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Y. Manoussakis (J. Graph Theory 16, 1992, 51-59) proposed the following conjecture.

Conjecture. Let D be a 2-strongly connected digraph of order n such that for all distinct pairs of non-adjacent
vertices x, y and w, z, we have d(z) + d(y) + d(w) + d(z) > 4n — 3. Then D is Hamiltonian.

In this paper, we confirm this conjecture. Moreover, we prove that if a digraph D satisfies the conditions of this
conjecture and has a pair of non-adjacent vertices {z, y} such that d(z) 4+ d(y) < 2n — 4, then D contains cycles of
all lengths 3,4, ..., n.
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1 Introduction

In this paper, we consider finite digraphs (directed graphs) without loops and multiple arcs. Every cycle
and path are assumed simple and directed; its length is the number of its arcs. A digraph D is Hamiltonian
if it contains a cycle passing through all the vertices of D. There are many conditions that guarantee that a
digraph is Hamiltonian (see, e.g., Bang-Jensen and Gutin| (Springer-Verlag, London, 2000), Bermond and
Thomassen ([1981]), Kiihn and Osthug (2012), Manoussakig ({1992), Meynie] (1973))). Manoussakig (1992)
the following theorem was proved.

Theorem 1.1 (Manoussakig (1992)). Let D be a strong digraph of order n. > 4. Suppose that D satisfies
the following condition for every triple x,y,z € V(D) such that x and y are non-adjacent: If there is
no arc from x to z, then d(x) + d(y) + d*(z) + d~(z) > 3n — 2. If there is no arc from z to x, then
d(z) +d(y) + d~(z) +d*(z) > 3n — 2. Then D is Hamiltonian.

Definition 1.2. Let D be a digraph of order n. We say that D satisfies condition (M) when d(x) + d(y) +
d(w) + d(z) > 4n — 3 for all distinct pairs of non-adjacent vertices x,y and w, z.
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Manoussakis () proposed the following conjecture. This conjecture is an extension of Theorem
1.1.
Conjecture 1.3 (Manoussakid (1992))). Let D be a 2-strong digraph of order n such that for all distinct
pairs of non-adjacent vertices x, y and w, z we have d(z) + d(y) + d(w) + d(z) > 4n — 3. Then D is
Hamiltonian.

Manoussakis () gave an example, which showed that if this conjecture is true, then the minimum
degree condition is sharp. Notice that another examples can be found in a paper by (),
where for any two integers k > 2 and m > 1, the author constructed a family of k-strong digraphs of
order 4k + m with minimum degree 4k + m — 1, which are not Hamiltonian. This result improves a
conjecture of Thomassen (see [Bermond and Thomassen ([1981)) Conjecture 1.4.1: Every 2-strong (n — 1)-
regular digraph of order n, except D5 and D7, is Hamiltonian). Moreover, when m = 1, then from these
digraphs we can obtain k-strong non-Hamiltonian digraphs of order n = 4k + 1 with minimum degree
equal to n — 1 and the minimal semi-degrees equal to (n — 3)/2. Thus, if in Conjecture 1.3 we replace
4n — 3 with 4n — 4, then for every n there are many digraphs of order n with high connectivity and high
semi-degrees, for which Conjecture 1.3 is not true.

The cycle factor in a digraph D is a collection of pairwise vertex disjoint cycles Cy,Cs, ..., C; such
that Ui:l V(C;) = V(D). Itis clear that the existence of a cycle factor in a digraph D is a necessary
condition for a digraph to be Hamiltonian. The following theorem gives a necessary and sufficient condi-
tion for the existence of a cycle factor in a digraph.

Theorem 1.4 (@ (1999)). Let D be a digraph. Then D has a cycle factor if and only if V (D) cannot be
partitioned into subsets Y, Z, Ry, Rg such that A(Y — R1) = A(Ry - RiUY) =0, |Y| > |Z]|andY

is an independent set.

Using theorem Theorem 1.4, it is not difficult to construct 2-strong digraphs satisfying the condition
that d(z) + d(y) + d(w) 4+ d(z) > 4n — 4 for every distinct pairs {x, y}, {w, z} of non-adjacent vertices,
but these digraphs do not even contain a cycle factor.

Thomassen suggested (see [Bermond and Thomasser] (1981])) the following two conjectures:

1. Conjecture 1.6.7. Every 3-strong digraph of order n and with minimum degree at least n+ 1 is strongly
Hamiltonian-connected.

2. Conjecture 1.6.8. Let D be a 4-strong digraph of order n such that the sum of the degrees of any pair
of non-adjacent vertices is at least 2n + 1. Then D is strongly Hamiltonian-connected.

Investigating these conjectures, ([L990) disproved the first conjecture (proving that for every
integer n > 9 there exists a 3-strong non-strongly Hamiltonian-connected digraph of order n with the

minimum degree at least n 4 1) and for the second proved the following two theorems.

Theorem 1.5. Any k-strong (k > 1) digraph D of order n > 8 satisfying the condition that the sum of
degrees of any pair of non-adjacent vertices x,y € V(D) \ {2z} at least 2n — 1, where z is some vertex in
V (D), is Hamiltonian if and only if any (k + 1)-strong digraph of order n+ 1 satisfying the condition that
the sum of degrees of any pair of non-adjacent vertices at least 2n + 3 is strongly Hamiltonian-connected.
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Theorem 1.6. Let D be a strong digraph of order n > 3. Suppose that d(x) + d(y) > 2n — 1 for every
pair of non-adjacent vertices x,y € V(D) \ {z}, where z is some vertex of V(D). Then D contains a
cycle of length at least n — 1.

It is easy to see that if a digraph D satisfies the condition (M), then it contains at most one pair of
non-adjacent vertices x, y such that d(z) + d(y) < 2n — 2. From this and Theorem 1.6, the following
corollary immediately follows.

Corollary 1.7. Let D be a strong digraph of order n satisfying condition (M ). Then D contains a cycle
of length at least n — 1 (in particular, D contains a Hamiltonian path).

Corollary 1.7 was also later proved by Ning| (2013).
It is worth to note that Darbinyard (017), Darbinyan] (2015) and Darbinyan and Karapetyan] (2013)

studied some properties in digraphs with the conditions of Theorem 1.1. They obtained the following
results (in first two results D is a digraph of order n satisfying the degree condition of Theorem 1.1).

(i) (Darbinyan and Karapetyar (R015)). If D is strong, then it contains a cycle of lengthn — 1 or D is
isomorphic to the complete bipartite digraph K /2.m)2"

(ii) (Darbinyan| (2015)). If D is strong, then it contains a Hamiltonian path in which the initial vertex
dominates the terminal vertex or D is isomorphic to one tournament of order 5.

(ii1) ( ()). Let D be a digraph of order n and let Y be a non-empty subset of V(D).

Suppose that for every triple of the vertices x,y,z € Y such that x and y are non-adjacent: If there
is no arc from z to z, then d(z) + d(y) + d*(z) + d~(2) > 3n — 2. If there is no arc from z to z,
then d(z) + d(y) + d~(x) + d* (2) > 3n — 2. If there is a path from u to v and a path from v to w in D
for every pair of distinct vertices u,v € Y, then D has a cycle which contains at least |Y |— 1 vertices of Y .

