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Recently, Fici, Restivo, Silva, and Zamboni introduced the notion of a k-anti-power, which is defined as a word of
the form w™Mw® - .- w®  where w(l)7 w(2)7 R w™ are distinct words of the same length. For an infinite word
w and a positive integer k, define AP;(w, k) to be the set of all integers m such that wj;1wjq2 - Wjtkm is a
k-anti-power, where w; denotes the i-th letter of w. Define also (k) = (2Z% — 1) N AP;(t, k), where t denotes
the Thue-Morse word. For all k € Z*, ;(k) = min(AP;(t, k)) is a well-defined positive integer, and for k € Z+
sufficiently large, T'; (k) = sup((2Z* — 1) \ F;(k)) is a well-defined odd positive integer. In his 2018 paper, Defant
shows that o (k) and I'o(k) grow linearly in k. We generalize Defant’s methods to prove that +;(k) and I'; (k)
grow linearly in k for any nonnegative integer j. In particular, we show that 1/10 < 1ikrg Lr.}f (v;(k)/k) < 9/10 and

1/5 < limsup(v;(k)/k) < 3/2. Additionally, we show that likm inf(T';(k)/k) = 3/2 and lim sup(I'; (k) /k) = 3.
k— o0 —o0 k— o0
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1 Introduction

A finite word is called a k-power if it is of the form w”* for some word w. A particularly famous con-
sequence of the study of k-powers is Axel Thue’s 1912 paper (), which introduces an infinite
binary word that does not contain any 3-powers as subwords. This word has since caught the interest of nu-
merous academicians [Allouche and Cohenl ([1983); Allouche and Shalli{ (1999); BrleK ([1989); Bugeaud
and Han (P014); (RO13); Pefan{ 2017); Pejearf (1972); Mahlex] ([1929)); [Narayanan|
(£020); Palacios-Huertd (2012) spanning the fields of combinatorics, analytic number theory Allouche
and Cohen ([1989), game theory [Cooper and Dutld (2013), and economics Palacios-Huertd (R012). It is

now known as the Thue-Morse word.

Definition 1.1 Let Ag = 0. For each nonnegative integer n, let B,, = A,, be the Boolean complement of
Ay, and let A,y 1 = A, By,. The Thue-Morse word t is defined as

t= lim A, =0110100110010110---.
n—oo
As a natural adaptation of the Ramsey-type notion of a k-power, Fici, Restivo, Silva, and Zamboni Fici
et al. () introduce the anti-Ramsey-type notion of a k-anti-power. A k-anti-power is a word w of
the form w = wMw® ... w*  where w®, w® ... wk are distinct words of the same length. For
example, 110100 is a 3-anti-power, while 101011 is not. Since the introduction of this notion in 2016,
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k-anti-powers have received much attention [Badkobeh et al| (R018§); Burcroff (201§); Defan{ (2017);
(E020).

As their main result, Fici et al. show that every infinite word contains powers of any order or anti-
powers of any order. In doing so, they define the following set, which corresponds to an infinite word w
and a positive integer k:

AP(w, k) = {m € Z* | wywa - - - Wy, is a k-anti-power}.

Here, w; indicates the i-th letter of the infinite word w. Such subwords (i.e. those starting from the first
index of w) are called prefixes of w. In (), Defant introduces the generalized definition

APj(w, k) = {m € Z' | wj1wji2* Wjtkm is a k-anti-power},

himself studying APy (t,k) = AP(t,k). Subwords beginning at the (j + 1)-st index of a word w will

be referred to as j-fixes of w. An easy consequence of (Fici et al], P01§, Theorem 6) is that AP;(t, k) is
nonempty for any nonnegative integer j and all positive integers k. Therefore, we can make the following

definition:

Definition 1.2 Lez v, (k) = min(AP;(t, k)).

For j = 0, it is the case that m € AP,(t,k) if and only if 2m € AP,(t,k) (see Remark P.1)). As
h

a consequence, the only interesting elements of AP,(t, k) are those that are odd. Thus, Defant
(2017) makes the following definition for j = 0 (which we have written in terms of arbitrary j € Z=°):
Definition 1.3 Ler F;(k) denote the set of odd positive integers m such that the j-fix of t of length km is
a k-anti-power. Let T'j(k) = sup((2Z* — 1) \ F;(k)).

For sufficiently large k, I';(k) is a well-defined odd positive integer (see Remark @). However, if
J # 0, it is not necessarily the case that m € AP;(t, k) if and only if 2m € AP;(t, k). For example,
4 € AP,(t,3), whereas 2 ¢ AP,(t, 3). However, we will later prove that the statement “m € AP;(t, k)
if and only if 2m € AP;(t, k)” holds for sufficiently large m (see Corollary E), so it still makes sense
to define I'; (t, k) in this way. See Section f] for further motivation for this definition.

Remark 1.4 It is immediate from Definition [[.3 that F;(1) 2 F;(2) 2 F;(3) 2 -+ forany j € Z=°. It
Sollows that v;(1) < v;(2) < v;(3) < --- and that T';(k) is nondecreasing when it is finite.

As a means to understanding v; (k) and I'; (k), it will often be useful to consider the following related
function:

Definition 1.5 For a positive integer m, let 8;(m) denote the smallest positive integer k such that the
J-fix of t of length km is not a k-anti-power.

A simple application of the Pigeonhole Principle gives that &;(m) < 2™ + 1. However, Defant

) and Narayanan Narayanar] (2020) prove significantly better bounds on £o(m), showing it grows
linearly in m. Using these bounds, Defant Defan{ (2017) is ultimately able to show the following:

Theorem 1.6 (R017)

1 .. (k) 9
o ML _— < —
a0 liminf == < 05

® Erroneously stated in I zefan! () as 1/2 (as will later be explained)
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1 : Yo(k) _ 3
o < 1 —_— < —

Lt 5= <5
e liminf Lo(k) = §

k—o0 2

Lo(k

e limsup ﬁ =3.

k—o0 k

Narayanan (R020) improves the above asymptotic bounds in the following way:
Theorem 1.7 (Narayanan (R02(}))

3 _ k) 9
o — <& < —
7 Shminf == <45
k
« limsup Yo(k) _ 3
k—o00 2

The goal of this paper is to demonstrate similarly good bounds on the asymptotic growth of v;(k) and
I, (k) for general j. To do so, we will roughly follow the outline of Defant’s paper (R017),
generalizing his bounds for Ky (m) to bounds for £;(m); this will in turn allow us to prove that ; (k) and
I'; (k) grow linearly in k. Specifically, we aim to prove the following:

e — < liminf % (k) < 3
1. vi(k) 3
* _ <1 J < —
5= SIP TS0
o T 7(k) 3
i =5
(k
. limsupL =3.
k—o0 k

Remark 1.8 Note that we follow the methods of Defant ( rather than those of Narayanan
, which seem more difficult to generalize to arbitrary j € 7=°.

