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Classical pattern avoidance and occurrence are well studied in the symmetric group S,,. In this paper, we provide
explicit recurrence relations to the generating functions counting the number of classical pattern occurrence in the set
of 132-avoiding permutations and the set of 123-avoiding permutations.
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1 Introduction

Let S,, denote the set of permutations of size n. Given a sequence w = wy - - - wy, of distinct integers,
we let red(w) be the permutation that we replace the i-th smallest integer in o with i. For example,
red(4685) = 1342. Given a permutation 7 = 71 --- 7; in S;, we say that the pattern 7 occurs in o =
o1---0p € Sy if there exist 1 < 43 < --- < i; < n such that red(o;, - --aij) = 7. We say that a
permutation o avoids the pattern 7 if 7 does not occur in o. In the theory of permutation patterns, 7 is
called a classical pattern.

We let S,,(7) denote the set of permutations in S,, which avoid 7. If T is a collection of permutations,
then we let S, (") denote the set of permutations in S,, that avoid each permutation in I'. We write
ocer, (o) for the number of the pattern T occurrences in o. For example, the permutation o = 867943251
avoids the pattern 132, while it contains the pattern 123 and occri23(o) = 1 since only the subsequence
6, 7,9 matches 123.

Classical patterns have been studied separately for a long time. It is well known that for all n > 1,
|8, (132)] = |5,(123)| = Cy., where C,, = = (*") is the ™ Catalan number. Mansous (2001, EOOﬂ])
enumerated the number of permutations in S,, avoiding 2 classical patterns. Mansour and Vainshtei
(oo1, enumerated the number of permutations in S,,(132) or S,,(123) that has 0 or 1 occurrence
of a certain pattern. See () for a comprehensive introduction to patterns in permutations.
However, there is not much research about the distribution of classical patterns in S, (7). Mansour and
Vainshtein () gave a continued fraction form of the generating function of the distribution of the
pattern 12---k in §,,(132). Very recently, (R0174,p) studied patterns in random permutations
avoiding 132 or 123 in a probabilistic way. (R019Y) studied consecutive pattern matches in
S,(132) and S,,(123).
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Given two sets of permutations A = {A1,..., A} and T' = {v1,...,7s}, it is natural to study the
distribution of classical patterns 71, ..., vs in S, (A). That is, we want to study generating functions of
the form

Qg(tv'rla"'axS) ::1+Zth7Fl,A('r17"'aIS)a (D
n>1
where
ngA (551, N 7555) — Z xcl)ccr»yl (o) .’L‘ZCCY’“ (o‘)' @)
cESH(A)

When A = {A\} and T" = {v} are singletons, we write

Ql(t,x) =1+ Zt" aa(z) and Q) \(z) = Z e (), 3)

n>1 T€Sn(N)

The main goal of this paper is to study the distribution of classical patterns in the set of 132-avoiding
permutations and the set of 123-avoiding permutations using a recursive method.

To study the generating functions Q3 (¢, z) when X is 132 or 123, we shall first study the symmetries in
S,(132) and S,,(123). Given a permutation o = 01032 .. .0, € Sy, we let 0" be the reverse of o defined
by 0" = 0y, ...092071, and o¢ be the complement of o definedby 0¢ = (n+1—01)(n+1—02)...(n+
1 — 0,). Further, we let "¢ = (07)¢ be the reverse-complement of o, and o~! be the inverse of . For
example, for o = 15324, we have 0" = 42351, 0¢ = 51342, 0" = 24315, and o~1 =14352.

The actions above give several symmetries about classical pattern distributions in S, (), and we have
the following lemma.

Lemma 1. For any permutations X and v, we have

Q’)\Y(tv .”L') = Q}* (t7 .”L'),
where x is one of the actions r, c, rc or —1.

Proof: We shall only prove the case when * = r. All the other cases are based on similar proofs.
The action reverse bijectively sends a permutation o € S, () to a permutation 6" € S,,(A\"), while
each occurrence of -y in o is sent to an occurrence of 4" in ¢”, thus occr(0”) = occr, (o), and it follows

immediately that Q] (¢, z) = }:(t, ). O

When the permutation ) is of length three, since 123 = 1237 = 123~ ! and 132 = 13271, we have the
following corollary.

Corollary 1. Given any permutation pattern -y, we have

Qlas(t,7) = Qlag(t:2) = Qg (1,7), Qlan(t, ) = Q1 (£, ).

When 7 is a pattern of length three, we have the following corollary.
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Corollary 2. We have the following equations,
tha(t, ) = Qs (t x), 133(t2) = QB3 o), and  QRi(t,7) = Q1X(t ).

Considering the distribution of patterns of length three, we only need to study the following 4 generating
functions for S,,(132),

(1) Q13
@ @t
(3) Qi
@) Qi3
and the following 3 generating functions for S,,(123),
(1) Qi33(t, x) = Q3(t, ),
@ QA(t.2) = QIR(1,),
3) Qi3(t, ).

It is easy to check that all the 7 generating functions are different when looking at Sg(132) and Sg(123).

Our motivation of this paper is to study the 7 generating functions above, and then generalize some of the
results. For example, we show that the function

t,x

) >

t,x

) i

(t,z)
(t, )
(t,7) = QI3 (t, ).
(t, )

t,x

) >

12,21,123,213,231,312,321
Q (w17"'7x7)::Q;{1132 }( 1,...,$7)
satisfies the recursion that Qo(x1,...,27) = 1, and
Qn(xl Z Ik 1 k (n—k) (k—l)(n—k)
)
—k —k
'Qk71($1$3517én );I2I4x'(7n )7:637"'5:177) 'ank(xlxgvx2x§7x3a'"5I7)'

The structure of this paper is as follows. In Section 2, we introduce some background about permutations
and two bijections between S,,(132) and S,,(123) and Dyck paths which are useful in our computation.
Then we study length-three pattern distributions in S,,(132) in Section 3 and in S,,(123) in Section 4. In
Section 5, we show two applications of our results in computing pattern popularities. Finally in Section
6, we give a summary of this paper.

2 Preliminaries

Let 0 = o1 --- 0, be a permutation written in one-line notation. The graph of o, G(o), is obtained by
placing o; in the i*" column counting from left to right and o' row counting from bottom to top on an
n x n table for i = 1,...,n. For example, the graph of the permutation o = 471569283 is pictured in
Figure EI
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We define inv(o) := |[{(i,j)]1 < i < j < n, 0; > 05} to be the number of inversions and
coinv(o) = |[{(i,j)|1 < i < j < n, 0; < 0;}| to be the number of coinversions of a permutation
o. Note that the number of inversions of a permutation is the same as the number of occurrences of the
pattern 21, and the number of coinversions of a permutation is the same as the number of occurrences of

the pattern 12. Clearly, inv(c) + coinv(c) = (5).

Fig. 1: The graph of o = 471569283.