The last result is best possible in some situations and gives an answer to a question posted by

(007
Theorem 1.8 ( ()). Let D be a strong digraph of order n > 2. If d(x) + d(y) > 2n — 1 for

all pairs of non-adjacent vertices x,y in D, then D is Hamiltonian.

For a short proof of Theorem 1.8, see Bondy and Thomassen| (]1977). [Darbinyan| (1989) characterized
those digraphs which satisfy Meyniel’s condition, but are not pancyclic. Before stating the main result

obtained by ([1983), we need to define a family of digraphs.

Definition 1.9. For integers n and m, (n+1)/2 < m < n—1, let ] denote the set of digraphs D, which
satisfy the following conditions: (i) V(D) = {x1, 22, ..., Tn}; (ii) TnZpn_1 ... L2T1Zy is a Hamiltonian
cycle in D; (iii) for each k, 1 < k < n —m + 1, the vertices xj, and Tj,,—1 are not adjacent; (iv)
zjz; ¢ A(D) whenever2 <i+1 < j < nand (v) the sum of degrees for any two distinct non-adjacent
vertices is at least 2n — 1.
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Theorem 1.10 (Darbinyar| (1979), Darbinyan (1983)). Let D be a strong digraph of order n > 3. Sup-
pose that d(x) + d(y) > 2n — 1 for all pairs of distinct non-adjacent vertices x, y in D. Then either (a)

D is pancyclic or (b) n is even and D is isomorphic to one of K:Z/z /2 K;/z n/2 \ {e}, where e is an

arbitrary arc ofK:;/2 nj2 OF (c) D € @ (in this case D does not contain a cycle of length m).

Later on, Theorem 1.10 was also proved by [Benhocind ([198€)). Darbinyan (2019) investigated the pan-
cyclicity of digraphs with the condition (M). Using Theorem 1.10 and the Moser theorem for a strong
tournament to be pancyclic (see Harary and Mose1] (196€)), we proved the following theorem.

Theorem 1.11 ( ()). Let D be a 2-strong digraph of order n > 6 satisfying condition (M).
Suppose that there exists a pair of non-adjacent vertices x, y in D such that d(x) + d(y) < 2n — 4. Then

D contains cycles of all lengths 3,4, ...,n — 1.
In this paper we confirm Conjecture 1.3.

Theorem 1.12. Let D be a 2-strong digraph of order n > 3 satisfying condition (M). Then D is
Hamiltonian.

Theorem 1.12 also has the following immediate corollaries.

Corollary 1.13 ( (1972)). A digraph of order n is Hamiltonian if, for any two vertices x and v,
either x — y or d™(x) + d~(y) > n.

Corollary 1.14 (Nash-Williamg (1969)). Let D be a digraph of order n > 2. If for every vertex x,
dt(z) > n/2and d~(z) > n/2, then D is Hamiltonian.

Note that Corollary 1.14 immediately follows from well-known theorem of Ghouila-Houri Ghouila-

Houri ([196().

Corollary 1.15 ( ()). Let G be a simple graph of order n > 3, in which the degree sum of any

two non-adjacent vertices is at least n. Then G is Hamiltonian.

As an immediate corollary of Theorems 1.12 and 1.11, we obtain the following theorem.

Theorem 1.16. Let D be a 2-strong digraph of order n. > 6 satisfying condition (M ). Suppose that D
contains a pair of non-adjacent vertices x, y such that d(x) + d(y) < 2n — 4. Then D is pancyclic.

In view of Theorem 1.16, it is natural to set the following problem.

Problem 1.17. Let D be a 2-strong connected digraph of order n satisfying condition (M ). Suppose that
{z,y} is a pair of non-adjacent vertices in D such that 2n — 3 < d(x) + d(y) < 2n — 2. Whether D is
pancyclic?
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2 Terminology and notation

In this paper we consider finite digraphs without loops and multiple arcs. We shall assume that the
reader is familiar with the standard terminology on digraphs and refer to the book Bang-Jensen and Gutin|
(Springer-Verlag, London, 2000)) for terminology and notations not defined here. The vertex set and the
arc set of a digraph D are denoted by V(D) and A(D), respectively. The order of D is the number of its
vertices. For any z,y € V(D), we also write z — v if 7y € A(D). We use the notations @ [z,y] = 1
if zy € A(D) and @[z,y] = 0if zy ¢ A(D). If zy € A(D), y is an out-neighbour of z and z is
an in-neighbour of y. If t — y and y — 2z, we write x — y — z. Two distinct vertices x and y are
adjacent if xy € A(D) or yx € A(D) (or both). If there is no arc from z to y, we shall use the notation
zy ¢ A(D).

We let N*(x), N~ (x) denote the set of out-neighbours, respectively the set of in-neighbours of a
vertex z in a digraph D. If A C V(D), then N* (2, A) = ANN*(z) and N~ (x, A) = ANN~(z). The
out-degree of x is d™ () = |[NT(z)| and d~ (z) = [N~ (z)| is the in-degree of z. Similarly, d* (z, A) =
INt(z,A)| and d~ (z, A) = [N~ (x, A)|. The degree of the vertex x in D is defined as d(z) = d*(z) +
d~(x) (similarly, d(z, A) = d* (z, A) +d~ (x, A)). The subdigraph of D induced by a subset A of V(D)
is denoted by D(A). If z is a vertex of a digraph D, then the subdigraph D(V (D) \ {z}) is denoted by
D —z.

For integers a and b, a < b, let [a, b] denote the set of all integers, which are not less than a and are not
greater than b.

The path (respectively, the cycle) consisting of the distinct vertices z1, 3, ..., T, (M > 2) and the
arcs x;wit1, ¢ € [1,m — 1] (respectively, x;2;+1, ¢ € [1,m — 1], and z,,x1), is denoted by z122 - - - Ty,
(respectively, x122 - - - Ty x1). We say that 212 - - - 2, is a path from z; to @, oris an (z1, x,, )-path.
Let = and y be two distinct vertices of a digraph D. Cycle that passing through x and y in D, we denote
by C(z,y).

A cycle (respectively, a path) that contains all the vertices of D, is a Hamiltonian cycle (respectively,
is a Hamiltonian path). A digraph is Hamiltonian if it contains a Hamiltonian cycle. A digraph D
is strongly Hamiltonian-connected if, for every ordered pair {x,y} of distinct vertices of D there is a
Hamiltonian path from z to y. A digraph D of order n > 3 is pancyclic if it contains cycles of all lengths
m,3 < m < n. Foracycle C = zix9---xpx; of length k, the subscripts considered modulo k, i.e.,
x; = x, for every s and ¢ such that i = s (mod k). If P is a path containing a subpath from z to y, we
let P[z, y] denote that subpath. Similarly, if C' is a cycle containing vertices z and y, C|z, y| denotes the
subpath of C' from x to y. If j < i, then {x;,...,2;} = 0.

A digraph D is strongly connected (or just strong), if there exists a path from z to y and a path from
y to x for every pair of distinct vertices x,y. A digraph D is k-strongly connected (or k-strong), where
k> 1,if [V(D)| > k+ 1 and D(V (D) \ A) is strongly connected for any subset A C V(D) of at most
k — 1 vertices.