In Section , we cover preliminary results relating to the Thue-Morse word. In Section E (resp. Section
H), we prove the aforementioned asymptotic bounds on 7; (k) /k (resp. I';(k)/k).

2 Properties of the Thue-Morse Word

In this section, we will discuss some properties of the Thue-Morse word t = ttots - - - that will be of
use throughout the remainder of the paper. It is well known that the i-th letter t; of the Thue-Morse word
has the same parity as the number of 1’s in the binary expansion of 7 — 1. In his 1912 paper (),
Thue proved that t is overlap-free, meaning that if  and y are finite words (with  nonempty), then t

() Erroneously stated in hefan! ( as 1 (as will later be explained)
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does not contain zyxyx as a subword. Taking y to be empty shows that t does not contain any 3-powers
as subwords.

Let W, and W be sets of words. We say a function f : Wy — Ws is amorphismif f(xy) = f(x)f(y)
for all words =,y € W;. We will write AS“ to refer to the set of all words over an alphabet A. Using
this notation, let p : {0,1}=% — {01,10}=* be the morphism uniquely defined by x(0) = 01 and
w(1) = 10. Similarly, let o : {01,10}=% — {0, 1}=“ be the morphism uniquely defined by o(01) = 0
and 0(10) = 1. The Thue-Morse word t and its Boolean complement t are the unique one-sided infinite
words over the alphabet {0, 1} that are fixed by . Similarly, t and t, as viewed over the alphabet {01, 10},
are the unique one-sided infinite words fixed by o. The observation that ;(t) = t allows us to view t
as a word over the alphabet {01,10}. More generally, if we recall the definitions of A,, and B,, from
Definition and note the equalities A, = p"(0) and B,, = p™(1), we can view t as a word over the
alphabet {A,,, By, }.

Remark 2.1 Using that u(t) = t and o(t) = t, it is straightforward to see that m € APy(t,k) if and
only if 2m € APy(t, k).

We will follow Defant () in using the notation (o, 8) = tatq1 - -tg for any positive
integers «, 8 with o < 3. We are now in a position to establish some preliminary results relating to t.

Fact 2.2 For any positive integers n and v, (2"r +1,2"(r 4+ 1)) = p™(ty41).

Lemma 2.3 Form € Z+, tom+1 75 tom+o.

Proof: If t,,1+1 = 1, then pu(t;41) = tomiitomie = 10. Similarly, if t,,11 = 0, then pu(ty,41) =
tomt1tomt2 = 01. In either case, tom+1 7§ tom+o- O

Lemma 2.4 Letk € Z1. Then tortritorto = tupyi1tanyo.

Proof: Fix some k € Z™T and suppose that ty.1 = 1. (The case in which t;,1; = 0 can be done
similarly.) Note that p(tgt1) = tokt1tok+2 = 10. Similarly, p(togt1) = tak+1tak+2 = 10. So we have
that tog+1toryro = 10 = tap1tan+2, as desired. O

3 Asymptotics for (k)

In this section, we prove that i < lim inf M < g and l < lim sup % (k) < § These asymptotic

10 k—so00 0 5 koo K 2
results relate to a conjecture from a recent paper of Berger and Defant Berger and Defan{ (2020), which
states that for any sufficiently well-behaved aperiodic, morphic word W (see Berger and Defan M)
for the relevant definitions), there exists a constant C' = C (W) such that for all integers j > 0 and k > 1,
W contains a k-anti-power j-fix of length at most C'k2. The lower bounds proved in this section indicate
that the quadratic upper bound in this conjecture is the best that could be true in general. Our upper bounds
obtained in the next section also prove an effective version of this conjecture in the case of W = t (which
Berger and Defant do not obtain).

Many of the statements proved in this section for general j have j = 0 analogues in (Ro17).
Moreover, many of the proofs of these general statements closely follow the corresponding proofs in
Defan{ (R017). In these cases, we highlight the key differences between the corresponding proofs and
refer the reader to Defan{ (2017)) for the remaining details.
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3.1 Lower Bounds forv;(k)/k

In this subsection, we present a series of lemmas that collectively establish an upper bound for £; (m) for
any integer m > 2. This will allow us to establish lower bounds for likm inf(vy; (k)/k) and lim sup(~y; (k)/k).
0 k— o0

We begin with three lemmas that we will apply in the proofs of many of the lemmas later in this subsection.

Lemma 3.1 Let m,j € Z=° with m > 2, and let { = [logy(m + j)]. For any s,a € Z™, there exists a
nonnegative integer r such that

s -1 +1<rm+j+1<(r+1)m+j<2(s+a).

Proof: Fix some s,a € Z™". Note that
2(s+a) —2(s — 1) = 2a+1) > 271 > 2(m + j) > 2m. (1)
Since (r + 1)m + j — (rm + j) = m for any integer , it follows that there exists r € Z satisfying
s—1)+1<rm+j+1<(r+1)m+j<2(s+a). )

Moreover, we can always choose r to be nonnegative; to verify this fact, it suffices to check that r = 0
satisfies @) when s = 1:

(s —1)+1=1<j+1<m+j <2 <2s+a). 3)

When s > 2, any integer r satisfying (H) is clearly positive. O

Lemma 3.2 (cf. (Defan{, P017, Lemma 12)) Let j € Z=°, m € Z%, and { = [logy(m + j)]. If
ﬁj (m) > 2t + 1, then timtritmes =11 and tomtitom4a = 10.

Proof: Suppose &;(m) > 2° + 1. Letwy = (j + 1,m + j), wy = 2" Im + 5+ 1,271 + 1)m + j),
and wo = (2'm +j +1,(2° + 1)m + 5). By our assumption that &;(m) > 2 + 1, we have that wy, w1,
and wo, are distinct. Notice that for each n € {0, 1,2}, the word w,, is a j-fix of

(nm27 + 1, (nm 4 2)2°7Y) = 1 Cma 1 tmo). 4)

It follows that t1to, t,,+1tm+2, and to,,+1te, 12 are distinct. Note that t1to = 01 and that to,,11 #
tom4o (by Lemma B); hence, tom,t+1tamt+2 = 10. Therefore, pu(t,,11) = tom+1toms2 = 10, which
implies that t,,;1 = 1. Consequently, t,, 1t +2 = 11. O

Lemma 3.3 (cf. (Defand, 2017, Lemma 13)) Lez j,m € Z2° with m > 2, and let £ = [logy(m + j)].
Suppose there exists s € ZV such that t st 1 = tstimyss1. Then

Ri(m) < 2"+ M
J .
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Proof: This proof follows from a straightforward modification of the proof of , Lemma 13)
and an application of LemmaB.l| with a = 1. O

Now that we have established the preceding preliminary results, we are ready to derive upper bounds
for R;(m) for all integers m > 2. We consider the cases m = 0 (mod 2), m = 1 (mod 8), m = 29
(mod 32), and remaining values of m. We then combine the bounds derived in each of these cases into a
uniform upper bound on £; (m). We first consider the case in which m = 0 (mod 2).

