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Lovasz showed that a matching covered graph G has an ear decomposition starting with an arbitrary edge of G. Let G
be a graph which has a perfect matching. We call G cycle-nice if for each even cycle C of G, G — V' (C) has a perfect
matching. If G is a cycle-nice matching covered graph, then G has ear decompositions starting with an arbitrary even
cycle of G. In this paper, we characterize cycle-nice claw-free plane graphs. We show that the only cycle-nice simple
3-connected claw-free plane graphs are K4, W5 and Cs. Furthermore, every cycle-nice 2-connected claw-free plane
graph can be obtained from a graph in the family F by a sequence of three types of operations, where F consists of
even cycles, a diamond, K4, and Cs.
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1 Introduction

In this paper, all graphs are connected and loopless, but perhaps have multiple edges. We follow the
notation and terminology in (1) except otherwise stated. We use V(G) and E(G) to denote the vertex set
and edge set of G, respectively. For an edge e of G, if there is another edge whose ends are the same as
e, then e is called a multiple edge; otherwise, e is called a single edge. The underlying simple graph of G
is the simple spanning subgraph of G obtained from G by first deleting all the edges and then connecting
each pair of adjacent vertices by a single edge. A perfect matching of G is a set of independent edges
covering all vertices of G. For a connected plane bipartite graph G with the minimum vertex degree at
least 2, a face f of G is said to be a forcing face if G —V ( f) has exactly one perfect matching. The concept
of forcing face was first introduced in Che and Chen (7), which is a natural generalization of the concept of
forcing hexagon of a hexagonal system introduced in Che and Chen (6). For research on forcing faces, see
(7, 8). In particular, Che and Chen (7) presented a characterization of plane elementary bipartite graphs
whose finite faces are all forcing (by using ear decompositions). Here, a graph is elementary if the union
of all its perfect matchings forms a connected subgraph. A graph G is called cycle-forced if for each even
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cycle C of G, G — V(C) has exactly one perfect matching. All the cycle-forced Hamiltonian bipartite
graphs and bipartite graphs have been characterized, see (10, 21).

A subgraph H of G is called nice if G — V (H) has a perfect matching (see (13)). In particular, when H
is acycle, we call H a nice cycle. A nice subgraph is also called a conformal subgraph in (5), a well-fitted
subgraph in (14), and a central subgraph in (16). A graph G is called cycle-nice if each even cycle of G is
a nice cycle. Clearly, a cycle-forced graph is also cycle-nice. Given a proper subgraph H of G, an ear of
G with respect to H is an odd path of G having both ends, but no interior vertices, in H. A graph G has
an ear decomposition if G can be represented as G’ + Py + - - - + P, where G’ is a subgraph of G, Py is
an ear of G with respect to G’, and P, is an ear of G with respectto G’ + Py +-+- + P;_1 for2 <i <.
Ear decomposition is a powerful tool in the study of the structure of matchings and the enumeration of
matchings (11, 13). The idea of ear decomposition occurred first in Hetyei (9), and was further developed
by Lovdész, Carvalho, etc. (2—4, 12). A graph G is matching covered if each edge of GG induces a nice
subgraph of G.

Let G be a matching covered graph. Lovdsz (12) showed that, for a subgraph G’ of G, G has an ear
decomposition starting with G’ if and only if G’ is a nice subgraph of G. This implies that, for each edge
e of G, there is an ear decomposition starting with e, thatis, G = G’ + P, + - - - + P,, where G’ is induced
by the edge e. In this case G’ + P; is an even cycle. If G is a cycle-nice matching covered graph, then G
has ear decompositions starting with an arbitrary even cycle.

A graph G is claw-free if the underlying simple graph of GG contains no induced subgraph isomorphic
to the complete bipartite graph K; 3. Sumner (17-19) and Las Vergnas (20) studied perfect matchings in
claw-free graphs, and independently showed that every connected claw-free graph with an even number
of vertices has a perfect matching. A characterization of 2-connected claw-free cubic graphs which have
ear decompositions starting with an arbitrary induced even cycle is presented in (15).

In this paper we present a characterization of cycle-nice 2-connected claw-free plane graphs. The paper
is organized as follows. In Section 2, we present some basic results. In Section 3, we prove that the
only cycle-nice simple 3-connected claw-free plane graphs are K4, W5 and Cj. In Section 4, we show
that every cycle-nice 2-connected claw-free plane graph can be obtained from a graph in the family F by
a sequence of three types of operations, where F consists of even cycles, a diamond, K4, and C§ (see
Figure 1).