For a pair of disjoint subsets A and B of V (D), we define A(A — B) = {zy € A(D) |z € A,y € B}
and A(A,B) = A(A — B)UA(B — A).

3 Auxiliary known results

Lemma 3.1 (Higgkvist and Thomassen| (1976))). Let D be a digraph of order n > 3 containing a cycle
C of length m, m € [2,n — 1]. Let x be a vertex not contained in this cycle. If d(x,V (C)) > m+1, then
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D contains a cycle of length k for all k € [2,m + 1] .
It is not difficult to prove the following lemma.

Lemma 3.2. Let D be a digraph of order n. Assume that vy ¢ A(D) and the vertices x, y in D satisfy
the degree condition d™(z) + d~(y) > n — 2+ k, where k > 1. Then D contains at least k internally
disjoint (x, y)-paths of length two.

The following results were proved by [Darbinyan and its preliminary version presented at Emil
Artin International Conference (Darbinyan| (2018))).

Theorem 3.3. Let D be a 2-strong digraph of order n > 3 satisfying condition (M). Suppose that {x,y}
is a pair of non-adjacent vertices in V(D) such that d(z) + d(y) < 2n — 2. Then D is Hamiltonian if
and only if D contains a cycle through the vertices x and y.

Theorem 3.4. Let D be a 2-strong digraph of order n > 3. Suppose that D contains at most one pair of
non-adjacent vertices. Then D is Hamiltonian.

Remark. There is a strong non-Hamiltonian digraph of order n. > 5, which is not 2-strong and has
exactly one pair of non-adjacent vertices.

Using Lemma 3.2, it is not difficult to prove the following lemma.

Lemma 3.5. Let D be a 2-strong digraph of order n > 3 and let u, v be two distinct vertices in V(D).
If D contains no cycle through u and v, then u, v are not adjacent and there is no path of length two
between them. In particular, d(u) + d(v) < 2n — 4.

Theorem 3.6. Let D be a 2-strong digraph of order n > 3 satisfying condition (M). Suppose that {u, v}
is a pair of non-adjacent vertices in V(D) such that d(u) + d(v) < 2n — 2. Then D is Hamiltonian or D
contains a cycle of length n — 1 passing through u and avoiding v (passing through v and avoiding u,).

As an immediate corollary of Theorems 3.6, 3.3 and Lemma 3.1, we obtain

Corollary 3.7. Let D be a 2-strong non-Hamiltonian digraph of order n > 3 satisfying condition (M).
Suppose that {u,v} is a pair of non-adjacent vertices in V(D) such that d(u) + d(v) < 2n — 2. Then
d(u) <n—1,d(v) <n—1and D contains at most one cycle of length two passing through u (v) .

4 Preliminaries

Lemma 4.1. Let D be a 2-strong digraph of order n. > 3 satisfying condition (M ). Suppose that {y, z}
is a pair of non-adjacent vertices in V(D) such that d(y) + d(z) < 2n—2and C = z1x2 .. . Tp_pr1 isa
cycle in D passing through y and avoiding z, where 2 < n—k < n—2. If the subdigraph D{V (D)\V (C))
contains a cycle passing through z and d(y,V (D) \ V(C)) = 0, then D is Hamiltonian.
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Proof: Suppose, on the contrary, that D(V (D) \ V(C)) contains a cycle passing through z, but D is
not Hamiltonian. Since D contains at most one cycle of length two passing through y (Corollary 3.7),
from d(y, V(D) \ V(C)) = 0 it follows that d(y) < n — k. Let y1y2...ysy1 be a cycle through z in
D(V(D)\ V(C)), where s € [2, k.

By Theorem 3.3 we have that D contains no cycle through y and z. Therefore, for each pair of integers
i and j, where i € [I,n — k] and j € [1,s], @[z, y;] + @[yj—1,7it1] < 1 (here, yo = y, and
Zn—k+1 = x1). This implies that for every j € [1, s] we have

n—k

d~(y;,V(C)) +d* (y;-1,V(C)) = 2(7[%‘, Y] + @lyj—1,2i41])) < n — k.
i1

Hence,

S

d(y1, V(O)) + -+ +d(ys, V(C) = Y (d (4, V(O) + d* (-1, V(O)) < s(n — k). (1)

j=1

Since there is at most one cycle of length two through z (y) (Corollary 3.7), it follows that for A :=

V(D) \ V(C) and for every y; € {y1,...,¥s} \ {2, 41} (we may assume that y; # z) the following
holds:

d(z,A) <k, d(y,A) <2k—2 and d(y;,A) <2(k—2)+1=2k—3.
Therefore,
diy1, A)+ - +d(ys, A) < (s —2)2k—-3)+ k+2k—2=2ks—3s— k+ 4.
Combining this with (1), we obtain
dyr1) + -+ d(ys) <ns+ks—3s—k+4.
The last inequality together with d(y) < n — k implies that
d(y1) + -+ d(ys) + sd(y) < 2ns —3s — k + 4. (2)

Notice that {y,y1}, ..., {y, ys} are s distinct pairs of non-adjacent vertices. We will consider the cases
when s is even and s is odd separately.
Assume first that s is even. Using condition (M) and (2), we obtain

s(d4n—3)/2 < d(y1) + -+ d(ys) + sd(y) < 2ns —3s — k + 4.

Therefore, 2ns — 1.5s < 2ns — 3s — k + 4, i.e., 1.5s + k < 4. The last inequality is impossible, since
k>s>2.

Assume next that s is odd. Then s > 3. Since d(y) < n — k, and d(z) < n — 1 by Corollary 3.7
(we may assume that z # y,), from condition (M) it follows that d(y) + d(ys) > 2n + k — 2. Now, by
condition (M) and (2) we have,

(s = 1)(n—3)/2+2n + k=2 < d(ys) +- - + d(ys—1) + d(ys) + 5d(y)
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< 2ns—3s—k + 4.

Hence,
n(s—1)—15(s—1)+2n+k—2<2ns—3s—k+4.

