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In this paper we prove the following new sufficient condition for a digraph to be Hamiltonian:

Let D be a 2-strong digraph of order n > 9. If n — 1 vertices of D have degrees at least n + k and the remaining
vertex has degree at least n — k — 4, where k is a non-negative integer, then D is Hamiltonian.

This is an extension of Ghouila-Houri’s theorem for 2-strong digraphs and is a generalization of an early result of the
author (DAN Arm. SSR (91(2):6-8, 1990). The obtained result is best possible in the sense that for £ = 0 there is a
digraph of order n = 8 (respectively, n = 9) with the minimum degree n — 4 = 4 (respectively, with the minimum
degree n — 5 = 4) whose n — 1 vertices have degrees at least n — 1, but it is not Hamiltonian.

We also give a new sufficient condition for a 3-strong digraph to be Hamiltonian-connected.
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1 Introduction

In this paper, we consider finite digraphs without loops and multiple arcs. We shall assume that the reader
is familiar with the standard terminology on digraphs and refer the reader to Bang-Jensen and Gutin

(Springer-Verlag, London, 2000). Every cycle and path is assumed simple and directed. A cycle (a path)
in a digraph D is called Hamiltonian (Hamiltonian path) if it includes all the vertices of D. A digraph
D is Hamiltonian if it contains a Hamiltonian cycle. Hamiltonicity is one of the most central in graph
theory, and it has been extensively studied by numerous researchers. The problem of deciding Hamil-
tonicity of a graph (digraph) is N P-complete, but there are numerous sufficient conditions which ensure
the existence of a Hamiltonian cycle in a digraph (see Bang-Jensen and Gutin |(Springer-Verlag, London,
2000); Bermond and Thomassen| (1981); \Gould! (2014); |Kiihn and Osthus|(2012)). Among them are the
following classical sufficient conditions for a digraph to be Hamiltonian.

Theorem 1.1 (Nash-Williams| (1969)). Let D be a digraph of order n > 2. If for every vertex x of D,
d*(z) > n/2and d~(z) > n/2, then D is Hamiltonian.

Theorem 1.2 (Ghouila-Houri| (1960)). Let D be a strong digraph of order n > 2. If for every vertex x of
D, d(x) > n, then D is Hamiltonian.
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Theorem 1.3 (Woodall| (1972)). Let D be digraph of order n. > 2. If d*(z) + d~ (y) > n for all pairs of
distinct vertices x and y of D such that there is no arc from x, to y, then D is Hamiltonian.

Theorem 1.4 (Meyniel (1973)). Let D be a strong digraph of order n > 2. If d(z) + d(y) > 2n — 1 for
all pairs of non-adjacent distinct vertices x and y of D, then D is Hamiltonian.

It is known that all the lower bounds in the above theorems are tight. Notice that for the strong digraphs
Meyniel’s theorem is a generalization of Nash-Williams, Ghouila-Houri’s and Woodall’s theorems. A
beautiful short proof the later can found in the paper by Bondy and Thomassen| (1977).

Nash-Williams| (1969) suggested the problem of characterizing all the strong digraphs of order n and
minimum degree n — 1 that have no Hamiltonian cycle. As a partial solution of this problem, [Thomassen
(1981) in his excellent paper proved a structural theorem on the extremal digraphs. An analogous problem
for the Meyniel theorem was considered by |Darbinyan| (1982), proving a structural theorem on the strong
non-Hamiltonian digraphs D of order n, with the condition that d(x) + d(y) > 2n — 2 for every pair
of non-adjacent distinct vertices x, y. This improves the corresponding structural theorem of Thomassen.
Darbinyan| (1982) also proved that: if m is the length of longest cycle in D, then D contains cycles of all
lengths £ = 2,3, ..., m. [Thomassen | (1981) and |Darbinyan| (1986) described all the extremal digraphs
for the Nash-Williams theorem, respectively, when the order of a digraph is odd and when the order of a
digraph is even. Here we combine they in the following theorem .

Theorem 1.5 (Thomassen | (1981) and Darbinyan| (1986)). Let D be a digraph of order n > 4 with
minimum degree n — 1. If for every vertex x of D, d*(z) > n/2 — 1 and d(z) > n/2 — 1, then D is
Hamiltonian, unless some exceptions, which completely are characterized.

Goldberg, Levitskaya and Satanovskyi| (1971) relaxed the condition of the Ghouila-Houri theorem by
proving the following theorem.

Theorem 1.6 (Goldberg, Levitskaya and Satanovskyi|(1971). Let D be a strong digraph of order n > 2.
Ifn — 1 vertices of D have degrees at least n and the remaining vertex has degree at least n — 1, then D
is Hamiltonian.

Note that Theorem 1.6 is an immediate consequence of Theorem 1.4. |Goldberg, Levitskaya and Sa-
tanovskyi| (1971)) for any n > 5 presented two examples of non-Hamiltonian strong digraphs of order n
such that: (i) In the first example, n — 2 vertices have degrees equal to n + 1 and the other two vertices
have degrees equal to n — 1. (ii) In the second example, n — 1 vertices have degrees at least n and the
remaining vertex has degree equal to n — 2.

Remark 1. It is worth to mention that [Thomassen |(1981)) constructed a strong non-Hamiltonian di-
graph of order n with only two vertices of degree n — 1 and all other n — 2 vertices have degrees at least
(3n —5)/2.

Zhang, Zhang and Wen|(2013)) reduced the lower bound in Theorem 1.3 by 1, and proved that the con-
clusion still holds, with only a few exceptional cases that can be clearly characterized. Darbinyan|(1990a))
announced that the following theorem is holds.
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Theorem 1.7 (Darbinyan|(1990a)). Let D be a 2-strong digraph of order n > 9 such that its n— 1 vertices
have degrees at least n and the remaining vertex has degree at least n — 4. Then D is Hamiltonian.

The proof of Theorem 1.7 has never been published. G. Gutin suggested me to publish the proof of this
theorem anywhere. Recently, Darbinyan| (2022) presented a new proof of the first part of Theorem 1.7, by
proving the following:

Theorem 1.8 (Darbinyan| (2022)). Let D be a 2-strong digraph of order n > 9 such that its n — 1 vertices
have degrees at least n and the remaining vertex z has degree at least n — 4. If D contains a cycle of
length n — 2 through z, then D is Hamiltonian.

Darbinyanl| (2022)) also proposed the following conjecture.

Conjecture 1. Let D be a 2-strong digraph of order n. Suppose that n — 1 vertices of D have degrees
at least n + k and the remaining vertex has degree at least n — k — 4, where k > 0 is an integer. Then D
is Hamiltonian.

Note that, for k& = 0 this conjecture is Theorem 1.7. By inspecting the proof of Theorem 1.8 and the
handwritten proof of Theorem 1.7, by the similar arguments we settled Conjecture 1 by proving the fol-
lowing theorem.

Theorem 1.9. Let D be a 2-strong digraph of order n > 9. If n—1 vertices of D have degrees at least n+k
and the remaining vertex z has degree at least n—k — 4, where k > 0 is an integer, then D is Hamiltonian.

Darbinyan! (2024)) presented the proof of the first part of Conjecture 1 for any £ > 1, which we for-
mulated as Theorem 3.6 (Section 3). The goal of this article to present the complete proof of the second
part of the proof of Theorem 1.9 and show that this theorem is best possible in the sense that for £ = 0
there is a 2-strong digraph of order n = 8 (respectively, n = 9) with the minimum degree n — 4 = 4
(respectively, with the minimum degree n — 5 = 4) whose n — 1 vertices have degrees at least n, but it
is not Hamiltonian. To see that the theorem is best possible, it suffices consider the digraphs defined in
the Examples 1 and 2, see Figure 1. In figures an undirected edge represents two directed arcs of opposite
directions.

Example 1. Let Dg be a digraph of order 8 with vertex set V(Dg) = {x1,x2, x3, 24, Y1, Y2, Y3, 2}
and arc set A(Dg), which satisfies the following conditions: Dg{{y1,y2,y3}) is a complete digraph,
x4y = {Y1,y2,¥y3} — x1, x2 — {y1,y2,y3} — 2, Ds contains the following 2-cycles and arcs
x; <> x4 foralli € [1,3], 21 ¢ @3, T3 <> 2, X4 <> T2, T4 — T1, T4 — z and z — 1. A(Dsg) contains
no other arcs.