Ky Ce Ws a diamond
Fig. 1. The four graphs

2 Some basic results

We begin with some notions and notations. A path P is odd or even, if its length is odd or even, respec-
tively. A uv-path is a path with ends v and v. Let GG be a graph. A k-vertex of G is a vertex of degree k.
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The set of neighbours of a vertex v in G is denoted by N¢g(v). An even subdivision of G at an edge e is a
graph obtained from G by replacing e by an odd path P, with length at least three. An odd expansion of
G at a vertex v of (G is a graph obtained from G by the following four operations:

(i) splitting v into two vertices v' and v",

(i) adding an even path P, with length at least two which connects v’ and v”,

(iii) distributing the edges of G incident with v among v’ and v" such that v’ and v" each has at least one
neighbour in V(G — v), and

(iv) adding some edges joining v" and v’ or not.

If the edges which join v’ and v” are added, then the odd expansion of G is called an odd A-expansion;
otherwise, the odd expansion of G is called an odd L-expansion.

A graph G is outerplanar if it has a planar embedding in which all vertices lie on the boundary of its
outer face. An outerplanar graph equipped with such an embedding is called an outerplane graph. Let
K be a 2-vertex cut of a graph GG, and X the vertex set of a component of G — K. The subgraph of
G induced by X U K is called a K-component of G. Modify a K-component by adding a new edge
(possible a multiple edge) joining the two vertices of K. We refer to the modified K-components as
marked K-components.

Let Y be a subset of V(G). We use V(Y') to denote the edge cut of G, whose edges have one end in Y’
and the other in Y. The graph G{Y'} and G{Y} are obtained from G by contracting Y and Y to a single
vertex, respectively.

The following lemmas will be used to obtain the main results of this paper.

Lemma 2.1. ((1)) In a loopless 3-connected plane graph G, for any vertex v, the neighbours of v lie on
a common cycle which is the boundary of the face of G — v where the vertex v is situated.

Lemma 2.2. ((1)) Every simple planar graph has a vertex of degree at most five.
From exercise 11.2.7 in (1), we have the following Lemma 2.3.
Lemma 2.3. Every simple 2-connected outerplanar graph has two nonadjacent vertices of degree two.

Lemma 2.4. ((1)) Let G be a 2-connected graph, and K a 2-vertex cut of G. Then the marked K-
components are also 2-connected.

Lemma 2.5. Let e be an edge of a graph G, and G' an even subdivision of G at e. Then G’ is cycle-nice
if and only if G is cycle-nice.

Proof: Let v and v be the two ends of e. Since G’ is an even subdivision of G at e, G’ has an odd uv-path
P, which is used to replace e and whose internal vertices are 2-vertices of G’.

Suppose first that G’ is a cycle-nice graph. Let C be an even cycle of G. If e € E(C), let C' :=
(C —e)U P.. Then C' is an even cycle of G’ such that G — V(C) = G’ — V(C”). Since G is cycle-nice,
G’ — V(C") has a perfect matching M. Then M is also a perfect matching of G — V(C). If e ¢ E(C),
then C is an even cycle of G’. Let M be a perfect matching of G’ — V(C). If M N E(P.) is a perfect
matching of P, let M’ = (M \ E(P.)) U {e}; otherwise, let M = M \ E(F,). Then M’ is a perfect
matching of G — V(C). Hence, G is cycle-nice.

Conversely, suppose that G is cycle-nice. Let C’ be an even cycle of G'. If E(P,) N E(C”) # 0, then
P, is a segment of C’. Let C be the cycle obtained from C’ by replacing P. by the edge e. Then C' is
an even cycle of G such that G — V(C) = G’ — V(C"). Let M’ be a perfect matching of G — V(C).
Then M’ is also a perfect matching of G' — V(C"). If E(P.) N E(C) = 0, then C” is an even cycle of
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G. Let M’ be a perfect matching of G — V(C”), and let M be a perfect matching of P,. If e € M’, then
(M'\ {e}) U Mj is a perfect matching of G’ — V(C"); if e ¢ M’, then M’ U (M{AE(P.)) is a perfect
matching of G’ — V(C"). Consequently, G’ is cycle-nice. The lemma follows. O

Lemma 2.6. Let G be a 2-connected claw-free graph with a 2-vertex cut {u,v}. Then

(i) G — {u,v} has exactly two components Gy and G».

Furthermore, suppose that G is cycle-nice. Let G be the underlying simple graph of the graph which
is obtained from the {u, v}-component of G containing G; by deleting the possible edges of G connecting
u and v. Then

(i) at least one of Gy and GY is a path (suppose that GY is a path in the following statements);

(1it) if G is an odd path, then the two marked {u, v}-components of G are cycle-nice;

(iv) if G is an even path, then G{V (G1)} and G{V (G2)} are cycle-nice. In particular, wv ¢ E(G)
when neither G| nor G% is a path of length two.

Proof: Suppose that G1, Go, ..., G¢ are the components of G — {u, v}, where t > 2. Since G is claw-
free, for each vertex in {u, v}, its neighbours lie in at most two components of G — {u,v}. If t > 3, then
there exists a component, say (G1, such that only one of u and v, say u, has neighbours in G;. Then u is a
cut vertex of (7, a contradiction. So, t = 2. (i) follows.