Given a permutation o = oy -0y, € S, wWe say that o; is a left-to-right minimum of o if o; > o;
for all i < j. We let LRmin(o) denote the number of left-to-right minima of 0. We shall also call
each left-to-right minimum of o a peak, and the remaining numbers non-peaks of o. We can see that the
permutations in FigureE and Figure E both have peaks {8,6,4,3,2,1}.

Letmr=m - 7y € Spand o = o1 - - - 0, € Sy, then the direct sum (7 @ o) and the skew sum (7w S o)
of 7 and o are defined by

T®o = - Tm(or+m)---(on +m), 4)
TS0 = (m4n) - (Tm+n)or--on. 5)

Given an n X n square, we will label the coordinates of the columns from left to right and the coor-
dinates of the rows from top to bottom with 0, 1, ..., n (different from the coordinates of the graph of a
permutation). An (n,n)-Dyck path is a path made up of unit down-steps D and unit right-steps R which
starts at (0, 0) and ends at (n,n) and stays on or below the diagonal y = x (these are “down-right” Dyck
paths). The set of (n, n)-Dyck paths is denoted by D,,.

Given a Dyck path P, we let the first return of P, denoted by ret(P), be the smallest number ¢ > 0 such
that P goes through the point (¢, ). For example, for P = DDRDDRRRDDRDRDRRDR shown in
Figure [}, ret(P) = 4 since the leftmost point after (0, 0) on the diagonal that P goes through is (4, 4).

We refer to positions (i,i) where P goes through as return positions of P. We call the full cells
between P and the main diagonal area cells, and the cells below P coarea cells. Then we let area(P) and
coarea(P) be the number of area cells and coarea cells of P. In the example in Figure I, area(P) = 7
and coarea(P) = 29.

We shall also label the diagonals that go through corners of squares that are parallel to and below the
main diagonal with 0,1, 2, ... starting at the main diagonal, as shown in Figure E The peaks of a path P
are the positions of consecutive DR steps. We say that a peak is on the i diagonal of P if its DR steps
start and end at the i" diagonal. The path in Figure E has four peaks on the first diagonal, one peak on the
second diagonal and one peak on the main diagonal.
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0™ diagonal

1%t diagonal

2" diagonal

ret= 4

Fig. 2: A (9,9)-Dyck path P = DDRDDRRRDDRDRDRRDR.

It is well known that for all n > 1, |S,,(132)| = |S,(123)| = |Dy,| = Cy, where C), = n+-1(27?) is the

n'" Catalan number. Many bijections are known between these Catalan objects (see (R013)). We
will apply the bijection of Krattenthaler| (R001]) between S,,(132) and D,, and the bijection of Deutsch and
Elizalde (2003) between S,.(123) and D,, in our computation. The authors of this paper also discussed
the two bijections in [Qiu and Remmel (2018}, P019) with more details.

We shall first describe the bijection ® of Krattenthaler] (001)) between S,,(132) and D,,. Given any
permutation 0 = o1 -+ -0, € S,(132), we draw the graph G(o) of o. Then, we shade the cells to the
north-east of the cell that contains o;. ®(o) is the path that goes along the south-west boundary of the
shaded cells. For example, this process is pictured in Figure E in the case where 0 = 867943251 €
S9(132). In this case, ®(6) = DDRDDRRRDDRDRDRRDR.

9

Fig. 3: The map ® : S,(132) — D,,.

The horizontal segments (or segments) of the path ®(o) are the maximal consecutive sequences of
R steps in ®(o). For example, in Figure E, the lengths of the horizontal segments, reading from top
to bottom, are 1,3,1,1,2,1, and {6, 7,9} is the set of numbers associated with the second horizontal
segment of ®(c).

The map & is invertible since for each Dyck path P, the peaks of P give the left-to-right minima of
the 132-avoiding permutation, and the remaining numbers are uniquely determined by the left-to-right
minima. More details about ® can be found in [Krattenthaler (2001). We have the following properties for
.

Lemma 2. Let P € D, and o = ®~1(P). Then
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(1) foreach horizontal segment H of P, the set of numbers associated to H form a consecutive increasing
sequence in o and the least number of the sequence sits immediately above the first right-step of H.

(2) The number n is in the column of the last right-step before the first return.

(3) Suppose that o; is a peak of o and the cell containing o; is on the k™ diagonal. Then there are k
elements in the graph G(o) in the first quadrant relative to the coordinate system centered at (i, 0;).

(4) inv(o) = coarea(P); coinv(c) = area(P).

Proof: (1), (2) and (3) are proved in Lemma 3 in Qiu and Remme] (R018§).
For (4), it is clear that for any pair of indices ¢ < j, we have o; > o if and only if in path P, the it
column intersects the a}h row at a coarea cell. Thus the number of inversions of ¢ is equal to the coarea

of P, ie. inv(c) = coarea(P). Since inv(c) + coinv(s) = area(P) + coarea(P) = (), we have

coinv(c) = area(P). O

Fig. 4: The map ¥ : S,,(123) — Ds.

The bijection ¥ : S,,(123) — D,, given by [Deutsch and Elizalde (2003)) can be described in a similar
way. Given any permutation o € S, (123), the Dyck path ¥ (o) is constructed exactly as the bijection
®. Figure E shows an example of this map from o = 869743251 € Sy(123) to the Dyck path DDRD-
DRRRDDRDRDRRDR. The map V¥ is invertible because each 123-avoiding permutation has a unique
left-to-right minima set. More details about ¥ can be found in Deutsch and Elizaldd (2003)). We then have
the following lemma from Qiu and Remme] (2018).

Lemma 3 (f )iu and Remmel (EOIQ), Lemma4). Let P € D, and 0 = V~*(P). Then

(1) for each horizontal segment H of P, the least element of the set of numbers associated to H sits
directly above the first right-step of H, and the remaining numbers of the set form a consecutive
decreasing sequence in o.

(2) o can be decomposed into two decreasing subsequences, the first decreasing subsequence corre-
sponds to the peaks of o and the second decreasing subsequence corresponds to the non-peaks of
o.

(3) Suppose that o; is a peak of o and the cell containing o; is on the k'™ diagonal. Then there are k
elements in the graph G(o) in the first quadrant relative to the coordinate system centered at (i, 0;).
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3 The functions Q];,(t, x)

In this section, we give the recursive relations for generating functions 75, (¢, z) by examining the set
S5, (132). We shall first look at the structure of a 132-avoiding permutation.

Given 0 = 01 - -0, € S8,(132), we suppose o = n is the biggest number in the permutation. The
numbers o1, ...,0,_1 must be bigger than the numbers o1, ...,0, since otherwise there will be a
132 pattern in 0. Thus we can break the permutation ¢ into three parts: the first & — 1 numbers, the
biggest number o, = n, and the last n — k numbers. We let A(c) = red(oy---0—1) and B(o) =
red(og41 - - - 0p,) be the reduction of the first k& — 1 numbers and the last n — k& numbers, then A(c) €
Sk_1(132) and B(o) € S,_1(132). The left picture of Figure f§ is an example for 0 = 867943251 €
So(132) with A(o) = 312 and B(o) = 43251. We also let A(o) := red(oy - - - o) be the reduction of
the first & numbers. The structure of & is shown in Figure fj.