Example 2. Let Dy be a digraph of order 9 with vertex set V(Dg) = {21, x2, T3, T4, T5, Y1, Y2, Y3, 2}
and arc set A(Dy), which satisfies the following conditions: Dg{{y1,y=2,y3}) is a complete digraph,
x5 = {y1,Y2,¥3} — 1, 3 — {y1,92,y3} — {x1, 22,23}, Dy contains the following 2-cycles and
arcs x; <> x;4q forall i € [1,4], z1 <> T4, T3 <> Ty, Ty <> T, Ty <> 2, T5 — 2, 2 — 1 and T5 — T1.
A(Dyg) contains no other arcs.
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Observe that every vertex other than z in Dg (in Dg) has degree at least |V (Dg)| = 8 (at least
|V (Dg)| = 9) and d(z) = 4 in both digraphs Dg and Dy. It is not hard to check that for every u € V(Ds)
(u € V(Dy)), Dg — u (Dg — w) is strong, i.e., Dg and Dg both are 2-strong. To see this, it suffices to
consider a longest cycle in Dg — u (in Dg — u) and apply the following well-known proposition.

Proposition 1 (see Exercise 7.26, Bang-Jensen and Gutin | (Springer-Verlag, London, 2000)). Let D be
a k-strong digraph with & > 1, let x be a new vertex and D’ be a digraph obtained from D and x by adding
k arcs from z to distinct vertices of D and k arcs from distinct vertices of D to z. Then D’ also is k-strong.

Let D be the digraph obtained from Dy by adding the arcs x5z and z525.

Now we will show that Dj is not Hamiltonian. Assume that this is not the case. Let R be an arbitrary
Hamiltonian cycle in Dj. Then R necessarily contains either the arc x4z or the arc z5z. If x4z € A(R),
then it is not difficult to see that either R[x4, y;] = T42x12223Yy; OF R[T4, y;] = 4221222325y, which is
impossible since N T (y;, {z1,22,...,25}) = {x1, 72, x3}. We may therefore assume that z52 € A(R).
Then necessarily R contains the arc x3y; and either the path x5zx; or the path x5zz4. It is easy to check
that either zoz3 € A(R) or z4x3 € A(R). If z5z24 is in R, then R[xs,y;| = xszwax; ... x3Y;, Where
j €[1,3],and if z5zx1 is in R, then R[x5, y;] is one of the following pats: x52212023Y;, L5221 L2TaT3Y;,
T52717473Y; and 5221 T4T2T3Yy;, which is impossible since N (y;, {x1, o, ..., 25}) = {x1, 2, x3}.
So, in all cases we have a contradiction. Therefore, Dy, is not Hamiltonian, which in turn implies that the
digraphs Dg, Dg + {(x321)} and Dg + {(x522)} also are not Hamiltonian. By a similar argument we
can show that Dg also is not Hamiltonian.

Fig. 1: The non-Hamiltonian 2-strong digraphs Dg and Dy of order 8 and 9.

A digraph D is Hamiltonian-connected if for any pair of distinct vertices x,y, D has a Hamiltonian
path from z to y. | Overbeck-Larisch| (1976) proved the following sufficient condition for a digraph to be
Hamiltonian-connected.
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Theorem 1.10 ( Overbeck-Larisch| (1976). Let D be a 2-strong digraph of order n > 3 such that, for
each two non-adjacent distinct vertices x,y we have d(z) + d(y) > 2n + 1. Then for each two distinct
vertices u,v with d* (u) + d~ (v) > n + 1 there is a Hamiltonian (u, v)-path.

Let D be a digraph of order n > 3 and let u and v be two distinct vertices in V(D). Following
Overbeck-Larisch|(1976)), we define a new digraph Hp (u,v) as follows:

V(Hp(u,v)) = V(D — {u,v}) U{z} (z a new vertex),

A(Hp(u,v)) = A(D — {u,v}) U{zy |y € Np_,(w)} U{yz|y € Np_,(v)}.

Now, using Theorem 1.9, we will prove the following theorem, which is an analogue of the Overbeck-
Larisch theorem.

Theorem 1.11. Let D be a 3-strong digraph of order n + 1 > 10 and let u, v be arbitrary two distinct
vertices in D. Suppose that df,(u) +dp,(v) > n—k—2ordf(u)+dp(v) > n—k—4withuv ¢ A(D)
and for every vertex x € V(D) \ {u,v}, dp(z) > n+ k + 2. Then D has a Hamiltonian (u, v)-path.

Proof: Let D be a 3-strong digraph of order n + 1 > 10 and let u, v be two distinct vertices in V(D).
Suppose that D and u, v satisfy the degree conditions of the theorem. Now we consider the digraph
H := Hp(u,v) of order n > 9. By an easy computation, we obtain that the minimum degree of H is at
least n — k — 4, and H has n — 1 vertices of degrees at least n + k. Moreover, we know that H is 2-strong
(see Darbinyan| (1990)). Thus, the digraph H satisfies the conditions of Theorem 1.9. Therefore, H is
Hamiltonian, which in turn implies that in D there is a Hamiltonian (u, v)-path. O

There are a number of sufficient conditions depending on degree or degree sum for Hamiltonicity of
bipartite digraphs. Here we combine several of them in the following theorem.

Theorem 1.12. Let D be a balanced bipartite strong digraph of order 2a > 6. Then D is Hamiltonian
provided one of the following holds:

(a) (Adamus and Adamus |(2012)). d*(z) +d~ (y) > a + 2 for every pair of vertices x, y such that z,
y belong to different partite sets and xy ¢ A(D).

(b) (Adamus, Adamus and Yeo | (2014)). d(x) + d(y) > 3a for every pair of non-adjacent distinct
vertices T, Y.

(c) (Adamus|(2017). d(x) 4+ d(y) > 3a for every pair of vertices x,y with a common in-neighbour or
a common out-neighbour.

(d) (Adamus|(2021)). d(x)+d(y) > 3a+1 for every pair of vertices x, y with a common out-neighbour.

All the lower bounds in Theorem 1.12 are the best possible. However, Wang |(2021) (respectively/Wang,
Wu and Meng| (2022)); Wang and Wu| (2021)) reduced the lower bound in Theorem 1.12(a) (respectively,
Theorem 1.12(b); Theorem 1.12(c)) by one, and completely described all non-Hamiltonian bipartite di-
graphs, that is the extremal bipartite digraphs for Theorem 1.12(a) (respectively, Theorem 1.12(b); Theo-
rem 1.12(c)). [Wang |(2022) reduced the bound by one in Theorem 1.12(d), but it is Hamiltonian whenever
d(x) + d(y) > 3a for every pair of distinct vertices x,y with a common out neighbour. Motivated by
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Theorems 1.9, 1.12 and Remark 1, it is natural to suggest the following problems.

Problem 1. Suppose that D is a k-strong balanced bipartite digraph of order 2a > 6. Let {xq, yo} be
a pair of distinct vertices in V(D) such that d(x¢) + d(yo) > 3a — [, where [ > 1 is an integer. Find
the minimum value of k£ and the maximum value of [ such that D is Hamiltonian provided one of the
following holds:

(i) ¢ and yo are not adjacent and d(z) + d(y) > 3a for every pair {z, y} of non-adjacent vertices z, y
other than {z¢, yo }.

(ii) {x0,y0} is a pair with a common out-neighbour and d(z) + d(y) > 3a for every pair {z,y} of
vertices x, y with a common out-neighbour such that {x, y} # {z0, o}

Problem 2. Suppose that D is a k-strong balanced bipartite digraph of order 2a > 6. Let ug and vg
be two vertices from different partite sets such that ug -+ vg and d™ (ug) + d~(yo) > a + 2 — I, where
[ > 2is an integer. Find the minimum value of k£ and the maximum value of [ such that D is Hamiltonian
provided that the following holds: d* (u) + d~ (v) > a + 2 for all vertices u and v from different partite
sets such that {u, v} # {up,vo} and u - v.