Now, suppose that G is cycle-nice. To show (i7), we first prove the following claim.

Claim. If |V (G;)| > 2 and G}, is not a path, then in G/, there are two wv-paths which have different parity,
t=1or2.

For convenience, suppose that ¢ = 1. Since G is 2-connected and |V (G1)| > 2, there are two nonadja-
cent edges uu’ and vv’ with v/, v" € V(G1). Since G is connected, there is a path P’ in Gy connecting
u’ and v'. Let P, = ww/'P'v'v. Then P is a uv-path in G} with length at least three. Suppose that
Py = xowy -+ - wsxs1 is a longest such path in G, where s > 2, 29 = w and xs11 = v. We will find
another uv-path P; in G such that P; and P; have different parity.

When V(G}) # V(P1), since G is connected, there is a vertex x of G; — V(P) such that zz; €
E(G1),j7 € {1,2,...,s}. Since G is claw-free, at least one of zx;_1, zxj41 and z;_;2;41 is an edge
of G}. Since P is a longest uv-path, we have xx;_1, zxj41 ¢ E(G}), and so, z;,_12;+1 € E(G}). Let
P| = zoPizj_12j41Pixsy1. Then P is the desired path.

When V(G}) = V(P1), since G is not a path, there is an edge x;z; in E(G}) \ E(Py) with j,k €
{0,1,2,...,s + 1}, k > j + 1 and {j,k} # {0,s + 1}. Suppose first that for any edge z;z; in
E(GY) \ E(P1), i and ¢’ have different parity. So j and k have different parity and k& > j + 2. If j > 1,
since j — 1, j + 1 and k have the same parity, we have z,;_12j11, j_12k, Tj112, ¢ E(G1). Then the
subgraph induced by x; and its three neighbors x;_1, 2,11 and z;, contains a claw, a contradiction. If
j=0,thenk > 3,k # s+ 1and k is odd. Then x12 ¢ E(G1). In this case, the subgraph induced
by xo and its three neighbours z1, z; and one in V(G2) contains a claw, a contradiction. Thus, we may
suppose that j and k have the same parity. Let P| = xo P2z ;x,Pizs41. Then P is the desired path. The
claim follows.

Now we continue the proof of statement (ii). If G; or G5 is trivial, then (i) holds trivially. Suppose
in the following that |V (G;)| > 2 for ¢ = 1,2, and neither G nor G} is a path. Since |V (G)] is even,
|V (G1)| and |V (G2)| have the same parity. From the above claim, when G; and G are odd components,
we may suppose that P; is an odd wv-path of G}, i = 1,2; when G; and G2 are even components, we
may suppose that P; is an even uv-path of G}, i = 1,2. Let C = P; U P,. Then C is an even cycle of G.
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Since |V (G;) \ V(C)| is odd, G — V(C) has no perfect matching, a contradiction to the assumption that
G is cycle-nice. So, at least one of G and GY is a path. This proves (ii).

(#i7) Since G is 2-connected, by Lemma 2.4, the marked {u,v}-components of GG, say H; and Ho,
are 2-connected. Suppose that V(H;) = V(G;) U {u,v}, i = 1,2. Since G} is an odd path, |V (H;)]
and |V (Hs)| are even. So the underlying simple graph of Hs is an even cycle. Thus H is cycle-nice.
Replace the odd path G of G by an edge, which connects w and v. The resulting graph is H;. Since G is
cycle-nice, Lemma 2.5 implies that H; is cycle-nice. (i2¢) follows.

(7v) Since G4 is an even path, G and G4 are odd components. We first suppose that neither G} nor G
is a path of length two, that is, both G and G5 are nontrivial. We will show that uv ¢ F(G). Recall that
G is an even path. Then GY has at least five vertices. Suppose, to the contrary, that uv € E(G). If G is
a path, then it also has at least five vertices. This implies that GG contains a claw formed by w and its three
neighbours (one in G1, one in G2, and v), a contradiction. Thus, G is not a path. Since G is 2-connected
and |[V(G1)| > 3, in G there are a neighbour u; of u and a neighbour vy of v such that u; # v;. Since
G is claw-free, considering v and its three neighbours u1, v and one in G5, we have u1v € E(G), and
considering v and its three neighbours v1, u1 and one in G%, we have ujv; € E(G). Let C be the cycle
uuivivu. Then G is an odd component of G — V(C), and so, G — V(C) has no perfect matching, a
contradiction to the assumption that G is cycle-nice. Hence, uv ¢ FE(G).