B(o)

Fig. 5: The structure of o € S,,(132).

Now we count the number of occurrences of a pattern y = 71 - - -, € §-(132) ino € S,,(132). The
case when r = 1 is trivial and occri (o) = n. If » > 1, we shall count «y from the three parts, A(o), o
and B(o). First, there are (occr~ (A(o)) + occr~ (B(0))) occurrences of «y in parts A(c) and B(o). Then
we count occurrences of vy that intersect with at least two of the three parts of o.

Similar to o, we shall break v into three parts: A(y) = red(y1---7vs—1), 7s = r and B(y) =
red(Vss1 - 7). Wealsolet A(y) = red(7; - - -7s). Let x(z) be the function that takes value 1 when the
statement x is true and O otherwise. Then there are

(a) x(s =) -occry(y)(A(o)) occurrences of «y stretching over parts A(c) and oy,
(b) x(s =1)-occrp(y)(B(c)) occurrences of 7 stretching over parts o, and B(o),

(©) x(s <) -ocerz, (A(0)) - ocerp(y)(B(0)) occurrences of v stretching over parts A(o) and B(o)
ifvy, =r—s,

(d) and x(1 < s < 7)-0ccr4()(A(0)) - ocer g,y (B(c)) occurrences of -y stretching over all three parts.

Note that (c) requires v, = r — s, i.e. the permutation B(~y) cannot be expressed as the skew sum of two
smaller permutations. If 7, £ r — s, then
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(¢) if {m © 7,...,m; © 7;} is the collection of ways to write - as the skew sum of two smaller
permutations, then the number of occurrences of -y stretching over parts A(c) and B(o) is

Z ocery, (A -ocer, (B(0)).

We name the method above the recursive counting method, which allows us to count occr, (o) by counting
pattern occurrences from the components of o.

3.1 The function Q{12 (1, )

As a first application of our recursive counting method, we have the following theorem first proved by
Fiirlinger and Hofbauer Fiirlinger and Hofbauey ([1983) in 1985 about the distribution of patterns of length
two.

Theorem 1 (Fiirlinger and Hofbauer). Ler Q, (21, x2) := Qf:fél} (x1,22) and
Qt,x1,x2) := %g 21}(t, x1,x2), then
Qo(z1,22) =1, Qn(21,22) Zfﬂk L2b " P Qui (1, 22) Qur(1, 22), (6)
and
Qlt,z, 1) =14+tQ(t,z,1) - Q(tx, x,1). @)

The theorem was initially proved by enumerating area and coarea statistics of Dyck paths. Here we
shall give a brief proof using permutations.

Proof: To prove equation (ﬂ), we shall consider the distribution of the patterns v = 12 and 7 = 21 in
S1,(132) using the recursive counting method.

Given o € §,(132) such that o, = n, we break o into 3 parts: A(co), o) and B(c). We have
A(o) € Sx—1(132) and B(0) € S,,—1(132). By (a) of the recursive counting method,

occrio(o) = oceria(A(o)) 4+ oceria(B(o)) + ocery (A(o))
= occria(A(o)) 4+ oceria(B(o)) + k — 1, (8)
and
occrar(0) = ocerar(A(0)) + ocerar (B(o)) + ocery (B(o)) + ocery (A(o)) - ocery (B(o))
= occra1(A(0)) + ocerar (B(o)) + k(n — k). )
Thus,

occriz(o occra1 (o
Qular,an) = Y ayeene@ggeom()

0€S8,(132)
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DS

k=10€8,(132),0,=n

n

= Yataen Y

=

—

k—1_ k(n—k)
e >

Wesk71(132)

M- T1:

b
Il
—

pOCeT12 (A(o'))xoccrm (A(o))

0€8,(132),0,=n

occr us occr us
2 12( )3:2 21(m) § :

occriz(A(o))+oceria(B(o))+k—1 occray (A(o))+occrar (B(o))+k(n—k)
Ty T2

° S xcl)ccrm(B(a'))xgccrgl(B(cr))

ocCcCr T occr T
s 12( )3:2 21(7)

€S8, _1(132)

1 k(n—k
a 1552(" )Qk—l(wlax2)Qn—k(xlax2)a

which proves equation (E). Equation (ﬂ) is a consequence of equation (E). More explicitly, by equation

®.

= Qe (2, 1)Qu (@, 1)

for any n > 0. Thus,

(10)
k=
Qt,z,1) = > t"Qn(x,1)
n>0
= Zt"Zxk YQr1(z,1)Qpn_p(z,1)
n>0 k=1
= 1+t Z Z 1 T Qp o (a, D Qi (2, 1)
n>0k=1
= 1+t1 Z(tm)nQn(x, 1) Z t"Qn(z,1)
n>0 n>0
O

Using the recursive equation (E), we can use Mathematica to compute the Taylor series of the function

Q{12,21}

132 ' (t,x1, m2) as follows.

{12,21}
132

(t, 1, 20) = 1+t +1%(x1 + 29) + 3 (25 + 2520 + 2&61:[:% + 23) + t1 (2§ + 252

+ 22ta2 + 32325 + 3ax2ay + 3xiad + 25) + 5 (210 + 2lwy + 22822

+ 31:1:172 + 51:11:2 + 53:13:2 + 73:13:2 + 73:1:172 + 61:1:172 + 41:1:172 + xéo) 4+ (A1)

Setting z2 = 1 and z; = x in equation (, we have

Qis(t,x) =1+t + 2 (1 +2) + 3(1 + 22 + 2® + 2%) + t*(1 + 32 + 32% + 32° + 22 + 2° + 29)

+ 51+ 4z + 627+ 72% + T2 + 525 + 525 + 32" + 228 + 2% + 210+ ... (12)
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3.2 The function Q5131323323 ()
LetTy = {12,21} and T'3 = {123,213, 231, 312, 321} be sets of permutation patterns, then the function

Ul 12,21,123,213,231,312,321
Qn,zlgzs(xla---@ﬁ :Q;{msz }(171,...,:1:7)
tracks all patterns of length two or three of permutations in S,,(132). We shall prove the following
theorem. We use the shorthand Q,,(z1, ..., z7) for Qnﬂ%};‘ (x1,...,27).
Theorem 2. The function folugl;?’ (1, ...,x7) satisfies the recursion
Q0(3317 s 5I7) = 17
k=1, k E) (k—1)(n—k
Qnla1,. .. 20 Zx (n—k) é )(n—Fk)
n—k —k
' Qk—l(xl«%'B«Té )756256496(7” ) zs, ... ,27)  Quor(T128, w22k, 15, .. 17). (13)

Proof: We shall consider the distribution of the patterns v = 12, 7o = 21, 73 = 123, 74 = 213,
~v5 = 231, v = 312 and y7 = 321 in S,,(132).