2 Terminology and notation

In this paper, we consider finite digraphs without loops and multiple arcs. For the terminology not defined
in this paper, the reader is referred to the book |[Bang-Jensen and Gutin | (Springer-Verlag, London, 2000).
The vertex set and the arc set of a digraph D are denoted by V(D) and A(D), respectively. The order
of D is the number of its vertices. For any z,y € V(D), if zy € A(D), we also write z — y, and say
that « dominates y or y is dominated by . The notion zy ¢ A(D) means that zy ¢ A(D). If x — y
and y — z we shall use the notation x <> y (x <+ y is called 2-cycle). If x — y and y — z, we write
x — y — z. Let A and B be two disjoint subsets of V(D). The notation A — B means that every
vertex of A dominates every vertex of B. We define Ap(A — B) = {zy € A(D)|z € A,y € B}
and Ap(A,B) = Ap(A — B)U Ap(B — A). If z € V(D) and A = {z} we sometimes write x
instead of {z}. The converse digraph of D is the digraph obtained from D by reversing the direction
of all arcs, and is denoted by D"". Let N (z), Np(x) denote the set of out-neighbors, respectively
the set of in-neighbors of a vertex z in a digraph D. If A C V(D), then N} (z, A) = AN Nj(z) and
Np(z,A) = AN Np(z). The out-degree of z is df;(z) = [N} (x)| and dj,(x) = [Ny (z)| is the in-
degree of z. Similarly, df (x, A) = [N} (x, A)| and d; (z, A) = | N, (z, A)|. The degree of the vertex x
in D is defined as dp(z) = df;(z) + dp(z) (similarly, dp(z, A) = df (2, A) + d(z, A)). We omit the
subscript if the digraph is clear from the context. The subdigraph of D induced by a subset A of V(D) is
denoted by D(A) and D — A is the subdigraph induced by V(D) \ A4, i.e. D — A = D(V(D) \ A). For
integers a and b, a < b, let [a, b] denote the set {x, Zaqt1,...,2p}. If j <4, then {a;,...,2;} = 0. A
path is a digraph with vertex set {x1,z2, ..., 2} and arc set {x129, T2x3, ..., Tx_12k }, and is denoted
by 2125 ... 2. This is also called an (21, 2 )—path or a path from z; to xj. If we add the arc xz; to
the above, we obtain a cycle x1xs ... xx1. The length of a cycle or a path is the number of its arcs. If
a digraph D contains a path from a vertex = to a vertex y we say that y is reachable from z in D. In
particular, x is reachable from itself. If P is a path containing a subpath from z to y, we let P[z, y| denote
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that subpath. Similarly, if C'is a cycle containing vertices x and y, C[z, y] denotes the subpath of C' from x
to y. For acycle C, a C-bypass is an (z, y)-path P of length at least two such that V(P)NV (C) = {x, y}.
The flight of C-bypass P respect to C'is |V (C[z,y])| — 2.

For integers a and b, a < b, let [a, b] denote the set of all integers, which are not less than a and are not
greater than b.

The path (respectively, the cycle) consisting of the distinct vertices z1,x2, ..., T, (M > 2) and the
arcs x;T;41, ¢ € [1, m — 1] (respectively, z;x; 11,7 € [1,m — 1], and z,,x1), is denoted by z1x2 - - - Ty,
(respectively, x1xo - - - mx1). We say that zi2 - - - @, is a path from x; to x,, or is an (z1, z,,)-path.
Let x and y be two distinct vertices of a digraph D. Cycle that passing through x and y in D, we denote
by C(z,y). By Cy,(x) (respectively, C(z)) we denote a cycle in D of length m through x (respectively, a
cycle through ). Similarly, we denote by C}, a cycle of length k. By K is denoted the complete digraph
of order n. Let D be a digraph of order n. If E is a set of arcs in K, then we denote by D + E the
digraph obtained from D by adding all arcs of E. A digraph D is strongly connected (or, just, strong) if
there exists a path from x to y and a path from y to x for every pair of distinct vertices x, y. A digraph D is
k-strongly connected (or k-strong), where k > 1, if |[V(D)| > k4 1 and D — A is strongly connected for
any subset A C V(D) of at most k& — 1 vertices. Two distinct vertices x and y are adjacent if xy € A(D)
oryx € A(D) (or both). We will use the principle of digraph duality: Let D be a digraph, then D contains
a subdigraph H if and only if D"*" contains the subdigraph H"°".

3 Preliminaries

In our proofs we extensively will use the following well-known simple lemmas.

Lemma 3.1 (Haggkvist and Thomassen| (1976))). Let D be a digraph of order n > 3 containing a cycle
Cm, m € [2,n—1]. Let x be a vertex not contained in this cycle. If d(x,V (C)) > m+1, then D contains
a cycle Cy, for every k € [2,m + 1].

The next lemma is a slight modification of a lemma by Bondy and Thomassen| (1977) it is very useful
and will be used extensively throughout this paper.

Lemma 3.2. Let D be a digraph of order n > 3 containing a path P := z122 ... %y, m € [1,n — 1]. Let
x be a vertex not contained in this path. If one of the following condition holds: (i) d(z, V(P)) > m+ 2,
(i) d(z,V(P)) > m+ 1 and z - x1 or x,, - z, (iii) d(z, V(P)) > m, x - x; and z,,, - x, then
there is an ¢ € [1,m — 1] such that x; — = — 2,11, i.e., D contains a path 2125 ... Z;ZZ;41 . .. Ty Of
length m (we say that z can be inserted into P).

We note that in the above Lemma 3.2 as well as throughout the whole paper we allow paths of length 0,
i.e., paths that have exactly one vertex. Using Lemma 3.2, it is not difficult to prove the following lemma.

Lemma 3.3. Let D be a digraph of order n > 4. Suppose that P := x1x2... Ty, m € [2,n — 2],
is a longest path from 1 10 Z, in D and V(D) \ V(P) contains two distinct vertices vy, y2 such that
d(y1, V(P)) = d(y2, V(P)) = m + 1. If in subdigraph D{V (D) \ V(P)) there exists a path from y, to
y2 and a path from ys to yy, then there is an integer | € [1,m] such that for every i € [1, 2]

O(y;, V(P)) ={z1,22,..., 21} and 1(y;,V(P)) ={zi,xi41,- -, T}
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Theorem 3.4 (Darbinyan|(1990)). Let D be a strong digraph of order n. > 2. Suppose that d(x) +d(y) >
2n — 1 for all pairs of non-adjacent vertices x,y € V(D) \ {z}, where z is an arbitrary fixed vertex in
V(D). Then D contains a cycle of length is at least n — 1.

From Theorem 3.4 it follows that the following corollary is true.

Corollary 1. (Darbinyan| (1990)). Let D be a strong digraph of order n > 2. Suppose that n — 1 vertices
of D have degrees at least n. Then D either is Hamiltonian or contains a cycle of length n — 1 (in fact D
has a cycle that contains all the vertices with degree at least n).

Lemma 3.5 (Darbinyan! (2022)). Let D be a digraph of order n > 4 such that for any vertex x €
V(D) \ {z}, d(z) > n, where z is an arbitrary fixed vertex in V(D). Moreover, d(z) < n — 2. Suppose
that Cy,(2) = 2122 ... @1, m < n — 1, is a cycle of length m through z and Cp,(z) has an (x;, x;)-
bypass such that z ¢ V(Cy,(2)[xi+1,2—1]). Then D has a cycle, say Q, of length at least m + 1 such
that V(Cp(2)) C V(Q).

Theorem 3.6 (Darbinyan|(2024)). Let D be a 2-strong digraph of order n > 9 such that n — 1 vertices of
D have degrees at least n + k and the remaining vertex z has degree at least n — k — 4, where k > 0 is
an integer. If the length of a longest cycle through z is at least n — k — 2, then D is Hamiltonian.

4 Proof of Theorem 1.9

Theorem 1.9. Let D be a 2-strong digraph of order n > 9. If n — 1 vertices of D have degrees at least
n + k and the remaining vertex z has degree at least n — k — 4, where k > 0 is an integer, then D is
Hamiltonian.

Proof: By contradiction, suppose that D is not Hamiltonian. Then from Theorem 3.6 it follows that
D has no C(z)-cycle of length greater than n — k — 3. By Corollary 1, D contains a cycle of length
n—1. Let C,—1 := x123...2T,_1x1 be an arbitrary cycle in D. By Lemma 3.1, z ¢ V(Cy,_1).
Since D is 2-strong, there are two distinct vertices, say x7 and x,,_4—1, such that z,,_4—1 — 2 —

x1 and d(z,{Tn—d, Tn—d+1,-.-,Tn—1}) = 0. Without loss of generality, assume that the flight d :=
{@n—d, Tn—dt1,---,Tn_1}| of z respect to C,_; is smallest possible over all the cycles of length n — 1
in D.

For any ¢ € [1,d], let y; = ®p—g—14+: and Y = {y1,92,...,ya}. Note that y1ys ...yq is a path in
D(Y'). Since z cannot be inserted into C,,_1, using Lemma 3.2, we obtainn — k — 4 < d(z) < n —d.
Hence, d < k + 4. On the other hand, n —d < n —k — 3,1.e.,d > k + 3, since zx1%2 ... Tp_g—12 1S
a C(z)-cycle of length n — d. From now on, by P we denote the path z1xs ... x,_q—1 (see Figure 2).
In order to prove the theorem, it is convenient for the digraph D and the path P to prove the following
Claims 1-4.

Claim 1. Suppose that D(Y') is strong and each vertex y; of Y cannot be inserted into P.
Ifdt(z;,Y) > 1withi € [1,n —d — 2], then A(Y — {®i41,Tit2,. ., Tn—a-1}) = 0.