Recall that G{V(G;)} is the graph obtained from G by contracting V(G;) to a vertex z;, i = 1,2.
Since the underlying simple graph of G{V(G2)} is an even cycle, G{V (G2)} is cycle-nice. To show that
G{V(G1)} is cycle-nice, let C; be an even cycle of G{V(G1)}. If z1 € V(C}), let e; and e5 be the two
edges incident with 1 in C;. If e; € V(u) and ez € V(v), let C = (Cy; — x1) U {e1,e2} U G5. Then
C'is an even cycle of G and G{V(G1)} — V(C1) = G — V(C). Since G is cycle-nice, G — V(C) has
a perfect matching M, which is also a perfect matching of G{V (G1)} — V(C1). If e; and es belong to
one of V(u) and V(v), then C4 is an even cycle of G. If z1 ¢ V(C1), then (1 is also an even cycle of
G. Let M be a perfect matching of G — V(C4). Since |V (G2)| is odd, w and v are matched to different
components of G — {u, v} under any perfect matching of G. Thus, M N E(G{V(G1)}) is a perfect
matching of G{V(G;1)} — V(C1). Consequently, G{V(G;)} is cycle-nice. (iv) follows. O

Lemma 2.7. Let G be a 2-connected graph and let G' be an even subdivision or an odd expansion of G.
If G’ is claw-free, then G is claw-free.

Proof: Suppose first that G’ is an even subdivision of GG at an edge e, that is, G’ is obtained from G by
replacing e by an odd path P,. Let v and v be the two ends of e. If GG has a claw, then the only possibility
is that the center of the claw is u or v. Since G’ is claw-free, Ng(u) \ {v} and Ng(v) \ {u} are cliques
of G’, which are also cliques of G. So G has no claw with center u or v. Thus, G is claw-free.

We next suppose that G’ is an odd expansion of G at a vertex u. Let v’ and u” be the two split vertices
of G’. Recall that P,, is the u/u"'-path of G’. Since G’ is claw-free, the neighbours of v’ in V(G — u) form
a clique of G. Otherwise, the subgraph of G’ induced by «’ and its three neighbours, two nonadjacent
neighbours in V(G — w) and one in P,, contains a claw, a contradiction. Similarly, the subgraph induced
by the neighbours of v in V(G — u) also contains a clique of G. This implies that G is claw-free. [

Let G be a 2-connected claw-free cycle-nice graph. If G has a 2-vertex cut K, by Lemma 2.6(%),
G — K has only two components G; and G2. By Lemma 2.6 and Lemma 2.7, either the two marked
K -components of G or both G{V(G1)} and G{V (G2)}, which are 2-connected, are claw-free and cycle-
nice. If the smaller 2-connected claw-free cycle-nice graph still has a 2-vertex cut, we will repeat this
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procedure until we obtain a 3-connected claw-free cycle-nice graph, whose underlying simple graph is
K5 or a 3-connected claw-free cycle-nice graph.

3 3-connected graphs

Theorem 3.1. Let G be a simple 3-connected claw-free plane graph. Then G is cycle-nice if and only if
Gis K4, W5 or Cg.

Proof: It is easy to check that K4, W5 and C§ are cycle-nice. Now, we assume that G is cycle-nice.
Lemma 2.1 implies that for any vertex = of G, the neighbours of x lie on a common cycle, denoted by
C, which is the boundary of the face of G — x in which =z is situated. If C,, is an even cycle, then x is an
isolated vertex of G — V(C'), a contradiction to the assumption that G is cycle-nice. Thus, for any vertex
x of G, Cy is an odd cycle. By Lemma 2.2, 6(G) < 5. Since G is 3-connected, we have 3 < §(G) < 5.
Let u be a vertex of G such that d(u) = 6(G). Let Cy, = uguy - - - usug. Then s is even and s > 2. We
first prove the following claim. All subscripts are taken modulo s + 1 in the following.

Claim 1. V(G) = V(Cy) U {u}.

Suppose, to the contrary, that there is a vertex v € V(G) \ (V(Cy) U {u}). We may further suppose
that vu;, € FE(QG) for some ¢ € {0,1,...,s}. If u;—qv or u;yiv is an edge of G, let C' = C,, —
Ui_1u; + u;_qvu; or C' = Cy — uusy1 + u;vu; 1. Then C’ is an even cycle of G such that u is an
isolated vertex of G — V' (C"), a contradiction. Thus w;_1v, u;+1v ¢ E(G). Since G is claw-free, we have
Ui—1ui+1 € F(G). Furthermore, when s > 2, u;—1u;41 lies in the exterior of C,, and v lies in the interior
of the cycle u;_qujui1ui—1. If uu; ¢ E(QG), since §(G) > 3, we have s > 2. Then G — {w;—1, u;11}
has at least two components, one contains v and the other contains u, a contradiction to the assumption
that G is 3-connected. Thus, uu; € E(G). Consider the vertex w; and its three neighbours u, u;—1 and
v. Since G is claw-free and vu;—1, vu ¢ E(G), we have uu;—1 € E(G). When consider u; and its three
neighbours u, u;41 and v, we have uu,; 11 € E(G). Recall that C,,, is the facial cycle of the face of G — u;
which contains all neighbours of ;. Then we have u, v, u;—1,u;+1 € V(Cy,). Let Py and P; be the two
segments of C,,, such that u;_1 PivPsu;yiuu;—1 = Cy,. Since C,, is an odd cycle, one of P; and P
is an odd path, and the other is an even path. Suppose, without loss of generality, that P, is an odd path.
Let C' = (Cy — wij—1u;) + uj—1 Prvu;. Then C’ is an even cycle of G such that v is an isolated vertex of
G — V(C"), a contradiction. Claim 1 follows. O