Given 0 € S,(132) such that o, = m. Similar to Theorem El, we make permutations A(o) €
Sk—1(132) and B(o) € S,—1(132). The number of occurrences of ; and 7, is given by equation
(E) and (E). For the patterns 3, v4, 75, Y6 and 77, we have the following formulas from the recursive
counting method.

ocerioz(o) = oceriaz(A(o)) + oceriag(B(o)) + oceria(A(0)), (14)
oceraiz(o) = oceraiz(A(o)) + oceraiz(B(o)) + ocerar (A(0)), (15)
0CCra231 (O') = 0CCrozi A(O’) + occrazy (B 0’))

—4occry

)
)
)
(A(o)
) 4 occrasi (B
)
)
)
)
)

~ N~~~ —~ N~ —~

= occrasy (A(o) (B(0)) + (n — k)occria(A(o)) + (k —1)(n — k), (16)
ocergia(o) = ocersia(A(o)) + ocersia(B(o)) + occeria(B(0)) + ocery (A(o)) - oceria(B(0))
= occrsia(A(0)) + ocersia(B(o)) + k - ocer12(B(0)), and (17)
ocersar (o) = ocerser(A(o)) + ocersar (B(o)) + oceray (B(o))
+occeri (A(0)) - ocera (B(o)) + occera; (A(o)) - ocery (B(o))
= occrsan (A(0)) + ocerser (B(o)) + k - ocerar (B(0)) + (n — k)occrar (A(o)). (18)
Thus,
Qn(z1,...,27)
_ Z I::l)ccrlg(a)xgccrgl(U):Cgccrlgg(a)Izccrglg(a)xgccrggl(U)Igccrglg(U)I;ccrggl(o)
0€5,(132)
_ i Z Z I(l)ccrlg(7r)+occr12(r)+k—lx(2)ccr21(7r)+occr21(r)+k(n—k)

k=17eS,k_1(132) TES, _1(132)
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xOCCrlzg (m)+oceriaz (7)+oceria () :EOCCrzlg (m)+ocera13(7)+ocera ()
3 4

xOCCrzgl (m)+oceraz: (1)+(n—k)oceria(m)+(k—1)(n—k) xOCCrglz (m)+ocersia(7)+k-oceria(T),
5 6

:L.OCCI‘321(71')+OCCI‘321(T)+k~OCCr21(T)+(’n,7k)OCCr21(7T)
7
n
k—1_k(n—k) (k—1)(n—k) (n—k) (n—k)
= E ] Ty T Qr—1(z12327;5 L ToT ATy Sy X3y T7)
k=1

'Qn—k(xlxlgax2xl’;7x37 SRR (E?)-

Using Mathematica, one can efficiently compute the polynomial
rur r,ul
132 (G, xr) =30, 50" Q 50" (21, -, w7) as follows.
%QUF?* (t,x1,...,27) = 1+t +1%(x1 + 20) + P (2523 + xiwomy + 210505 + 212526 + To27)

4,6, 4 5 2,2 4,2 2 3.3 3 4,2 2 2,4,.2. 2 3,.3 3

+t (3:13:3 + X{T2T3TY + T{X3X3LLT5 + TIT5X3X5 + T LT3T1T6 + XTI XT5Tg + TITHT3Ty
2,4 2 2,4 2 2,.2 2 2,2 4

—l—a:?a:g:zzizm + XIX3T4T5T7 + TIXoXT4TgTT7 + xlxg:z5:1:7 + 3:13331353363:7 + 3:11323:6:1:7 + a:ga:7)

5 (10,10 9, 7.3 8,254 7,.3,4.3.3 6,.4,4.6 8,254 6,.4,2.4 2 2
+t (:El T3 + TiX2T3Xy + TIX3T3X4 L5 + T ToX3T4TE + L1 ToX3T5 + TIT5X3T 46 + T{XT3L4T5Xg

4 4 4,4 4 4,2 2
+ a:zg:ga:3xi$g + xlxgxgajgxg + x?3:23:3:1:g + xlxgxgxgxg + xe%x%xim + x?3:2x3:1323:5:1:7

5,.5,2.2,5 6,.4,2.5. 2 5.5,.2.2.5 5.5, »5.,.2,.2 4,6, 2,52
+ X ToT3T XX 7 + X{ToT3T X7 + T XT3T X g7 + X{ToL3T4T5X7 + X1 Xy L3THT 5T

5.5 5 2 4.6 2.4, 2 5.5 5.2 .2 3.7, 4.3 2 4.6 2. 4.2
+ X{XT3T4T5L6X7 + L1 ToT3TLX5LTT + TITX3TLLLT + L1 TT4T5 L7 + L1 ToT3TLX5L6 LT

3,7, 34,2 4,6, .2.5.2 3.7, 6.3 3,7 3,33 3,7 .63 4,6, 6 4
+ XL T4TEX g7 + X{XT3T4T 57 + XTI XT3T5T7 + TIXXITET L7 + TIXoX3LgTy + T{Toly Xy
3,733 4 2,8.4,2 4 3,.7,.3,.3.4 2,8.3,.3 4 2,82 4 4 2,8, 4.5
T+ TIXQXYXEL 7 + XTI XX LTy + LI ToXy T 7 + TIXRTEXELy + LI THXELgL7 + T ToL4T 5T
2 ) 2 4 2 2 10,.1
—0—3:1333134:1:5336:1:? + x13:§3:4:1:63:? + xlxg:zgajg + 3:11:23:5336:1:? + xlxg%xﬁxg + xlxg:zgajg + 3:203:70)

+-o. (19

Let
Pg(q, I) = Z qcc'in\’(a')IOCCr,Y (a-)7
0E€8,(132)

We can evaluate appropriate variables of Q1253 (21, ..., 27) at 1 and use the relation that inv(c) +

coinv(c) = (4) to get the following corollary. We use the shorthand P, for P in the RHS of each
equation.

Corollary 3. We have the following equations.

PJ(g,xz) = 1 foreach pattern -, (20)

P7123(Q7"E) = Zqkilpk—l(qxux)Pn—k((Lx)v (21)
k=1

p213 _ k=1, E=DE=D 5 (2 )pn_ 22

n (qvx) Zq Y 2 k—1 qu k:((Lx)a ( )

=
Il
—
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PP ga) = 3¢ lat O p (g2 5) Py, @), (23)
k=1

312 _ . k—1 k

PP (qx) = > ¢" ' Pioi(q,7) Paoi(qa®,2), and (24)
k=1

P32 - holyetiig=t2 p (—q )Pn, (i ) 25

n ((LI) Zq € k—1 xn—k’x k xkax ( )

~
Il
—

Note that as a consequence of Lemma [], the two polynomials P23!(q, z) and P3'2(q, x) are identical,
and Corollary P| gives two different recursions for such polynomials.
We can also compute Q735 (t, ) = 3, 5o t" P, (1, ) where -y has length three as follows.