Proof: By contradiction, suppose that there are vertices x5,z wWith 1 < s < ¢ < n —d — 1 and
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Fig. 2: The cycles Cro1 = 122 . .. Tn—d—1Y1Y2 . . . Yyax1 and Cp_q(2) = 2122 ... Tp—g—1221 in D.

u,v € Y such that z, — u, v — x,. Since D(Y) is strong, it contains a (u,v)-path, and let Q be
such a longest path. We may assume that A(Y, {2s+1,...,24-1}) = 0. Since D(Y) is strong and
every vertex y; cannot be inserted into P, using the fact that D has no C(z)-cycle of length at least
n—k —2, we obtain that ¢ — s > 2. We now extend the path x,z¢41 ... Tp—g—122122 . .. T With vertices
Ts41,Ts42, - - -, Tg—1 as much as possible. Then some vertices z1, 22, ..., Zm € {Zs41,Tst2,... ,xq,l},
where 0 < m < ¢ — s — 1, are not on the obtained extended path, say R. We consider the cases m > 1
and m = 0 separately.
Assume first that m > 1. Since every vertex y; cannot be inserted into P and d(y;, {z, Ts41, Ts+2,

..., Zg—1}) = 0, using Lemma 3.2(i), we obtain

n+k <d(y;) = d(y;,Y) + dy;, {z1, 22, ..., 2s}) + d(y;, {zg, Tg41, -, Tn—a-1})
<2d-24+(s+1)+(n—-d—-1—g+2)=n+s+d—q and
n+k <d(z) =d(z, V(R) +d(zi,{z1, 22, ..., 2m}) < |[V(R)| + 14 2m — 2
=n—d-m+1+2m—-2=n+m—-d—-1.
Therefore,
n+2k <d(z)+dy;)) <n+m-d—-14+n+s+d—g=2n+m-—-1+s—gq

<2n—-14q—s—-14+s—q=2n—2,

which is a contradiction since & > 0.

Assume next that m = 0. This means that D contains an (z,, z,)-path with vertex set {z} U V(P).
This and the fact that D contains no cycle of length at least n — k& — 2 through z imply that d = k + 4,
V(Q)| =1,ie,u=wv,and A(zs — Y \ {u}) = A(Y \ {u} — z,) = 0. Since any vertex of ¥ cannot
be inserted into P, using Lemma 3.2(ii), for each y € Y\ {u} we obtain

n+k<dly)=dyY)+dy, {21, 22,....2:}) + d(y,{2q, Tg+1, .- s Tn-k—5})
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<2k+6+s+n—k—-5—-qg+l=n+k+2—-(¢—s).
This means that all the inequalities used in the last expression are actually equalities, i.e., ¢ — s = 2,
d(y,Y) = 2k + 6, i.e., D(Y) is a complete digraph, and
d(yv {xla T, ... 71'5}) =S, d(ya {.’Eq,l'q+1, v 7xn7k75}) =n—k— q— 4.

Again using Lemma 3.2(ii), from the last two equalities and A(zs — Y \ {u}) = AV \ {u} —
zq) = () we obtain z,,_p_5 — Y \ {u} — x1. We claim that z,; can be inserted into z1z3 ...z, or
TqTg41 - - - Tn—k—5. Assume that this is not the case. Then by Lemma 3.2(i),

n+ k S d(‘r8+1) = d(fL’S+1, {.’1’:1,252, s 7*%.8}) + d(xs+17 {xq = Ts42;,Ls43y- - - 7',1:7’7,7]675})

+d(zs41,{z}) <s+14+n—-k—-5-s—-1+14+2=n—-k—(¢—s)=n—k—2,

which is a contradiction. This contradiction shows that there is either an (z1, xs)-path, say Ry, with vertex
set {x1,Z2,...,&s, Tsq1} OF an (&g, Tn_k—s5)-path, say Ry, with vertex set {@s1,Tst2,. .., Tn_k_5}.
Let H be a Hamiltonian path in D(Y" \ {u}). We know that d(z,V(H)) = 0, |V(H)| = k + 3 and
Tn—k—5 — Y \ {u} — x1. Therefore, F} := x1Rjuzy ... Tn_p—sHzy or Fy := 21 ... 2suRoTp_k—5

Hzx,, is a cycle of length n — 1. We have that the flight of z respect to F; (or F5) is equal to k£ + 3, which
contradicts the minimality of d = k + 4 and the choice of the cycle C),_; of length n — 1. This completes
the proof of the claim. O

Claim 2. If z; — z withj € [1,n —d — 2|, then A(z — {xj11,2j42,...,Zn—q-1}) = 0.

Proof: By contradiction, suppose that x; — z with j € [1,n—d—2]and z — z; with{ € [j+1,n—d—1].
We may assume that d(z,{z;i1,...,2;-1}) = 0. Since D contains no C(z)-cycle of length at least
n—k—2and Cp_j4j41(2) == 2122 ... 221 ... Tn_d—1Y1Y2 - - - Yax1, it follows that [ > j + k + 4.
Then, since z cannot be inserted into P, by Lemma 3.2(i), we have

n—k—4<d(z)=d(z {z1,22,...,2;}) +d(z, {1, 141, ..., Tr—a—1})
<P+ +n—d—1-14+2)=n+24+5—-d-1
<n+2+(—-k—4)—-d-Il=n—-k—-2-d,
i.e., d < 2, which contradicts that d > k + 3. Claim 2 is proved. O

Since D is 2-strong, we have d~(z) > 2 and d*(z) > 2. From this and Claim 2 it follows that there
exists an integer ¢ € [2,n — d — 2] such that z; — z and

d~(z,{z1,29,. .., 2¢_1}) = d " (2, {Tt41,Tt42, -, Tn_g_1}) = 0. (1)
From (1) and d(z) > n — k — 4 it follows thatif d = k + 4, thenn —d — 1 =n —k — 5 and
N (2) ={x1,22,...,2¢} and N (2) = {z,Zt41,-- -, Tn_k_5}- (2)
Claim 3. Suppose that there is an integer | € [2,n — d — 2] such that

A({z1, 20, w1} = Y) = AY = {0, 242, - Tna1}) = 0.
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Then for every j € [2,n —d — 2],

A({xl,acg, A ,.’Ej,l} — {xj+1,33j+2, . ,.Tn,d,l}) 75 @
Proof: Suppose, on the contrary, that for some j € [2,n—d—2], A({z1,2,...,2zj_1} = {Tj11,Tjt2,
.oy Tp—d—1}) = 0. Without loss of generality, we may assume that j < . Ifd~ (z, {z1,22,...,2j_1}) =

0, then by the suppositions of the claim, we have
A({.Z‘l,xg, . ,l‘j_l} —YU {Z, Tjt1, Tj42,-- - ,l‘n_d_l}) = 0.

Ifd (z,{z1,22,...,2j_1}) > 1, then by Claim 2, d* (z, {z4+1, %42, ..., Tn—4—1}) = 0. This together
with the supposition of the claim implies that

A{z, 21,20, 251} =Y U{zj11, 240, ..., Zn_q-1}) = 0.
Thus, in both cases, D — x; is not strong, which is a contradiction. Claim 3 is proved. O

Claim 4. Any vertex y; with j € [1,d] cannot be inserted into P.

Proof: By contradiction, suppose that there is a vertex y, with p € [1,d] and an integer s € [1,n — d — 2]
such that z; — y, — Zs41. Then R(2) = x1%2...ZsYpTst1 ... Tn—d—12%1 is a cycle of length
n—d+1. Since D contains no C(z)-cycle of length at least n — k — 2, it follows that n —d+1 < n—k—3,
i.e., d > k + 4. Therefore, d = k + 4 since d < k + 4. It is easy to see that any vertex y; other than y,
cannot be inserted into P. Note that (2) holds since d = k + 4. We will consider the cases p € [2, k + 3]
and p = 1 separately. Note that if p = k + 4, then in the converse digraph of D we have case p = 1.

Casel.p € [2,k + 3].

If y,—1 — yp+1, then the cycle 21T . .. TsYpTot1 -+ - Tn—k—5Y1 - - - Yp—1Yp+1 - - - Yk+4Z1 1S a cycle of
length n — 1 and the flight of z respect to this cycle is equal to k + 3, which is a contradiction.

We may therefore assume that y,_1 - yp41. Since both y,,_1 and y, 1 cannot be inserted into R(z),
using Lemma 3.2(i), we obtain d(y,—_1, V(R(2))) < n—k—3and d(yp+1, V(R(2))) < n—k—3. These
together with d(y,—1) > n+k and d(yp4+1) > n+k imply that d(y,—1, Y \{yp}) > 2k+3 and d(yp+1, Y\
{yp}) > 2k+3. Hence, it is easy to see that y,+1 — yp—1 and d¥ (z5, Y \{yp}) = d~ (zs+1, Y \{vp}) =
0 (for otherwise D contains a C(z)-cycle of length at least n — k — 2, a contradiction). Since every
vertex of Y\ {y,} cannot be extended into P, using Lemma 3.2 and the last equalities, we obtain that if

u € {Yp—1,Yp—1}, then
n+k <du)=du,Y)+du,{z1,22,...,25}) + d(uy, {Ts11,Ts42, -, Tn—k—5})

<2k+5+s+(n—5—k—s)=n+k.