By Claim 1, G—u is a 2-connected outerplane graph. We now let u be situated in the outer face of G —u.
By Lemma 2.3, G — u has a vertex x of degree two. Since 6(G) > 3, we have zu € E(G) and dg(z) = 3.
Recall that dg(u) = §(G). We have dg(u) = 3. Let Ng(u) = {u;, uj,w}, 0 < j <1< i <s. Thenu,,
u; and u; effect a partition of C,, into three edge-disjoint paths Py, P> and P3, which connect u; and w5,
u; and u;, u; and u;, respectively.

Since G is claw-free, at least one of w;u;, u;u; and uju; is an edge of G. Suppose, without loss of
generality, that u;u; € E(G). If P3 # wujuy, from the fact that G — u is an outerplane graph, we find that
{uj, uy } is a 2-vertex cut of GG, a contradiction to the assumption that G is 3-connected. Thus, P; = UjU.
So we may suppose, without loss of generality, that N(u) = {uo, u1,u;} for some i € {2,3,...,s}.
Then j = Oand ! = 1, and so, P is a uju;-path, P» is a u;ug-path, and P; and P, have the same parity.
Since G —wu is a simple outerplane graph, there are at least two nonadjacent 2-vertices in G — u by Lemma
2.3. Since 0(G) > 3, each 2-vertex of G — u is a neighbour of w in G. Thus G — u has at most three
2-vertices (ug, u1, or u;) and dg—., (u;) = 2.
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Consider u; and its three neighbours. For distinct indices ¢’ and ¢”, if {¢,4"} C {1,2,3,...,i— 1} or
{¢/,i"}y C{i+1,i4+2,...,s,0} satisfying |¢' — i"| > 2, then uyu;» ¢ E(G). Otherwise, since G — u
is a simple outerplane graph, {u;/, u; } is a 2-vertex cut of G, a contradiction to the 3-connectivity of G.
Recall that §(G) > 3 and dg(u;) = 3. If k € {2,3,...,4— 1}, then § # Ng(ug) \ {ug—1,ur+1} C
V(P)\{w;};ifk e {i+1,i4+2,...,s},then @ # Ng(ug) \ {ug—1,ur+1} € V(P1)\ {u;}. We now
show the following claim, which implies that the number of vertices of C', is at most five.

Claim 2. s < 4.

Suppose, to the contrary, that s > 4. Then s > 6. If i = 2 or7 = s, by symmetry, we need only consider
the case where ¢ = 2. Since G — u has two nonadjacent 2-vertices, we have dg_,,(ug) = dg—.(u2) = 2.
Then, for each j € {3,4,...,s}, u; is adjacent to uq, which is the only vertex in V' (P1) \ {u;}. Since
G — u is an outerplane graph, u; and its three neighbours ug, us and u4 form a claw in G, a contradiction.
Thus, i # 2 and @ # s. This implies that the lengths of P, and P, are at least two.

If one of P, and P, has length two, say Pj, then ¢ = 3 and P} = wjusus. Since P, and P; have the
same parity and s > 6, P has at least five vertices. If uyus € E(G), let C = uusuy . ..usuju. Then C
is an even cycle of G such that ug and uz are two isolated vertices of G — V(C). Thus G — V(C) has
no perfect matching. This contradiction implies that ujus ¢ FE(G). Then u, is adjacent to us, the only
vertex in V(Py) \ {u;,u1}. Consequently, all internal vertices of P, are adjacent to us. Then us and its
three neighbours u;, us and us form a claw, a contradiction. Hence, P; and P» have length at least three.

We now consider u; and its three neighbours u;_1, u;41 and u. Since uu;—1, uu;r1 ¢ F(G), we have
ui—1u;+1 € E(G). We assert that u;_ou;12 € E(G). In fact, if u;—1u;12 € E(G), by considering u;_1
and its three neighbours u;_o, u; and u;42, we have u;_ou; 1o € E(G). Similarly, if u;_su;+1 € E(G),
we have u;_ou;+2 € FE(G). For the case where u;_1u;12 ¢ E(G) and u;—ou;41 ¢ E(G), we have
NG(’U%',Q) \ {’U,l',l, ui,g} g {ul'+27 ey Ug, Uo} and NG(uiJrQ) \ {UiJrl, ui+3} g {Ul, e ,’U,l',g}. Recall
that 6(G) > 3. If u;—ou;42 ¢ E(G), then there is an index j € {1,2,...,7 — 3} such that u;1ou; €
E(G). Recall that G — u is a outerplane graph, whose boundary of outer face is Cy,. Then u;_» is a
2-vertex of GG, a contradiction. The assertion follows.

