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Let D be a strong balanced digraph on 2a vertices. Adamus et al. have proved that D is hamiltonian if d(u) + d(v) >
3a whenever uv ¢ A(D) and vu ¢ A(D). The lower bound 3a is tight. In this paper, we shall show that the extremal
digraph on this condition is two classes of digraphs that can be clearly characterized. Moreover, we also show that if
d(u) + d(v) > 3a — 1 whenever uwv ¢ A(D) and vu ¢ A(D), then D is traceable. The lower bound 3a — 1 is tight.
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1 Terminology and introduction

In this paper, we consider finite digraphs without loops and multiple arcs. We shall assume that the
reader is familiar with the standard terminology on digraphs and refer the reader to [5] for terminology
not defined here. Let D be a digraph with vertex set V(D) and arc set A(D). For any x,y € V(D), we
will write x — y if zy € A(D), also write x +> y if x — y and y — z. For disjoint subsets X and
Y of V(D), X — Y means that every vertex of X dominates every vertex of Y, X = Y means that
there is no arc from Y to X and X — Y means that both of X — Y and X = Y hold. For a vertex
set S C V(D), we denote by NT(S) the set of vertices in V(D) dominated by the vertices of S; i.e.
NH(S) = {u € V(D) : vu € A(D) for some v € S}. Similarly, N~ (S) denotes the set of vertices of
V(D) dominating vertices of S; i.e. N~ (S) = {u € V(D) : wv € A(D) forsome v € S}.If S = {v}
is a single vertex, the cardinality of N+ (v) (resp. N~ (v)), denoted by d*(v) (resp. d~ (v)) is called the
out-degree (resp. in-degree) of v in D. The degree of v is d(v) = dgv) + d~(v). For a pair of vertex
sets X, Y of D, define (X,Y) ={ay € A(D) :x € X,y e Y}. Let &’ (X,Y) = |(X,Y)| + (Y, X)|.

Let P = yoy1 - . - yx be a (Yo, yx)-path of D. Fori # j, y;,y; € V(P) we denote by y; Py, the subpath
of P from y; to y;. If 0 < ¢ < k, then the predecessor of y; on P is the vertex y;_; and is also denoted by
y; . If 0 < i < k, then the successor of y; on P is the vertex 3,41 and is also denoted by y;r A k-cycle
is a cycle of order k. A cycle factor in D is a collection of vertex-disjoint cycles C1, Ca, . .., Cy such that
V(C1)UV(Cy)U---UV(Cy) = V(D).
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A digraph D is said to be strongly connected or just strong, if for every pair of vertices x, y of D, there
is a path with endvertices x and y. A digraph D is called hamiltonian if it contains a hamiltonian cycle,
i.e., a cycle that includes every vertex of D. A digraph D is traceable if D possesses a hamiltonian path.
A digraph D is semicomplete, if for every pair of vertices z, y of D, xy or yx (or both) is in D.

A digraph D is bipartite when V(D) is a disjoint union of independent sets V7 and V5. It is called
balanced if [V1| = |V2|. A matching from V; to V3 is an independent set of arcs with origin in V; and
terminus in Vo (ujug and vyvy are independent arcs when uq # v1 and ug # ve). If D is balanced, one
says that such a matching is perfect if it consists of precisely |V;| arcs. If D is bipartite and for every pair
of vertices x, y from distinct partite sets, xy and yz are in D, then D is called complete bipartite.

The cycle problems for digraphs are one of the central problems in graph theory and its applications
[5]. There are many degree or degree sum conditions for hamiltonicity in digraphs. The following result
of Meyniel on the existence of hamiltonian cycles in digraphs is basic and famous.

Theorem 1.1 [11] Let D be a strong digraph on n vertices where n > 3. If d(x) + d(y) > 2n — 1 for all
pairs of non-adjacent vertices x,y in D, then D is hamiltonian.

Recently, there is a renewed interest in various degree conditions for hamiltonicity in bipartite digraphs
(see, e.g., [1], [2], [3], [4], [7], [10], [12], [13], [14]). In particular, In [4], Adamus et al. gave a Meyniel-
type sufficient condition for hamiltonicity of balanced bipartite digraphs.

Definition 1.2 Let D be a balanced bipartite digraph of order 2a, where a > 2. For an integer k, we will
say that D satisfies the condition My, when d(u) + d(v) > 3a + k, for all pairs of non-adjacent vertices
U, V.