From this, in particular, we have d(u,Y) = 2k + 5, d(u, {1, z2,...,2s}) = s and d(u, {®s41, Ts+2,

ey Tp_k—5}) =n—k—5—s. Again using Lemma 3.2(ii), we obtain that x,,_y_5 — {Yp—1, Yp+1} —
x1. From d(u,Y’) = 2k + 5 it follows that u <> Y \ {yp—1, Yp+1} since yp_1yp+1 ¢ A(D). Hence it is
not difficult to see that in D(Y "\ {y,}) there is a (yp—1, Yr+4)- O (Yp—1, Yp+1)-Hamiltonian path, say H.
Thus 2122 ... ZsYpTsy1 - - - Tn—ip—sHx1 is a cycle of length n — 1 and the flight of 2 respect to this cycle
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is equal to k£ + 3, a contradiction.

Case2.p=1,ie.,x5s = Y1 —> Tsy1-
Observe that d~ (zs+1, {y2, Y3, - - -, Yk+4}) = 0 and R(z) is a longest cycle through z in D, which has
length n — k — 3. For Case 2 we will prove the following proposition.

Proposition 2. Suppose that for j, j € [2,k + 4], in Q := D{{y2,¥3,.-.,Yk+a,21}) there is a
Hamiltonian (y;, z1)-path, say H7. Then x,,_;_5y; ¢ A(D). In particular, x,,_,_5y> ¢ A(D).
Proof: Suppose that the claim is not true, that is z,, _p—5 — y; with j € [2, k+4] and @ has a Hamiltonian
(y;,x1)-path, say H’. Then z122 ... Tsy1Ts41 - - . Tn—k—5HI x1 is a cycle of length n — 1 and the flight
of z respect to this cycle is equal to £ + 3, a contradiction. Thus z,_;_5 — y;. It is easy to see
that H? = yoy3...Yrya1 is a Hamiltonian path in Q. Therefore by the first part of this proposition,
Tp—k—5 * Y2. O

To complete the proof of Claim 4, we will consider the cases x5 - Y2, Ts — Yo separately.

Subcase 2.1. zy2 ¢ A(D).

We know that yoxs1 ¢ A(D) and z,,—i_5y2 ¢ A(D). Now, since y, cannot be inserted into P, using
Lemmas 3.2(ii) and 3.2(iii), we obtain

n —+ k S d(y?) = d(y27 Y) + d(y?, {x17x27 ey :Cs})

+d(y27 {x8+17x8+27 ce 7mn—k—5}) < 2k+64+s+ (n —k—s5— 6) =n+k.
This implies that d(y2,Y) = 2k + 6, i.e., y2 <> Y \ {y2}, in particular, y <> y1 and D(Y) is strong, and

d(ya, {z1,22,...,2s}) = s and d(y2, {Ts41,Tst2, -, Tn—k—5}) =n—k —s— 6. (3)

Thus, for the longest cycle R(z) we have that V(D) \ V(R(z)) = {y2,y3,---,Yk+a}, D(V(D) \
V(R(z))) is strong and y2 ¢+ y;. Therefore by Lemma 3.5,

A({y27y33 s ,yk+4} - {$s+1,~’0s+27 e 7xn—k—5}) = A({Ihxm cee 71'5} — {yz,y:s, ‘e 7yk+4}) =0.
(4)
This together with z,,_;_5 - y2 and (3) implies that y» and z,,_j_5 are not adjacent and

Nt (y2, V(P)) = {z1,20,...,25} and N~ (y2, V(P)) = {Zs11, Tst2s -+, Tn_k_6}-

By the above arguments, we have that H® = y3y4...Yra¥21 is a (y3,z1)-Hamiltonian path in Q.
Therefore by Proposition 1, x,,_;_5 — ys. This together with (4) implies that x,,_;_5 and y3 are not
adjacent. As for yo, for y3 we obtain that y3 <> Y \ {ys} and

N*t(ys, V(P)) = {z1,20,..., 25} and N~ (y3, V(P)) = {Zs11, Tst125-+ -, Tn_k_6}-

Proceeding in the same manner, we obtain that d(z,——5,{¥2, Y3, - ., Yk+a}) = 0, D(Y") is a complete
digraph and

{Zsi1,Tsy2, s Tnk—6} = Y \ {1} = {z1,22,..., 2} (5)

If s = n—k—06, then from (4) and d(x,——5, {y2, Y3, - - -, Yk+a ) = 0 it follows that A(V (P)U{z} —

Y\ {y1}) =0, i.e., D — gy is not strong, a contradiction. Therefore, we may assume that s <n —k — 7.
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Let s = 1. Since D(Y) is strong, from (5) it follows that A(Y — {z3,%4,...,2Zn_k_5}) = 0. (for
otherwise, y; — x; withi € [3,n—k—5]and Cy,__2(2) = 2122 ... Ti_1Y2Y1T; - . . T—k—5221, & CON-
tradiction). If d* (z1, {z3,24,...,2pn_k—5}) = 0, then A({z1} UY — {z,23,24,...,Tpn_k—_5}) = 0,
i.e., D — x5 is not strong, a contradiction. So, we can assume that for some b € [3,n — k — 5],
x1 — xp. By (5) and (2), respectively, we have 1 — y2 and z — xz5. Therefore, C),_1(2) =
T1Tp .. Tp—k—52T2 ... Tp—1Y2Y3 - . . Yk+4T1, a contradiction. Let finally 2 < s < n—Fk — 7. Itis
easy to see that A({z1,22,...,%s_1} — {Tst1,Ts12,---,Tn_k—5}) # O (for otherwise, using the
fact that A({z1,x2,...,25_1} — Y) = 0 (by (5)), Claim 2 and (2), it is not difficult to show that
D — z, is not strong, a contradiction). Thus, there are integers a € [1,s — 1] and b € [s + 1,n —
k — 5] such that z, — x3. Then by (4), y» — 441, and by (2), either z — 441 OF Tp_1 —
z. By (4), we also have that 1 — ys or &y—; — y1 when b = s + 1. Therefore, C(z) =
T1X2 e Tqp - Ty k—52Tat1 -« - Tp—1 (Y1 OT Y2)Y2y3 - - - Yp+a®1 is a cycle of length at least n — 1 or
Crk—2(2) = X1Z9... Ta®p ... Tp_k—5Y1Y2%a+1 - - - To—12L1, Tespectively, for z — z,11 and for
rp—1 — 2. Thus, for any possible case we have a contradiction. This completes the discussion of
Subcase 2.1.

Subcase 2.2. x; — ys.

Using Lemma 3.5 and the fact that R(z) is a longest cycle of length n — k& — 3 through 2z, we obtain

AY \ {1} = {zer1, 7512, Tnn—s5}) = 0. (6)

Since 5 — Y1 — Ts41, it follows that in D(Y") there is no (y2, y1)-path, i.e., d~ (y1, {y2, y3, - - - »
Yr+a}) = 0 (for otherwise D has a cycle of length at least n — k — 2 through z, which is a contradiction).
This implies that for all i € [1,k + 4], d(y;,Y) < 2k + 5. Recall that «,,_;_5 - y2 (Proposition 1).
Therefore, since ys cannot be inserted into P and y, - x41, using Lemma 3.2, we obtain

n+ k S d(yQ) = d(y27Y) + d(y27 {1’1,:1727 sy 33'5}) + d(yQ, {$5+1a Ts42y--- 7xn7k75})
<2k+5+s+1+(n—k—s—6)=n+k.
Therefore, y2 <> Y \ {y1, y2}, in particular, D(Y"\ {y1}) is strong,
d(y2,{r1,22,...,2s}) = s+ 1 and d(yo2, {Ts11,Ts+2,-- s Tn-k—5}) =n—k—s—6. (7)

From (6) and x,,_x_5y> ¢ A(D) it follows that y5 and x,,_j_5 are not adjacent. Therefore by (7) and
(6), {Ts11,Ts42y+ > Tn_k_6} — Y2, and by Lemma 3.2, yo — x1. Note that H> = y3yy4 ... Yp14y2T1
is a Hamiltonian (ys, 21 )-path in Q. Therefore by Proposition 1, z,,—x_5ys ¢ A(D), which together with
(6) implies that y3 and x,,_;_5 are not adjacent. Now by the same arguments, as for y5, we obtain that

ys & Y\ {y1,y3},
d(ys,{z1,22,...,2s}) = s+ 1 and d(y3, {Ts41,Ts+2, -, Tn-k—6}) =n—k — s — 6. (8)

Now by (8) and (6), {Zst1,Zs42,---sTn—k—6} — Y3. We know that P; := z1x5...x, is a longest
(z1,x5)-path in D(V(P;) UY \ {y1}). Therefore, since d(yz, V(P1)) = d(ys,V(P1)) = s + 1, by
Lemma 3.3, there exists an integer g € [1, s| such that for every j € [2, 3]