This means that 1.5s + 2k < 4.5, which is a contradiction. This contradiction completes the proof of
Lemma4.1. O

Lemma 4.2. Let D be a 2-strong digraph of order n > 3 satisfying condition (M ). Suppose that {y, z}
is a pair of non-adjacent vertices in V(D) such that d(y) + d(z) < 2n—2and C = x93 ... Tp_2221 IS
a cycle of length n — 1 passing through z and avoiding y in D. Then either D is Hamiltonian or for every
k € [2,n — 3], the following holds:

A({Il, e ,kal} — {Ik+1, e ,In,Q}) }é @
Proof: Suppose that D is not Hamiltonian. Since D is 2-strong, n > 5. Then by Theorem 3.3,

there is no cycle through y and z. Therefore, we have that if z; — y with ¢ € [1,n — 3], then
d*(y,{zi+1,...,xn—2}) = 0 (for otherwise, =1 ...2;yx; ... Tn_2zx1, Where j € [i + 1,n — 2], is
a cycle through y and 2, a contradiction). Let z, =y — x,, 1 < p <7 < n — 2, and p, r be chosen so
that p is minimal and r is maximal with these properties. Then

d(ya {Ilv v 7'rp*1}) = d(ya {ITJrlv ey IH*Q}) =0. (3)
If p = 1and r = n—2, then by a similar argument as above, we conclude that if x; — z withi € [1,n—3],
then d* (2, {2j41,...,2n—2}) = 0. Assume that p > 2 or < n — 3. Observe that Q := yz,, ... z,y is

a cycle through y which does not contain z, and d(y, V(D) \ V(Q)) = 0 because of (3). Therefore by
Lemma 4.1, the subdigraph D(V (D) \ V(Q)) contains no cycle through z since D is not Hamiltonian.
This implies that

d=(z,{z1,. s xp-1}) = dT (2, {@r41, .. ., Tn2}) =0
since r,—2 — 2z — 1. From the last equalities it follows that if there are ¢, 7 such that x; — z and
z — x; with¢ < j,theni > p, j < rand yz,...x;27;... 2.y is a cycle passing through y and z, a
contradiction. Thus, we may assume that for every pair of integersz and j, 1 <i < j <n — 2,

if z; >y, then yx; ¢ A(D) andif z; — 2, then zx; ¢ A(D). (4)

Now suppose that the theorem is not true. Then D is not Hamiltonian and there is an integer k € [2,n — 3]
such that

A({xl,...,xk_l} — {:vk+1,...,:vn_2}) = @ (5)
It is easy to see that there are vertices z,,, and x; such that y — x,,,, 2 — x; and
dJr(y’ {Ierlv s ,.Ian}) = dJr(Zv {'rlJrla B aIn*Q}) = 0. (6)
Then by (4),
d (y,{x1,.. ., xm-1}) =d" (z,{z1,...,21-1}) = 0. (7)

Assume first that m < [. Since D is 2-strong, (4) and (7) imply that 2 < m <[ < n — 3. Now from (5),
(6) and (7) it follows that:



A new sufficient condition for a digraph to be Hamiltonian—A proof of Manoussakis conjecture 9

(1) if K <mork > I, then (respectively)

A({.Tl, T2y e 7xk—1} — {y7 Z, xk-’-lu $k+2, L) 7xn—2}) = (Z)
or
A({ya 2y, X1, L2 - - 7Ik*1} - {Ik+15 Tr+25--- 7':677«*2}) = @,
(i) if m < k < I, then A({y, x1,x2,...,2x-1} = {2, Tkt1, Tkt2, - .-, Tn—2}) = 0. Thus, in each case

we have that D — x, is not strong, which contradicts the condition that D is 2-strongly connected.
Assume next that m > [. This case is similar to the first case and we omit the details. Lemma 4.2 is
proved. O

The following lemma is proved by (). We present its proof for completeness.

Lemma 4.3. Let D be a 2-strong digraph of order n. > 3 satisfying condition (M ). Suppose that {y, z}
is a pair of non-adjacent vertices in V(D) such that d(y) + d(z) < 2n—2and C = x93 ... Tp_2221 is
a cycle of length n — 1 passing through z and avoiding y in D. If x, — xy, and there are integers |, s, f,t
suchthatl <l <a<s< f<b<t<n-—2and{zs x:} —y— {x1,xs}, then D is Hamiltonian.

Proof: Suppose, on the contrary, that D is not Hamiltonian. By Theorem 3.3, D contains no cycle
through y and z. Therefore, there are no integers ¢ and j, 1 <14 < j < n — 2, such that z; — y — z; (for
otherwise, 1 ... x;yx; ... Tn—2221 is a cycle through y and 2). Since the arcs yx;, yxs, x5y, £,y are in
Dandl <a<s< f<b<t,itis easy to check that:

() if z — x; withi € [a+ 1, f], then C(y, 2) = yxi ... TaZp - . - Tn_22Ti . .. TfY;

(i) ifx; — zwithj € [s,b—1],then C(y,2) = &1...Za%b - .. L1YTs . .. j2x1. Thus, in both cases
we have a contradiction. Therefore,

dt(z,{zat1, - x2f}) =d (2, {ws, ..., 2p-1}) =0,

in particular, d(z, {zs,...,zs}) = 0 and the vertices z and =, (z and zy) are not adjacent. The last
equality together with the fact that D contains at most one cycle of length two passing through 2z (Corollary
3.7) implies that

d(z) =d(z,{z1,...,2s21}) +d(z, {41, .., xn—2}) <n+s—f—2. ()

Now we consider the vertex x,. It is not difficult to check that:

(i) if z; — x5 with i € [1,1 — 1], then C(y, 2) = T1 ... s .. . TFYTL . .. TaTp - . . Tn—22T15

(iv)ifzs —» z;withj € t+1,n—2],then C(y,2) = Z1...2a%p - . - TLYTs Xj . . . Tp—2221. In both
cases we have a contradiction. Therefore, we may assume that

d” (zs,{z1,. ., 21-1}) = d" (zs, {Te41,. .., Tn_2}) = 0.
This implies that
d(zs) =d (wg, {21, ..., 21-1}) +d (Ts, {Tt41, - s Tn_2}) +d(xs, {215 .., 24 }) + d(25, {¥/})

<l—14n—-2—t+2t—1+1)=n+t—1—1. (9)
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Without loss of generality, we may assume that [, f are chosen as maximal as possible and s, ¢ are chosen
as minimal as possible, i.e.,

d(yu {:El-i-lu B ,l’s_l}) = d(yu {:Ef-‘rla ceey :Et—l}) =0.

This, since D contains at most one cycle of length two passing through y, implies that

d(y) = d(y,{x1,...,z}) +d(y, {s,...,x¢}) + d(y, {zt, ..., 2n_2})

<l+f—-s+1l4+n—-2—-t+2=n+l+f-s—t+1

Since {y, z} and {z,, 2z} are two distinct pairs of non-adjacent vertices, from (8), (9), the last inequality
and condition (/) it follows that

dn—3 <d(y)+2d(z)+d(zs) <n+l+f—s—t+1+2n+2s—2f —4d+n+t—-1-1

=dn—4— (f —s) <4dn —4,

which is a contradiction. Lemma 4.3 is proved. O

5 Proof of Theorem 1.12

Recall the statement of Theorem 1.12.

Theorem 1.12. Let D be a 2-strong digraph of order n > 3 satisfying condition (M). Then D is
Hamiltonian.

Proof: By Theorem 3.4, the theorem is true if D contains at most one pair of non-adjacent vertices.
We may therefore assume that D contains at least two distinct pairs of non-adjacent vertices. If the
degrees sum of any two non-adjacent vertices at least 2n — 1, then by Meyniel’s theorem, the theorem
is true. We may therefore assume that D contains a pair of non-adjacent vertices, say y, z, such that
d(y) + d(z) < 2n — 2. By Theorem 3.3, to prove the theorem, it suffices to prove that D contains a
cycle through y and z. If d(y) + d(z) > 2n — 3, then by Lemma 3.5 we have that D contains a cycle
trough y and z, which, in turn, implies that D is Hamiltonian (by Theorem 3.3). Thus, we may assume
that d(y) 4+ d(z) < 2n — 4. By Theorem 3.6 we have that either D is Hamiltonian or D contains a cycle
of length n — 1 passing through z and avoiding y (passing through y and avoiding z).