Theorem 1.3 [4] Let D be a balanced bipartite digraph on 2a vertices, where a > 2. Then D is hamil-
tonian provided one of the following holds:

(a) D satisfies the condition M1, or
(b) D is strong and satisfies the condition M.

In Section 3, we reduce the bound in Theorem 1.3(b) by 1 and prove that D is either hamiltonian
or isomorphic to a digraph in H; or the digraph H2, see Examples 1.4 and 1.5 below. From this, we
determine the extremal digraph of Theorem 1.3(b). We also prove that a strong balanced bipartite digraph
of order 2a satisfying the condition M_; is traceable. Our proofs are based on the arguments of [4].

Example 1.4 For an odd integer a > 3, let H1 be a set of bipartite digraphs. For any digraph H; in H,,
let V1 and V3 be partite sets of Hy such that Vi (resp. V3) is a disjoint union of S, R (resp. U, W) with
|S| = |W| =L, |U| = |R| = % and A(Hy) consists of the following arcs:

(@) rw and wr, forallr € Randw € W;
(b) us and su, forallu € U and s € S;
(¢) ws, forallw € Wands € S;

(d) there exist v € R and v € U such that ur € A(Hy). For everyr € R, dy,[p)(r) > “T_?’ and for
everyu € U, dy, (g (u) > 452
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Note that Hy is strong and satisfies the condition M_y, but since [INT(S)| = |U| < |S
perfect matching from Vy to V. Thus, Hy is non-hamiltonian.

, there exists no

Example 1.5 Let Hs be a bipartite digraph with partite sets X = {x1,x2,x3} andY = {y1,y2,y3}. The
arc set A(Ha) consist of the following arcs x1ys, Y223, T3ys, ysx1 and the following 2-cycles xo > yo,
To > Y3, Y1 <> x1 and y1 <> x3. Note that Ho is strong and the degree of every vertex in Ho is 4. Thus
Hs satisfies the condition M_1 as a = 3. Observe that Hy is non-hamiltonian (see Figure 1).

T Y1 T3
[ J @
@

Ys Z2 Y2

Figure 1. the digraph Hs.
2 Lemmas

The proof of the main result will be based on the following several lemmas.

Lemma 2.1 Let D be a strong balanced bipartite digraph of order 2a, where a > 2. If D satisfies the
condition M_, then either D contains a cycle factor or D is isomorphic to a digraph in H;.

Proof: Let V; and V5 denote two partite sets of D. Observe that D contains a cycle factor if and only
if there exist both a perfect matching from V; to V» and a prefect matching from V5 to V;. In order to
prove that D contains a perfect matching from V; to V5 and a prefect matching from V5 to V7, by the Hall
theorem, it suffices to show that [N (S)| > |S| forevery S C V; and [N (T)| > |T| for every T' C V&.

If there exists a non-empty set S C V7 such that [N (S)| < | S|, then we will show that D is isomorphic
to a digraph in H;. Note that Vo \ N (S) # 0. If |S| = 1, write S = {x}, then [N T(S5)| < |S| implies
that d(x) = 0. It is impossible in a strong digraph. Thus |S| > 2. If |S| = a, then every vertex
from V5 \ NT(S) has in-degree zero, which again contradicts strong connectedness of D. Therefore,
2<|5<a-1.

For any 1,z € S and wy,wy € Vo \ N1(S), by the hypothesis of the lemma,

3a—1<d(z1) +d(xy) <2INT(S)| + 2a (1)

and
3a — 1 < d(wy) + d(wz) < 2a + 2(a —|S5)). (2)

From these, we have [N 7(S)| > %51 and |S| < ¢FL. If ais even, then [N7(S)| > % and |S| < %, which
is a contradiction to [N (S)| < [S]. Thus a is odd and 251 < [NT(9)| < |[S| -1 < & —1 = &,
which means [NT(S)] = 27! and |S| = 2fL. Moveover, all equalities hold in (1) and (2), which
means that d* (z1) = d*(z2) = [NT(9)|, d (21) = d (z2) = a, d”(w1) = d” (w2) = a — |5
and d*(wy) = d*(w2) = a. By the strong connectedness of D and the hypothesis of this lemma, D is
isomorphic to a digraph in H;. a

From the proof of Theorem 1.2 in [4], we have the following lemma. We provide its proof for com-
pleteness.