Lemma 3.4 Let m = 2Lk, where L,k € 7. Let j € Z2°, and let { = [logy(m + j)]. Then

2Z+1 —j

Ki(m) <27 ¢ —
Proof: By Lemma @, we have that tory1torg o = tort1p1tor41, 5. It follows that
2'm +1,2m + 2)) = g (bmprtmaz) = 1 (bameitomes) = QT m + 1,2 (m+1)).  (5)
Applying Lemma B.1] with s = 1 and a = 1 shows that there exists r € Z=° such that
I1<rm+j+1<(r+1)m+j<2L (6)
We can thus write the prefix of t of length 2+ as
(1,2 = wlrm + 5+ 1, (r + D)m + j) 2, (7

where w = (1,7m + j) and z = ((r + 1)m + j + 1,2¢"1). Adding 2°m everywhere in () similarly
shows that we can write

2'm+1,2m+2)) = (2 +r)m+ 4+ 1,2+ r 4+ D)m + 5)2/, (8)
where w’ = (2'm + 1, (2° +7)m + j) and 2’ = (2 +r + 1)m + j + 1,2%(m + 2)). In the same way,
adding 2t 1m everywhere in (ﬂ) gives that

2 m 4+ 1,2 (m+ 1)) =" + r)ym 45+ 1,25 +r 4+ D)m+ )27, 9)
where w” = (2tim +1, (2" +7r)m+j) and 2’ = (2“1 +r+1)m+ 5+ 1,27 (m + 1)). Observe
that |w”| = rm + j = |w'|. As aresult, Equations (§) and (f}) give that

(4 rm 4+ 1,24 r+ )m+5) = (5 +r)m+5i+ 1,2 +r+ Dm+4).  (10)

2€+1 _j
Using (E) to note that r + 1 < ————, we get
m

2€+1_ ;
Rm) <2l 4rp1<ottly 2 I (11)
m

as desired. O

The following two lemmas establish upper bounds for £;(m) whenm = 1 (mod 8). Setting j = 0 in
Lemma B.5 implies Defant’s result (Defanf, 2017, Lemma 15), while setting j = 0 in Lemma E gives a
bound for K () that is worse than the one given in (Defan{, 017, Lemma 16) by a factor of two.
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Lemma 3.5 (cf. (Defand, P017, Lemma 15)) Let j € Z=°, and suppose m = 2-h + 1, where L and h
are integers with L > 3 and h odd. Let { = [logy(m + j)]. We have

fymy <2t 2T ED =
J m .

26(2L+1 4 4)

Proof: Suppose, for the sake of contradiction, that ﬁj(m) > 2t + — ]. We obtain a

m
contradiction to Lemma E by finding a positive integer s < 2111 + 3 such that t ot 1 =ty stmisyit.

Note that m has a binary expansion of the form 201”07 ~11, where z is a (possibly empty) binary string.
Since m > 23 .14 1 =9, we have that > 1. Let N be the number of 1’s in z. The binary expansion of
m + 2% 4 2 can be expressed as 210" £ ~211, which has N + 3 1’s. Similarly, we obtain the following
table:

1 | Binary Expansion of ¢ | Number of 1’s in Binary Expansion of ¢
m+2- 42 210721 N+3
m+2F 43 21073100 N+2
m+ 25+t 42 210711057211 N +4
m+ 2Lt 4+ 3 2107711013100 N +3

Recall that the parity of t; is the same as the parity of the number of 1’s in the binary expansion of s — 1. It
follows that t,,, . o 3t,,, 10014 = 01if Nisodd and t,, or+1, 3%, oc+1,4 = 01 if N is even. Observe
that tor  gtor 4y = tor+1,gtor+14 = 01. Therefore, setting s = 2L + 3 yields a contradiction to Lemma
@ if N is odd, and setting s = 25+ + 3 yields the desired contradiction if N is even. O

Remark 3.6 The proof of Lemma B.3 closely follows that of , Lemma 15). Note, how-
ever, that in Defant’s proof of (Defant , Lemma 15), he mistakenly claims that tor  stor , =
torviygtorti g = 10, rather than tor  3tor 4 = torvigtor+i g = 01, Setting j = 0 in the above

proof yields a correct proof of (Defand, 017, Lemma 15).

Lemma 3.7 (cf. (Defand, 2017, Lemma 16)) Let j € Z>°. Suppose m = 2h + 1, where L and h are
integers with L > 3 and h odd. Let { = [logy(m + 7)]. If n is an integer such that 2 < n < 2E71

tim—n = tm_ns1, andm+j < (1 — 2n1+2) 28 then

2E+1(n _ %) +j

ﬁj (m) < 2@-{-1 _ —

Proof: By the proof of (, , Lemma 16), we have that t,,,_ont,—2n+1 = tom—2ontom—on+1
for any m and n satisfying the hypotheses of the lemma. Consequently,

l(tm—2ntm—2n+1) (12)
“(tam—2ntom—2n+1) (13)
(2m—2n—1)2°4+1,2m —2n+1)2°.  (14)

(m—=2n—1)2"+1,(m —2n+1)2°) =

I
I

We want to show that there is an integer r < 2¢ _ 1 such that

(m—2n—-1241< 2 —r—1)m+j+1< 2 —=rm+j<(m-2n+12° (15
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To this end, note that
(m—2n+1)2—(m—2n—1)2=2.2°>2(m +j) > 2m (16)

and that
(2° —rym+j) — (2 —=r — )m +j) = m. (17)

It follows that there exists r € Z satisfying (E). To see that 7 can always be chosen such that r < 2¢ — 1,
it suffices to note that our choice of r is forced to be largest when n is maximal (i.e. when n = 2-~1), and
that (E) is satisfied by r = 2¢ _ 1 in this case. Therefore, for some integer r < 2¢ — 1, we have

(m=2n-12"+1,(m-2n+1)2 =w((2* =r = )m+j+1,2° —r)m + j)z, (18)

where w = (m —2n — 1)2° + 1,2 —r — )m + j)and z = ((2° = r)m + j + 1, (m — 2n + 1)2°).
Adding 2“m everywhere in ( similarly gives that

