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For the given bipartite graphs G1, G2, . . . , Gy, the multicolor bipartite Ramsey number BR(G1, G2, . .., G¢) is the
smallest positive integer b, such that any ¢-edge-coloring of K} ; contains a monochromatic subgraph isomorphic to
G, colored with the ¢th color for some 1 < ¢ < t. We compute the exact values of the bipartite Ramsey numbers
BR(Cs,C3y,) forn > 2.
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1 Introduction

Since 1956, when Erdos and Rado published the fundamental paper |[Erdos and Rado| (1956), Ramsey
theory has grown into one of the most active areas of research in combinatorics while interacting with
graph theory, number theory, geometry, and logic |[Rostal (2004). Ramsey theory has many applications
in several branches of mathematics. We refer to|Graham et al.; [Parsons| to see these diverse applications.
In particular, one can see the bipartite Ramsey numbers have many applications, and this motivated us
to conduct a study on bipartite Ramsey numbers. The classical Ramsey number for the given numbers
ni,..., Nk, is the smallest integer n in a way that there is some 1 < ¢ < k for each k-coloring of the edges
of complete graph K,,, such that there is a complete subgraph of size n; whose edges are all the ith color.
However, there is no loss to work in any class of graphs and their subgraphs instead of complete graphs.
If G1,Ga, ..., G, be bipartite graphs, the multicolor bipartite Ramsey number BR(G1, Go,...,G}) is
defined as the smallest positive integer b, such that any ¢-edge-coloring of the complete bipartite graph
Ky, contains a monochromatic subgraph isomorphic to G;, colored with the ith color for some i. The
existence of such a positive integer is guaranteed by a result of Erdds and Rado |[Erdos and Rado| (1956).
Recently, new versions of Ramsey numbers, such as multipartite Ramsey numbers have been defined.
One can refer to Day et al.|(2001), [Rowshan et al.| (2021), Rowshan and Gholami| (2023)), Rowshan| and
their references for further studies.
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The exact values of the bipartite Ramsey numbers BR(FP,,, P,,) of two paths follow from the results
of Faudree and Schelp Faudree and Schelp|(1975) and Gyarfas and Lehel |Gyarfas and Lehel|(1973). The
bipartite Ramsey numbers BR(K ,,, P,,,) are given by Hatting and Henning in Hattingh and Henning
(1998). The multicolor bipartite Ramsey numbers BR(G1, Ga, ..., G) when Gy, Gs, . . ., G, are either
stars and stripes, or stars and paths, has been studied in [Raeisi (2015). In Bucic et al| (2019)), authors
have determined asymptotically the 4-colour bipartite Ramsey number of paths and cycles. The same
authors have determined asymptotically the 3-colour bipartite Ramsey number of paths and cycles in
Bucic et al.|(2019). The three-colour bipartite Ramsey number BR(G1, G2, P3) is considered inLakshmi
and Sindhu (2020). New values of the bipartite Ramsey number BR(Cy, K 1.,71/) using induced subgraphs
of the incidence graph of a projective plane are given in|Hatala et al.| (2021). Bipartite Ramsey numbers
of K, , in many colors and bipartite Ramsey numbers of cycles for random graphs have been discussed
in|Wang et al.|(2021.) and |Liu and Li (2021)) respectively. Xuemei Zhang et.al have done a research on
multicolor bipartite Ramsey numbers for quadrilaterals and stars [Zhang et al.[(2023). The exact value of
BR(nPs,nPs, ....,nPs) has been obtained in|Qiao et al. (2021). The exact value of BR(Ps, Ps, P,,), and
BR(Ps, Ps, ..., P,) forn > 4r 4+ 2, and BR(Py, Py, P,,) for n > 4 have been computed in Wang et al.
(2021). We intend to compute the exact values of the multicolor bipartite Ramsey numbers BR(Csg, Ca;, ).
Actually, we prove the following theorem:

Theorem 1.1. For anyn > 2, we have:

BR(Cs, Cay) = {8 .
n+ 3 otherwise.

In this paper, we are only concerned with undirected, simple, and finite graphs. We follow Bondy et al.
(1976) for terminology and notations not defined here. Let G be a graph with vertex set V' (G) and edge set
E(G). The degree of a vertex v € V(@) is denoted by deg (v), or simply by deg(v). The neighborhood
N¢g(v) of a vertex v is the set of all vertices of G adjacent to v and satisfies |[Ng(v)| = degq(v). The
minimum and maximum degrees of vertices of G are denoted by 6(G) and A(G), respectively. Let C
be a set of colors {c1,ca, ..., ¢} and E(G) be the edges of a graph G, an edge coloring f : E — C
assigns each edge in E(G) to a color in C. If an edge coloring uses k colors on a graph, it is known
as a k-colored graph. As usual, C), stands for a cycle on n vertices. The complete bipartite graph with
bipartition (X,Y"), where | X| = m and |Y| = n is denoted by K, ,. We use [X, Y] to indicate the set
of edges between a bipartition (X,Y) of G. Let W C V(@) be any subset of vertices of G, the induced
subgraph G(W) is the graph whose vertex set is W and whose edge set consists of all of the edges in
E(G) that have both endpoints in . The complement of a graph G, denoted by G, is the graph with the
same vertices as G and contains those edges which are not in G. G is n-colorable to (G1, Ga, ..., Gy) if
there exists an n-edge decomposition (Hi, Ho, ..., H,) of G, where G; € H, foreachi =1,2,...,n.

2 Some basic results

To prove our main results, namely Theorem [I.1] we need to establish some preliminary results. We start
with the following simple but helpful lemma:

Lemma 2.1. Let G be a subgraph of K;; with a cycle C : x1y122 ... xryrx1 of length 2k, where
t > k+ 1. If x and y be two vertices of G not in C, where x;,x;+1 € Ng(y) and y;,yi+1 € Ng(x), or
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xy € E(G), in which z; € Ng(y) and y; € Ng(z) for some i,1 < i < k, then G has a cycle of length
2k + 2.

Proof: Consider C' = 219122 . .. Yi 1 TiYTit1YiTYi+1Tit2 - - - TpYpT1, Where z;, 2,41 € Ng(y) and
Vi, Yi+1 € Ng(z). Also, consider C” = z1y122 ... 2;yTy;Tit1 - . . TuYgpT1, Where zy € E(G), z; €
Nc(y), and y; € Ne(z). O

Lemma 2.2. Let G be a spanning subgraph of K, ; with a cycle C of length 2k, where t > k + 1 and
k > 4. Let x and y be the vertices of G not in C. Assume that x,y are adjacent to at least k — 1 vertices
of C where xy ¢ E(G), or x and y are adjacent to at least (%1 + 1 vertices of C where xy € E(Q).
Then G has a cycle of length 2k + 2.