Suppose that D is not Hamiltonian, i.e., D contains no cycle throughy and z. Let C' := z122 .. . 22271
be a cycle of length n — 1 in D, which does not contain y. Let ¢ be the maximum integer such that y — z,
and k£ be the minimum integer such that z;; — y. Since D is 2-strong and contains no cycle passing
through y and z, it follows that £ > ¢ and there are some integers p, 7, 1 < p < g <k <r <n—2,such
that z,, — y — x, and

d(ya {Ilv SRR Ipfl}) = d(ya {Iqula s ,kal}) = d(ya {ITJrlv R IH*Q})

=d (y,{xzp,..., xg-1}) = d* (y, {zrs1,...,2.}) = 0. (10)
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Note that if D contains a cycle of length two passing trough y, then k = ¢, otherwise k > ¢, yxi, ¢ A(D)
and z,y ¢ A(D). Therefore, it is not difficult to see that

dy) =d (y, {zp, ..., x}) +d (Y, {2k, ..., 2, }) < qg—p+r—Fk+2. (11)

In order to prove the theorem, it is convenient for the digraph D and the cycle C' to prove the following
claims.
Claim 5.1. If p > 2, then d™ (zp—2,{2, 21, ..., 2p-1}) = 0.

Proof: Notice that Q) := yx,, ...z, y is a cycle passing through y and avoiding z. By (10) we have that
d(y, V(D) \ V(Q)) = 0. Now by Lemma 4.1 , the induced subdigraph D{V (D) \ V(Q)) contains no
cycle through 2. Then, since x,,_s — z — x1, we have

d (z,{x1,...,2p_1}) =0 and A({z,z1,...,2p-1} = {@ri1,...,2n_2}) = 0.

The first equality together with 2-connectedness of D implies that there is an integer ¢ € [p, n — 3] such
that z; — 2. The last equality means that if r < n — 3, then d~ (z,—2, {2z, z1,...,2p—1}) = 0. Assume
that r = n — 2, i.e., T,—2 — y. In this case, we have that if x; — 2,2 with i € [1,p — 1] (respectively,
Z — Tp_2), then C(y,z) = ®1...T;Tn_2yTyp ... xr2zx1 (respectively, C(y,z) = yzp...T12Tn—2Y),
which is a contradiction. This proves that d~ (z,—2, {z,21,...,2p-1}) = 0. O

Claim 5.2. Suppose that k > q + 1 and x, — x;, where h € [q,k — 1] andl € [k + 1,n — 2]. Then
df(.fck, {CCl, e ,qul}) =0.

Proof: Assume that Claim 5.2 is not true. Then for some ¢ € [1,¢—1], 2; — x. Then, since the arcs YTy,
zry, zprparein Dandi < ¢ < h < k < l,wehaveacycleC(y,2) = &1 ... T;iZpYTq ... TR . . . Tn—22T1,
which contradicts our initial supposition. O

Claim 5.3. Suppose thatk > q+ 1, xp, — x; with h € [q,k — 1] andl € [k + 1,7] (possibly, r = n — 2).
Then there is an integer f > 0 such thatl + f < r, z115 — vy, d(y, {x1,...,T1+5-1}) = O (possibly,
{x1,...,xip5-1} = 0). Moreover, either there is a vertex x4 with g € [l+ f+1,n—2] such that xj, — x4
or there is a vertex x. with ¢ € [k,l — 1] such that x. — z.

Proof: By Claim 5.2,
d” (zg, {z1,...,24-1}) = 0. (12)

Since I < r and z, — y, obviously there is an integer f > O such that I + f < 7, z;15 — v,
d=(y,{z1, ..., 214 5-1}) = 0 (possibly {z;, ..., z1r—1} = 0). This together with
d*(y,{zi,...,z147-1}) = 0 implies that

d(y, {:vh N 7xl+f_1}) =0. (13)
Now suppose that the claim is not true. Then
d+($k7 {Il+f+17 s 7'rn72}) =0and d~ (Zv {Ika v 7Il71}) =0. (14)

The second equality of (14) together with d* (y, {z, ..., 2;—1}) = 0 and the fact that there is no path of
length two between y and z (Lemma 3.5) implies that the vertices xj, z are not adjacent and

d(Z, {xkv s ,CCl,l}) + d(ya {Ikv . '7Il71}) < I—k.
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This together with (13), (10) and the fact that there is at most one cycle of length two through z (Corollary
3.7) implies that

d(y)+d(2) :dJr(y,{a:p,...,:zrq})—l—d(y, {.Ik,...,117171})+d(Z,{Ik,...,Il,1})
+d7(y,{ilfl+f,...,.CCT})+d(Z,{ZE1,...,kal})+d(2,{£€l,...,zn,2})
<q-pHl+l—k+r—l—f+1l+k—1+4+n—2-1+2
=n+q+r+1—-p—1I1—Ff.

Now consider the vertex x. Note that d(x, {y}) = 1 since ¥ > ¢ + 1. Using (12) and the first equality
of (14), we obtain

d(xy) = d¥ (zn, {z1, - wg 1)) + dler, {zg, -z g }) +d7 (@n @1 g1, Tna))
+dt (zp, {y}) <g—1+4+20+2f—2¢+n—2—1—f+1l=n+l+f—q—2.
Combining the last two inequalities, d(z) < n — 1 (Corollary 3.7) and r < n — 2, we obtain
dly) +d(z) + d(zg) +d(z) <3n+r—p—2<4n—4 —p,

which contradicts condition (M), since {y, z}, {z, zx} are two distinct pairs of non-adjacent vertices.
This contradiction completes the proof of Claim 5.3. a

Claim 5.4. Ifp > 2, then A({z1,...,2p—1} = {Zky1,...,2n—2}) = 0.

Proof: Suppose, on the contrary, that p > 2 and z, — x, witha € [1,p — 1] and b € [k 4+ 1,n — 2]. Let
b be the maximum with these properties, i.e.,

A({l‘l,...,l'p_l} — {$b+17'--7$n—2}) = . (15)

Notice that Q) := yxp, ... z,y is acyclein D and d(y, V(D) \ V(Q)) = 0 by (10). Therefore by Lemma
4.1, the subdigraph D(V (D) \ V(Q)) does not contain a cycle through z. In particular,

d”(z,{z1,...,2p-1}) =0, (16)

and if r < n — 3, then
dt(z,{zr41s- - Tn—2}) =0 and A({z1,...,2p-1} = {Tpi1,...,2n2})=0.  (17)

By Claim 5.1, we have
d” (xn-2,{2z,21,...,2p-1}) = 0. (18)

From (17) and (18) it follows that b < r and, if r = n — 2, then b < n — 3. In both cases we have that
b<n-—3.