(2m—2n—1)24+1,2m —2n+1)25 = (2T —r = Dm+ 5+ 1,2 —r)m +5)2/, (19)

where w’ = ((2m—2n—1)2°+1, (2 —r—1)m+j) and 2’ = (2 —r)m+j+1, (2m—2n+1)2°).
Note that |w'| = —rm —m + j + 27 m + 2¢ = |w|. Therefore, (18) and ([9) give that

(2 =r=Dm+i+1,2 —r)m+7) = (2 —r—D)m++ 1,2 —r)m +35). (20

2 (n—3)+j

Noting from ) that r > , we have

2 (n—3)+j

Rj (m) S 2Z+1 —r S 254’1 _
m

; (21
as desired. O

Remark 3.8 We make note of an error in Defant’s proof of (, , Lemma 16). In his proof,
Defant claims that for m, n, and { satisfying his hypotheses,

2n—1
1 M — 2 o+ 1
2¢-1 (1 - of| ¢ | |2 ntlge-t] (22)
2n + 2 r r+1

r=n

However, the intervals in the RHS of @) do not always overlap, so we see that @) is in fact false.
2E+1( )
72

m
slightly worse than Defant’s intended bound of fo(m) < 2° — n. This worsens Defant’s lower bound for

lim inf(%( )/k) from 1/2 to 1/4, and his lower bound for hm sup(vo( )/k) from 1 to 1/2. However,
Narayanan(-)proves lim infy— o0 (Y0 (k) /k) > 3/4 and limsup,,_, .. (v0(k)/k) = 3/2,

so we still know Defant’s claimed lower bounds to be true.

Fortunately, setting 7 = 0 in Lemma @ gives the bound Ry(m) < of+l _ which is only

We now address the case in which m = 29 (mod 32).



Anti-power j-fixes of the Thue-Morse word 9

Lemma 3.9 (cf. , , Lemma 14)) Ler m be a positive integer satisfying m = 29 (mod 32).
Let j € Z2°, and let ¢ = [logy(m + j)]. We have

820 —j

¥4
Ki(m) <21+ —

Proof: Suppose m = 32n — 3. Let IV be the number of 1’s in the binary expansion of n. It is straight-

forward to verify that the binary expansion of m 4+ 6 = 32n 4 3 has N 4 2 I’s. Similarly, we obtain the
following table:

i | Number of 1’s in Binary Expansion of ¢
m+ 6 N +2
m-+7 N+1
2m +6 N
2m+7 N+1
Consequently, we have that t,, 1 7t,,+8 = tom+7tam+s. It follows that
((m+6)2° + 1, (m +8)2°) = " (tm+7tm ) (23)
= p (tamirtomes) = ((2m +6)2° + 1, (2m + 8)2). (24)
Applying Lemma B.1] with s = 7 and a = 1 gives that there exists 7 € Z= such that
20 64+1<rm+j+1<(r+1)m+j<2°-8. (25)
Therefore, we can write
(2.6 4+1,2-8) =wlirm+j+1,(r + 1)m+j)z, (26)

where w = (2¢- 6 + 1,rm + j) and z = ((r + 1)m + j + 1,2¢ - 8). Adding 2‘m everywhere in (23)
similarly gives that

2m+6)+1,25(m+8) =w'(r+2m+j+1,(r+2°+ )m +j)2, 27)

where w’ = (2°(m +6) + 1, (r +29m + j) and 2’ = ((r +2° + 1)m + 5 + 1,2%(m + 8)). In the same
way, adding 21 m everywhere in (E) gives that
202m+6) +1,2°Cm+8)) =w(r+ 2" Yym + i+ 1,(r + 2T + Dm + 52", (28)
where w” = (2¢(2m + 6) + 1, (r + 2" )m + j) and 2" = ((r + 2TL + 1)m + j + 1,25(2m + 8)).
Observe that [w”| = rm + j — 6 - 2¢ = |w’|. Therefore, (£7) and (£§) imply
(r+2m+ji+1,+2+D)m+j) =(r+2"m+j+1,r+2 + Dm+j). (29
820 —j
Noting from @) thatr + 1 < 7], we get
m
8.2 —j
m )

Ri(m) <r 427 41 <2 4 (30)

as desired. O
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Remark 3.10 We make note of an error in Defant’s proof of an upper bound for £y(m) in the case

m =29 (mod 32). In Defant’s proofof( Lemma 14), he claims that

17
17 10 1
— V= (zZ1 31
TU_9<27~’7~+1> (2> 31)
C ; 17 m 10
which implies the existence of some r € {9,10,...,17} such that o < 5 < Y where { =
r r
[log, m]. However, is in fact false. This mistake can be highlighted by observing that for m =
3215 — 3 = 477, there does not exist v € {9,10, ..., 17} satisfying the desired inequality. Fortunately,

8-2¢
setting j = 0 in Lemma @ gives the bound £y(m) < 2L 4~ which is only slightly worse than
m

Defant’s intended bound of fo(m) < 2°+18. In the same way as the error noted in Remark@ this error
worsens Defant’s lower bounds for likm inf(yo(k)/k) and limsup(yo(k)/k), but we still know Defant’s
— 00 k

— 00
claimed lower bounds to be true (.

Finally, we consider the case in which m is an odd positive integer with m £ 1 (mod 8) and m # 29
(mod 32).

Lemma 3.11 (cf. , , Lemma 14)) Let m be an odd positive integer with m % 1 (mod 8)
andm # 29 (mod 32). Let j € Z=Y, and let { = [logy(m + j)]. We have

37-26— 4

Rj(m) <2°+ —

Proof: Defant’s proof of (, :201 , Lemma 14) (up to where he considers the case m = 29
E,

(mod 32)) applies almost exactly: 2017, Lemma 12) and , , Lemma 13) should
merely be replaced by Lemma @ and Lemma 3.3,

respectively. O

The following two lemmas use the preceding results to establish a single upper bound for &;(m) for
any integer m > 2.