Proof: If 2y ¢ E(G), the lemma is proven by Zhang et al. in|Zhang et al.| (2013), hence we may assume
that z, y are adjacent to at least [£] + 1 vertices of C' where zy € E(G). Without loss of generality
(W.1.g.), assume that Cop, = z1y172Y> - . - Tryr21. In this case, it is easy to check that there is at least one
i, 1 <14 < k, such that zy; and z;y belong to E(G). Therefore by Lemma we have (12 C G and
the proof is complete. O

In the following two theorems, the authors in |Rui and Yongqi (2011)) and Zhang et al.| (2013) have
determined the exact value of the bipartite Ramsey number of BR(Cs,,, Ca,,) for m = 2, 3, respectively.

Theorem 2.3. For anyn > 2, we have:

5 n=273,
n+ 1 otherwise.

BR(C4,Coy,) = {

Theorem 2.4. For anyn > 3, we have:

6 n =3,
n + 2 otherwise.

BR(Cg,Coy,) = {

Proposition 2.5. Let G be a subgraph of K g where K3 4 C G, then either Cs C G or Cs C G.

Proof: Let (X = {x1,...,28},Y = {31,...,ys}) be abipartition of Kg g and K34 C G[X1,Y1], where
X1 ={x1,22,23}, Y1 = {y1,...,vya}. Assume that Cs ¢ G. Thus we have |[Ng(z) N Y| < 1 for each
x € X \ X;. Otherwise, Cs C G. Consider X5 = X \ X; and Y5 = Y7 U {ys}. Since BR(Cs,Cy) =5
and Cs ¢ G, we have Cy C G[X>, Y>]. Hence y5 € V(Cy); otherwise, Cs C G. W.l.g., we may assume
that Cy = T4Y45Yysxy. Therefore we have [{.134,.2?5}, {yl,yg,yg}}, [{.131,1‘2,1‘3}, {y5H - 6, other-
wise, Cs C G. If [Ng(ys) N {z6, z7, 23} > 2, then Cs C G[X2,{y1,y2, Y3, ys}], a contradiction. So
ING(ys) w6, 27, 8 }| > 2. Letz6ys, T7ys € E(G), hence Ky 3 = [{z4, x5, 76, 7}, {Y1, Y2, y3}] € G.
Therefore, | N&(y) {24, x5, x6, 27 }| < 1foreachy € {ys,y7, ys}, thatis |Ng(y) {4, x5, 26, 27} > 3
for each y € {ys,y7,ys}. So, we have K34 = [{x1, 22,23}, {¥s, Y6, Y7, ys}] C G. Therefore for each
x € {x4, x5, 76, 7}, we have [Nz () {ys, y7, ys}| < 1; otherwise, Cs C G[{x1, 2, x3, 2}, {ys, Y6, Y7, ys}]
which is a contradiction. Afterwards one can check that Cs C G[{x4, x5, s, 27}, {ys5, ¥s, y7,ys}| and
the proof is complete. O
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3 Proof of the main results

In this section, we compute the exact value of the bipartite Ramsey numbers BR(Cys, Ca,,) for n > 2.

m-+n n=m,

Also, we guess that for m,n > 3, we have BR(Cs,,, Cay) = . It should

m+n-—1 n#m.
be noted that, after the authors posted the current article on arXiv, the correctness of the conjecture was
proved by Yan and Peng|Yan and Peng|(2021).
In order to simplify the comprehension, let us split the proof of Theorem into small parts. We begin
with a simple but very useful general lower bound in the following theorem:

Theorem 3.1. |Rui and Yongqi|(2011) We have BR(Cay,, Cop) > m+n — 1 forallm,n > 2.

Proof: Let G; and G5 denote vertex-disjoint induced subgraphs of K, -2 m4n—2 (m,n > 2), which
are isomorphic to complete bipartite graphs K,;,_1 y4n—2 and K, _1 p4n—2, respectively. Clearly,
E(K77L+n—2,m+n—2) = E(Gl)UE(GQ) As C2m ,¢_ G1 and Ogn g GQ, it follows that BR(CQm, CZn) 2
m +n — 1, as required. O

Lemma 3.2. |Rui and Yongqi|(2011) BR(Cs, Cy) = 5.
Lemma 3.3. [Zhang et al.|(2013) BR(Cs, Cg) = 6.

In the following two theorems, we determine the exact values of the bipartite Ramsey number of
BR(Cs, Ca,) forn = 4,5.

Theorem 3.4. BR(Cs,Cg) = 8.
Proof: To prove the lower bound, consider a bipartition (X,Y") of K77, where X = {z1,22,...,27}

andY = {y1,92,...,yr}. Let (G, G) be a 2-edge-coloring of K7 7, where G is given in Figure|l} Hence
itis easy to see that Cs ¢ G and G = G \ w4ya, that is we have Cs ¢ G. Therefore, BR(Cs, Cs) > 8.

T T2 T3 Tq L5 L6 L7

Fig. 1: Edge disjoint subgraphs G and G of K77

To complete the proof, suppose on the contrary that BR(Cs,Cs) > 8, that is Kg g is 2-colorable to
(Cs,Cs), say Cs ¢ G and Cs ¢ G for some G C Kgg. Since BR(Cs,Cs) = 6 and Cs ¢ G, G
has a subgraph C' = Cs. Let (X,Y") be a bipartition of Kg g, where X = {z1,22,...,25} and ¥ =
{y1,y2,...,9s}. Set X1 =V(C)NX, Y, = V(C)NY. W.l.g., we may assume that X1 = {x1,z2, 23},
Y1 = {yhyg,yg}, and 06 = T1Y1X2Y2X3Yy3xq. Consider X2 =X \ {xhl'g} and Y2 =Y \ {y17y2}-

Since BR(Cs,Cs) = 6, | Xa2| = [Y2| = 6, and Cs € G, G[X»,Y>] has a subgraph C' = Cj. Let
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X{ =V(C")NXzand Y] = V(C’) NY2. Now we consider the [{z3,y3} NV (C")|, there are three cases
as follows:

Case 1. |[{z3,ys} NV (C")| = 2.
W.Lg., we may assume that X| = {z3, 24,25} and Y] = {y3,v4,95}. If 23y35 ¢ E(C’), then we have
{x3Y4, 3Y5, Y34, ysrs} C E(C’) and there is at least one edge 2’y’ between {z4, x5} and {y4, ys} in
G. Since z3y; € E(C) and z3y,y3a’ are belong to E(C’), by Lemma 2.1 we have Cs C G[X; U
{z'}, Y1 U {y'}], which is a contradiction. Hence, assume that z3y; € F(C’), and w.l.g. assume that
C' = x3y3r4yar5ysx3. Now since Cs ¢ G, and by Figure it is easy to check that

{xlyg,x1y4,x2y4,x2y57x4y1,x4y5, xsyhxsyz} c E(é)
That is, Cs = 21y225y1TaysT2yax1 C G, a contradiction again.

