will take ng bigger than the constant from Theorem 16,
when k = 5, or kK > 7. When k& = 6 we use the following lemma.

Lemma 3. If H is a graph on n vertices containing no cycle of length at least 4, then either H contains
a vertex of degreen — 1 or N'(Py, H) < (";') +2.

Proof: Suppose H has no vertex of degree n — 1. If H has degree 1 vertices, then the number of copies of
P; is maximized when all these vertices are adjacent to the vertex of maximum degree, so suppose H has
no vertex of degree 1. Then >, () d(v) < 3(n — 1) and 2 < d(v) < n — 2. Therefore by convexity
the number of copies of P is maximized when there is one vertex of degree n — 2, one of degree 3 and
n — 2 of degree 2. This yields (";2) +n+1= (";1) + 3, however a graph with such a degree sequence
must have a cycle of length bigger than four. Thus we consider the second best is a graph with one vertex

of degree n — 2 and n — 1 vextex of degree 2 (if possible) which has (";1) + 1 copies of P». O

Now according to this lemma for k = 6, either N' (P, G’) < (”;2) +2=N(P2,Gp_1,41) or G’ has
a vertex of degree n — 2, call it w, and some edges ¢ in Ng/(w). The vertex u cannot be connected to two
different edges in N¢v(w), otherwise G would contain a Pg, and if u is connected to both vertices of one
of these edges and to all other vertices of G, then the number of copies of P starting with vu would be
mn=2t)(n—-3)+24+2t<(n—2)(n—1)+4.

b) Now suppose that G’ contains a cycle of length k£ — 2, C. In this case we have the following.
Claim 9. If w is a vertex which is not in the cycle and w € N (x) where x is a vertex of the cycle, then w

has at most one neighbor outside of C.

Proof: Suppose w; and w2 are two neighbors of w. Since §(G) > 1, wy has a neighbor y. If y is in

C, then C together with wywws is a length k path. If y is outside of C, then C together with ww;y is a

Py. (]
As a corollary we have,

Claim 10. Ifw is a vertex not in the cycle and w € N (x) where x is a vertex of the cycle, then d(w) < k.
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The edge uv is connected to C' by some path. If there is an intermediate vertex from C' to uwv, then
clearly this path will have length at least k£ and so this is not possible. Hence C' is connected to either
w or v. If C' is connected to v, then every neighbor of u must be in C' for otherwise we have a k path.
If C is connected to u, then by Claim 9, all neighbors of u, except for v, are in C. So for every path
vuuiusug we have that uy € C, if up € C, then we have less than k choices for both w; and us and at
most n choices for ug. If ug is not in C, then by Claim 10, since us is a neighbor of u; € V(C), we
have d(uz) < k and so there are at most k choices for u3 and less than n choices for us. Hence we have
less than 2k?n such paths in total and we can take ng such that if n > ng, then this number is less than
2N (Gr—1,k—2,t—1, P2).

It follows that the number of paths starting with v is at most 2d(v)N (Ps, Gr—1 k—2,4—1)-

Now if d(v) < t — 1, then the trivial bound on the number of copies of P4 with middle vertex v is
d(v)(d(v)—1) ("52) and the bound on the number of P, cpoies with v as a second vertex is 2d(v)(d(v) —
1)e(G). Thus, we would have that the number of copies of P4 using v is less than a,,. So we will now
suppose d(v) = t. To simplify the notation in the following calculations let S := 3°, c v,y d(w).

To count paths with v in the middle, we will count in order paths of the form zuvwy, where u, w can
be any neighbors of v and then we have to choose a neighbor x of u and a neighbor y of w with y # x.
Hence the number of ordered paths with v as the middle vertex is

Z ( Z (d(u) -1- ]lueN(w))(d(w) -1- ]lueN(w)) - |N(u) N N(w)H_l)

uEN(v) \weN (v)
w#u
< > ( > d(u)d(w) — 2d(w) — 2d(u) — Lyen(w)(dw) + d(w)) + 5 Luen(w) +n+ 1)
u€N(v) \weN (v)
w#u
=52 < > d(u)2> —4(t—1)S—2< > d(u) [N (u) NN (v)| ) +10e(N (v))+t(t—1)(n+1)
u€EN (v) uwEN (v)

SSQ_( Z d(u)2>—4(t—1)3—2< Z d(u)(d(u)—l—t—n—l))—I—t(t—l)(n"'ﬁ)

u€N (v) u€N (v)

_32—3< > d(u)2>+(2n—6(t—1))5+t(t—1)(n+6)

uweN (v)
<57 - 3752 +(2n—6(t—1))S +t(t—1)(n+6)
- ?sQ + (20— 6(t—1))S + £t — 1)(n +6),

where in the first and second inequality we use the fact that for every pair of vertices x, y of the graph
IN(z) N N(y)|> d(z) +d(y) —n+1— 2 Len(, together with e(N(v)) < (%). The last inequality
was obtain by applying the Cauchy-Schwarz inequality to ) ;. N(v) d(u)?. Since any path can have two
distinct orders we divide this expression by 2.

To count the number of paths with v as the second vertex, we will decompose the path uvwxy into
uvw together with e = xy. First we choose in order two neighbors of v, then an edge not using u, v or w.
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There are at most 2 ways to connected the edge to w, so the number of these paths is at most

2y < > e(@) - d(w) —d(u)—t+2+]lueN(w)>

u€EN(v) \weN (u)
w#u

=2t(t—1)(e(G) —t+2) +4e(N(v)) —4(t —1)S
<2t —1)(e(Gnit) +2) + 4<;) —4(t—-1)S.

By summing the previous bounds, we have that the number of paths using v is at most

UN(Pa, Gzt 1) + %su (n—T(t = 1))S+t(t — 1) (n+6) + 26(t — 1) (e(Grr) +2) +4(§>.