1a(t, x) = 14+t +26% +43 (d+a) +t* (8+4z+ 22 +2*) +° (16 + 120+ 52’ +2° + 42t +-20° + 27 +210)

+1%(32 4320+ 1822 + 623 + 1327 +102° + 325 + 427 + 328 + 5210 4- 221 2213 4216 4-220) . . |
(26)

5t x) = 1+t +22 413 (4+2) + (84 22+ 32% +2°) +£° (16 4+ 52+ 627 + 5% + 32* +- 52° +22.°)

+1%(32 4 122 + 162 + 112° 4 92* 4 102° + 102° + 527 +102% 4 102° + 6210 + 21%) + ...
27

ta2(t,7) = Qs (1, @)
=1+t+22 + 34+ 2) +t*(8 + 2z + 32 + 23) + (16 + 4o + 622 + T2 + 42 + 22° + 329)

+5(32 + 82 + 1222 + 1423 + 172" + 725 + 1725 + 527 4 528 + 82° + 5210 + 2212) + - -+ |
(28)

3 (t, x) = 1+t4+262 44 (4+ )+t (T+32+ 32 +2h) +1° (114+-52+ 922+ 323 +62* +32° +42" +210)
+t8(16+72+152°+92° +172* +- 725 + 102+ 1227+ 72 + 627+ 720432 46212 +- 422 45210 +-220)
- (29)

3.3 Longer patterns whose distributions satisfy good recursions

We have built recursions for generating functions which give the distribution of all patterns of length two
or three in Sy, (132). This leads to a natural question — can we give recursions for the generating functions
tracking any pattern in S,,(132) like we have done in Section 3.1 and Section 3.2? We notice that though
we can always use the recursive counting method, we do not always obtain clear recursions like Theorem
and Theorem ﬂ

Let y be a permutation pattern. We say that the distribution of the pattern v in S,,(132) satisfies a good
recursion if there exist s permutations vy, . . ., 7ys of length at least two such that the generating function
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Qn(r,z1,. . m5) = QY1357 (v, 71, ..., x,) satisfies that Qo(x, z1,...,25) = 1, and

n

Qu(@,z1, . w5) = Y q(X)Qia(pr(X), -, pe1 (X)) Qni(q1(X), -, gs11(X))  (30)

=1

forn > 1, where X = {z,z1,...,25},and ¢(X),p1(X), ..., ps+1(X), q1(X), ..., qs41(X) are 2s + 3
rational functions about variables in X such that the powers of variables in the numerator and denominator
are polynomials of n and 7.

Thus, for any pattern v whose distribution satisfies a good recursion, there is a Qn(z,21,...,xs)
defined as above such that it can be computed recursively from the functions Q;(z,x1,...,xs) for
i =0,...,n — 1. We have the following theorem about the number of permutations in S,,(132) whose
distributions satisfy good recursions.

Theorem 3. Let {a,}n>0 be the integer sequence defined by
ag=a1=1,a2 =2, anda, = an_1 + 2a,_9 + ayp_3. (31
Then the number of permutations in S,,(132) whose distributions satisfy good recursions is at least a.,.

Proof: Given o = 01 - - - 0, € S,,(132), we define

o = o1-op(n+1), (32)
o' = (n+2)oy-opn(n+1), (33)
" = (o1+1)--(6p,+1)(n+2)1, and (34)

o = (n+3)(o1+1)-- (o +1)(n+2)1. (35)

We construct a set I' of permutation patterns as follows. We first let the empty permutation () be an
element of T'. Next, for each permutation ¢ € T, we let ¢/, 0", "', 0" € T. Clearly, each permutation
in I is 132-avoiding, and the number of permutations in I' N S, is a,, based on the recursive construction
of the set I'.

From the recursive counting method, the distributions of o’,c”,c"’, c"" satisfy good recursions as
long as the distribution of o satisfies a good recursion. Thus the distribution of each permutation in "
satisfies a good recursion, which proves the theorem.

In fact, when we count the number of occurrences of v € S,(132) in 0 € S,(132) with recursive
counting method, we shall break the pattern ~ into three parts: A(7y), r and B(v). ~ fails to satisfy a
good recursion by the case (c¢’) of the recursive counting method if 7y = m © 7 for some permutations 7, T
of length at least two (in this case the generating function cannot be recursively computed in the way of
equation (B() since the RHS of equation (B0) never gives the product occr,(A(c)) - ocer, (B(o))). This
is saying that we cannot have |A(~)| > 1 and |B(y)| > 2 simultaneously.

If B(7) is empty, then v = A(~)’. If B(y) = 1, then v = A(y)". If | B()| > 2 and A(v) is empty,
then we shall decompose B(~) into three parts: A(B(Y)), r — 1 and B(B(v)). If B(B(y)) is empty, then
~ = A(B(v))". If B(B(v)) is not empty, then B(B(~)) can only be of size one to make ~ not separable
into a skew sum of two nontrivial permutations, and v = A(B(~))"".

"
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Thus, I collects all permutations that satisfy good recursions if we use the recursive counting method,
and there are exactly a,, permutations in S,, whose distributions satisfy good recursions using the recursive
counting method (there might be more permutations in S,, whose distributions satisfy good recursions,
but for other reasons not accessible by the recursive counting method). o

The sequence {a,}n>0 = {1,1,2,5,10,22,47,101,217,...} appears in OEIS of as
sequence A101399.

We shall give an example of a longer pattern v = 12 - - - m whose distribution satisfies a good recursion
in the following theorem. Note that this gives a way to count the number of occurrences of 12---m in
S, (132) different from that of Mansour and Vainshteir| (00()).

Theorem 4. Given m > 2 andn > 0, we let

Qg:?BQ (T2, 23, Tm) = Z x;ccnz(o)xgccrlzs(a) . x%crm'”m(g) and (36)
08, (132)

Qgg;)(t,@,:zrg,...,:cm) = ZthSﬁEQ(IQ,Ig,...,Zcm), (37)
n>0

then we have the following equations,

QS:;)E)Q(:E% N 7xm) - Z A le 1. 132(1;2:537 L3T4y s Tm—1Tm, xm)Qfl"i)ngQ (5527 B 7xm)7(38)
k=1
5’3?2) (t,xoy...,xm)=1+ thgg (txe, T2T3, T34, . ., Tin—1Tm, :vm)Qg;) (t, 2oy ..y Tm)- (39)

Proof: We shall consider the distribution of the pattern v, = 12---sfors = 2,...,m in §,(132).
Given o € S,,(132) such that o, = n, we have A(0) € S;_1(132) and B(o) € S,—1(132). By the
recursive counting method, we have

occryn..s(0) = oceria..s(A(0)) + oceria...s(B(0)) 4 occryg...s—1) (A(0)). (40)
Thus,
Qi:z)SQ(IQa e ,ZCm) = Z H oceriz.. 2
Sn(132) i=2
_ i Z Z ﬁ gccrlg.,.i(w) .I;)CCrlz.,.i(T) .x?ccrlg.,.(i,l)(w)
k=17€S8;_1(132) T€S, _1(132) i=2
= Z k 1, 132($2I3, L3L4y -y Tm—1Tm, Im)Qi:i)]g)l?Q(va cee 7xm)a(41)
k=
which proves equation (@), and equation (@) follows immediately from equation (@). O