Z1 €2 €3 T4 T5 Z6 Z7 s
O O O

O O O
n Y2 Ys Y4 Ys Ye Y7 Ys

cuc’

Fig. 2: z3y3 € E(C')

Case 2. [{z3,y3} NV (C")| = 1.
W.Lg., we may assume thatxs € V(C"), X| = {z3, 24,25}, Y] = {ys, ys, Y6}, and C' = x3y4T4YysT5Y6T3.
Since Cs ¢ G, by Figure [3| it is easy to check that Ko 3 = [{z4,25},{y1,v2,y3}] C G, Ka3 &
{z1, 22}, {y4,ys5,y6}] C G. Now we have the following claim:

Z1 €2 €3 T4 Ts5 Z6 Z7 s
O O O

U1 Y2 Ys Y4 Ys Ye Y7 Ys
cuc’

Fig. 3: [{z5,y3} NV (C')| =1 (23 € V(C"))

Claim 1. If there exists a vertex  of X; = {xg,x7,xs}, such that |[Ng(z) N {y2,y3}| # 0, then
|[Ng(z)NY{|=0.
Proof: Let zy, € E(G). For other cases, the proof is the same. Hence if xy4 or zys belong to E(G),

then we have Cs C G, and if zy5 € E(G), then we set C' = z3yaxysx4ysxs and the proof is the same
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as case 1 when Yo =Y \ {y1, 93} O

Similar to the proof of Claim 1, we have the following claim, which is easily verifiable.

Claim 2. If there exist a vertex x of X} = {wg, 27,28}, such that |[Ng(z) N {ys,ys}| # O, then
|Na(z) NYi] = 0.

Now by Claim 1, there are at least two vertices 26 and z7 of X}, = {x¢, x7, 25}, such that [{zg, 27}, {y2,y3}] C
G; otherwise, we have K, 3 C G[{x1, 22, ¢, 27, s}, Y{] and the proof is complete by Proposition
Therefore by Claim 2, we have |[Ng(z) N {y4,ys}| = O for at least one vertex of {xg, z7}. Otherwise,
we have K, 3 = [{z4,75, 76,27}, Y1] C G and the proof is complete by Proposition Hence we
may assume that [Ng(z7) N {ys,96}| = O, that is z7ys, 77y € FE(G). So it is easy to check that
T1Y2, T2Y3, T4Y6, T5Y4, TeYa, TeYs, Teys € F(G); otherwise, Cg C G. Hence x¢y; € E(G); other-
wise, Cs C G. Now z7y1 € E(G), if not we have K43 = [{z4, x5, 26,27}, Y1] C G and the proof
is complete by Proposition We should also have x7y5; € E(G), if not Cg C G, that is we have
K33 = [{z4,75,76},Y1] C G and K33 = [{x1,22,27},Y{] € G. Now consider N(zs), by Claims
1 and 2, we have |Ng(zs) N {y2,93}| = |Na(zs) N {ys,y6}| = 0, otherwise we have K43 C G and
the proof is complete by Proposition Therefore {y2,93,¥4,¥6} € Ng(xs) and one can check that
Cs = 23Y6T1Ys5Tayat7yoxs C G and the proof is complete.

Case 3. [{z3,y3} NV (C")| = 0.
We may assume that X| = {x4, 25,26}, Y] = {ys, 95,96}, and C' = zyysxsyszeysry. In this case,
foreachz € X1, 2’ € X{,y € Y1, and y € Y], we have |[Ng(z) NY{| < 1, [Ng(z') N Y| < 1,
|[Ne(y') N X1] < 1, and |[Ng(y) N X;| < 1. Otherwise, the proof is the same as case 2. Therefore it is
easy to show that the following claim is true.

Claim 3. K33\ e C G[X1,Y/] and K33 \ e C G[X{],Y1], in other words, there is at most one edge
between [X1, Y]] and [X], Y7] in G.

Now by Claim 3, one can check that [X1,Y;] C G or [X],Y{] C G; otherwise, Cs C G. W.Lg., we
may assume that [X7,Y;] C G. Hence we have [X1,Y]] C G or [X{, Y] C G, if not, we have Cs C G,
which is a contradiction. W.1.g., assume that [X;, Y] C G. Now consider r7y7 and w.l.g. assume that
z7yr € E(G). For other cases, the proof is the same. If [N¢(z7) NY;| # 0, by Lemma 2.1] we have
|Ng(y7) N X1| = 0, hence K34 = [X1,Y] U {y7}] € G and the proof is complete by Proposition
So let |Ng(z7) N Y1| = 0. Therefore by Claim 3, there exists one edge between [X1,Y1] in G;
otherwise, K34 C G and the proof is the same. Assume that 2491 € FE(G), if [Ng(z7) N Y{| = 0 or
ING(y7) N X1| =0, then K43 2 [ X1 U{z7},Y{] C Gor K34 = [X1,Y] U{yr}] C G, respectively and
the proof is complete by Proposition Hence w.l.g. assume that x7y,, z1y7 € E(G). Therefore one
can check that Cs = x1yrx7ysxay1z2y21 C G, a contradiction again.

Now by cases 1, 2, and 3, the proof is complete and the theorem holds. O

Theorem 3.5. BR(Clo, 08) =8

Proof: The lower bound holds by Theorem To complete the proof, by contrary suppose that
BR(C49,Cs) > 8, thatis Kg g is 2-colorable to (Cy, Cs), say C19 € G and Cs ¢ G for some G C Ky g.
Since BR(Cs,Cg) = 8 and Cs ¢ G, G has a subgraph C' = Cs. Let (X,Y) be a bipartition of Kg g,
where X = {x1,22,...,z8}andY = {y1,92,...,ys}. Set X; = V(C)NX andY; = V(C)NY. Wlg,
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we may assume that X1 = {z1,22,73,24}, Y1 = {y1,92,¥3,94}, and C' = 21y102Y2T3Y3T4YaT1.
Since Cy Q G, there is at least one edge other than E(C') between X; and Y7 in G, w.l.g. assume that
x1y2 € E(G) (for other cases, the proof is the same). Consider X = X\ {z1, 22} and Y2 = Y\ {y1,92}.
Since BR(Cs,Cs) = 6, |X2| = |Ya| = 6, and Cs ¢ G, G[X»,Y5] has a subgraph C’ = Cg. Let
X = V(C)N Xy, Y = V(C') NY1. Now consider the (|X1],|Y{|). By symmetry we note that
(X1 1Y71) = (Y21, X2 so (1XE1,1¥2]) € (0,0, (1,0), (2,0), (1, 1), (2, 1), (2,2)}, now we have the
following cases:

Case 1. (| X1], |Y{]) = (0,0).