If z; — z withi € [p,b—1],then C(y,2) =1 ...2aTp . .. TrYTp . . . T;271, a contradiction. We may
therefore assume that d~ (2, {xp, ..., zs—1}) = 0. This together with (16) implies that

d”(z,{z1,...,2p—1}) = 0. (19)
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Applying Lemma 4.2 to the vertex x;, we obtain that
A({z1,- . o1t = {Tpr1, -y T—2}) # 0.
Let xs — x4, where s € [1,b— 1] and t € [b+ 1,n — 2]|. Choose ¢ maximal with these properties, i.e.,
A1, ymp1 ) = {41, Tn—a}) = 0. (20)

From (15) it follows that s > p, i.e., s € [p,b—1]. If &; — y with¢ € [b,t — 1], then C(y, 2) =
1.0 TaTy .. TiYTp ... TsTy ... Tp—2221, a contradiction. We may therefore assume that
d~(y,{%p, - - ., xt—1}) = 0. This together with d* (y, {xp, ..., z+—1}) = 0 implies that

d(y,{xp,...,xi—1}) = 0. (21)

In particular, the vertices x; and y are not adjacent, ¢t < randb < r —1sinceb+1 <t < r (ie,,
A{zp, ..., xo1} = {41, ..., 2n—2}) = 0). Using Lemma 4.3, we obtain

A{zp, ..., xg-1} = {Tk41, - y2r}) =0 and  d™ (Xg41, {zp,.. . 2g—1}) = 0. (22)

Then, since ¢ < r and (20), we have that A({zp,...,2q—1} = {®p+1,...,2n—2}) = 0. This together
with (15) implies that
A({z1, .- g1t = {2p41, - Ta2}) = 0.

Therefore, s > ¢, i.e., s € [¢,b—1]. Since b < r — 1, and x, y are not adjacent, there is an integer f > 0
such that ™ (y, {zp, ..., xp+r}) = 0 and zp4+ r+1 — y. Then, since (21) and d* (y, {zp, ..., 2xp47}) =0
we have thatt < b+ f + 1 and

d(y, {xb, ce ,CL‘b+f}) =0. (23)
This together with (10) implies that
dly) = d* (y, {ap, - 2}) +d " (y {an, - 2p-1}) +d7 (Y Azorp41, - 20 })
<g-p+1+b—k+r—-b—f=q+r+1—p—k—f. (24)

From (19), d* (y, {zk,...,2p—1}) < 1 and the fact that there is no path of length two between y and 2
(Lemma 3.5) it follows that

Ay, {zky ..., xp—1}) +d(z, {xg, ..., zp-1}) <b—k+ 1.

This together with (10), (23) and the fact that there is at most one cycle of length two through z (Corollary
3.7) implies that

d(y) +d(z) =d*(y, {zp,...,xq}) +dy, {zk, ..., xp-1}) + d(z, {2k, ..., Tp-1})

+d™ (Y, {xpt 41, e p) Hd(z, {21, 1)) Hd(z {x, . Tr—2})
<q-pHlab—k+ltr—b—f+hk—14n—2-b+2
=n+1l+q—p+r—->b—f. (25)
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Since t < b+ f 4+ 1 and (20), it follows that

A{zp, -y wp1} = {Tpsp12, .. Tn2}) = 0. (26)
In particular, from b > k£ + 1 and (26) it follows that
d+ (Ika {Ib+f+27 s 7xn72}) =0. (27)

We will consider the cases b > k + 2, b = k + 1 separately.

Casel. b > k + 2.
Then by the first equality of (22) we have

d” (zp—1,{xp,. .., xg—1}) = 0. (28)

Using the fact that there is no path of length two between y and z (Lemma 3.5) and (19), we obtain that
d(zp—1,{y, 2}) < 1. This together with d* (zp—1, {Zo+ 42, ..., Tn—2}) = 0 (by (26)) and (28) implies
that

d(xp-1) = d(zp—1,{x1,. .., 2p1}) +d" (@p—1,{Tp, ..., 2g1}) + d(Tp1, {Tgy - .., Tt f11})

+d” (o1, {Tvrfr2, - Tu2)) +d(wp_1,{y,2}) <2p—2+q—p
42D+ 2f+2-2q4n—2-b—f-141l=n+p—qt+b+f—2. (29)

Now we divide this case into the following subcases.

Subcase 1.1. The vertices xp_1 and y are not adjacent.
Then {y, z—1} and {y, z} are two distinct pairs of non-adjacent vertices. Since p > 2, r < n — 2,
f > 0andk > ¢, combining (25), (24) and (29), we obtain

dly)+d(z) +dy) +d(xp—1) <n+1+q—p+r—-b—f4+qg+r+1—p—k—f
tn+p—q+b+f-2=2n+2r+q-—p—k—-f<dn—-4—-(k—-q)—f—p,

which contradicts condition (M ).

Subcase 1.2. The vertices xp—1 and y are adjacent.

Then x,_; — y. Therefore by Lemma 3.5 and (19), the vertices z and x,_; are not adjacent. Since
d(z) < n — 2 (because of d(z,{y,2p—1}) = 0 and Corollary 3.7) and < n — 2, from (25) and (29) it
follows that

dly) +d(z) +d(xp-1) +d(z) <n+1+qg—p+r—b—f+n+p—qg+b+f—2+n—-2
=3n—3+r <4dn -5,

which contradicts condition (M). The discussion of Case 1 is completed.

Case2.b =Lk + 1.
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We divide this case into the following subcases.

Subcase 2.1. s < k — 1.

Then k > g + 1 since s > ¢. Then yxy, ¢ A(D) by the definition of ¢ and k. Recall that the vertices
z, x), are not adjacent by (19) and Lemma 3.5. Now it is easy to see that d(z) < n — 2. Since z; — ;
with s € [¢,k — 1] and ¢t € [b+ 1,n — 2], by Claim 5.2 we have that d~ (zx, {21, ...,24-1}) = 0. This
together with (27) and b = k + 1 implies that

d(z) = d¥ (zg, {x1, .., wg-1}) +d(zr, {@gy o o p+1}) + A7 (T, {Tbt f425 - -y T2 })
+d (o, {y}) <q—14+20+2f+2-2¢+n—-2-b—f—1+1=n+k—q+ f.
This together with (24) and d(z) < n — 2, we obtain
dy) +d(zk) +2d(z) <q+r+1—-p—k—f+n+k—q+f+2n—4
=3n+r—p—-3<4n-—-5-—p,

which is a contradiction since {y, z} and {zy, z} are two distinct pairs of non-adjacent vertices.

Subcase 2.2. s = k.
Fromb=k+1,t€b+1=k+2,b+ f+ 1] and (23) it follows that

d(y,{zks1,-..,2e-1}) =0, (30)

in particular, the vertices y and x4 are not adjacent. Observe that R := yx,, ... 2 . . .
x,y is a cycle in D passing through y, avoiding z and d(y, V(D) \ V(R)) = 0. By Lemma 4.1, the
induced subdigraph D(V (D) \ V(R)) contains no cycle through z. In particular, this means that

A({Ik+17 s 7xt71} - {.I,,«+1, o 7:677.72}) = ®; hence d+($k+1, {x’l“+1a s 7:677«*2}) = 05 (31)

for otherwise, if z; — z; withi € [k+1,t—1]andj € [r+1,n—2], then H := @1 ... TqZhy1 .. . TiT5
...Zp_gzx1 is acyclein D(V(D) \ V(R)) through z, a contradiction.