4 Ruixia Wang, Linxin Wu, Wei Meng

Lemma 2.2 Let D be a bipartite digraph with partite sets V1 and V. Suppose that C; and C; are two
vertex-disjoint cycles in D. If C; and C; cannot be mergered into a cycle with vertex set V(C;) UV (C}),
then @’ (V(C), V(Cy)) < w Moreover, if a’ (V(C;),V(Cj)) = w, then for
anyx; € V(C;)NVyand z; € V(C;) NV, {xlx;',xjxj'} NA(D)| =1, withq € {1,2}.

Proof: Let g € {1,2},2; € V(C;) NV, and z; € V(C;) NV, be arbitrary. Let :v* be the successor of
x; in C; and let 2 be the successor of x; in C;. Let Z,(z;, :vj) be defined as {x;z, z;x;} N A(D). If
| Z4(x;, 2;)] = 2 for some x;, x;, then the cycles C; and C; can be merged into one cycle by deleting the

arcs a:la:j and z; a:j and adding the arcs :cza:j and a:jxj, a contradiction. So we may assume that

|Zq(xi, ;)] <1, forallz; € V(Ci)NVyand z; € V(C;) NV,. (1)
Now, consider an arc uv € (V(C;),V(C;)) and assume u € V;. Let v~ denote the predecessor of v in

C;. Then uwv € Z4(u,v™). Similarly, if uv € (V(C;),V(C;)), u € V,, and v~ is the predecessor of v in
C;, then uv € Z4(v~, u). Therefore

TWE)vEe)<> > P AT

q=1 mieV(Ci)ﬁVq T EV(Cj)ﬂVq

and hence, by (1),

@W(C, V() <2 LEL VG

2 2
Moreover, if ‘@ (V(C;),V(C;)) = MQW(CJ)', then the equality holds in (1), that is to say,
|{x1:1:j, z;x]} N A(D)| = 1, which completes the proof of the lemma. O
The next lemma shows two simple results.
Lemma 2.3 Let a1, as, . .., a; be non-negative integers with a; < as < --- < a; and let A be a positive

integer. If a1 + as + - - - + a; < A, then the following hold.
(a) Foranyl € {1,2,...,t}, a1 +as +---+a; < 4;

(b) If a1 + as = ;4, then for all i # j € {1,2,...,t}, we have a; = %, a; +a; = % and

ai+ag+---+a = A

Proof: (a) For a proof by contradiction, suppose that a1 —|— ag+---+a; > Thena; > 4, as otherwise
a1 <ag <---<q < 7 implies a; +az +- -+ a < , a contradiction. Then T <a S a4 <o <
a; implies ( ) <aqr1+-t+a <A—(a1+ag —|— ) <A- % = (tftl)A, a contradiction.
Hence a; —l—a2+ 4a < lf.

(b) If t = 2, then there is nothing to prove. Now assume ¢ > 3. First a; = a2 = %, as otherwise
as > 42 1mphesal %,foralliz& Thenw<a3+~-~+at§A—(a1+a2):w,a
contradlctlon. Soa; > é,for all7 > 3. Then @ <ag+ - 4a < A—(a1+a2) = w. It follows

that all equalities hold. Then a; = % foralli € {1,2,...,t}. Soa;+a; = % and a1 +ag+---+a; = A.
O

Theorem 2.4 [8, 9] Let D be a strong semicomplete bipartite digraph. If D contains a cycle factor, then
D is hamiltonian.
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3 Proof of the main result

Theorem 3.1 Let D be a strong balanced bipartite digraph of order 2a with partite sets Vi and Va, where
a > 3. If D satisfies the condition M_1, then D is either hamiltonian or isomorphic to a digraph in H,
or the digraph Ho.

Proof: Suppose that D is not isomorphic to a digraph in 7;. By Lemma 2.1, D contains a cycle factor
C1,Cs,...,Cs. Assume that s is minimum possible and D is not hamiltonian. So s > 2. Without
loss of generality, assume that |V (C1)| < |[V(Cq)| < -+ < |[V(C5)|. Clearly, |[V(C1)| < a. Denote
C1 =D —V(C}). By Lemma 2.2, the following holds:

@ (V(C) NV, V(Ch)) + @ (V(Cy) N Va, V(Ch))

=@ (V(C1),V(Cn) =) _ @ (V(C1). V(Cy) (1
i=2

< Vi)

Without loss of generality, we may assume that

V(CD[(2a =V (CV])

@(V(C1)NW,V(Ch)) < 1 :

)

as otherwise

@) N1,V (C) < IR VICDD, 3)

To complete the proof, we first give the following two claims.
Claim 1. For any two non-adjacent vertices x and y, if d(x) < b, then d(y) > 3a — 1 — b.