If P, and P, are even, let C' = u;you;—oU;—1U;uUUgUs - - . U425 If P; and P, are odd, let C' =
Uj2Ui—2Ui—1UUUYUs - - . Uj+2. Then C' is an even cycle of G such that u;, 1 is an isolated vertex of
G — V(C), a contradiction. Claim 2 follows. O

Recall that s > 2. If s = 2, G is K4. If s = 4, we have C,, = ugujususuqug. If i = 2, then
dg—w(uz) > 3, dg—v(ug) > 3, and so, uyug, urug € E(G). Hence, G is W5. By symmetry, if i = 4,
G is also Wy, If i = 3, then dg—q (u2) > 3, dg—v(ug) > 3. If uy is adjacent to uy, let C' = uwujuquzu.
Then G — V(C) has no perfect matching. So uqu; ¢ E(G). By symmetry, we have usug ¢ E(G).
Consequently, usuy € E(G). Hence, G is Cg. The result follows. O

4 2-connected graphs

In this section, we use G;;, to denote the underlying simple graph of G. An edge of G is admissible if
it is contained in a perfect matching of G. A quasi-diamond is an odd A-expansion of a cycle of length
two (see Fig. 2). Obviously, a diamond is a quasi-diamond. Note that a quasi-diamond is also an even
subdivision of a diamond at an edge whose one end vertex is a 2-vertex of the diamond.
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Fig. 2. A quasi-diamond with six vertices

Lemma 4.1. Let G be a 2-connected claw-free graph, and G' an odd A-expansion of G. If G' is claw-free
and cycle-nice, then Gy, is an even cycle or Ko, and G, is a quasi-diamond.
Proof: Suppose that G’ is an odd A-expansion of G at a vertex v, and v’ and v"’ are the two split vertices.
Then v'v"" € E(G’), and P, is the even v'v”-path. Since G’ is cycle-nice, v'v” does not lie in any even
cycle of G'. Suppose, to the contrary, that G;,, is neither an even cycle nor K». Since G is 2-connected
and G, 18 not Ko, in G the vertex v has at least two neighbours. According to the number of neighbours
of v in G, we distinguish the following two cases.
Case 1. |[Ng(v)| = 2. Let vy and v, be the two neighbours of v such that v'vy, v v € E(G'). Let P’ be a
shortest v1vo-path in G, — v, and C” the union of the two paths v1v'v"v9 and P’. Then C” is a cycle of
G’ containing v'v”. Thus, C” is an odd cycle, and P’ is an even path. Recall that G'g;,, is not an even cycle.
Since P’ is a shortest v; vo-path, C’ has no chord. Therefore, there is a vertex u € V (G, — v) \ V/(P')
such that v is adjacent to a vertex u’ of P’. Since C’ has no chord, the two neighbours of «’ in C” are not
adjacent. Since G’ is claw-free, at least one neighbour of u’ in P’ is adjacent to u, say u”. Then the union
of the two paths C’ — u'v”" and w'uu” is an even cycle of G’, which contains v'v”, a contradiction.
Case 2. |Ng(v)| > 3. Since G is claw-free, at least two neighbours, say v; and ve, of v are adjacent
in G. If vy € Ng/(v') and vo € Ng/(v"), then v'vyv9v”0v’ is an even cycle of G’ containing v'v"”, a
contradiction. Thus, we may suppose that {vi,v2} C Ng/(v'). Let vg ¢ {v1,v2} be a neighbour of v
adjacent to v in G’. Since Gy, is 2-connected, there exists a path Q in Gy;, — v from vs to {vy,v2}.
Suppose that @ is a shortest such path and v; € V(Q). Then vy ¢ V(Q). Thus, one of v'v;Qusv”v’ and
v'vau1 Quzv”v’ is an even cycle of G’ containing v'v”, a contradiction.

From the above discussion, G, is either an even cycle or K». Recall that G’ is claw-free. If G g, is
an even cycle, then P, is an even path with 3 vertices. Thus, G, is a quasi-diamond. If Gy, is K2,

then P, is an even path with at least 3 vertices. Thus, G7,,, is a quasi-diamond. (]

Lemma 4.2. Let G be a 2-connected cycle-nice graph, and let G’ be an odd L-expansion of G. Then G’
is cycle-nice.