This theorem can be seen as a generalization of Theorem [I] of [Fiirlinger and Hofbauet ([1983).
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3.4 The distribution of patterns of length four in S,,(132)

Let T'y = {1234,2134,2314,2341,3124, 3214, 3241, 3412, 3421,4123,4213,4231,4312,4321} be the
set of patterns in S4(132). By Theorem , there are 10 of the 14 patterns in I'y satisfying good recursions.
To track all the 14 patterns in S4(132), we shall refine the generating function @,, by the number of
coinversions and define

Qn,i(xla cee ,1’19) = QE?E’,ESUFAI ((E, 1,1’1, cee ,1’19) i) (4’2)
then
)
Qi (@, wo) = Y aiay? Quls, .. a2). (43)
i=0

We let z; track the occurrences of length three patterns and y; track the occurrences of length four
patterns, then we have the following theorem which gives recursive relations for the generating function

Qn,i(xla- <oy L5, Y1y et ay14)-

Theorem 5. The function Q,, ;(x1,...,T5,Y1, ..., Y14) satisfies the following recursion,
Qoo(T1,. .., 5,y1,-..,y14) = 1, (44)
n
Qn_’i(xl, ey X5, Y1y e y14) = Ofori <Qori> <2>, and (45)
Qn,i(xla sy Ty YLy ,y14) =
n i+1—k k—1 . k—1 . n—k .
- - _ - R —k —j)+k ktj—i—1) 5(p_

Z Z x{xg 2') ngn k) (k+j 1):172(1“ k 47)17;" (521 =) +k(("2") Fhti—i 1)yi(n k)
k=1 j=0

)0 G-k G (5w io) (5 3) k)

(("21)=)(("3")+hti=i=1))
“Y14
Q1 (@1y1yy " 22yeyn 8 2aysye F, 2aysyls L asyeyty By Y1)
- Qnkit1— ki (T1YLo, T2UY1, T3Yla, Tayls, TYLs, Y1, - - Y1a).  (46)

Proof: We shall count the number of occurrences of the 19 patterns of length three or four in S,,(132)
using the recursive counting method. Let o € S,,(132) such that o, = n, occri2(0) = @ and occray (o) =
j, we have A(c) € 8,-1(132), B(o) € S,,—,(132), and j = (%) — i. We shall abbreviate occr, (A(c)),
occr, (B(c)) and ocer., (A()) to A, B, and A, in this proof.

Similar to Theorem [, the formulas for occurrences of 123, 213, 231, 312, 321 are given by equations

), ), (), ) and @ Then we shall look at the 14 patterns of length four. Case (a) of the
recursive counting method implies that

OCCI‘ﬂ-lﬂ-2ﬂ-34(O') = Aﬂ'1ﬂ’2ﬂ’34 + Bﬂ’1ﬂ’2ﬂ'34 + Aﬂ'1ﬂ’2ﬂ’3 47

for any 7y mems € S3(132). For patterns not ending with 4, it follows from the recursive counting method
that

occraga1 (o) = Agsar + Basar + A12 - B1 + Aies - By
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= Agzar + Bozar +j(n— k) + (n — k) Aq2s, (48)

occrsaqr (o) = Aszgar + Baoar + Aoy - By + Aziz - By
k—1 )

= Asou + Bsoar + (( 9 ) - ]) (n—k)+ (n —k)A23, (49)
occraqiz(0) = Asaiz + Bsaiz + A12Bia + A1 Bio

= Asgio+ Bsgio+(G+Ek-1)0GE+1—k—7), (50)
occraqnn (o) = Asaor + Bsazi + A12B21 + A1 Boy + A2z By

—k

= Asaz1 + Baaor +(n —k)Agz1 + (j +k—1) <(n 9 > t+hk+j—i— 1) ,(51)
occryo3(0) = Agia3 + Baios + A1 Bias = Ayi23 + Baioz + kB3, (52)
occryziz(0) =  As213 + Baziz + A1Baiz = Au21z + Baois + kBaas, (53)
occrazst (o) = Asosr + Bazg1 + A1Bagi + Az12By

= Ayo31 + Baga1 + kBasz1 + (n — k) Azia, (54
occryziz(0) =  Asziz + Bz + A1Baia + Aa1 Bia

k-1 A . .

= Auzi2 + Bazia + kB3zi2 + (< 9 ) —]) (i+1—k—j), (55)

occryze1(0) = Aasor + Basar + A1Bsa1 + Ao1Bo1 + Az By

= Auzz1 + Baza1 + kB3a1

ot () (3 re)

Then, one can arrange the generating function Q,, ;(x1,...,%5,¥y1,...,Y14) in a similar way to equation
(19) to prove the recursion. O
We can compute the polynomial szl%gaum (x1,...,291) = Zz(iz) x§x§2)ﬂQn7i(:v3, .., To1) effi-

ciently by Mathematica as follows.

I>Ul3uUT 2 3.3 2 2 2 3
15 At X1, mo1) = L+t (m1 + 22) + 7 (2723 + XTX2xs + L1255 + X1X5X6 + THT7)
4 (.4 2 2 3 3 3 4 2 2 2 4.2 2 3 3 3
+t (wlxlox2x3x4x5 + T{X11 25235 + T T12T5X3T4 X6 + TIX15X9T5L5 + TIX17L5L3Tg

2 4 2 2 4 2 2,2 2
+ x?xlgxg:rix7 + XI{T14T5304T5T7 + TIT18X5T4T5T7 + x1x16x3x5:177 + x1x19x3x5:176x7

5 2,2 6 4 6,.4 5 2,2
+T1XT5T20TET7 + ToT21T7 + T{T3T8 + x11213x419) +---. (857

4 The functions Q],;(t, )

We use the bijection ¥ : S,,(123) — D,, of Deutsch and Elizaldg (2003) to study the distribution of
the patterns 132 and 231 in S,,(123). When computing the distribution of 132-distribution, we prove a
stronger result about 1m - - - 2-distribution in S,,(123). Our method does not apply for the pattern 321 due
to the complexity of the structure of 123-avoiding permutations.
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4.1 The distribution of the pattern 1m ---2 in S,,(123)

Giveno = 01 -+ -0, € S8,(123). If 0y, - - - 0, is an occurrence of the pattern 1m - - - 2, then the number
o, must be a left-to-right minimum of o, otherwise there exists a number o, < o;, with index a < 7,
and (a, i1, %) is an occurrence of the pattern 123.

Under the map ¥ : S,,(123) — D,,, the number o;, sits above a peak of the corresponding Dyck path
W(o). Suppose that the number o;, is on the d™ diagonal of ¥ (o), then by (3) of Lemma B, there are d
numbers to the right of o;, that are bigger than o;,, appearing in a decreasing way. It follows immediately
that there are (md_l) occurrences of the pattern 1m - - - 2 at the peak o;, since any m — 1 of the d numbers
to the right of o;, that are bigger than o;, create a pattern 1m - - - 2 with the number o, .