Proof: By the hypothesis of this theorem, d(z) + d(y) > 3a — 1. This together with d(z) < b implies
d(y) >3a—1—0b. O

Claim 2. If s = 2 and D[V (C;)] is either a complete bipartite digraph, or a complete bipartite digraph
minus one arc with [V (C7)| > 6, then there exists a vertex z € V(C) such that d¢, (z) = 0.

Proof: Suppose, on the contrary, that for every z € V(C3), de¢, (2) > 0, where de, (2) = [NT(2) N
V(C1)|+|N~(2)NV(Cy)|- Since D is strong, there exist arcs from C5 to Cy. Without loss of generality,
assume that v — x, where v € V(Cy) N V2 and z € V(Cy) N V4. Let y be an arbitrary vertex in
V(Cy) N V.

First, we observe that there exists a hamiltonian path @ from z to y in D[V (C4)]. If D[V(C4)] is a
complete bipartite digraph, it is obvious. Assume that D[V (Cy)] is a complete bipartite digraph minus
one arcs, say e, with |V(C7)| > 6. Denote m = chl)‘ Let z;y;, © = 1,2,...,m, be a perfect
matching from V; to V5 in D[V(C4)]. Without loss of generality, assume * = z7 and y = y,, (This
is possible as there are at least m — 1 arc-disjoint perfect matchings from V; to V4 in D[V (C})] and
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m > 3). Let P = 2191@2Y2 . . . TmYm- If e & {yixiy1 14 = 1,2,...,m — 1}, then P is the desired
path. Ife € {y;z41 : i = 1,2,...,m — 1}, say € = y,Zr11, then P U {&1yp, YrZ2, Try1, Y12r41} \
{z1y1, Y172, T Yr, YrTr41 } is the desired path.

According to the above observation, we can deduce that y - v™, where v is the successor of v in Cs,
otherwise vzQyv™ Cov is a hamiltonian cycle of D, a contradiction. By the arbitrariness of y, this means
that d, (vt) = 0. By d¢, (vT) > 0, we have df;, (v) > 0. Similarly, we can obtain that d, (w) = 0,
for every w € V(C3), a contradiction to the fact that D is strong. The proof of the claim is complete. O

We now consider the following two cases.
Case 1. |[V(Cy)| = 2.
Let V(Cl) Nnv = {xl} and V(Cl) NVy = {yl} By (1),

dg, (v1) +dg, (y1) < 2a -2 4)
and by (2),
dg, (v1) <a—1. (5)

Sod(z1) = de, (.1'1) + d@l (.I'l) <a+1.

Assume d(z1) < a. By Claim 1, d(z) > 3a — 1 —a = 2a — 1, for any z € V(D) such that z and
x1 are non-adjacent. It is easy to see that D is a semicomplete bipartite digraph. By Theorem 2.4, D is
hamiltonian, a contradiction.

Now assume d(z1) = a + 1. By Claim 1, forany 2’ € V4 \ {z1},d(2') > 3a—1—(a+1) = 2a — 2.
By (4) and dg, (r1) =a—1, ds, (y1) < a—1andso d(y1) < a+ 1. Similarly, we can also obtain
d(y1) = a+ 1. Hence, forany y' € Vo \ {y1}, d(v') > (3a — 1) — (a + 1) = 2a — 2. In fact, we have
shown that for any w € V(D) \ {z1,y1}, d(w) > 2a — 2.

Assume that |V (Cy)| = 2. Write Cy = z2y229, where 2o € V4 and yo € V5. Analogously, we can also
obtain that d(x2) = d(y2) = a+1. Note that d(z2) > 2a—2. Thus, 2a—2 < d(z2) = a+1. From this, we
have ¢ < 3 and so a = 3 and s = 3. Write C's = x3ysx3, where x5 € Vj and y3 € V5. Analogously, we
can also obtain that d(z3) = d(y3) = a + 1. By Theorem 2.4, D is not a semicomplete bipartite digraph.
Hence, there exist two vertices from different partite sets such that they are not adjacent. Without loss of
generality, assume that z; and y, are not adjacent. By d(z1) = a+1 =4 and d(y2) = a+ 1 = 4, we
have that 21 ¢ y3 and 23 <> . By Lemma 2.2, ‘@’ (V(C), V(C3)) < 2. So x5 and y3 are not adjacent.
Then d(x2) = a + 1 = 4 implies that zo <> y1. Note that D is hamiltonian, a contradiction (see Figure

2).
T @—0 Y1

X2 ® Y2

T3 @ ® Y3

Figure 2. The case when |V (C2)| = 2.