Proof: Suppose that G’ is an odd L-expansion of G at a vertex v, and v" and v"" are the two split vertices.
Then v'v” ¢ E(G'). Let C’ be an even cycle of G'. If |[V(C') N {v',v"} = 0 or |[V(C') N {v/, 0"} =
1, then C” is an even cycle of G. Since G is cycle-nice, G — V(C’) has a perfect matching M. If
[V(C") N {v',v"}| = 0, then M has an edge e which is incident with v. Suppose that in G’ the edge e
is incident with v’. If |V (C") N {v',v"}| = 1, then suppose that v € V(C"). Recall that P, is an even
v'v”-path of G’. So P, — v’ has a perfect matching M’. In both cases M U M’ is a perfect matching of
G -v(C.
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If [V(C")N{v',v"}| = 2, then P, is a segment of C’. Let C be a cycle obtained from C’ by contracting
P, to a vertex v. Then C is an even cycle of G, and so, G — V(C) has a perfect matching M. Since
G-V(C)=G —-V(C"), M is also a perfect matching of G’ — V(C").

From the above discussion, we conclude that G’ is cycle-nice. O

Lemma 4.3. If G’ is an even subdivision or an odd expansion of W possibly with multiple edges, then
G’ has a claw.

Proof: Let G be a graph such that G;,,, = Ws. Suppose that the cycle of Gy, of length five is
C = ujususuqusu . Let u be the vertex of G notin V(C). Then uu; € E(G),1 <i <5.

Suppose that G’ is an even subdivision of G at an edge e, that is, G’ is obtained from G by replacing e
by an odd path P, which has at least four vertices. Note that e has at least one end in C. Suppose that u;
is one end of e. If the other end of e is u, then e = uuy. Since usus ¢ E(G’), the subgraph of G’ induced
by w and its three neighbours us, ug, and one in P, contains a claw. If the other end of e is ug, then
e = ujug. If e is a single edge, then the subgraph of G’ induced by u and its three neighbours u;, ug and
u4 contains a claw. If e is a multiple edge of G, then w; and us are adjacent in G'. Since uiug ¢ E(G’),
the subgraph of G’ induced by w2 and its three neighbours 11, u3, and one in P, contains a claw. Thus, if
G’ is obtained from G by an even subdivision of G, then G’ has a claw.

We next suppose that G’ is an odd expansion of G at a vertex v, and v" and v” are the two split vertices.
Then P, is the even v'v”-path, and v’ and v are adjacent to at least one vertex in N (v), respectively.
Note that v’v" is a possible edge of G’. When v = w, since u has five neighbours in C, one of v’ and v”,
say v’, has at least three neighbours in C. Then v’ has two nonadjacent neighbours in C, say u; and us.
It follows that the subgraph of G’ induced by v’ and its three neighbours u1, u3, and one in P, contains
a claw. When v # u, we may suppose that v = us. Since Ng(u2) = {u,u1,us}, one of v’ and v” has
two neighbours in N¢ (uz). Suppose, without loss of generality, that {u,u1} C N(v') and ug € N(v").
If ug is not adjacent to v’ in G’, then the subgraph of G’ induced by {u, v’, us, us} contains a claw. If ug
is adjacent to v in G, then the subgraph of G’ induced by v" and its three neighbours u1, us3, and one in
P, contains a claw. The lemma follows. O

Combining Lemma 2.7 and Lemma 4.3, we see that a 2-connected claw-free graph cannot be obtained
from W5 by a sequence of edge subdivisions and vertex expansions.

Theorem 4.1. Suppose that G is a 2-connected claw-free plane graph possibly with multiple edges, and
Gsim is not Ws. Then G is cycle-nice if and only if there exists a sequence (G1,Gs,...,G,) of graphs
such that (i) G1 is an even cycle, a diamond, K4, or Cg, and G, = G, (ii) G; is an even subdivision or
an odd L-expansion of G;_1, or G; is obtained from G;_1 by replacing some admissible edges of G;_1
by some multiple edges.

Proof: To prove the sufficiency, we show, by induction, that each G; (1 < ¢ < r) is a 2-connected
cycle-nice graph. Since an even cycle, a diamond, K, and C are 2-connected and cycle-nice, G is a
2-connected cycle-nice graph.

Inductively, suppose that 2 < ¢ < r and G;_1 is a 2-connected cycle-nice graph. We consider the
following possibilities.

e (5; is an even subdivision or an odd L-expansion of GG;_;. By Lemma 2.5 and Lemma 4.2, G; is
cycle-nice. Since an even subdivision and an L-expansion of a 2-connected graph are also 2-connected,
G; is 2-connected.
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e (5; is obtained from G;_; by replacing an admissible edge e of G;_; by a set of multiple edges F.
Then G; is 2-connected. Let C' be an even cycle of G;. If C' contains no edge of F., then C' is an even
cycle of G;_1. Since G;_1 is cycle-nice, G;—1 — V(C') has a perfect matching, which is also a perfect
matching of G; — V(C). So C is a nice-cycle of G;. Then we consider the situation that C' contains an
edge €’ of E.. If the length of C' is two, then V(C') = V(e). Since e is an admissible edge of G;_1,
G; — V(C) = G;—1 — V(e) has a perfect matching, and so, C is a nice cycle of G;. If the length of C
is at least four, let C” be the cycle obtained from C' by replacing the edge ¢’ by the edge e. Then C’ is an
even cycle of G;_; with V(C) = V(C”), and so, G; — V(C) = G;_1 — V(C’) has a perfect matching.
This implies that C'is a nice cycle of ;. Consequently, G; is a 2-connected cycle-nice graph, as desired.