Subcase 2.2.1. There is an integer [ € [b+ f + 2,n — 2] such that z; 1 — x; and

d+(l‘k+1, {.’L‘H_l, e ,wn_g}) =0. (32)

Then b+ f+2 < n—2,and | < r because of the first equality of (31). Recall thatt < b+ f+1<1—1.
Hence, ! > t+1.Ifx; — zwithi € [t,{—1],thenC(y, 2) = T1 ... TaTp41T1 - . - TrYLq . . . Ty . . . Ti2T1,
a contradiction. We may therefore assume that d~ (z, {z¢, ..., z;—1}) = 0. This together with
d™(y,{xs,...,2;1_1}) = 0 and the fact that there is no path of length two between y and z implies that

d(yv {xta s 7Il71}) + d(Z, {Itv s ,CCl,l}) S -t
Combining this, (10) and (30), we obtain

d(y) + d(Z) = d+(y7 {xpv s 756(1}) +d” (yv {xk}) + d(yv {Itv SRR 117171}) + d(Z, {xtv s 7561*1})
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+d (y, {xr, ... 2 }) +d(z,{z1, ..., 2-1}) +d(z, {x1, .. ., 2p—2})

<g-p+1+14l—-t+r—-Il+1+t—-14+n—-2-101+2
<n+24+qg+r—p-—1L. (33)
For the vertex =1, using (32) and the second equality of (22), we obtain
d(xri1) = d(xpsr, {z1, -y 2p-1}) +dT (Tps1,{2p, - - s 2g-1}) + d(@pi1, {Tgy . .. 1))
+d_ (xk+l7 {xl+l7 ceey :En—2}) + d(xk-l-lu {Z})
<2p—-24q—-p+20—-2q+n—-2—-14+2=n—-24+p—q+1.
This together with (33), (24),r <n — 2, k > g and p > 2 implies that

d(y) +d(z) +d(y) + d(xpsr) <n+2+q+r—p—Il+q+r+1—-p—k—f+n—-2+p—q+1

=2n+4+1+qg+2r—p—k—f<4dn-3—-(k—q) —p—f<4n-35,

which contradicts condition (M) since {y, 2} and {y, 11} are two distinct pairs of non-adjacent ver-
tices.

Subcase 2.2.2. Thereisno ! € [b+ f + 2,n — 2] such that 1 — ;.
Then d* (xk+1, {®p+ f+2, - - -, Tn—2}) = 0. This together with the second equality of (22) implies that

d(@ri1) = d(@prr, {21, 2po1}) + d5 (@hg1, {2p, - 2g-1})

+d(@ht1,{Tgs s Dot p1}) + A7 (@pp1, ot p125 -+ Tn—2}) + d(Tt1, {2})
<W—2+q-p+2b+2f+2—-2¢+n—2—b—f—1+2
=n—1l+p—q+b+f
Combining this, b = k + 1, (24) and d(z) < n — 2, we obtain
2d(y) + d(zgs1) +d(z) <2¢+2r+2—-2p—2k—2f+n—1+p—qg+b+f

tn—2=2n+q+2r—p—k—f<4dn—-4—(k—q) —p-—f,
which contradicts condition (/). In each case we obtain a contradiction and hence the discussion of Case

2 is completed. This completes the proof of Claim 5.4. O

Now we are ready to complete the proof of the main result.

By Claim 54, if p > 2, then A({z1,...,2p—1} = {@py1,...,2n—2}) = 0. Similarly, if r < n — 3,
then A({z1,...,2g-1} = {Tr41,...,Tn—2}) = 0. Using Lemma 4.3, we obtain A({zp,...,zq-1} —
{Tk41,-..,2+}) = 0. From the last three equalities it follows that

A({Il,...,xqfl} — {xk+1,...,xn72}) = @ (34)
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From (34) and Lemma 4.2 it follows that k > ¢ + 1. Applying Lemma 4.2 to the vertices x, and xy, we
obtain

A({,Tl,...,l'q_l} — {$q+1,...,1‘n_2}) 75 (Z), A({xl,...,xk_l} — {:vk+1,...,:vn_2}) 75 0.

Letz, — xp and z, — xy witha € [1,¢g—1,be [g+1,n—2],h e [l,k—1]andl € [k +1,n —2].
Choose b maximal and i minimal with these properties, i.e.,

A({Il, e ,qul} — {berlv .. .,:Z?n,Q}) = A({Il, e ,:Z?hfl} — {Ik+17 .. .,Infz}) = @ (35)

From (34) it follows that b < kand h > ¢, i.e.,b € [¢+ 1,k]and h € [q,k — 1]. If b < b — 1, then
Cly,z) = @1...2q%h ... TRYTq - .. THT] . . . Tn_22%1, a contradiction. We may therefore assume that
h > b, which in turn implies that k > ¢+ 2. By Lemma 4.2, A({z1,...,2p—1} = {Tb41,. .-, Tn-2}) #
(0. Let zy — =, where s € [1,b— 1] and ¢ € [b + 1,n — 2]. Choose ¢ maximal with this property, i.e.,

A({xl,...,xb_l} — {,T,H_l,...,ibn_g}) = 0. (36)

From (35) it follows that s > gand ¢t < k,i.e., s € [¢,b— 1] and t € [b + 1, k]. We may assume that
(recall that x;, — x;, 1 > k + 1) is chosen so that

d+(517h;{517k+17---,17l71}) =0. (37)

We consider the cases [ < r and [ > r + 1 separately.

Casel. [ <r.

For this case, it is not difficult to check that the conditions of Claim 5.3 hold. Therefore, there is an
integer f > Osuchthat !+ f <7, ;45 — y, d(y, {1, ..., x4 p—1}) = 0 (possibly, {z1,..., x4 -1} =
(), and either there is a vertex xg wWith g € [l + f+ 1,n — 2] such that x;, — x4 or there is a vertex x.
with ¢ € [k, ! — 1] such that z, — z.

Assume first that t > h + 1. Then, since the arcs yxy, ToZp, TsTt, ThTy, TrY, L1+ Yy are in D and
1<a<g-1<s<b<h<t<k<l<I+f<r<n-—2, wehavethat C(y,z) =
T1.. TqTp .o TRTL o Tl fYTq -« - LTy ... Te2T1, O C(Y,2) = T1 ... TqTh -« . TRTL - - . Tyt fYTg - - -
TsTy...TpTg ... Ty_22zx1 When z, — z or when xj, — x4 respectively. In each case we have a contra-
diction.

Assume next that ¢ < h. By Lemma 4.2, A({z1,...,x-1} — {®t41,- -, Tn-2}) # 0. Let 5, —
xy,, where s1 € [1,t — 1] and ¢1 € [t + 1,n — 2]. Choose ¢; maximal with this property, i.e.,

A({xl,...,xt_l} — {LL‘tH_l,...,fL'n_g}) = . (38)

From (36) (respectively, from (35)) it follows that s1 > b,i.e., s1 € [b,t—1] (respectively, t; < k,i.e.,t; €
t+1,ED. Ity >h+1,then C(y,2) =21...Talp ... Lo, Tty - .- TkYTq ... TsTp ... TRT] ... L2271,
a contradiction. We may therefore assume that t; < h. By Lemma 4.2,

A({r,. w1} = (o1, aa2}) £ 0.