Next assume that |V (C2)| > 4. From this, |V (C;)| > 4, fori = 3,...,s. Let D’ = D — {z1,y1}
and @/ = a — 1. First we claim that s = 2. It suffices to show that D’ is hamiltonian. For ¢’ = 2 and
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a’ = 3, it is obvious. Recall that for any u € V/(D’), dp(u) > 2a — 2. Thus, dp/ (u) > 2a —4 = 2a’ — 2.
Thus, for any two non-adjacent vertices w and v in D', dp/ (u) + dp/(v) > 2(2a’ — 2). If a’ > 5, then
2(2a' — 2) > 3a’ + 1. By Theorem 1.3(a), D’ is hamiltonian. If «’ = 4, then 2(2a’ — 2) > 3d’. If D’
is strong, then by Theorem 1.3(b), D’ is hamiltonian. Next assume that D’ is not strong. In this case,
s = 3 and Cy, C5 are both 4-cycles. Write Co = xoysx3ysxs, where x; € Vi and y; € V3, fori = 2, 3.
Since D’ is not strong, without loss of generality, assume that Co = C3. So dp/(22) <2+ 4 = 2a’ — 2
and dp/(y2) < 2a’ — 2. Combining this with dp/ (z2) > 2a’ — 2 and dp/(y2) > 2a’ — 2, we have that
dpr(x2) = dp/(y2) = 2a’ —2 = 2a—4. Recall that dp(x2) > 2a—2and dp(y2) > 2a—2. So x3 <> y1
and 7 <> yo. This means that C; can be merged with Cy by replacing the arc xoy2 on Cs with the path
ZToy1T1Y2, a contradiction. Hence s = 2. Write Cy = x2ys . . . 4Yqx2, Where z; € V7 and y; € Vs, for
i = 2,...,a. By Claim 2, there exists a vertex z € V(C2) such that d¢, (z) = 0, say xz2. Thus, z2 and
y1 are not adjacent and d(z2) < 2a — 2. From this with d(x2) > 2a — 2, we have that d(z2) = 2a — 2,
which implies that 25 > y;, fori = 2,..., a. Recalling that d¢, (1) = de, (y1) = a — 1, that is to say,
@V(C),V(Cr) =2(a—1) = w By Lemma 2.2, for any z;,y; € V(Cs),

H{ziyr, z1yi} N A(D)| = 1 and {y;—121, y12:} N A(D)| = 1. (6)

Since y; and x, are not adjacent, by (6), we have y, — x; and 1 — yo.

First consider the case when a = 3. By d¢,(x1) = de,(y1) = a — 1, we have z1 — y2 and y3 — 21
and y; <> x3. If 3 — Yo, then x3y2x2ys1y1 23 is a hamiltonian cycle, a contradiction. Hence, y2 — x3.
If y3 — x3, then ysx3y121Yy222y3 is a hamiltonian cycle, a contradiction. Hence x3 +— y3. Then D is
isomorphic to the digraph H (see Figure 1.)

Next consider the case when a > 4. Assume that x, — y;. By (6), x1 - y,. Furthermore, y, -
x3, otherwise x1yaxay,x3C2x,y121 is a hamiltonian cycle, a contradiction. Hence d(y,) < 2a — 2.
Combining this with d(y,) > 2a — 2, we have d(y,) = 2a — 2, which implies x5 — y, and y, < x;,
for i = 4,...,a. Moreover, y; - 3, otherwise y1x3y,x1Yy222y3Caox,y1 is a hamiltonian cycle, a
contradiction. From this, we see that d(z3) < 2a — 2. Combining this with d(x3) > 2a — 2, we have
d(x3) = 2a — 2, which implies y3 <> x3. However, £3y,24Co%,y121Y22T2y323 is a hamiltonian cycle,
a contradiction. Now we assume z, — y1. Since d¢, (y1) = a — 1 and y; and x2 are not adjacent, there
exists a vertex x; € {x3,...,Zqa—1} suchthatz; — y;. Take r = max{i: ¢ € {3,...,a — 1} and z; —
y1}. By the choose of r, for every j € {r +1,...,a}, z; - y1. Then by (6), x1 — y,. If z; — ya,
then z,y121y;Cox2y,Cazy2Cox, is a hamiltonian cycle, a contradiction. Hence z; - y2. Combining
this with z; - 31 and d(z;) > 2a — 2, we have d(z;) = 2a — 2. Hence z; — {y;,yj—1} — x;. But
TrY1T1YaTaYa—1 - - - YrT2Cox, is @ hamiltonian cycle, a contradiction.