Lemma 3.12 (cf. , , Lemma 17)) Let j € Z=2°, and suppose m = 2"h + 1, where L and h
are integers with L > 3 and h odd. Let £ = [logy(m + j)]. Then

41 (ot ;
&j(m) <2°+ w

1
2L 4
we have that 2% divides 2¢ — 27h, which further gives that 2% divides 2¢ —m + 1. Since 2 —m +1 > 0,
this gives that

Proof: First, assume that m + 5 > (1 ) 2¢. Observe that 2¢ —2Lh = 2 —m +1. Since L < ¢,

2! 2¢
2Lg2’f—m+1<2’f—(2’5—2L_4—j)+1:m+j+1. (32)
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This implies that 22% — 4. 28 < 2¢ 4 j(2F — 4) + 2% — 4. Rearranging and dividing by 2% gives the first
inequality of

o2k <ol L (j+5) -4+ 127 <272 Lot o —4(j+1)27 (33)
the second inequality is straightforward to verify. From Lemma E, we have that &;(m) < 2t +

2@ 2L+1 4) — 4
(—+)]. Incorporating (B), we get

m
90(2LH1 4) — j = 20H1 9L {9 9tHl _ (34)
< 2UHLLA2 Lot gy g(j+1)27 ) 48207 — (35)
< (20— 1207 E P 2 g2t 4 (21 — 20 B ) (36)
< (21 +3)2¢ + (21 — 15)j, G7

where, in the last step, we have used that ¢ = [logy(m + j)] > L + 1 and that L > 3. It follows that

(241 +3)2f + (24t —15)5 .,  2F1(2°+2+4)

ﬁj(m)<2é+ <24 —=. (38)
m m
1
Next, assume that m + j < (1 ~ 5L 4> 2¢ and L > 4. Let n be the largest integer such that
1
m —n =2 (mod 4) and n < 2L71. Since n > 2171 — 3, we have that m + j < (1 o) +2) 2!,
n

By the condition m — n = 2 (mod 4), we have t,,_,, = t,;,—n4+1. We can, therefore, apply Lemma @,
which gives

2 —5)+j < ol+l _ 20t (2 —4) <ol 2012 + 2 4 )

Rj(m) <2671 — < (39)
m m m
Finally, suppose L = 3. By Lemma E,
20-2°—j 201 (204245
ﬁj(m)<24+73<2f+u. (40)
m m
a
Lemma 3.13 Let j,m € Z=° withm > 2and m # 1 (mod 8). Let £ = [logy(m + 7)]. Then
20+1. 26 42+ 4,20
ﬁ](m) S 22 + max{ + +.]a }
m
Proof: If m = 0 (mod 2), we have by Lemma .4 that
2Z+1 s 2E+1 25 ) .
ﬁj(m) < 2t+1 + TJ < 2 + % 41)
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If m =29 (mod 32), we have by Lemma B.9 that

2128+ 245
L2 7).

< 2f

. Z —_ )
827] (42)
m

Ri(m) <271 +

Finally, if mn is an odd positive integer with m Z 1 (mod 8) and m # 29 (mod 32), we have by Lemma

B11] that "
20 -2
<oty = (43)

O

37-26—
ﬁj(m)<22+T

We are now ready to prove the lower bounds for likm inf(vy;(k)/k) and lim sup(y; (k)/k).
—00 k

— 00

Theorem 3.14 (cf. , , Theorem 18)) For any nonnegative integer j,

(k 1 i(k 1
1ikrgi£f %]({ ) > 0 and lilzlis;p %]i ) > =

Proof: Fix j € Z=°. For sufficiently large ¢ € Z* (precisely, for ¢ large enough so that 2= — j > 0), de-
26+1. 26424 4,2
fine g;(£) = 2+ ma;il jj +5,20}
Jj. Let £ = [logy(7y; (k) + j)]. By definition of y;, we have that k < &;(v;(k)). Applying Lemmas
k) k) 27— k) 27—
and B.13 gives > > . Therefore, lim inf > lim ———= = —.
k g;j (6) g;j (6) k—o0 k l—oo  gj (6) 10
By Lemmas and B.13, we have that &;(m) < |g;(¢)| + 1 for all positive integers m < 2° — j.
Therefore, by the definition of 7;, we have that v;(|g;(¢)| + 1) > 2¢ — j + 1. Consequently,
(€ (Lg; (0] +1 20—j+1 1
e 50 5 heup O+ 2411
k—o0 k £—00 lg;(0)] +1 t=oo gi(€) +1 5

. Choose some k € Z™ large enough so that log, (v;(k)) >

(44)

a

3.2 Upper Bounds for v;(k)/k
In this subsection we establish upper bounds for likm inf(vy;(k)/k) and limsup(y;(k)/k). We start by
—00

. k—o0
stating a result of Defant.

Proposition 3.15 ((Defant, 017, Proposition 6)) Let m > 2 be an integer, and let §(m) = [logy(m/3)].
If y and v are words such that yvy is a factor of t and |y| = m, then 2°0™) divides |yv|.

We proceed with a lemma and theorem whose proofs closely follow those of (Defan{, P017, Lemma
19) and (Defan{, 017, Theorem 20), respectively.
Lemma 3.16 (cf. , , Lemma 19)) For each integer { > 3 and any nonnegative integer j, we
have
5. 22@—3 _j 22@—2
3-26-241

—J

(3-2072 41 T
ﬁ]( + )> 2571_’_3

and  £;(271 +3) >
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Proof: Fix / > 3and j € Z2°. Letm = 3-2°"2 + 1 and m’/ = 2¢~! + 3. By the definitions of &;(m)
and R;(m’), there exist nonnegative integers r < £;(m) — 1 and 7’ < K;(m’) — 1 such that

(rm+j+ 1, (r+ )m+j) = ((];(m) = Ym +j + 1, &;(m)m + j) (45)

and
(r'm'+ 5+ 1,0+ D)m' +5) = (& (m') = )m’ + j + 1, &;(m/)m' + j). (46)

Following the corresponding part of the proof of (Defan], 017, Lemma 19) and using Proposition B.19,
we may assume that &;(m) = r + 2°~! + 1 and that &;(m/) = r’ + 272 + 1.
. 22@—3 i
Assume for the sake of contradiction that £;(m) < 57] Letu = (rm+j+1,(r+1)m+j)
m
andv = ((&;(m)—1)m+j+1, &;(m)m+ j). Following the corresponding part of the proof of (Defan,

, Lemma 19) and using the fact that t is overlap-free, we get that u # v, a contradiction.
20-2

2 —
Assume next that &;(m’) < Tj Letv = (r'm/+j+1,(r"+1)m' +j) and v’ = ((R;(m’) —
r’m' 4+ j+1

m/ +j+ 1, 8;(m)m’ + j). Letq = { 5= -‘ and H = min {(r' + 1)m/, (¢ +2)272 + j}.