Assume that V(O/) = {135, X6, L7,Y5, Y6, y7} and C' = T5Ys5TeYeL7Y7L5- Set Xé = {1‘5, T, LE7} and
Yy = {ys, Y6, y7}. Since C19 € G, one can check that either K3 4 = [X3,Y1] C Gor K43 2 [X;,Y3] C
G; otherwise, assume to the contrary that there exists at least one edge between X and Y7 in G, along with
there exists at least one edge between X; and Yy in G. Utilizing symmetry and without loss of generality,
let’s consider that z5y; € E(G). Subsequently, let’s posit that | Ng(y5) N X1| # 0. For other cases, the
proof remains consistent. Since both x5y5; and x5y, are edges in G, if x1y5 or xoys are also edges in G,
then by lemma it can be deduced tha Cjp C G. Therefore, let’s assume that either z3y5 € E(G) or
x4ys € E(G). In the instance of z3ys € E(G), we have C' = 5y122Y221Y4T4Y3T3Y5T5 1S a copy of
C1o in G. The proof remains analogous in the scenario where z4y5 € E(G).

Hence, w.l.g., we may assume that K34 = [X5,Y;] C G. If there exists a vertex = of X \ X}, such
that | Ng(z) NYy| > 2, then Cg C G, a contradiction. Hence |Ng(x) NY;| > 3 foreach z € X \ XJ,
that is [Ng(zs) N Y| > 3. Therefore by Lemma [2.1] we have |[Ng(y) N X;| < 1foreachy € Y \ Yj;
otherwise, C19 C G. If there exist y,y" € {ys, ys,y7}, such that [Ng(y) N X1| = [Ne(y' )N X1 =1
and Ng(y) N X1 # Ng(y') N X4, one can check that C1g C G, a contradiction again (for example w.L.g.,
assume that Ng(ys)ﬂXl = {$1} and Ng(y(;)ﬂXl = {.’L’Q} Hence C1g := y5T1Y424Y3T3Y2T2YsTeYs C
G). Therefore, w.1.g. we may assume that {z, z2, 23} C Ng(y) foreach y € {ys,ys,y7}. If there are at
least two vertices y/s, yg of Y5, such that [N (y;)NX 1| = 4 fori = 5,6, then Cs C G[X,Y \Y]. In other
words, there are at least two vertices ys, yg of Y5, such that Ng(y;) N X7 = {x4}. Hence zgy; € E(G)
for i = 5,6, if not, 19 C G, a contradiction. Now one can check that Cgy C G[{x1, 72,73, 28},Y \ V1]
and the proof is complete.

Case 2. (| X1],Y{]) = (1,0).
Assume that X{ = {x4}. For the case that X{ = {x3}, the proof is the same. Hence w.l.g. assume that
V(Cl) = {I’4,I’5, T, y57y67y7} and ¢’ = T4Ys5T5Y6LeYr7T4. Set Xé/ :7{131,‘%2,:]53}, Xé = {I’5,1‘fﬁ,
and Y7 = {ys,ys,y7}. Since Cig € G, we have K33 = (X7, Y]] C G and Ko 4 = [X}, V3] C G.
Now consider the vertices {x7, 23}, one can check that for at least one vertex = of {7, xs}, we have
|NG(z) NYi| > 2; otherwise, byK> 4 = [X},Y1] C G one can say that Cs C G[X \ X;,Y:]. Wlg,
assume that | Ng(27) N Y1| > 2 and thus |Ng(2z7) NYy| = 0; otherwise, C9 C G. Therefore, we have
Ki3 = [X) U{z7},Y]] C G, that is | Ng(ys) N (XY U {z7})] < 1, if not, Cs C G[X§ U {z7},Ya].
Since [Ng(z7) NY1| > 2 and |Ng(ys) N X3| > 2, if 27ys € E(G), using Lemma[2.1] it can be easily
checked that C19 € G. So let 27ys € E(G), that is X) C Ng(ys) and thus |Ng(x7) NY1| = 2
and Ng(27) NY7 = {y3,ys}. Otherwise by Lemma [2.1} we have Cjy C G and the proof is complete.
Similarly | Ng(zg) NY1| < 2; otherwise, by LemmaCm C G[X;U{as}, Y1 U{ys}]. If [INg(xs) N
Yy| < 1, then Cg C G[X \ X1,Y;]. Hence |[Ng(zs) NY;y| = 2 and 2gys ¢ E(G), if not, one can by
Lemma check that Co € G[X; U {xg}, Y1 U {ys}]. Thus we have Y \ Y} C Ng(x;) fori = 7,8.
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That is, Cs C G[{x1, 22, 27,28}, Y \ Y1] and the proof is complete.

Case 3. (| X1{],1Y7]) = (1,1).
W.Lg., we may assume that V(C") = {z, s, %6,y,y5,Ys}, Where € {x3, 24} and y € {y3,ya}. If
xy ¢ E(C), then x = z3 and y = y4. Let xz3ys € E(C’), and w.l.g. we may assume that C' =
T3Y4T5YsTeYsT3. In this case, we have Cg = T1Y122Y223YsTeYs5T5Y4x1 C G, a contradiction. So let
x3ys ¢ F(C’) and w.l.g. we may assume that C' = x3ysz5ys26ysrs. Consider the following figure:

I T2 T3 T4 Ts L6 L7 rs
O O
O O

A Y2 Ys Ya Ys Ye Y7 Ys

Fig. 4: x = x3,y = ys and z3ys ¢ E(C")

By Figur it is easy to check that z;y; € E(G), where i € {5,6}, j € {1,2,3}. Similarly,
z;y; € E(G), where i € {5,6}, j € {1,2,4}, and x2y3,24y2 € FE(G). Hence we have Cg C
G[{wa, w4, 25,26}, {y1, Y2, Y3, Y5 }], a contradiction too. Solet vy € E(C), thatis 2y € {w3y3, Y374, T4Ys}.
In this case, the proof is the same as the case that z = x3 and y = y4, where z3y4 € E(C’) and we get a
contradiction again.

Case 4. (| X1],[Y{]) = (2,0).
ng, let V(O/) = {I37$4,l‘5, Ys, Y6, y7} and C' = T3YsT4YeL5Y7 3. In this case, we have 010 =
T1Y1X2Y2T3Y7T5Ysxaysr1 C G, which is a contradiction.

Case 5. (| X1, [Y{]) = (2,1).
W.l.g., we may assume that V(C") = {x3, 24, 5,Y,Y5,Ys }, where y € {ys,ys}. fy = ysory = yq4
and x3y, € E(C"), by considering the edges of C' and C’, in any case, it is easy to check that Cy C
G[V(C) U V(C")]. For example, assume that y = y3 and C' = z3y3x4ysT5Ysx3, hence we have
Cho = YsT5Ys5T4Y4T1Y122Y223Ys C G. For other cases, the proof is the same.