N*(yj, V(P1)) ={z1,22,..., x4} and N~ (y;, V(1)) = {zq, Tgt1,-- -, Ts}
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Proceeding in the same manner, we conclude that {zs11,Zsy2,...,Zn—kr—6} — Y \ {y1}, forall j €
[2, k + d], the vertices y; and x,,_;_5 are not adjacent and
N+(yj, V(Pl)) = {.’I,‘]_,.CL‘Q, . ,.’Eq} and ]\/v_(yj7 V(P]_)) = {$q7$q+1, . ,.Z'S}. (9)

If ¢ = 1, then A({y2,¥3,---,Yk+ta} — {2,¥1,%2,%3,...,Tn_k—5}) = 0, which implies that D — z;
is not strong, a contradiction. Therefore, we may assume that ¢ > 2, ie., ¢ € [2,5]. If z; — y; with
i € [1,q — 1] then by (9), Cp,(2) = T12Z2...TiY1Y2 - - - Ykt dTit1Tit2 - - - Tn—k—52L1, a contradiction.
We may therefore assume that d™ (y1, {z1,22,...,24-1}) = 0. This together with (9) implies that
A({z1,22,...,24-1} = Y) = 0. Since D is 2-strong, the last equality and (2) imply that there are
integers @ € [1,¢ — 1] and b € [¢ + 1,n — k — 5] such that z, — x;, for otherwise it is easy to see that
D — z, is not strong. By (9) and (2), we have yr44 — Tq41, To—1 — Y2 and z — Xy OF Tp_1 — 2.
Therefore, if 2 — x441, then Cp,—1(2) = X1T2 ... TqXp - . - T k—52Tat1 - - - Tp—1Y2 - - - Yk+421, and if
Tp—1 = 2, then Cp(2) = 212 .. . TqTp -« - Ty k—5Y1 - - - Yk+4La+1 - - - Tp—1221. SO, in any case we have
a contradiction. Claim 4 is proved. a

For any j € [1,d], we have
n+k <d(y;) = d(y;, V(P)) +d(y;,Y) < d(y;, V(P)) + 2d = 2.

From this, d(y;, V(P)) > n+k — 2d+ 2. On the other hand, by Lemma 3.2 and Claim 4, d(y;, V(P)) <
n — d. Therefore,

n+k—2d+2<d(y;,V(P))<n—d and d+k<d(y;Y)<2d-2. (10)

We distinguish two cases according to the subdigraph D(Y") is strong or not.

Case A. D(Y') is strong.
In this case, by Claim 4, the suppositions of Claim 1 hold. Therefore, if for some

xS [1,” —d— 2] and d+($”Y) > 1, then A(Y — {.Z‘i+1,£i+2, AN ,l‘n_d_l}) = (Z) (11)

Since D is 2-strong, (11) implies that d* (z1,Y) = d™ (z,—q—1,Y) = 0, there exists | € [2,n — d — 2]
such that d* (z;,Y) > 1 and

A({JEl,l‘Q, o a‘rl—l} - Y) = A(Y - {xl+1aml+2a v 7xn—d—1}) = @ (12)
From this we see that the supposition of Claim 3 holds. Therefore, for all j € [2,n — d — 2],
A({l‘l,zg, . ,Ij_l} — {$j+17xj+25 . axn—d—l}) # @ (13)

For Case A, we will prove the following two claims.

Claim 5. (i) A(D) contains every arc of the forms z — x; and x; — z, where i € [1,t] and j €
[t,n —d— 1], maybe except one when d = k + 3. (Recall that the definition of t is given immediately after
the proof of Claim 2).

(ii) For every i € [1,d], A(D) contains every arc of the forms y; — x4 and x; — y; where ¢ € [1,]
and j € [l,n — d — 1], maybe except one when d = k + 3 or except two when d = k + 4.
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Proof: (i) If d = k + 4, then Claim 5(i) is an immediate consequence of (2). Assume that d = k + 3.
Then by (1), we have

n—k—4<d(z)=d"(z,{z1,22,...,24-1}) +d(z,{zt}) + d" (2, {Tt41, Tts2, -+, Tr_t—a})

<t—-1424+n—-k—-4—t=n—~k-3.

Now, it is easy to see that Claim 5(i) is true.
(ii) By (10) and (12) we have

n+k—2d+2<d(y;,V(P)) =d"(yi,{x1, 22, ..., 21-1}) + d(yi, {z1})

er*(yi,{xl_‘_l,xl_‘_g,...,xn_d_l}) §171+2+n7d7171:n7d.

Now, considering the cases d = k + 3 and d = k + 4 separately, it is not difficult to see that Claim 5(ii)
also is true. Claim 5 is proved. a

Claim 6. Suppose that for some integers a and bwith1 < a <b—1<n —d — 2 we have x, — xp.
If D(Y) is strong and z — x4 41, then d* (zp—1,Y) = 0.

Proof: Suppose, on the contrary, that is D(Y’) is strong, 2 — z411 and d™(zp_1,Y) > 1. Letxp_1 —
yi, where ¢ € [1,d]. Recall that kK +3 < d < k+ 4. Ifi € [1,k + 3], then the cycle C(z) =
T1X2 .. . TgLp - Tp—d—12Lq41 - - - To—1Yi - - - Yq1 has length at least n — k — 2, which is a contradiction.
Therefore, we may assume that d* (zp—1,{y1,v2,--,¥k+3}) = 0. Then from d*(zp_1,Y) > 1 it
follows that d = k + 4 and xp_1 — yrr4. Hence by (11), AY — {zp, Tpi1,-- -, Tn_k—5}) = 0.
Note that for each ¢ € [1,k + 3], D(Y') contains a (yxt4, y;)-path since D(Y") is strong. Hence it is
not difficult to see that if d~(x1,{y1,y2,.-.,Ur+3}) = 1, then D contains a C(z)-cycle of length at
least n — k — 2, a contradiction. Therefore, we may assume that d~ (z1, {y1,¥2, .-, Yk+3}) = 0. This
together with d*(z1,Y) = 0 implies that d(z1, {y1,%2,- -, Yk+3}) = 0. Now using Lemma 3.2, Claim
4, AY = {zp, o4, Tn_k_5}) = Oand d¥ (zp_1,{y1,¥2,-- -, yrs3}) = 0, forany i € [1,k + 3]
we obtain,

n+k <d(y) =dy:,Y) +d(yi, {r2, 23, ...,20—1}) +d (yi, {®b, Tog1, - ., Tn_p—5})

<2k+6+(b—-2)+(n—k—-5-b+1)=n+k.

This means that all inequalities which were used in the last expression in fact are equalities, i.e., for any
i€ [1,k+3],d(y;,Y) = 2k+6 (i.e., D(Y') is a complete digraph), and d(y;, {x2, x5, ..., 2p_1}) = b—2.
Therefore, since any vertex y; with ¢ € [1, k + 3] cannot be inserted into P (Claim 4), d(y;, {x2, z3, ...,
p—1}) = b— 2 and 2,1 - y;, using Lemma 3.2, we obtain that y; — xz5. Hence, if a > 2,
then Cp,—1(2) = Za...ZeXp... Tp_k—52Ta+1 ... Tp—1Lxo, Where L is a Hamiltonian (ygi4, Yr+3)-
path in D(Y’), a contradiction. Therefore, we may assume that = 1. Then z — z3 and C,,_; =
T1Tq - - Tp—k—5Y1Y2 - - - Yk+3T2 - . - Th—1Yk+4Z1 1S a cycle of length n — 1in D. We have z,,_;_5 — 2
and z — z9, i.e., the flight of 2 respect to this cycle C),_; is equal to k + 3, which contradicts that the
minimal flight of z respect to on all cycles of length n — 1 is equal to d = k + 4. Claim 6 is proved. O

Now using the digraph duality, we prove that it suffices to consider only the case ¢ > [.
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Indeed, assume that [ > ¢ 4+ 1 and consider the converse digraph D"¢” of D. Let V(D"¢V) =
{ur,ug, ..., up—g—1,v1,02,...,0q, 2}, Where u; := ,,_4—; and v; := yq41—; foralli € [I,n —d — 1]
and j € [1,d], in particular, ; = up_g—; and & = Up_q—t. Letp:=n—d —1land g := n —d — t. Note
thatg > p+ 1 and {vy,v9,...,04} =Y.