SetU = (r'm/ +j+1,H +j)and V = ((+' +2"%)m/ + j + 1, H + 2°~2m’ + 5). Note that the word
U is the prefix of u/ of length H — r'm/. Recalling that &;(m') = ' + 272 + 1, we see that V is the
prefix of v of length H — r'm/. Since v’ = ¢/, it follows that U = V. Now, there are words w’, 2/, w",
and z” such that we have the following:

P2 (bbgritar2) = (@ = 1)27° + 1, (¢ +2)2°7%) = w'U~Z, (47)
2 (b g rmrtgrm s1tgrmire) = (@ +m/ — 1272 41, (¢ +m’ +2)2°72) = w" V2" (48)

Using that U = V and following the corresponding part of the proof of (, , Lemma 19), we
get that

/ !/ . 1
0<|w]=w|=rm+j—(qg—1)2"2<v'm +j— (% - 1) 262 < 90=2  (49)
and hence that t, = t, /. Note also that [2'| = [2| = (¢ + 2)272 — (H + j). We show that
H+22m+j+1—(¢g+m'+1)2=2 > 0, which will show that 2" is a suffix of u*=2(ty1m/+2)-

Observe that

H+2'7%m 4 j+ 1= (q4m/ + 1272 = Ht j+ 122 =212 0
/ / y 1

e R E o St

:H—T/ml—2€_1- (52)

If H=1r'm'4+m/, then H = r'm/ 4271 +3 > v'm/ + 271, giving H —r'm’ —2¢~! > 0. Alternatively,
if H= (q+ 2)2°72 — j, then we have

/ i . 1
0+ 227 - = (% + 2) 202 =/ 42 1> m + 257, (53)
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and again H — r'm/ — 271 > 0. Tt follows that t .2 = tg4m/ 2. Similarly, t,11 = tgm/i1.
Now,
22572 . 22573 —5. 2272 _,] -3

r_ ! —2 J —2
= Ri(m') -2 1l -2 1= -

; (54)
r’'m' +j+1
20—2
q+ 4 < 2°~1. Consequently, for each s € {0, 1,2}, the binary expansion of ¢ + m’ + s — 1 has exactly

one more 1 than the binary expansion of ¢ + s + 2. Thus,

It follows that r'm/ + j +1 < 22673 —5.20=2 _2_ which gives that < 2=1_5. Therefore,

tq+3tq+4tq+5 = tq+m’tq+m’+1tq+m’+2 = tqtq+1tq+2- (55)
As in the proof of (, , Lemma 19), this contradicts the fact that t is cube-free. a

Theorem 3.17 (cf. , , Theorem 20)) For any nonnegative integer j,

coevilk) 9 . 75 (k)
< —
hkrg g.}f T and lim sup

k—o0 k

<

| W

Proof: This proof works in exactly the same way as the proof of (Defani, 017, Theorem 20) with
. 22273 5 22272 5

i) = {532“724—1]J ,hi(0) = LﬁJ , and Lemma B.16|in place of f(¢), h(¢), and (Defan,

, Lemma 19), respectively. O

4 Asymptotics for I';(k)

Having established asymptotic bounds showing that +; (k) grows linearly in &, we now turn our attention
to I'j (k). In this section, we prove that likm inf(T';(k)/k) = 3/2 and lim sup(T';(k)/k) = 3. We start by
—0 k— o0

motivating our definition of I'; (k).

Recall that we have defined I';(k) := sup((2Z* — 1) \ F;(k)). Also recall that Defant’s motivation
for defining T'o(k) := sup((2Z+ — 1) \ Fo(k)) is the property that m € APy(t, k) if and only if 2m €
APy(t, k), meaning that the only interesting elements of APy (t, k) are those that are odd. However, as
previously noted, it is not necessarily the case for nonzero j that m € AP;(t, k) if and only if 2m €
AP;(t, k). As such, it is not initially clear that we are motivated in generalizing Defant’s definition of
To(k) in the way we have. In other words, if even elements of AP;(t, k) can be interesting, why would
we consider only the odd elements? The following proposition demonstrates a drawback of considering
all even elements of AP;(t, k).

Proposition 4.1 For k > 3, the set 2" \ (APy(t, k) N 2Z™") is unbounded.
Proof: Since tits---tg = 011010011 has two occurrences of 011, we have that 3 € ZT \ APy(t, k)

for all k > 3. Recall that m € AP,(t,k) if and only if 2m € APy(t, k). Therefore, 3 - 2L € 27+ \
(APy(t,k) N 2ZT) forall L € ZT. The proposition follows. O
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As a consequence of Proposition @, if we were to include even numbers by defining I';(k) :=
sup(Z* \ APj(t,k)), we would have that I'g(k) = oo for k > 3, which is contrary to the result we
are trying to generalize (namely, that T'o(k) grows linearly in k). Corollary @ below shows that only
finitely many even elements of AP;(t, k) are interesting, and consequently further motivates our defi-
nition of I';(k). To prove Corollary @, we first require a lemma and proposition, both of which were
suggested by an anonymous referee. The lemma follows closely from a much more general result in

(RO10) regarding “recognizability” in certain sequences.

Lemma 4.2 Fix @ € Z™. Then there exists N € Z* such that (n1 + 1,n1 + N) = (na + 1,no + N)
implies 2% | (n1 — na).

Proof: (Quefféled, P010, Lemma 5.6) gives the following: For all - € Z™, there exists N € Z* such
that if n is a nonnegative multiple of 2% and (n + 1,n+ N) = (n’ + 1,n’ + N), then n’ is a nonnegative

multiple of 2. In the language of (), each ;¥ is “recognizable.”

Now, suppose we are given ni,ny € Z=°. Choose the smallest nonnegative multiple of 2% that is

greater than n; (say, n; + 7). By (Quefféled, P010, Lemma 5.6), there exists N € Z* such that if
(ni+r+1,n1+N) = (n2+r+1,ny+ N), then ny +r is a nonnegative multiple of 2. With this choice
of N, it follows that if (n; +1,n1+N) = (na+1, na+ N), then 2% divides (n1 +7) — (n2+7) = ny —na.
O

Proposition 4.3 Let J, k € Z*. Then there exists N € Z* such thatforallm > N and all 1 < j, 7 < J,
we have thatm € AP;(t,k) ifand only if m € APj(t, k).

Proof: Take a,b € Z* such that J < 2% and k < 2°. Set 2 := a + b. Choose N € Z* corresponding to
x, as provided by Lemma @

Assume that m & AP;(t, k) for some m > N. Then, by definition, (j + 1, j + km) is not a k-anti-
power, meaning there exist £1 # {3 € {0,...,k — 1} such that

G+bm+1,j+ L +1)m) = (j+Llem+ 1,7+ (b2 + 1)m). (56)

By our choices of N and m, Lemma }.3 gives that 27 | (¢; — ¢;)m. Since |[(; — {1 < k < 2", this shows
that 2% | m.