Hence, assume that y = y4, and z3y4 ¢ E(C’). W.Lg., assume that C' = x4y425y523ysx4. Consider
the following figure:

T T2 €3 T4 Is Te Ty Ts

Y1 Y2 Ys Y4 Ys Ye Y7 Ys

Fig. 5: z3,74 € X1,y € Y{ and z3ys ¢ E(C")
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By Figure[3] it is easy to check that:

{z1ys, 21y5, 16, T2Y3, T2Ys, T2V, Tays, T5Y2, T5Y3, Ts5Ye } € E(G)

Otherwise, C19 C G. For example by contrary assume that z1y3 € F(G), it can be seen that Cyg :=
T1Y1T2Y2T3Ys5T5Ysx4ysx1 C G. For other cases, the proof is the same. Now, consider z4ys. If z4y2 €
E(G), then we have Cg = 21y375y274Ys5T2y671 C G, a contradiction. Hence assume that x4y, € E(G),
therefore C1g = x1y122Y2T4YsT3Ys25y4x1 C G, which is a contradiction again.

Case 6. (| X1], |Y{]) = (2,2).
W.l.g., we may assume that V(C’) = {x3, x4, x5,y3,ya,ys }. If 25y5 ¢ E(C’), we have z5y;,ysx; €
E(C') for j = 3,4. Thus by Lemma we have Cg C G, which is a contradiction. Now let z5y5 €
E(C"). If z4y5 € E(C"), then by Lemma2.1] the proof is the same. So let z4y5 ¢ E(C"). Therefore, we
have z3ys € E(C"). If x5y3 € E(C”), the proof is the same. Hence C' = z3y3z4ysz5ysc3 C G. Since
Cio € G, and by Figure@ it is easy to check that:

{9U1y37 L1Ys5, L2Y3, L2Y5, LaY1, L4Y2, L4Ys5, T5Y1, T5Y2, 5552/3} c E(é)

Z1 €2 €3 T4 Ts5 Te Z7 s

Y1 Y2 Ys Y4 Ys Ye Y7 Ys

Fig. 6: (| X1|,|Y{]) = (2,2) and 24y5, z5y3 € E(G)

Now we have the following claim:

Claim 4. |Ng(25) N {ys, y7,ys}| = 0.
Proof: By contradiction we may assume that |[Ng(zs5) N {ys, y7,ys}| # 0, say asys € E(G). In

this case, we have {x1,z2,24} C Ng(ys); otherwise, Cio € G which is a contradiction. Now, since

{z1, 22,24} € Ng(ys), one can check that Cs = yszay125y321y522Y6 < G, a contradiction again.
Hence the assumption does not hold and the claim follows. O

Therefore by Claim 4, {ys,y7,ys} C Ng(x5), and we have the following claim:
Claim 5. {z1, 22} C Ng(y;) fori =6,7,8. -
Proof: By contradiction, let there is at least one edge between {z1, 22} and {ys, y7,ys} in G, say z1ys €

E(G). Hence Cs = x1y3x2yseay125ysr1 S G, a contradiction.
Now by Lemmaand Claim 4, foreachi = 6,7, 8, x4y; € E(G); otherwise, C19 C G, a contradicti@.
If there exists a vertex = of {ws, x7, x3}, such that [Nz(x) N {ye, y7,ys}| > 2, then we have Cs C G,
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a contradiction as well. Hence, for each ¢ = 6,7, 8, we have |[Ng(x) N {ys, y7,ys}| > 2. Assume that
xeYs, Teyr € E(G), therefore it is easy to check that C1p C G[X7 U {a6}, Y1 \ {y1} U {ves,y7}], @
contradiction again. O

Now by cases 1, 2, ..., 6, the proof is complete and the theorem holds. O

In the following theorem, we determine the exact value of the bipartite Ramsey number BR(Cs, Ca,,)
forn > 5.

Theorem 3.6. BR(Cs,Cs,) = n + 3 for eachn > 5.

Proof: The lower bound holds by Theorem [3.1] We use induction to prove the upper bound. For the base
step of the induction, the theorem holds by Theorem Suppose that n > 6 and BR(Cs, Ca,) = n'+3
for each n’ < n. We will show that BR(Cjs, C2,) < n + 3. To complete the proof, by contrary suppose
that BR(Cs,C2,) > n + 3, that is there exists a subgraph G of K., such that neither C2, C G
nor Cs C G, where t = n + 3. Since BR(Cs,Ca,—1)) = n+ 2 and Cs € G, G has a subgraph
C = Cy(n—1)- Let (X,Y) be abipartition of K} ;, where X = {x1,22,...,2:andY = {y1,y2,.. .,y }.
Set X; =V(C)NXandY; = V(C)NY. Wlg., we may assume that X1 = {x1,x2,... Tpn_2,Tpn_1},
Y1 ={y1,¥2,- - Yn—2,Yn-1}, and C = T19122Y2 . . . T—2Yn—2&n—1Yn—121. Since Cs ¢ G, there is
at least one edge other than E(C') between X; and Y; in G. Now we have the following cases.

Case 1. There exists x;yx € F(G) forsome i € {1,2,...,n— 1}, where k — i = 1( mod n — 1) or
i—k=2( modn—1).
W.Lg., assume that x1y2 € F(G). For other cases, the proof is the same. Set Xo = {x,,_2, Tp—1, ..., Tnt3},
Yo = {Yn-2,Yn—1,-- s ¥nt3}, X" = {21,202, 00 _2,2n 1}, and Y = {y1,y2,Yn—2,Yn—1}. Since
BR(Cs,Cs) = 6, |Xo| = |Ya| = 6 and Cs € G, G[X>,Y>] has a subgraph ¢’ = Cg. Let X| =
V(C")NX; and Y] = V(C’)NY7. Now consider the (| X1, |Y{|), we note that (| X1], |Y7|) = (|¥{],|X1]).
hence we have (| X1], |Y{]) € {(0,0),(1,0),(2,0),(1,1),(2,1),(2,2)}. Now we have the following sub-
cases:

Subcase 1-1. (| X1],]Y7]) = (0,0).

W.Lg. assume that V(C") = {Zp, Tnt1, Tnt2, YUn, Ynt1, Ynt2t and C' = Tp¥Yn@nt1Yn+1Tnt+2Yn+2n.
Set X5 = {&pn, Tnt1, Tnt2}, Y9 = {Un, Yn+1, Yn+2}- Since Cap, € G, one can check that either K5 4 =
[X5,Y"] C G or K,3 =2 [X",Y]] C G. Otherwise, let’s assume the contrary: there is at least one
edge between the sets X/ and Y within the graph G, and there exists at least one edge between X"
and Yy in G. Without loss of generality and due to symmetry, let’s assume that 2,3, € E(G). Now,
let’s assume that | Ng(y,) N X1| # 0. The proof remains the same for other cases. As z,y, € E(G)
and z,y1 € E(G), if either 21y, or x2y, € FE(G), then, according to Lemma it can be concluded
that C, C G. Therefore, let’s suppose that either z,,_sysn € E(G) or x_1ny, € E(G). Assuming
Tp—2Yn € E(G), it follows that C' = TpY1X2Y2X3Y3 - - - Tn—3Yn—3Tn—2YnTn+1Yn+1Tn+2Yn+2Tn forms
a copy of Cs,, in G. The proof remains the same in the scenario where x,, 1y, € E(G).