Case 2. |V (Cy)| > 4.

In this case, @ > 4. Let 21,22 € V(C1) N V; be distinct and chosen so that @ ({z1, 22}, V(CY)) is
minimum. By Lemma 2.3(a) and (2), ‘@’ ({z1, 22}, V(C1)) < 2a — |V(Cy)|, that is to say, dg, (z1) +
dg, (v2) < 2a—|V(C1)|. Since any vertex in Cy has at most [V (C1 )| arcs to other vertices in C1 (as there

are chl)‘ vertices from V5 in Cy) and [V (C4)| < a, we get3a—1 < d(z1)+d(z2) < 2a+|V(Cy)| < 3a.

From this |[V(C1)| = a — 1 or |[V(C})| = a. Before we consider these two cases, we claim the following.
Clearly, s = 2.

Claim 3. For any u € V(Cs2), d¢, (u) > 0.
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Proof: Suppose, on the contrary, that there exists ug € V(C2) such that d¢, (up) = 0. Then 3a — 1 <
d(ug) + d(x;) < |V(Co)| + |[V(C1)| + dey(x4), for i = 1,2, From this, deo,(2;) > a — 1. Thus
2(a—1) <dg,(z1) + dey (z2) < 2a — |V(C4)|, which means |V(Cy)| < 2, a contradiction. O

From Claims 2 and 3, we know that D[V (C1)] is not a complete bipartite digraph. Let y1,y2 €
V(C}) N V; be distinct and chosen such that ‘@’ ({y1, 42}, V(C5)) is the minimum.

Claim 4. If do, (1) + de, (22) = 2a — [V(C1)|, then de, (1) + de, (y2) < 2a — [V(Ch)).

Proof: If dc, (1) + dc, (2) = 2a— |V (C1)|, then by Lemma 2.3(b) and (2), ‘@’ (V (C1)NVi, V(Cy)) =
\V(Cl)|'(22*\v(cl)|). Then by (1), W(V(Cl) N Va, V(Cy)) < |V(Cl)\'(22*|v(cl)\). By Lemma 2.3(a),
@ ({y1,52}, V(Ca)) < 2a = [V(C1)], thatis, de, (y1) + de (y2) < 2a — V(). O

Now we return to the proof of the theorem and consider the following subcases.
Subcase 2.1. |V(C})| =a — 1.
In this case, |[V(C1)| = a—1 >4, thatisa > 5, and |V (Cs)| = a + 1.

Claim 5. For any two non-adjacent vertices u,v € V(C1), if de, (u) + de, (v) < 2a — [V (Ch)|, then
do,(u) + do, (v) = 2a — [V(C1)| and dg, (u) = de, (v) = [V(C1)].

Proof: By hypothesis, 3a — 1 < d(u) + d(v) = de, (u) + de, (v) + de, (u) + dey (v) < 2a—|V(Ch)| +
2|V (Cy)| = 3a — 1. If follows that dc, (u) + de, (v) = 2a — [V(C1)] and d¢, (u) = de, (v) = |[V(Ch)|.
O

By Claim 5, de,(z1) + dey(z2) = 2a — |V(Ch)| and de, (1) = de,(z2) = |[V(C1)|. By (2)
and Lemma 2.3(b), for any 2/, 2" € V(Cy) NV1, de,(2') + de, (") = 2a — |V (C1)|. By Claim 5,
de, (') = de, (2") = |V(Ch)|. Then D[V (C)] is a complete bipartite digraph, a contradiction.

Subcase 2.2. |V (C})| = a.
In this case, |V (C2)| = a. By

3a —1<d(z1)+ d(x2)
= dc, (71) +dc, (z2) + do, (1) + dey (22) @)
<2a+de,(z1) + de, (z2),

we have d¢, (1) + de, (£2) > a — 1. Combining this with de, (z1) + doy (22) < 2a — |V (Cy)| = a, we
have de, (21) + dey (22) = a — 1 orde, (21) + deoy (22) = a.