Fori=1,2, (j+¢;m+1, j+ (¢; + 1)m) can be broken into the partial block (j + £;m + 1, £;m + 2%),
then some blocks of length 2¢, and finally a partial block ((¢; + 1)m + 1, j + (¢; + 1)m). By assumption,
all of these blocks coincide for ¢ = 1, 2. Recall that we can view t as a word over the alphabet { A,, B, },
where |A,| = |B,| = 2°. Since A, and B, differ at every position, we see that (¢;m + 1, £;m + 2%) and
((; +1)m+1, (¢; + 1)m + 2%) must coincide for i = 1, 2 as well. Putting this all together, we have that

(Lem+ 1,61+ )ym +2%) = (bam + 1, (b2 + 1)m + 2%). (57)
Thus, m ¢ AP; (t, k) for any 1 < j’ < 2. Reversing the roles of j and j’ completes the proof. O
Corollary 4.4 For any fixed j, k € Z2° with k > 3, the statement
m € AP;(t, k) < 2m € AP;(t,k)

holds for all but finitely many m € Z7.
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Proof: Recall that t is fixed under the morphism g : {0, 1}=% — {01, 10}=* uniquely defined by 1(0) =
01 and p(1) = 10. With this in mind, it is easily seen that m € AP;(t, k) if and only if 2m € APy;(t, k).
Moreover, applying Proposition E, we have that for sufficiently large m, 2m € AP,;(t, k) if and only if
2m € APj(t, k). Together, this shows that for all but finitely many m € Z*, m € AP;(t, k) if and only
if 2m € AP;(t, k) O

Having motivated our definition of I';(k), let us proceed by proving a Corollary to (, ,
Proposition 6) (stated above as Proposition ).

Corollary 4.5 (cf. (Defant, 017, Corollary 7)) Let m, k € Z*+, where m € (2Z+ — 1)\ F;(t, k) and
k> 3. Let 6(m) = [logy(m/3)]. Then k —1 > 25(m),

Proof: By the hypotheses of the corollary, we have that the j-fix of t of length £m is not a k-anti-power.
It follows that there exist integers 1 and ng with 0 < n; < ng < k — 1 such that

mm+j+1,(ni+1)m+7) = (nam+j+1,(n2 + )m + j5). (58)
Using Proposition , the remainder of the proof follows easily from the proof of (, , Corol-
lary 7). O

We now present a technical lemma that will be useful for constructing identical pairs of subwords of the
Thue-Morse word. These pairs of subwords will allow us to establish upper bounds on £&;(m) for certain
odd values of m. It will be useful to keep in mind that I'; (k) > m whenever k > &;(m); this fact follows

from Definitions B and .

Lemma 4.6 (cf. (Defan{, 017, Lemma 8)) Suppose that £ > 2,2 < m < 2%, r, h, p, q are nonnega-
tive integers satisfying the following conditions:

« h<202

e rm=2F1p4 2071 4 p—j

s (r+1)m<2lp+5.2072 5

s (r+2m=2"1¢+3-22+h—j

* tpp1 # tgr
Then (rm+j+1,(r+)m+7) = ((r +2"2)m + 1, (r + 22 + 1)m), and &;(m) <r +272 + 1.
Proof: Letu = (rm+j+ 1,(r+ )m+j)andv = ((r + 2"Hm +j + 1, (r + 272 + D)m + j).
Following the proof of (, , Lemma 8) almost exactly (replacing his variables and conditions

with the corresponding ones established above), we get that « = v. It follows that the j-fix of t of length
(r+22 4+ 1)misnota (r + 2°=2 + 1)-anti-power, meaning &;(m) < r + 22 + 1. O

We are now ready to prove one of the two main results of this section, the proof of which adapts a

construction from the proof of (Defanf, 017, Theorem 9).
Theorem 4.7 (cf. , , Theorem 9)) Fix j € Z=°. For all integers k > 3, we have T'j(k) <

T,k
3k — 4. Moreover, lim sup 5(k) =3.
k—o0 k
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Proof: The proof that I';(k) < 3k — 4 follows almost exactly the corresponding part of the proof of

, D017, Theorem 9) (replacing the reference to , , Corollary 7) with a reference to
Corollary #.3).

It remains to show that lim sup(I';(k)/k) > 3. For each positive integer o, define k, = 22 4 2% + 2,
k—o0

Fix an integer o > [logy(j)] + 2, and set £ = 2ac+2,m = 3-22* =2 + 1, r =29+ 1, h = j + 1,
p=3-2°"3 and ¢ = 3-22*~3 4 22, Following the proof of (Defan{, P017, Theorem 9), we see that
we can apply Lemma @ to get that 8;(m) <r+ 2¢=2 4+ 1 = k,. In other words, we have that the j-fix
of t of length k,m is not a k,-anti-power, meaning I'; (ko) > m = 3 - 22¢ — 2% + 1. It follows that

Tj(ka) 3220 —2° 41

ko = 22042042 %)

for each a > [logy(j)] + 2. Consequently, (Ka)a>fiog,(j)]+2 is an increasing sequence of positive

integers with the property that I'; (ko) /ko — 3 as @ — oo. This shows that limsup(T';(k)/k) > 3,
k—o0

completing the proof.
a

Remark 4.8 The construction in the previous theorem also functions to show that (2Z+ — 1) \ F;(k) is
nonempty for sufficiently large k. In particular, for j > 0 and for any integer a > [log,(j)1, we have that
m=3-22% -2+ 1€ (2Z* — 1)\ Fj(k) forall k > ko = 2% + 2% + 2.

Next, we present a lemma that will aid in the proof of the final main result of the paper. The lemma

adapts constructions from (, , Lemma 10), but it only applies for integers 7 > 0; (,
, Lemma 10) gives the same result in the case that j = 0.

Lemma 4.9 (cf. , , Lemma 10)) Fix j € Z* and let n be the number of 1’s in the binary
expansion of j. For integers o > [logs(7)] + 2, 8 > [logy(5)] + 9, and p > [logy(j)] + 8, define

ko =22 4242 and Kg=2%P"143.2°"3449 and k,=2"+2.
We have T'j (ko) > 322 —2° 4+ 1, T;(Kp) > 3-220+1 —28=1 4 1, and T'j(k,) > 5-2°"1 —8x;(p) + 1,

where
[ 2+1L if(n+p)=0 (mod2);
XJ()_{4]'+37 ifln+p)=1 (mod 2).

Proof: The lower bound for I'; (k,,) was established in the proof of Theorem [£.7. To bound T'; (K 3) from
below, let { =23 +3,m =3-22/t1 —26-1 1 1+ =3.2043 L 48 h =48+ j,p=9-20 + 17, and
q=3-2%-2 4143 -2°~* 1 17. Following the proof of (Defan{, P017, Lemma 10), we see that we can
apply Lemma @ to get that £;(m) < r + 202 41 = K3, meaning the j-fix of t of length Kgm is not
a K g-anti-power. Hence, I';(Kg) > m =3 - 226+1 _ 98=1 4 1 as desired.