Now let c4(o) be the number of peaks that are on the d diagonal of ¥(o), then

occrim.2(0) = 3 ca(o) (m‘i 1). (58)

d>0

We also let cq(P) denote the number of peaks that are on the d'" diagonal of a path P.
We define

leml)23 (5,22, T3, ..., Tm) = Z SLRmin(a)Igccrlz(a)xgccrlaz(o) o Izlccrlm(mfl),.,g(o) and(59)
0€S,(123)
QUs (t, 5,02, 73, ..., x) = > " Qu2s(s, 22,73, ..., Tm), (60)
n>0

then we have the following theorem.

Theorem 6. Givenn > 0andm > 2,

ngi)23(sv L2y vy Im) = SanZ)Lng(S, Lo, ... 7CCm)
n
+ Z QI(CT)I;123(SI2’ L2X3, L3L4 - -+ s Tm—1Tm; xm)Q*ELW—l)k,l23(Sa Z2,. .. axm)v (61)
k=2
and

Oty 5,00, wm) = 1+ t(s — Qs (8, 5,72, .., Tn)

+ thng) (t, T2, ToT3, T3Ta, - - ., Ty—1 Lo, xm)Qggng) (t,8,@2,...,Tm). (62)
Proof: We enumerate the pattern occurrences using the Dyck path bijection ¥. Given any Dyck path P,
we can break the path at the first return to write P as D P; RP», where P, is the path after the first D step

before the last R step before the first return, and P; is the path after the first return.
Let k = ret(P). By equation (5§), we have

Qi:j?ﬂi(sa Z2, ... wrm)
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- Z §22d>0 Cd(d)(g)xzzdzo Cd(")(cll)x?dzo ca()(3) ..x%dzo ca(@) (1)
0€5,(123)
- Z §2-d>0 Cd(P)(g)xgdzo Cd(P)(f)x?)Zdzo ca(P)(3) . .x%dzo ca(P)(,,%4)
PeD,,
- Z SZdZO Cd(Pz)(g)IéZdZO Cd(P2)(?) . .Inzldzo Cd(P2)(mi1)
P,€Dy -1

+ i Z szdzo Cd(Pl)(dgl)wQEdzo Cd(Pl)(drl) .. .;vnzw:dzo Cd(Pl)(itll)

k=2 P1€Dj,_1

Z SZdZO Cd(Pz)(g)abZdzo Cd(Pz)(T) . znZ*LdZD Cd(Pz)(md,l)
P2€Dy,
= SQST)1,123(5=$27---755m)

n d d d d
+ Z Z §22d>0 Cd(Pl)(g)xzzdzo ca(P)(()+(5)) . x%dzo ca(P)((n2)+(m?1))

k=2 P1€Dj,_1

T sTazecalP(3) Tz calP)(t) | TazocalP)(ns)
P2€Dy
= SQSﬁ)ng(S, Tay .oy L)
+ Z Q£T11123(8x27 T2X3,T3T4y .-, Tm—1Tm, xm)QiZi)ngg(S, L2y enny xm)
k=2
Equation (@) follows immediately from equation (@). O

Evaluating m at 3 gives the following corollary for the distribution of the coinversion and the occriss
statistics.

Corollary 4. Q,(f:)123(s, q,x) = Zaesn(us) gLRmin(0) geoinv(o) pocerisa (0) gypisfies

3 3 3 3 3
((),{23(57 ¢,r) =1, ng,)123(57 q,r) = 5@5121,123 + Z Ql(c—)1,123(5q7 qx,x)lesz%(s, q,z). (63)
k=2

Further,

Bt s,q,2) =1+ t(s — 1)QEL(t, 5, ¢, ) + 1QSL (L, 5q, g2, 2) QN (1, 5, ¢, ).

Then we can use the recursive formula to compute Qgg’M} (tg,2) =350 t"in)lﬁ(l, q,x):
021320 (¢, g, 2) = 1+t +82(1+ ) + 2 (1 +2¢+ ¢ + ¢°2) + t*(1 + 3¢+ 3¢* + ¢ + 2¢°¢ + 2¢°
+ '+ P23+ t5 (1 +4g+6¢° +4¢° + ¢* + 3% + 6%z + 3¢ = + 3¢ 2 + 2¢° 22 + 24323 + 2¢*2?
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+¢823 + 2¢%2% + ¢*ab + ¢Baf) + - . (64)

By looking at the coefficients of the generating functions, we observe a property that
{o € 8,(132) : occria...j(0) = i}| = [{o € S$p(123) : oceryj(j_1y..2(0) = i}| foralli < j. (65)

Let [2%]¢ denote the coefficient of 2% in the function @, then the property above is equivalent to the
following theorem.

Theorem 7. For any nonnegative integers i < j,

[tnxi] }7 _ [tnxz]

32 (B@) T (66)

Qids * ()"
Proof: One can use the recursive equations @ and () to prove the theorem using induction. Here we
shall give an alternative combinatorial proof of the theorem using the Dyck path bijections ¢ and V.

By equation (5§), o € S,,(123) has i occurrences of the pattern 15(j — 1) - - - 2 where j > 4 if and only
if the corresponding Dyck path W (o) has i peaks on the j — 1t diagonal and no peaks on the k" diagonal
forall k£ > j.

On the other hand, let 7 € S,,(132) and occrya...;(7) = i. The corresponding Dyck path ®(7) has no
peaks on the kth diagonal for all £ > j. Otherwise, if 7; is on the Eth diagonal for some k£ > j, there
are k numbers to the right of 7; that are greater than 7;, forming a length k£ + 1 increasing subsequence
together with 7;. There are (kjl) > 4 occurrences of the pattern 12 - - - j in this subsequence, which leads
to a contradiction.

Further, if 7y, - - - 7y, is an occurrence of the pattern 12 - - - j, then 7;, must be a peak on the j — 18t
diagonal, otherwise any peak to the left of 7, that is smaller than 7, is on the k™ diagonal for some
k > j by Lemma [} (c), contradicting with the statement that ®(7) has no peaks on the k" diagonal for all
k> 3.

Thus, 7 has 7 occurrences of the pattern 1 - - - j where 5 > 7 if and only if the corresponding Dyck path
®(7) has i peaks on the j — 1% diagonal and no peaks on the k' diagonal for all k£ > j, which proves

equations (63) and (b6). (|

4.2 The distribution of the pattern 231 in S,,(123)

We give recursive formulas for the generating function of S,,(123) tracking the number of occurrences of
the pattern 231 by refining function @),, by the number of left-to-right minima. Given o € S,,(123), we
let linv (o) be the number of pairs (4, j) such that o; is a left-to-right minimum, o; is not a left-to-right
minimum and o; > o;. For a Dyck path P, we also let linv(P) = linv(¥ ~1(0)).