Now w.l.g. let K34 = [X},Y"}] C G. So for each z € X \ X}, we have [Ng(z) N Y”| < 1; otherwise,
Cs C G, which is a contradiction. Thatis, |[Ng(2)NY”| > 3foreachx € X" and |Ng(zy+3)NY"| > 3.
Thus, one can assume that |Ng(y) N X”| < 1 for each y € Y \ Y;. If this were not the case, assume
by contradiction that |Ng(y) N X”| > 2 for at least one y € Y \ Y;. Considering the situation, where
|[Ne(z) NY"| > 3 holds true for every x € X" and |[Ng(zn43) NY”| > 3, it becomes evident that
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there is an ¢ € {1,2,n — 2,n — 1}, such that 2;y;2;11y;+1 forms a part of a copy of Cs,,_o within
G[X1, Y1]. In this configuration, x;, ;41 € Ng(y) and y;, ¥i+1 € Ng(2n43). By utilizing Lemma 2.1}
it is concluded that Co,, C G, leading to a contradiction. If there exist ¥,y € {yn, Yn+1, Yn+2} such that
|[Na(y)NX"| = |Na(y')NX"| = 1and Ng(y)NX" # N (y')NX", then one can check that Cy,, C G,
a contradiction too. W.l.g., we may assume that {1, z2,2,—2} C Ng(y) foreachy € {yn, Yn+1, Yn+2}-
If there are at least two vertices of {Yn, Yn+1,Yn+2} SAY Yn, Ynt1, such that [Ng(y;) N X"| = 4 for
i =mn,n+1,then Cs C G[X”,Y \Y1]. In other words, there are at least two vertices of {yn, Yn+1, Yn+2}
Say Yn, Ynt1, such that Ng(y;) N X" = {z,,_1}. Therefore x,, 1 3y; € E(G) fori = n,n + 1; otherwise,
Ca,, C G, a contradiction again. Now one can check that Cg C G[{z1, %2, T,_2,Tn13},Y \ Y1] and the
proof is complete.

Subcase 1-2. (| X1],|Y7|) = (1,0).
W.Lg., assume that V(C") = {&p—1, T, Tnt1, Yns Ynt1, Ynt2} and C' = Ty 1 YnTn¥Yn+1Tn+1Ynt2Tn—1.
Set Xy = {z1, @2, xn—2}, X5 = {@n, tny1}, and Y5 = {yn, Ynt1, Yni2}-
Hence, one can assume that K33 = [XJ,Y;] C G. Otherewise, let |[Ng(y) N X4/| # 0 for at least one
y € YJ. W.l.g, assume that 21y, € E(G), the proof for other cases follows similarly. In this case, we ob-
serve that the cycle C' = y,21Y223Y3 - - . Tnn—2Yn—2Tn—1Yn+2Tn+1Yn+1LnYn forms a copy of Cs,, within
G, which is a contradiction. Applying symmetry, we can similarly deduce that K» 4 = [X},Y"] C G.
Now consider the vertices {Zyt2,Zn4+3}. One can check that |[Ng(xz) N Y"”| > 2 for at least one
T € {ZTnyo,Tnys}; otherwise, we have Cs C G[{@yn, Tni1, Tni2, iz}, Y], Wlg., we may as-
sume that |[Ng(zn42) N Y| > 2, hence we have |Ng(zn42) N Yy| = 0, if not, Ca,, € G. There-

fore Ky 3 = [X5 U{rni2},Y5] € G, and so [Ng(yn+3) N (X3 U {zn42})| < 1; otherwise, Cy C
G[Xé/ U {In+2}, Yg @] n+3}]- Since |Nc;(l’n+2) ﬂY”| > 2 and |Ng(yn+3) mXé/| > 2,if xpqoYnts €
E(G) then by Lemma we have Cy,, C G. Hence 7, 12Yni3 € E(G), thatis XJ C Ng(yni3).
Thus |Ng(Zn42) NY"] = 2 and Ng(zpy2) N YY" = {yn—2,yn—1}; otherwise, by Lemma we
have Cs, C G and the proof is complete. Similarly |[Ng(z,43) NY”| < 2, if not, by Lemma
Con C G[X1 U {zpnis}h, Y1 U {yna3z}]. If [Ng(2ni3) NY”| < 1, we have Cg C G[X \ X1,Y"].
So |Ng(2n43) NY"| = 2 and 2y 13ynts ¢ F(G); otherwise, by Lemma it is easy to check that
Con € G[X1U{xny3}, Y1 U{ynts}]. Thus we have Y \ Y7 € Ng(x;) fori = n+2,n+ 3. Thatis, we
have Cs C G[{x1, %2, Tni2, Tnt3}, Y \ Y1), and the proof is complete.

Subcase 1-3. (| X1[, |Y{]) = (1,1).
W.Lg., assume that V(C") = {&, Zp, Tnt1, Y, Yns Ynt1}, Wherex € {zp_o, 21} andy € {yn—2,yn—1}-
If 2y ¢ E(C), thenz = zp_9 and y = yp—1. Let 2,_2yp—1 € E(C’) and assume that C' =
Tn—-2Yn—1TnYnTn+1Yn+1Tn—2. In this case, we have CQn = T1Y122Y2 - - - Tpn—2Yn+1Tn+1YnTnYn—1T1 C
G, a contradiction. Assume that x,,_oy,_1 ¢ E(C’) and w.L.g. let C' = Zp,_oUnTnYn—1Tn+1Yn+1Tn—2-
By considering Figure[J] it is easy to check that:

{Z2Un—2, T2Un, Tn—1Yns Tn—1Yn+1, TnYn—3; TnYn+1, Tnt1Yn—2, Tnt1Yn—1} < E(G)

Therefore one can check that C's = ToynTp—1Yn+1TnYn—3Tn+1Yn—2T2 C @G, a contradiction again. So,
assume that xy € {Zy,—2Yn—2, Tn—1Yn—2, Tn—1Yn—1, thatis xy € E(C). Hence the proof is the same
as the case that x = x,,_1,y = yn—_1, where zy € E(C"), now we can check that Cy,, C G, which is a
contradiction.
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T T2 T3 X; Ti+1 Ti42 Tn—2 Tp—1 Tp Tntl Tnt2 Tn43
O O
O O
Y1 Y2 Yi—1 Yi Yi+1 Yn—-3 Yn—2 Yn-1 Yn Ynt+l Yn+2 Yn+3

Fig. 7: (|X1],|Y{|) = (1,1) and zpn—2yn—1 ¢ E(C")

Subcase 1-4. (| X1],|Y{|) = (2,0).
Assume that V(C/) = {xn—Za Tn—15Tn, Yn, Yn+1, y7L+2} and C' = Tn—2YnTn—1Yn+1TnYn+2Tn—2. In
this case, we have:

Con = 191 - - - Yn—3Tn—2Yn+2TnYn+1Tn—1Yn-121 € G

Which is a contradiction.