Observe that from the definitions of [, ¢, p and ¢ it follows that dp,ev (up,Y) > 1 zuy € A(D™),
dpres (2, {ur, ua, ..., ug—1}) = 0 and Aprev ({ur, ua,...,up—1} = Y) = 0. Now using Claim 5(i),
we obtain that d,c. (2, {ug, ug+1}) > 1 and Aprev ({up,upi1} — Y) # 0 whend = k + 3 and
Aprev ({tup, upy1,upio} — Y) # O whend = k + 4. Letupz € A(D™), df)eo (wp,Y) > Land ¢/, 1/
are minimal with these properties. It is clear that t' € [q,q + 1] and I’ € [p,p + 2]. We claim that ¢’ > ['.
Assume that this is not the case, i.e., ¢’ < I’ — 1. Then it is not difficult to see that ¢’ < I’ — 1 is possible
when! = p+2andt = p+1 = q. By Claim5@i),d =k+4and2 <p=q—-1<n—-k—T.
Therefore, in D" the following hold:

dD'r'ev (up+1, Y) = O, {uq+1,uq+2, e ,un_k_5} —-Y — {ul,u2, e ,Up},

Npeo(2) = {ur,ug, ..., ug} and Npreo (2) = {tg, Ugg1s - - oy Un—k—5}-

Since D"V is 2-strong and Aprev ({u1, ug, ..., up} — {2z} UY) = 0, it follows that there are r € [1, p|
and s € [p + 2,n — k — 5] such that u,u, € A(D"*"). Taking into account the above observation, it is
not difficult to show that if » < p — 1, then Cy,(2) = uqug . .. Upls . . . Up—f—5V1V2 . . . Vg aUpi] - - -
us—12u1 is a Hamiltonian cycle in D™, and if s > p+ 3 = ¢+ 2, then C,(2) = ujuz ... Urlsy . ..
Up—k—52Up41] - - - Us—1V1V3 . . . Vp+4u1 1S @ Hamiltonian cycle in D"®”, which contradicts that D is not
Hamiltonian. We may therefore assume that » = p and s = p + 2. This means that A prev ({ug, us, . . .,
Up—1} = {Upt2,Upts, ..., Un—k—5}) = (. Therefore, since D" is 2-strong, for some ¢ € [1,p — 1],
uupr1 € A(DTY). Hence, u1Usg . . . Uilhp412Ti41 - - - UpUpt2 - . . Up—k—5V1V2 . . . V4t is a Hamilto-
nian cycle in D¢, a contradiction. Therefore, the case ¢ < [ — 1 is equivalent to the case ¢t > .

Using Lemma 3.1, it is easy to see that the following proposition holds.
Proposition 3. If £ = 0 and a longest C'(z)-cycle in D has length n — 3, then D(V (D) \ V(C(2))) is
strong.

From now on, we assume that [ < ¢. Note that from (13) it follows that there are a € [1,¢ — 1] and
be[t+1,n—d—1]suchthat z, — xy.

Subcase A.1. z — x,41.
Recall thata € [1,¢ — 1] and b € [t + 1,n — d — 1]. By Claim 6, we have that d* (z;_1,Y) = 0.

Subcase A.1.1. 2 — z441 and b > ¢ 4 2.

Thenb — 2>t > 1. If z,_9 — y; with ¢ € [1,2], then the cycle C(z) = x122 ... TqTp - - - Tp—d—1
ZTgy1 .- Tp—2Yi - .- Yar1 has length at least n — 2, a contradiction. We may therefore assume that
d" (xp—2,{y1,y2}) = 0. This together with Claim 6 implies that A({zp_2,2p—1} — {y1,y2}) = 0.
Therefore by Claim 5(ii) and [ < t, we have that d = k + 4, in particular, (2) holds. If b > ¢ + 3,
then from d~(y1, {xp—2,2p—1}) = 0 and Claim 5(ii) it follows that z,_3 — y; and Cp,_2(2z) =
T1T2 ... TaXp - Tp—k—52Tq+1 - - - Tp—3Y1Y2 - - - Yk+4Z1, a contradiction. Therefore, we may assume that
b=1t+2 Ifx; — ys, then C),_35(2) = 122 ... TaTtt2 ... T k—52Tat1 - - - TtY3 - . - Yk+a21 and the
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subdigraph D(V (D) \ V(Cp_3(2))) = D{{x¢41,y1,%2}) is not strong since d* (z;11, {y1,y2}) = 0.
This implies that n—3 < n—k—3 (i.e., k = 0) since the length of a longest C'(z)-cycle is at most n—k—3.
So, we have a contradiction to Proposition 3. Therefore, d~ (y3, {2+, 2¢+1}) = 0. Hence, if [ = ¢, then
Y3 — Tqt1 (Claim 5(ii)) and Cy,—p—2(2) = 2122 . .. ToTiy2 - - - Tp_k—5Y1Y2Y3Lat1 - - - T4 2L1,  CONtra-
diction. We may assume that [ < ¢ — 1. If a < ¢ — 2, then from d~ (y1, {2, zt+1}) = 0 and Claim
5(ii), we have ;1 — y1 and Cp,_2(2) = T12T2. .. TqTi42 .. Tn—k—52Tat1 - - TL—1Y1Y2 « - - Ykt aT1s
a contradiction. We may therefore assume that a = ¢t — 1. From ! < ¢t — 1 and [ > 2 it follows that
t > 3. Thus we have that @ = t — 1 > 2 and b = t + 2, which mean that A({z1,22,...,Z4—1 =
Ti—2} — {Ti42, Teys, .. Tn_k—5}) = 0. This together with (13) implies that for some ¢ € [1,¢ — 2]
and j € [t,t + 1], x; — x;. Recall that z — z;4; and x411 — 2z because of (2). Therefore,
C(z) =21%2 ... T T4 412Ti41 - - Tt—1T442 - - - Tn—k—5Y1Y2 - - - Yu+a1 is cycle of length at least n—1,
a contradiction. This completes the discussion of Sabcase A.1.1.

Subcase A.1.2. z — x,y1and b = t+ 1. Since b—1 = ¢, d"(zp_1,Y) = 0 (Claim 6) and
dt(x,Y) > 1, wehave d* (z;,Y) =0,t —1 > 1> 2.

Assume first that {41 < n—d—2. Taking into account Subcase A.1.1 and b = t+1, we may assume that
A({z1, 29, ..., 21} = {Tryo, Teas, .-« Tn_a—1}) = 0. This together with (13) implies that there is
J € [t+2,n—d—1]suchthatz, — x;. If ;1 — z,then Cp,(2) = 122 ... TaTpq1 ... Tj_12Tat1 - - - Tt
Tj...Tp—d—1Y1¥Y2 .- .YaT1, a contradiction. Therefore, we may assume that z;_; - z. This to-
gether with (2) implies that d = k + 3. If j > ¢ + 3, then z;_o — 2 (Claim 5(i)) and C,,_1(z) =
TIL2 . . TqTpq1 -+ - Tj—22Laq1 -+ - TyTyj « . . Tp—k—4Y1Y2 - - - Yp4+321, a contradiction. Assume that j =
t+ 2. Since d*(z¢,Y) = 0, d"(z,Y) > 1, d = k+3and [ < ¢t — 1, by Claim 5(ii) we have
{z1, 2141, ,x—1} = y1. fa<t—2,thenz; 1 — yy and Cp,_1(2) = 2122 .. . TqTpy1 -+ - Ty—g—a2
Tat1---Tt—1Y1Y2 - - - Yk+321, a contradiction. Assume thata = t—1. From¢ > 3 and a = t—1 it follows
that A({z1,®a,...,t—2} — {Tt+41, T2, -, Tn—r—a}) = 0. This together with (13) implies that for
some s € [1,t — 2], x5 — x4. Since d = k + 3 and x;_; - z, from Claim 5(i) it follows that z — z411.
Therefore, C(z) = T1Z2 ... TsT42Tst1 -« - Lt—1T441 - - - T k—aY1Y2 - - - Yp+321 1S @ Hamiltonian cycle
in D, a contradiction.

Assume next thatt + 1 =n —d — 1. Recall thatb =t + 1 and d* (x,Y") = 0.