First suppose dc, (z1)+dc, (z2) = 2a—|V(C1)| = a. By Lemma 2.3(b) and (2), d¢, (z;) +dc, (z;) =
a, for any x;, z; € V(C1) NVi. Since D[V (C1)] is not a complete bipartite digraph, there exists a vertex
' € V(C1)NVy such that de, (2') < a—1. Forany z, € (V(C1)NVi)\{z'}, 3a—1 < d(z)+d(zx) =
(dey (@) + dey (zk)) + (dey (27) + dey(ar)) < (a—14+a)+a=3a—1. Sode,(¢') =a—1and
de, (x) = a, which implies that D[V (C})] is a complete bipartite digraph minus one arc. According
to Claims 2 and 3, |V(Cl)| = 4. Write C; = T1Y122y2x1 and Cy = T3Y3xT4ysxs, Where x; € Vj
and y; € Vi, fori = 1,2,3,4. Without loss of generality, assume that d¢, (x1) = 3 and yo — 1.
According to Claim 4, d¢, (y1) + de, (y2) < a. Then3a — 1 < d(y1) +d(y2) <2a—1+a=3a—1
implies that d¢, (y1) + de, (y2) = a, which means d¢, (z3) + do, (x4) = a. By symmetry, we can
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deduce that D[V(Cg)] is a complete bipartite digraph minus one arc. Without loss of generality, assume
that do,(x3) = a — 1. Then 3a — 1 < d(x1) + d(x3) < 2(a — 1) + de,(z1) + dc, (x3), that is,
de,(z1) + dey (z ) > a + 1. Without loss of generality, assume that dc, (z1) > § + 1. Combining
this with dc, (z1) + dc,(v2) = a, we have dc,(z2) < § — 1. Then 3a — 1 < d(x2) + d(z3) <
(a+ % —1)+ (a—1+dc, (x3)) implies that dc, (x3) > § + 1. From this with d¢, (23) + do, (z4) = a,
we have de, (z4) < § — 1. Butd(zz) + d(zs) < 2a +2(§ — 1) = 3a — 2, a contradiction.

Now suppose dc, (1) + de, (x2) = a — 1. From (7), de, (z1) = de, (x2) = a. If a = 4, then
D[V (C4)] is a complete bipartite digraph, a contradiction. Next assume that ¢ > 6. By Claims 2 and 3,
D[V (C1)] is not a complete bipartite digraph minus one arc. Denote V(C1) NV1 = {z1,22,..., 22}
and without loss of generality, assume that dc, (1) < dg,(z2) < -+ < dg,(v2). By the choice of
and x5 and dc, (1) + do, (z2) = a — 1, we know that dg, (z1) < § — 1. Denote dc, (1) = § — k, with
k>1.Sodc,(x2) = § +k—1landdc,(z;) > §+k—1,fori =3,...,5. By (2),

V)

a
-
Since D[V (C1)] is neither a complete bipartite digraph nor a complete bipartite digraph minus one arc,
either there exists a vertex x; € V(Cy) N V4 such that de, (z;) < a — 2 or there exist at least two
vertices x; and x; such that dc, (z;) = a — 1 and d¢, (z;) = a — 1. If a = 6, then d¢, (:c3) <a-2
By3a—1<d(x) +d(ws) < (a+ 5 — k) + (a —2+dc,(v3)), we have dc, (23) > § +k + 1. So
de, (21)+de, (22)+de, (v3) > a—1+%+k+1 = 3¢ +k. According to (8), 22 +k < “ ItlS 1mp0331ble

as k > 1and a = 6, a contradiction. Hence a > 8. By S—k+(5— )(§+k— 1)< Zi:l de,(z;) < & T’
we have k < 1l andso k = 1. So dg,(z1) = § — 1 and dg, (x;) > §, fori > 2. Suppose that there exists
avertex ' € V(Cq) N Wy such that de, (2') < a — 2. By Claim 1 and d(z1) = de, (21) + de, (x1) =

a+%—1 =3 —1 wehave d(z/) > 3* and so d¢,(z’) *d( ') —dc, (") > § + 2. Then

% +1=0E-)+(5-2)5+5+2< Zil do,(z;) < %, a contradiction. Thus there exist two
vertices x;,z; € V(C1) N Vi such that de, (;) = a — 1 and de, () = a — 1. Then by Claim I,
de, () > Ba—1) —d(z1) —de, (7)) = Ba—1) — (32 —1) = (a—1) = ¢+ 1and dc, (z;) > % + 1.

doy(21) +de, (x2) + -+ doy () < ®)

N

Then ‘1—2 +1=(5-1)+(5-3)5+2(5+1) < 21 de,(x;) < “T a contradiction. We have considered
all cases and completed the proof of the theorem. O

From Theorem 3.1, we can obtain the following.