Let xs, — x4,, where so € [1,¢1 — 1] and t2 € [t1 + 1, n — 2]. Choose ¢ maximal with this property, i.e.,

A({I17 s 7:615171} — {It2+1, N ,CCn,Q}) = 0
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From (38) (respectively, from (35)) it follows that sy > ¢, i.e., s € [t,t1 — 1] (respectively, t2 < k, i.e.,
ta € [t1 + 1, K]).

Assume first that to > h + 1. Then it is not difficult to see that C(y,2) = 1 ... ZqTp - . - Ts, Tty - - -
TRTL .o Tl fYTq oo LTt oo Ty Tty - L2 OL C(Y,2) = X1 ... TqTh ... Ty Tty - - TREL - - - Tl £Y
Tg.  Tslp... TsyTiy ... TkTq ... Tn—2221 When z, — z or when z, — x4, respectively. In each case
we have a contradiction.

Continuing this process, we finally conclude that for some m > 0, t,,, € [h + 1, k] (here, tg = ¢) since
all the vertices x, Ty, , . . ., xy,, are distinct and in {441, ...,z }. We already have constructed a cycle
C(y,z) whenm € {0,1,2}. Assume that m > 3. By the above arguments we have that:

If m > 3isodd, then C(y,2) =1 ...ZaTp ... T, Tty - - Ts,, Lty -+ - ThYTq o TsLt - . Ty Tty - - -
Ly 1Tty g -+ ThEL . Tp—22T1.

If m > 4iseven, then C(y,2) = &1...Ta®b ... Ts; Tty - Ty Lty - THTL -« Tl fYTq - - . TsTy
Xy Ty o T, Ty, oo T2l O C(Y,2) = T1 ... TqXpy o - Tsy Tty -+ T, Tty g v TRE] - -

LI fYTq - TsTp o Ty Tty - - - Ls,, Tt -+ - ThTq - - - Tn—2221 When z. — z or when x, — x4, respec-
tively. In all cases we have a cycle through y and z, which contradicts our supposition and hence the
discussion of Case 1 is completed.

Case2.l>r+1.
Thenr < n — 3. Recall that h € [b,k — 1], z;, = x; and x5 — x4, where ] <n —2, s € [¢,b— 1] and
t € [b+ 1, k]. Note that {y, z, }, {y, 2} are two distinct pairs of non-adjacent vertices.

Subcase 2.1. ¢t > h + 1.

Since s € [¢,b — 1] and ¢ € [h + 1,k], we have that Q := yx,...zs2;...2,y is a cycle in D
and d(y, V(D)\V(Q)) = 0. Ifa < p—1,then H := x1...24%p...TpT| ... Tn_22x1 is a cycle in
D(V(D)\V(Q)) passing through z, which contradicts Lemma 4.1. We may therefore assume that a > p,
ie,a € [p,qg—1].

Assume first thatb < h — 1. Theng+1<b<h—1<k—2andk > q+ 3. From the first equality
of (35) it follows that d~ (xp, {x1, ..., z4—1}) = 0. This equality together with (37) implies that

d(xp) = d"(zp, {21,y 2g-1}) +d(@n, {zg, .., 26 }) +d™ (@, {Thi1,s -y T1-1})
+d(zp, {xr, .. o))+ d(zn, {2)) <q—14+2k—2¢+1—1—k+2n—20—2+2
=2n—-2—-q+k—-1.
This together with (11) and d(z) < n — 1 implies that
2d(y) +d(zp) +d(z) <2¢—2p+2r—2k+4+2n—2—-—q+k—-1l+n—-1

<dn—-2+4(r—=10)+(¢g—k)— 2p,

which contradicts condition (M ).
Assume that b = h, i.e., z, — z;,. We may assume that a is chosen so that d~ (zp, {21, ..., Zq—1}) =
0. This and (37) imply that

d(zp) = d (zn, {z1,.. ., 2a_1}) +d@n, {Ta,. .., 21 }) +d (2n, {21, .., 21-1})



A new sufficient condition for a digraph to be Hamiltonian—A proof of Manoussakis conjecture 19

+d(zp, {z1, ... op—2}) +d(xp,{2}) <a—142k—2a4+1—-1—-k+2n—-21—2+2

=2n—2—-a+k-1L (39)
Since a > p, itis not difficult to check that if z — z; withi € [a+1, s], then C(y, 2) = yzp ... ToTrTy - . -
Tp_22T; ... TsTy ... Ty, which is a contradiction. Therefore, d* (2, {%4 11, ..., 2s}) = 0. This together
with d~ (y, {441, ..., 2s}) = 0 and the fact that there is no path of length two between y and z implies

that
Ay, {zas1,- - 2s}) +d(z, {xag1,. - 2s}) < s —a.

Using this and (10), we obtain
d(y) +d(2) = dt(y, {zp, ..., xa}) + d(y, {Tas1, - 2s}) + d(z,{Tas1, .-, Ts})
+d (y, {xk, ... 2 }) +d(z,{z1,. .. 26 }) + d(z, {@s41, - -, T2 })
<a—-p+l+s—a+r—k+14+a+n—-2—-s+1l=n+1l4+a—p+r—=k.
Combining this, (11) and (39), we obtain
2d(y) + d(z) + d(zp)
<3n+142r—2p+q—-Il—-k<dn—-2—(I—-r)—(k—q) —2p < 4n—6,

which contradicts condition (M) and hence the discussion of Subcase 2.1 is completed.
Subcase 2.2. t < h.

Thenb < h—1sinceh >t > b+ 1.
Assume first that t = h. Then x; — x5, — z;. By Lemma 4.2,

A({Il, . ,xh_l} — {I}H_l, .. .,ZCn_g}) 75 0.

Let x; — x;, where ¢ € [1,h — 1] and j € [h + 1,n — 2]. From the second equality of (35) it follows
that j < k, ie., j € [h+ 1,k]. By (36) we have that i > b, i.e., i € [b,h — 1]. Therefore, C(y,z) =
1. TqTy o Ty oo TRYTq - . . TsTHT] - . . Tn_22T1, a contradiction.

Assume next that¢ < h—1. From the maximality of b and ¢ it follows thatd~ (zp, {z1,...,2p—1}) = 0.
This last equality together with (37) implies that

d(zp) = d¥(zn, {z1, . 2p-1}) +d(@n, {zp, - 28 }) +d (@n, {Ths1, -y T1-1)})
t+d(zp, {@, . wno}) Fd(an, {2)) <b—1+2k—2b+1—1—k+2n—20—2+2
=2n—-1—-2+4+k—-0.
This together with (11), d(z) < n — 1 and r < n — 3 implies that
2d(y) +d(zp) +d(z) <2¢—2p+2r—2k+4+2n—-1-2+k—-b+n-1
<dn—2—(l-r)—(k—q)—(b—-q) —2p,

which contradicts condition (M), since k — ¢ > 0, b — g > 1. The discussion of Case 2 is completed.
Theorem 1.12 is proved. O
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