Next, we define

Z SLRmin(cr) qoccrlg (U)Ilinv(d)yoccr%l (o) and 67)
oE€S8,(123)

Z qoccr12(d)xlinv(d)yoccrggl (o) 7 (68)
0€S8,(123),LRmin(o)=k

DTL(S7 q7 x? y)

Dn,k(qv &€, y)

then D,,(s,¢,2,y) = > r—; 8" Dy (g, ,y), and we have the following theorem for D,, (s, ¢, z, y).
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Theorem 8. Dy(s,q,z,y) = Do o(q,x,y) = 1. Foranyn,k > 1,
Dni(q,2,y) = ¢""" Dun(q,2.y) = 1, Da(g,z,y) = 0fork >n, (69)

and

Dn,k(Qu x, y) = xn_an—l,k—l((L x, y) + qun—l,k((L Ty, y)
n—1 min(i—1,k—1)
+ > AT TID, gy ey, y) Dok (g, 7,)- (70)
i=2 j=max(1l,k+i—n)

Proof: Given o € §,,(123) such that LRmin(c) = k, we let P = ¥(0) be the corresponding Dyck
path which has k& peaks by Lemma . Suppose that ret(o) = i, then similar to Theorem E, we can write
P = DP, RP,, where P; is a Dyck path of size ¢ — 1 and P is a Dyck path of size n — i.

If ¢ = 1, then P is empty, and D P; R is a peak on the main diagonal, thus P, should be a Dyck path of
size n — 1 with k — 1 peaks. There are n — k extra linvs between the first peak and the n — k non-peaks
in Py, thus the contribution of this case is iC"_an—m—l (q,2,y).

If © = n, then P, is empty, and P = DP; R. P; should be a Dyck path of size n — 1 with k peaks.
There are k more inversions of ¥~ (DP; R) than ¥~1(P), and there are linv(P; ) more occurrences of
the pattern 231 in W—!(D Py R) than ¥ ~1(P;), thus the contribution of this case is ¢* D, 1 x(q, 2y, y)-

If 1 < ¢ < n, then both P, and P; are not empty. Suppose that there are j peaks in P;, then there
are k — j peaks in P,. Other than the statistics counted inside P; and P, there are j more inversions
of U"Y(DPyR) than V=1(Py), j(n — i — k + j) extra linvs between P and P, and j(n — i) + (n —
i)ocerio (W 1(Py)) + linv(Py) extra occurrences of the pattern 231, thus the contribution of this case is
qjx‘j(n_i_k"‘j)yj("_i)Difl,j (qy" " 2y, y) Dn—in—j(q, z,y).

Summing over all the cases gives (@). o
Then we can compute Qgg’w} (t,q,2) = ,50t" Dn(1,q,1, ) using the recursive formula to get
{12,231}

13 (g, ) = 1t 4+ (1+ )P+ 3 (1 4+ g+ 2¢> +qr) +t (1 +g+ 22 +2¢° + ¢* + gz + 242+ g
+3¢%2Y) + (1 + g+ 2¢° + 2¢° + 3¢* + 2¢° + gz + 2¢3x + 2¢°x + q2® + 3¢%2? + 5¢*2? + 2¢°2?
+q2® 4+ @Pad + 4¢3 + ¢*od + 3%t + 4Pt ¢t + - (7))

5 Applications in pattern popularity

Let S be a set of permutations and  be a permutation pattern. The popularity of vy in S, fs(7y), is defined
by

fs(y) == Z ocer (7). (72)
oeS
Let
Fy(t) = Z fs.32)(7)t" and (73)
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Gy(t) = Y fs,az(Nt", (74)

n>0

Bénd (R012) and Hombergel (017) studied the popularity of length two or three patterns in S,, (132) and
S, (123).

Theorem 9 (Béna and Homberger). Let C(t) := > - Cnt™ be the generating function of Catalan
numbers. Then B

- t2C3(t)
fel) = T aowr 7
2
Gua(t) — % (76)

In this section, we shall apply our results in Section 3 and Section 4 in pattern popularity problems, and
we have the following theorem.

Theorem 10. Let m > 2 be an integer. Then

tO(t) Fia...(m—1)(t)

Fiowm(t) = T 7
tC() Gy 1.0t
Gim.a(t) = (i_lgtclé)r“(). (78)

Proof: Equation (Iﬂ) is a consequence of equation (@). To be more explicitly, it is a fact that

(L, 2, . .. )|, =C(1), (79)
It follows from the definition of Qgg;) (t, 9, ..., Ty) that
OQ\™ (t, 20, ..., T
Fu...m(t) _ Q132( y L2, y L ) (80)
Oxpy, ==z, =1
T2 Tm
Taking partial derivative of equation @) over =, and evaluating x2, ..., x,, at 1 give
Q™) t,To, ..., Tm
Froom(t) = 29122 o )
Lm, To=-=Tpym=1
aQ(m)(tu‘T?u"'axm) m
= t < 132 5. 532)(t, Ty ney Tm)
0 (m)t,x,...,xm m
+ Qua (22 ) 532)(15,,@2,...,,@7”)

81777171
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0Q\ ™ (t, za, ... 2m) (m
+ Q132(,.I'2, » L ) ( )(t,xg,...,:vm)>

8Im 132

To=:=Tm=1

= t(C(t)Fia...(m-1)(t) + 2C(t) Fiz..m (1)) , 81)

which implies equation (Iﬂ).
Equation (@) is a consequence of equation @) and can be proved in a similar way. We shall omit the
proof of equation (@). O

6 Summary and future work

We have obtained recursions of generating functions of S,,(132) tracking all patterns of length two, three
or four. In fact, it is possible to give a recursion for the generating function Q) ;3,(t, ) of S,,(132)
tracking the occurrences of a pattern +y of any length in S,,(132) if one does enough refinement.

On S,,(123), we have only obtained recursions of generating functions tracking two patterns of length
two, two patterns of length three and the special pattern 1m(m — 1) - - - 2. The recursions about S,,(123)
tend to be more complicated than those about S,,(132), and we have not succeeded in computing a recur-
sion for the generating function tracking the pattern 321.

We have applied our results about classical pattern distributions in pattern popularity problems, and
we have obtained nice results on pattern 1 - - - m popularity in S, (132) and pattern 1 - - - 2 popularity in
Sn(123).

We have noticed other equalities of coefficients of generating functions Q45 (¢, z) and Q755(t, ) ex-
cept equation (@). For example, the number of permutations in S,,(123) with one occurrence of the
pattern 231 is equal to the number of permutations in S,,(231) with one occurrence of the pattern 123,
which is equal to 2n — 5; the number of permutations in S, (132) with one occurrence of the pattern 3412
is equal to the number of permutations in S,, (132) with one occurrence of the pattern 2341, which is one
less than the 2n — 5" Fibonacci number.

We have not studied sets of permutations avoiding patterns of length bigger than three. We shall study
such problems in the future.
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