Theorem 3.2 Let D be a strong balanced bipartite digraph of order 2a, where a > 3. If D satisfies the
condition M_1, then D is traceable.

Proof: By Theorem 3.1, D is either hamiltonian or isomorphic to a digraph in H; or the digraph H,. If
D is hamiltonian, there is nothing to prove. If D is isomorphic to the digraph Hs (see Figure 1), then
T1Y1Z3Y3T2Yy2 is a hamiltonian path. Suppose that D is isomorphic to a digraph in H; (see Example 1.4).
Note that both D[S N U] and D[R N W] are complete bipartite digraphs and |S| = [W| = 2«1 > 2.
Clearly, for any x1,22 € S, there is a hamiltonian path )1 from z; to x2 in D[S N U] and for any
wy,wy € W, there is a hamiltonian path Q2 from wy to we in D[R N W]. Then wyQawaz1Q122 is a
hamiltonian path in D. a

The bound in Theorem 3.2 is sharp, as can be seen in the following example.
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Example 3.3 Let a > 4 be an even integer and let Hs be a balanced bipartite digraph with partite sets
Vi and V3 such that Vi (resp. Va) is a disjoint union of S, R (resp. U, W) with |S| = |W| = “TH

|U| = |R| = a§2, and A(H3) consists of the following arcs:

(a) ry and yr, forallr € Randy € Vs,
(b) ux and zu, for allu € U and x € V1, and

(c) ws, forallw e Wands € S.

Then d(r) = d(u) = 2aforallr € Randu € U, and d(s) = d(w) = 222 forall s € Sand w € W
and so H3 satisfies the condition M_,. Notice that Hj is strong, but contains no hamiltonian path, as the

size of a maximum matching from V;j to V5 is a — 2.

4 Related problems

Let D, denote all strong balanced bipartite digraphs on 2a vertices such that d(u) + d(v) > 3a — k
for all non-adjacent vertices u,v. If D € D, o, then by Theorem 1.3, D is hamiltonian. A hamiltonian
digraph must possess a cycle factor. In this present paper, we have shown thatif D € D, ; and D contains
a cycle factor, then D is hamiltonian unless D is the digraph Hs. A natural question would be if there
are at most a finite number (depending on k) of digraphs in D € D, j, containing a cycle factor but not a
hamiltonian cycle.

Theorem 2.4 implies that a strong bipartite tournament containing a cycle factor, is hamiltonian. Let D
be a balanced bipartite oriented graph of order 2a. An another natural question would be if there exists
an integer k > 1 such that D satisfying the condition d(z) + d(y) > 2a — k for any pair of non-adjacent
vertices z, y in D and containing a cycle factor, is hamiltonian.

To conclude the paper, we mention two related problems. In [6], Bang-Jensen et al. conjectured the
following strengthening of a classical Meyniel theorem.

Conjecture 4.1 [6] If D is a strong digraph on n vertices in which d(u) + d(v) > 2n — 1 for every
pair of non-adjacent vertices u,v with a common out-neighbour or a common in-neighbour, then D is
hamiltonian.

In [1], Adamus proved a bipartite analogue of the conjecture.

Theorem 4.2 [1] Let D be a strong balanced bipartite digraph of order 2a with a > 3. If d(x) + d(y) >
3a for every pair of vertices x,y with a common out-neighbour or a common in-neighbour, then D is
hamiltonian.

A natural problem is to characterize the extremal digraph on the condition in Theorem 4.2.

A balanced bipartite digraph containing cycles of all even length is called bipancyclic. In [2], Adamus
proved that the hypothesis of Theorem 4.2 implies bipancyclicity of D, except for a directed cycle of
length 2a (Theorem 4.3 below).

Theorem 4.3 [2] Let D be a strong balanced bipartite digraph of order 2a with a > 3. If d(x) + d(y) >
3a for every pair of vertices x,y with a common out-neighbour or a common in-neighbour in D, then D
either is bipancyclic or is a directed cycle of length 2a.
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In the same paper, the author presented the following problem: if for every 1 < [ < a there is an
interger £ > 1 such that every strong balanced bipartite digraph on 2a vertices contains cycles of all
even lengths up to 2!, provided d(z) + d(y) > 3a — k for every pair of vertices x,y with a common
out-neighbour or a common in-neighbour.
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