The value of this expression when S = tn is precisely a,,. By considering this expression as a quadratic
in S, we can check that if £ > 3 the maximum is attained only when S = nt. This means that every
neighbor of v must have degree n, so this is only possible if G = G,,41 k¢ If t = 2, the expression
attains its maximum when S = 2n — 14, hence if S < 2n — 28. This value would be less than a,,, but
now with the condition S > 2n — 28. It is simple to check that for k¥ = 5, G must be either K5 ,,_o or
G 5,2, and if £ = 6, then G must be G, 6 2. O

5 The number of copies of P,_; in P;-free graphs

If k is odd, it seems likely that the graph G, 1+ attains the value ex(n, Py_1, P;). However, for k even
the situation changes. We have that N'(Py_1, Grkt) = G(nt), but there is another graph H,, ;, such that
N(Py—1,H, ) = ©(n'™1). In order to define this graph, first for 7 > 2 and a, b positive integers, let
S((lrg be the (a + b 4 r)-vertex graph consisting of a clique on r vertices and two independent sets A and
B on a and b vertices, respectively. Let v be a vertex of the clique and join v to every vertex in B, then
join every vertex of the clique except v to every vertex in A. Let Sff) be the family of all such graphs on
n vertices. For even k, let I, ;, be the graph in S,Stﬂ) which maximizes the number of Pj,_; copies. In
this case we conjecture that the graph H, ;, is extremal.

Conjecture 1. If k is even and k > 4, the extremal number ex(n, Py_1, Py) is attained by the the graph
Hy k.

Remark 4. For r > 2 the graphs S((;g are Py,.-free and have (r — 1)!ba(a — 1) -+ (a — 7 + 2) copies

r—1
T

of Por_1. In S,(lr) this number is maximized when a is roughly n, and this maximum approaches

)7‘—1

(r—1)! ((T%)nr as n tends to infinity. In particular by taking r = 3 we have a Ps-free graph with
8n3/27 + O(n?) copies of Ps.

Remark 5. Note that the only edges of the clique in Sffg that a Py,._1 uses are the ones that are incident
with the vertex v. So we have several graphs for which we conjecture the number of copies of Pa,_1 is

maximal, namely those subgraphs of Sffg formed by removing edges from the clique not incident to v.
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Conjecture 1 can be easily checked for £ = 4, and the following theorem says that this conjecture is
also true for k = 6.

Theorem 20. There exists n1 € N such that if n > ny, then

GX(TL, P5, Pﬁ) = N(an Hn,G) = 55

Proof:

Let G be a P free graph, and suppose n > 7. It is enough to bound the copies of Ps in each connected
component, so assume G is connected.

Let C be the largest cycle in G and let G’ be the graph obtained by removing C' from G; clearly C
cannot be a 6-cycle, otherwise G would contain a P;. We will consider cases based on the length of C'.

a) Suppose C'is a 5-cycle with vertices v1, va, U3, v4, U5 appearing consecutively. Then every vertex in
G’ is connected to a vertex of C'. Suppose that v has a neighbor in G’, if v; is the only vertex of C' with
an edge to G/, then N'(Ps, G) < 24n. So suppose this is not the case, vo and v cannot have neighbors
in G’. Thus, without loss of generality, we may suppose v3 has a neighbor in G’, then v, cannot have
neighbors in G’, also note that vo cannot be connected with vy or with vs and so G C G, 6,2 (where the
v1 and vs take the role of the high degree vertices, and the edge v4vs is the only edge that is not incident
with one of v; or v3), hence N'(Ps, G) = O(n?).

b) Now suppose C' is a 4-cycle defined by vy, v2, v3, v4, consecutively. Then G’ cannot contain a Ps,
otherwise by connectivity we would have a path of length at least 6. Consider the set X of vertices of G’
that have at least one neighbor in both C' and G’. Note that if y € G’ is a neighbor of z € X, then y
cannot have any other neighbor in G’. Also note that the only possible neighbor of y in C'is the neighbor
of z in C' (y cannot have a neighbor in C' if 2 has more than one neighbor in C').

If | X| > 1, then every vertex in X must be adjacent to the same vertex in C, say v1. Then v, and
vy cannot have a neighbor outside of C'. If vy and v4 are adjacent, then it also holds that v3 cannot have
neighbors in G’. It is then easy to check that N'(Ps, G) < 6n. So suppose ve and vy are not connected
(see Figure 5), then every Ps in G is of the form xyv,vvsu, where © € X, y is a neighbor of x, and both
of v, u are common neighbors of v1 and vs. If a = |[N(v1) N N(u) N N(v)| and b is the number vertices
in G’ with a neighbor in X, then we have that N'(Ps, G) < ba(a — 1) which is half A/(Ps, S((fg) but S((ZBZZ
can have at most one more vertex than G. 7 7

If X = {z}, then something similar holds, except that both v and v3 are allow to be connected to
and there is the extra possibility of G being a subgraph of S((jg.

Now suppose X = {). If no two vertices of C share a common vertex in G/, then N'(Ps, G) is quadratic.
So suppose two non-consecutive vertices, say v, and vs, share a common neighbor, then it is not possible
for the other two vertices in C' to have a neighbor in G’. Thus, our graph is again a subgraph of S((jg.

¢) Suppose C is a triangle, then every pair of vertices are the end vertices of at most one P5. If two
different paths of length 5 have the same end vertices, then either G would contain a cycle of length at

least four or a Ps. Thus, N'(P5,G) < (3). O
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Fig. 7: The family Séfg from which the conjectured extremal graph H,, j, is obtained. And a graph that appears in
Case b) of the proof of the Theorem 20.
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