Subcase 1-5. (| X1[, |Y{]) = (2,1).
W.Lg., we may assume that V(C") = {@,_2,%n_1,Tn, Y, Yn, Ynt+1}> Where y € {yn_2,9n_1}. In
this case, by considering the edges of C’ and using Lemma it is easy to check that in any case

Cy, C G, unless for the case that y = y,—1 and z,_2y,—1 € E(G). Wl.g., we may assume that
C' = Tp-1Yn—1TnYnTn—2Ynt+1Tn—1. Consider the Figure[8]

xr1 o X3 X; Ti+1l Ti42 Ipn—2 Tpn—-1 Ty Tpn+l Tn42 Tn+3
O O O

O O
Y1 Y2 Yi—1 Yi Yi+1 Yn—-3 Yn—2 Yn-1 Yn Yn+l Yn+2 Yn+3

Fig. 8: (|X1|,|Y{]) = (2,1), y = yn—1 and Ty,—2yn—1 € FE(G)

By Figure([8] it is easy to check that:

{$1yn—2, T1Yns L1Yn+15 L2Yn—2, L2Yns L2Yn+1, Tn—1Yns TnYn—3, TnYn—2, xnyn—i-l} g E(G)

Otherwise, we have Cy,, C G. Now consider z,_1yn—3. If z,_1yn—3 € E(G), we have Cg =
T1Yn—2TnYn—3Tn—1YnT2yns+121 C G, acontradiction. Hence assume that 2, _1y,—3 € E(G), therefore
we have Co,, = Z1Yn—1TnYnTn—2Yn—2Tn—1Yn—3Tn—3Yn—4 - - - T3Y2Toy1x1 C G, which is a contradic-
tion again.

Subcase 1-6. (| X1],|Y7|) = (2,2).
W.Lg., we may assume that V(C') = {&n—2,Zn—1,Tn,Yn—2,Yn-1,Yn}. If Toyn ¢ E(C’), then
TnYj, Ynx; € E(C') for j € {n —2,n — 1} and by Lemma we have C,, C G. Hence assume
that z,y, € E(C’). Hence, it can be concluded that |N¢g(x,) N {yn—2,yn—1}| > 1 and |Ng(y,) N
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{Zn_2,2n_1}] > 1. Considering that z,_syn_2,Yn—2Tn—1,Tn—1Yn—1 € E(C), if we have either
Tn—1Yn € E(C") or 2,y,—2 € E(C"), then the proof follows the same logic, as indicated by Lemma
Therefore, it can be say that C' = T, _oyn_2Tn_1Yn-1TnYnTn_2 < G. Since Coy, §Z G, by Figur
one can check that:

{Z1Yn—2, T1Yns ToYn—2: ToYn, Tn-1Yn—3, Tn—1Yn, TnYn—3: TnYn—2} C E(G)

Now we have the following claim:

Claim 6. [N (27) N {Yn+1, Yn+2: Ynts}t| = 0.
Proof: By contradiction assume that |[Ng(2,) N {yn+1,Yn+2, Ynts}| # 0, say zpynt1 € E(G). Hence

{1, 201} € Ng(yn+1); otherwise, Cap, € G[ X1 U{xn}, Y1 U{yns1}] which is a contradiction. Since
{z1,2n-1} € Ng(yYnt1), we have Cs = T1ynT2Yn—28nYn—3Tn—1Yn+121 C G, a contradiction again.
So the assumption does not hold and the claim holds. O

Therefore by Claim 6, {yn+1, Yn+2, Yn+3} € Ng(xn). Now we have the following claim:

Claim 7. {z1, 22} C Ng(y;) fori € {n+1,n+2,n+ 3}.

Proof: By contradiction we may assume that x1y,4+1 € E(G) (for other cases, the proof is identical).
Therefore Cs = Yy +121Yn—2T2YnTn—1Yn—3TnYn+1 < G, a contradiction. O

Now by Lemmaand Claim 7, fori € {n+1,n+2,n+3} we have {z,,_1Yi, Tn_1y1, Tny1} C E(G);
otherwise, Ca, C G, a contradiction. If there exists a vertex « of {@y, 41, Tn12, Tny3}, such that [Ng(x)N
{Yn+1,Yn+2, Yn+s}| = 2, then Cgy C @G, a contradiction too. Hence, for each i € {n + 1,n + 2,n + 3},
we have |[Ng(2) N {Yn+1, Ynt2, Ynts}| = 2. Wlg., we may assume that Z,, 1 1Yn, Tni1Ynt1 € E(G)
and thus one can check that Cs,, € G[ X1 U{zpnt+1}, (Y1 \ {v1}) U {¥n, Yn+1}], which is a contradiction.

x1 T2 T3 Ti  Titl Tit2 TIn—2 Tn—-1 Tpn Tnt+l Tn+2 Tn+3
O @) @)

O O O
1 Y2 Yi—1 Yi Yit1 Yn—-3 Yn—2 Yn—-1 Yn Ynt+l Yn+2 Yn+3

Fig. 9: (| X1/, |[Y{]) = (2,2), znyn € E(C")

Case 2. Forany i € {1,2,...,n— 1},eachz;y, € E(G) ifk —i=1( modn—1)ori—k = 2(
mod n — 1).
Set Xo = {&En,% Tp—1y--- 7.Z‘n+3} and Yy = {yn,Q, Yn—1,-- - 7yn+3}~ Since BR(CG, Cg) = 6, |X2‘ =
|Y2| = 6,and Cs € G, G[ X, Y] has asubgraph C” = Cp. Let X{ = V(C')N X7 and Y{ = V(C')NY5.
As the same as case 1, we have the following subcases:

Subcase 2-1. (| X1[, |Y{]) = (0,0).
W.lg., assume that V(C") = {&n, Trni1, Tnt2, Yns Ynt1, Ynto ) and C' = T, ¥nTnt1Ynt1Tntr2Ynt2Tn-
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Set XY = {&n, Tnt1,Tnt2}s Y3 = {Yn, Ynt1, Yn+2}. Since Cg € G, there is at least one edge between
X, and Yy, or at least one edge between X/ and Y;. W.l.g., assume that z,y,—1 € E(Gl For other
cases, the proof is the same. Hence we have K32 = [{%n_3,Zn—2,Tn-1},{¥n,Yn+1}] € G. Similarly

we have Y1241, Y1Tn+2, Yn—2Tn+1, Yn—2Cnt+2 € E(G). Therefore Cg C G, a contradiction.

Subcase 2-2. (| X1[, |Y{]) = (1,0).

Assume that V(C") = {Zn_1,Tn, Tni1, Yn, Ynt1, Ynt2} and ' = Tp 1YnTnYnt1Tnt1Ynt2Tn—1 C
G. Now one can check that K5 4 = {@n, Tnt1}, {y1 Un—3sUn—2,Yn—1}] C Gand zp,_3Yn, Tn—3Yni2 €
E(G). Otherwise, we have Cy, C G, a contradiction. For example, by contrary assume that x,y; €
E(G), so it can be seen that Cs,, := T, y1T2Y2T2 - - - Tn—2Yn—2Tn—1Yn+2Tn+1Yn+1n C G. For other
cases, the proof is the same.