Leta <t—2.Ifx;_1 — y; withi € [1,2], then C(2) = 2122 ... XqTp—d—12Tat1 -« - Tt—1YiY2 - - -
yqx1 is a cycle of length at least n — 2, a contradiction. Therefore, we may assume that for every
i € [1,2], d (yi, {wt—1,2+}) = 0. This together with Claim 5(ii) implies that d = k + 4, which in
turn implies that (2) holds, in particular, z — x;. If [ = t — 1, then from d~ (y2, {xi—1,2¢}) = 0
and Claim 5(ii) it follows that yo — x441 and Cy,—k—2(2) = 122 ... TaTn—k—5Y1Y2Tat1 - - - TLZT1,
a contradiction. Therefore, we may assume that [ < ¢ — 2. It is easy to see that a = ¢t — 2 (for oth-
erwise a < t — 3, 249 — y1 and Cp,_2(2) = T1Z2.. . TaXp—k—52Tat1 - .- Tt—2Y1Y2 - - - Yhtal1, &
contradiction). Using Claim 5(ii) and the facts thata = t — 2 > 1 > 2, d™ (y1, {zt—1,2:}) = 0, it is

easy to see that x, — y;. From a = ¢t — 2 > 2 it follows that d~ (xy,—k—5, {z1,2Z2,...,Za—1}) = O.
Therefore by (13), there exist s € [l,a — 1] and j € [t — 1,¢] such that z; — x;. Then by (2),
z = Toq1 and C(2) = X1%2. .. ColjTLn—k—52Tsql - .- Tal¥1¥2 - - - Yp+4Z1 18 a cycle of length at

least n — 1, a contradiction. Let now @ = t — 1. Recallthat b = t+ 1 = n — d — 1. Then from
a =t—1 > 2 we have that d~ (z,—q—1,{®1,22,...,24-1}) = 0. This together with (13) implies
that for some s € [1,¢t — 2], x5 — x;. It is easy to see that z - xsy; (for otherwise, z — xsy;
and C,(2) = T1T2 ... TT2ZTsq1 - Tp—1Te41Y1Y2 - - - YaZ1, a contradiction). From (2), Claim 5(ii)
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and z -+ x4 it follows that d = k + 3 and 24—y — y;. If s < ¢t — 3, then 2z = x449 and
Crn-1(2) = T1@2 .. . TsX42Tsq2 .. . Tt—1Tt4+1Y1Y2 - - - Y1, @ contradiction. Thus, we may assume that
s =t—2.1ft—2 > 2, then we have that A({x1, z2,...,xt—2} — {®t, 141 = Tp—g—a}) = 0. Therefore
by (13), there is p € [1,¢ — 3] such that x,, — 241 and z — xp4q. If | < ¢t — 2, then z4_5 — y; and
Cr(2) =212 ... TpTy_1T4T4412Tpt1 - - - Tp—2Y1Y2 - . - Yp4+3T1, a contradiction. Assume that ! = ¢ — 1.
Then y1 — xp11 and Cp_p—2 = T1T2 ... TpTr—1Te41Y1Tp+1 - - - Te—2T2T1, a contradiction. Finally
assume thatt —2 = 1. Thenn — k —4 = 4 and d(z3,Y") = 0. Therefore, n + k < d(z3) < 8 andn < 8,
which contradicts that n > 9. This completes the discussion of Subcase A.1.2.

Subcase A2, z = 2441
From z - 441, Claim 5(i), (1) and (2) it follows that d = k + 3, 21 — z and

{6, g1, T pa} = 2 = {21, %2, .., Ta, Tata, Tat3, -+ Tt ) (14)

Assume first that
A({l‘l, o, ... ,xt,Q} — {.’Et+17 T2y - xn,k,4}) = w (15)

Thena = t — 1, i.€., x;_1 — xp. Using (14), d™(z) > 2 and Claim 2, we obtain that ¢ — 1 > 2.
From (13) and (15) it follows that there exists s € [1,¢ — 2] such that x5 — z;. Then, since z — x5y,
Cn(2) =x1T2 .. . TsTp ... Tp—12T541 -+ - Tt—1Tp - - - T—k—aY1Y2 - - - Yu+321, @ contradiction.

Assume next that (15) is not true. Then we may assume that a < ¢t — 2. Note that z — {zqy2,...,2¢}
(by (14)). If y; — 441 with¢ € [1, k+ 3], then the cycle C(2) = z122 ... ZaTp . -« T k—aVY1 - - - YiTat1
... Zp—12x1 has length at least n—k —2, a contradiction. We may therefore assume that ™~ (z4+1,Y) = 0.
Letb > t+2. Then, since d = k+ 3 and ¢ > [, from Claim 5(ii) it follows that for some j € [b—2,b—1],
x; — yi1. Then the cycle C(2) = z1T2... 2aTh ... Tn_k—a2Taq2 .- L;Y1Y2 - . - Y31 has length at
least n — 2, a contradiction. Let now b = t + 1. We claim that [ < ¢t — 1. Assume that this is not the
case, i.e., | = t. Then using Claim 5(ii) and the facts that d = k + 3, d~ (2441,Y) = 0, we obtain that
x¢ — y1. Therefore, Cp,_1(2) = x1%2 ... TaTiy1 - - - Tp—k—a2Tqt2 - - - TtY1 - - - Yp+321, @ contradiction.
This shows that ] <t —1. Froma <t—2,1 <t—1, x; -» y; and Claim 5(ii) it follows that z;_; — y1.
Therefore, if a < t — 3, then C),_2(2) = Z1Z2 ... TaZi41 - - Tp—k—a2Tat2 - - - Tt—1Y1Y2 - - - Y4321, &
contradiction. We may therefore assume that a = ¢ — 2. Assume first that a > 2. Since @ = t — 2, we
have

A{z1, @2, ..y xe—g} = {xi1, Tpg2, - Tn—p—a}) = 0.

This together with (13) implies that there exist s € [1,a —1 =t — 3] and p € [t — 1,¢] such that z;, —
xp. Then by (14), the cycle C'(2) = 2122 ... TsTpTZTst1 - - - Tp—2T441 - - - Tn—k—aY1Y2 - - - Yu+321 has
length at least n — 1, a contradiction.

Assume next that ¢ = 1. Thent = 3. Lett+1 < n —k — 5. Since b = t + 1, we have
d¥(x1,{Ts12,Tt43,- -, Tn_k_a}) = 0. Again using (13), we obtain that there exist p € [t — 1,1]
and ¢ € [t +2,n — k — 4] such that , — x,. Recall that z — 2 and 41 — {z,31}. Therefore,
if p =t then Cp_1(2) = T1T441 .. Tg—12T4Tq . . . Tp—k—aY1Y2 - - - Yp+321, and if p = ¢ — 1, then
Cn(z) = T1%2 .. . B4_1Tq . . . Tp—k—42Tt ... Tg—1Y1Y2 - - - Yr+321. Thus, in both cases, we have a con-
tradiction. This completes the discussion of Subcase A.2, and also completes the proof of the theorem
when D(Y") is strong.
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Case B. D(Y') is not strong.

Since y1y2...yq is a path in D(Y) and k + 3 < d < k + 4, using the fact that every vertex y;
with ¢ € [1,d] cannot be inserted into P (Claim 4) and Lemma 3.2, we obtain d(y;, V(P)) < n —d,
d(y;,Y) > d+ k. Now, we claim that d = k +4 and k = 0. Indeed, since D(Y) is not strong, y1y2 - . - Y4
is a Hamiltonian path in D(Y") and d(y;) > n + k, it follows that for some ! € [2,d — 1], y; — 1 and
d~(y1, {vis1, vives - va}) = d¥(ya, {y1,v2. .., m}) = 0. From this we have k + d < d(y1,Y) <
d—1+2(l-1)=d+i-2and k+d < d(yq,Y) < 1+2(d—1—1) = 2d—1—2. Therefore, k < {—2 and
d > k + 1+ 2. From the last two inequalities and the facts that d < k + 4, [ > 2 it follows that d = k + 4
and k = 0. Therefore, d(y;, V(P)) < n—4and d(y;,Y) > 4. Since D(Y) is not strong and y; y2y3y4 is a
path in D(Y), it is not difficult to check that for all ¢ € [1,4], d(y;,Y") = 4, d(y;, V(P)) = n— 4, the arcs
Y193, Y14, Y2Y1, Y2Y4, Yays also are in A(D) and A({ys,ya} — {y1,y2}) = 0. Since D has no C(2)-
cycle of length at least n — 2 and any vertex y; with ¢ € [1, 4] cannot be inserted into P = 2125 . . . Ty _5,
using Lemma 3.3 and Proposition 3, it is not difficult to show that there are two integers [y and Il with
2 <li,ls < n — 6 such that

{zi,, s} = {y1, 92} = {1, ..., 21, },
(16)
{21y, ooy 2ns} = {yz, ya} — {21, .. 20, )

Itis easy tosee thatl; > ls. Indeed, ifI; < lo—1, then from (16) it follows that x;, — y1, Y4 — 2,41 and
hence, Cp,(2) = x1 ... T, Y1Y2Y3YaTi; +1 - - - Tn—5221, a contradiction. Since D is 2-strong, (16) together
with (2) implies that there are two integers p € [1,lo — 1] and ¢ € [lo + 1,n — 5] such that =, — z,
(for otherwise D — z;, is not strong). Assume first that lo < ¢. Then from (2) and (16), respectively,
we have z — x4 and 41 — y3. Therefore, C,_2(2) = @1 ... TpTq ... Tn_s2Tpyi - .. Tqg—1Y3Yal1,
a contradiction. Assume next that [, > ¢ + 1. Then by (16), y4+ — z,4+1, and by (2), 41 — =.
Therefore, C(2) = x122 ... TpTq .- - Tpn—5Y1 - - - YaLp41 - - . Tg—1221 is @ Hamiltonian cycle in D, which
is contradiction. This completes the discussion of Case B. The theorem is proved. a
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