Now, we give a proof of necessity by induction on the number of vertices of G. From the assumption,
we see that the underlying simple graph G, of G is a 2-connected claw-free cycle-nice plane graph. If
G is 3-connected, then G, is 3-connected. By Theorem 3.1 and the assumption, G;y, is K4 or Ce. If
G is simple, then G; = G. If G is not simple, since G is cycle-nice, each cycle of G of length two is
a nice cycle. Then each member of multiple edges of G is admissible. So G is obtained from G;,, by
replacing some admissible edges of G;,;, by some multiple edges. By setting G; = Gy, and G = G,
we are done.

Suppose in the following that G is not 3-connected. Then G has a 2-vertex cut {u,v}. By Lemma
2.6(i), G — {u, v} has exactly two components G} and G3. Let G%, i = 1, 2, be the graph obtained from
the {u, v}-component of G which contains G by deleting all possible edges of G which connect v and
v. Note that (G}) g is the underlying simple graph of G;. By Lemma 2.6(i%), at least one of (G})sim
and (GY%)sim is a path, say (G%)sim. Let G’ be the graph obtained from G by replacing G4 by (G%)sim.-
Since G is cycle-nice, each cycle of G of length two is a nice cycle. So each member of multiple edges of

5 remained in G’ is admissible. Since G is claw-free, G’ is claw-free.

If (G%)sim is an odd path, let H; be the marked {u,v}-component of G which contains G§. Then
(H1)sim 1s not Ko. Lemma 2.6(i4¢) implies that H; is cycle-nice. Note that G’ is an even subdivision of
H,. By Lemma 2.7, H; is claw-free, and by Lemma 4.3, (H1)siy, is not Wy. Furthermore, by Lemma
2.4, Hy is 2-connected. By induction hypothesis, there exists a sequence (G, Ga, . . ., G ) of graphs such
that (i) G is an even cycle, a diamond, Ky, or Cs, and G}, = Hj, (ii) G; is an even subdivision or an odd
L-expansion of G;_1, or G; is obtained from G;_; by replacing some admissible edges of G;_1 by some
multiple edges, i = 2,3, ..., k. If G is simple, we set Gx+1 = G and r = k + 1. If G} is not simple, we
set Gp41 = G, G142 = G and r = k + 2. Then the desired sequence of graphs is obtained.

If (G%) sim is an even path, write H; = G{V (G%)}. Then Lemma 2.6(iv) implies that H is cycle-nice.
Note that G’ is an odd expansion of H;. By Lemma 2.7, H; is claw-free, and by Lemma 4.3, (H1 ) sim, is
not Ws. Note that H; is 2-connected.

If uv € E(G), then G’ is an odd A-expansion of H;. Recall that G is cycle-nice and claw-free. Then G’
is cycle-nice and claw-free. By Lemma 4.1, the underlying simple graph G, of G’ is a quasi-diamond.
Note that a quasi-diamond can be obtained from a diamond by an even subdivision at an edge whose
one end vertex is a 2-vertex of the diamond. When G is simple, if G;,, is a diamond, we set G1 = G;
otherwise, we set G be a diamond, and G5 = G. When G is not simple, if G, is a diamond, we set G4
be a diamond, G2 = G; Otherwise, we set G be a diamond, G2 = G,;,,,, and G5 = G. Then the desired
sequence of graphs is obtained.

If there is no edge connecting v and v in G, then G’ is an odd L-expansion of H;. Suppose first that
(H1)sim is Ko, then Gy, is an even cycle. If G is simple, we set G; = G Otherwise, we set G1 = Ggim,
and G5 = G. Suppose next that (H1 )iy, is not Ks. Recall that H; is 2-connected, claw-free and cycle-
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nice, and (H1) sim is not Ws. By induction hypothesis, there exists a sequence (G1, G, . . ., G,) of graphs
such that (i) G is an even cycle, a diamond, K4, or Cg, and G}, = Hy, (ii) G; is an even subdivision or
an odd L-expansion of G;_1, or G; is obtained from G;_1 by replacing some admissible edges of G;_1
by some multiple edges, ¢ = 2,3,...,k. Let Gx+1 = G’. Recall that (G})sim is an even path. If G5 is
simple, then G141 = G’ = G. If G} is not simple, we set G2 = G. Again, the desired sequence of
graphs is obtained. This completes the proof. O
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