Since Ty, 4Yn—3, Tn_3Yn—2, Tn—2Yn_1 € E(Q), if T1_oYn OF T, 2y, 2 belong to E(G), then we have
Cg C G. Hence assume that ,,_2¥y, Tn_2Yni2 € E(G) and thus 2,4y, € E(G), if not, Cs,, C G. So
C8 = Y1Tn41Yn—2Tn—3YnTn—_4aYn—_3Tny1 C G, a contradiction too.

Subcase 2-3. (| X1],|Y{|) = (2,0).
Let us make the assumption, without loss of generality, that V(C") = {Zy—2, Tn—1, Tn, Yn, Yn+1s Yn+2 }-
Furthermore, leveraging of symmetry and without loss of generality, we can assume that C” has a form
like C" = Ty oYnTn_1Ynt1TnYni2Tn_2. In this scenario, the following contradiction arises:

Con = T1Y122Y2 - . - Tn—3Yn—3Tn—2Yn+2TnYn+1Tn—1Yn—-171 € G

Subcase 2-4. (| X1|,|Y{]) = (1,1).
W.Lg., assume that V(C") = {x, Tn, Tni1, Y, Yns Ynt1}, Wherex € {z,_o, zn_1}andy € {yn_2,yn_1}-
If zy ¢ E(C), then z = 2,9 and y = y,—1. Let x,,_oy,—1 € E(C’) and assume that ¢’ =
Trn—2Yn—1ZnYnTn+1Yn+1%n—2. Inthis case, we have Coy, = T191%2Y2 - - - Tn—2Yn41Tn+1YnTn¥Yn—121 C
G, a contradiction. Assume that 2, _oy,—1 ¢ E(C’) and w.l.g. let C' = Zp,_2UnZnYn—1Tn+1Yn+1Ln—2-
Since Cs,, ¢ G, it is easy to check that:

{xlynv T1Yn+1,Tn—-1Yn, Tn—-1Yn+1, TnYn—2, TnYn—3, Tn+1Yn—2, Tn+1Yn, xnynJrl} - E<G>

For example, by contrary assume that z1y,, € F(G), hence it can be checked that G has at least one

copy of Cay, namely Cs, 1= Z1Y122Y2 - . - Tp—3Yn—3Tn—2Yn+1Tn+1Yn—1TnYnT1. For other cases, the
proof is the same.
Since xp—1Yn—3 € E(é), we have Cg = Z1Yn+1Tn—1Yn—3TnYn—2Tn+1YnT1 < G, a contradiction
again. Therefore, assume that xy € {x,,—2Yn—2, Tn—1Yn—2, Tn—1Yn—1}, thatis xy € E(C). Hence the
proof is the same as the case that z = z,_1,y = y,_1 Where zy € E(C’),that is we can check that
C5, C G, a contradiction.

Subcase 2-5. (| X1],|Y7]) = (2,1).
W.Lg., we may assume that V(C') = {Tpn—2,Zn—1,%n,Y, Yn,Yn+1} Where y € {yp_2,yn—1}. In
this case by considering the edges of C’ and by Lemma it is easy to check that Cy, C G for

any case, unless for the case that y = y,—; and x,,_2y,—1 € E(G). W.lg., we may assume that
C' = Tp 1Yn-1TnYnTn—_2Ynt1Tn_1. Now it is easy to check that:

{xlyn—% T1Yny L1Yn+1, L2Yn, L2Yn+1, Tn—1Yn, TnYn—3, TnYn—2, xnyn—i-l} g E(é)
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Otherwise, Cs,, C G. For example, by contrary assume that 21y,_» € E(G), hence it can be checked
that G has at least one copy of Cs,,, namely Co,, := T1y1T2Y2 - - - Tn—3Yn—3Tn—2YnTnYn—1Tn—1Yn—2T1.
For other cases, the proof is the same.

Since x,,_1yn_3 € E(G), we have Cg = Z1¥Yn_2Tn¥Yn_3Tn_1YnToYnr171 C G, a contradiction again.

Subcase 2-6. (| X1|, |Y{]) = (2, 2).
W.lg., we may assume that V(C') = {&n—2,Zn—1,Tn,Yn—2,Yn—-1,Yn}- If Toyn ¢ E(C’), then
Tnyj,Ynx; € B(C') for j € {n —2,n — 1}, and by Lemma [2.1] we have C3,, C G. Hence as-
sume that z,y, € E(C’). Now, one can say that |[Ng(z,) N {yn-2,Yn—1}| > 1 and |Ng(y,) N
{Zn—2,2n—1}| > 1. Now, since Ty_2yn—2,Yn—2Tn—1,Tn—1Yn—1 € E(C), if z,_1y, € E(C")
or zp,yn—2 € E(C’), then by Lemma the proof is complete. Therefore, one can assume that
C''= Ty oYn—2Tn_1Yn-1TnYnTn_2 C G. Since Cy,, ;{ G, one can check that:

{Z1Yn—2, Z1Yn, Tn—1Yn—3, Tn—1Yn: TnYn—3, TnYn—2} C E(G)

Set X3 = {Znt1,Tnt2,Tnt3}s Y3 = {Un+1,YUnt2,Ynts}. There exists at least one vertex of X3
or Y3, say yn41, such that [Ng(yn41) N X3| > 2; otherwise, we have Cs C G[X3,Y3] and the
proof is the same as subcase 2-1. Assume that ©,,+1Yn+1, Tnt2¥nt+1 € E(G). Therefore, for each
T € {ZTnt1,Tny2}, we have [Ng(z) N {yn—3,Yn—2,yn}| > 2; otherwise, C2,, C G, a contradiction.
If [INg(2) N {Yn—3,Yn—2,Yn}| > 2 for some z € {Tni1,Tny2} of Ng(@ni1) N {Yn—3,Yn—2,Yn} #
Ne(2p42) N {Yn—3,Yn—2,Yn}, then we have Cs C G, a contradiction. That is, we have |Ng(z) N
{Yn-3,Yn—2,yn}| = 1 foreach x € {xy41, 2,12} and one can check that N (z) N {yn—3, Yn—2,yn} =
{yn}. Therefore we have x1yn+1, Tn—-1Yn+1 € E(G), if not, Cy,, C G, which is a contradiction. Now,
we have C), = 21y122Y2 - . . Ty Yn—3Tn—2YnTnYn—1Tn—1Yn+121 < G, a contradiction again.

Hence by Cases 1, 2, the proof is complete and the theorem holds. O

Therefore by Lemmas [3.2]and [3.3]and by Theorems 3.1} [3.4} [3.5] and [3.6] Theorem [I.T]holds.
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