We now establish the lower bound for I';(x,). Fix p > [log,(j)] + 8. Define ¢/ = p+ 2, m' =
5-2071 —8xi(p) + 1,7 =1, 0 =271 —8x;(p) +j+1,p =0,and ¢ =5-2°"* — x;(p). Itis
straightforward to verify that these choices satisfy the first four of the five conditions of Lemma E To
prove that t,y 1 # t, 1, we present an argument that depends on the parity of the number of 1’s in the
binary expansion of j (which we have denoted by n). Assume that n is odd; the case in which 7 is even
follows similarly. We consider two cases.
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First, assume that p = 0 (mod 2). In this case, x;(p) = 47 + 3, so the binary expansion of x,(p) has
n + 2 1’s. Note that

[logs x;j(p)] = [logy(4j + 3)] < 2+ [logy(j + 1)] < 3+ [logy(j)] < p—4. (60)

It follows that when right-justified, all of the 1’s in the binary expansion of 5 - 27~ are to the left of all
the 1’s in the binary expansion of x,(p). Binary subtraction thus shows that there are p — 4 — n 1’s in the
binary expansion of 5 - 2°~* — y,(p). Since n is odd and p is even, we get that p — 4 — n is odd, meaning
tq/+1 =1 # 0= tp/+1.

Next, assume instead that p = 1 (mod 2), meaning x;(p) = 25 + 1. In this case, the binary expansion
of x,;(p) has n + 1 1’s. As before, binary subtraction shows that there are p — 3 — n 1’s in the binary
expansion of 5 - 2°~% — y,(p). Since n is odd and p is even, we have that p — 3 — n is odd, meaning
b1 =1#0=1tpy 1.

We have shown that ¢/, m’, v/, I/, p/, and ¢’ satisfy the conditions of Lemma [.§. Applying the lemma
gives that 8;(m) < 1/ +2¢ =241 = k. Therefore, ';(k,) > m = 5-2°~' —8x;(p) + 1. This completes
the proof. a

Ik 3
Theorem 4.10 (cf. , , Theorem 11)) For any nonnegative integer j, likm inf % =3
— 00

Proof: The inequality hkm inf(T';(k)/k) < 3/2 follows from the corresponding part of the proof of
—00

, ROT7, Theorem 11) (replacing I'(k) with I';(k) and (Defan, 07, Corollary 7) with Corollary

=)

It remains to show that likm inf(T';(k)/k) > 3/2. Recall the definitions of k., K3, k,, and x;(p) from
— 00

Lemma [F.9. Letn = 2 [log,(j)] +21, fix k > k), and putm = T';(k). Since k > k,;, Lemma .9 and the
fact that I'; is nondecreasing (see Remark [[.4) together give m = I'; (k) > I';(k,) > 5-271 =8y, (n)+1.
Put £ = [logy(m + j)]. Let us first assume that 3 - 272 — 2(¢=2)/2 <y 4 j < 2%, Note that

0> [logy (52771 —8x;(n) +1)] > [logy(27T1)] =n+1 = 2[log, j] + 21. (61)

In particular, we have that £ — 1 > [log, j] + 8. We can, therefore, apply Lemma @ to get that
Tj(ke—1) >5-272 —8x;(¢£ — 1) + 1. Observe that

5.2072 8y ;(0—1)+1> (m+j)+272 —8(4j+3)+1 (62)
1
2(m+j)+1(5-2’7’1—8Xj(77)+1+j)—32j—23 (63)
1 )
> (m+4) + (5 - 92Mog> 71421 g(45 1 3) 4 j + 1) ~ 3223 (64)

> m. (65)
It follows that I'; (ke—1) > m. Because I'; is nondecreasing, x¢—1 > k. Therefore,

Di(k)  3-20-2_20-2)/2  3.90-2_ 9(t-2)/2
Ll -
k Ke—1 20-1 42

(66)
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in the case where 3 - 2672 — 2(0=2)/2 <y 4 j < 2F,
Assume next that 2¢ < m + j < 3-2-2 — 2(6=2/2 and ( is even. By (bl]), we have £ — 2 >
2 [log, j] + 18, so
(£ —2)/2 > [logyj] +9 > [log, 5] + 2. 67)

We can thus apply Lemma [1.9 to get that T'; (kg—)/2) > 3 -2¢72 — 2=2/2 + 1 > m. Because I'; is
nondecreasing, k < k(;_2) /2. Thus,

L,;(k) N 201 _ 201
k k(g,g)/g 20=2 1 2(6-2)/2 4 9

(68)

in this case.
Finally, assume that 2°=2 < m + j < 3272 — 2(¢-2)/2 and ¢ is odd. By (bl)), we have £ — 3 >
2 [logy j| + 18, s0
(£—3)/2> [logyj] +9. (69)

Therefore, Lemma E givesthat I'; (K (y_3)/2) > 3- 26=2_2(=5)/2 L 1 > m. Since T'; is nondecreasing,
we have k < K(;_3)/2. Consequently,

Ik 2t-1 2t-1
() __ : 0
k K_zy2 2072+43-20683)/2 449
in this case.
By @), (@), and @), we have that in all cases,
T.(k . 2272 _ 2(272)/2
) 3 o

K~ 20113

This gives that I'; (k) /k is bounded below by a positive function of £. It follows that £ — oo as k — cc.
. JDy(k) . 3-20722(=2)/2 3

— = 7 > = —. O
Consequently, hkrg g.}f 2 élg]go ST E——; 5

5 Conclusion and Further Directions
In Section [f, we proved that likm inf(T';(k)/k) = 3/2 and that limsup(T';(k)/k) = 3. While we were
— 00 k

— 00
able to prove these exact asymptotic results in Section , we were only able to obtain the asymptotic
1 i(k 9 1 i(k 3. .
bounds — < liminf M < — and - < limsup M < — in Section B However, as of yet, we
10 k—o0 k—s00 2
have no reason to believe that the asymptotic behavior of v; and I'; depend on j. As such, we extend a

conjecture of Defant (, , Conjecture 22) regarding the exact asymptotic growth of ~q:
Conjecture 5.1 (cf. , , Conjecture 22)) For any nonnegative integer j, we have

i(k 9 i(k 3
1ikrr_1)i£f %]i ) =1 and lilrcrl}sip %li ) =5
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Note that Narayanan (R020) has proven lim sup(vo(k)/k) = 3/2.
k—o0

Finally, note that it may be interesting to investigate the properties of AP;(x, k) for other infinite words

x; Defant suggests doing this for j = 0. In this paper, we have utilized the recursive
structure of t to prove exact asymptotic values (resp. asymptotic bounds) for I';(k)/k (resp. ~v;(k)/k)
that are independent of j. It may be particularly interesting to know whether there are recursively defined
infinite words for which the asymptotic growth of analogously defined functions depends on j.
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