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Finding distributions of permutation statistics over pattern-avoiding classes of permutations attracted much attention
in the literature. In particular, Bukata et al. found distributions of ascents and descents on permutations avoiding any
two patterns of length 3. In this paper, we generalize these results in two different ways: we find explicit formulas for
the joint distribution of six statistics (asc, des, Irmax, lrmin, rlmax, rlmin), and also explicit formulas for the joint
distribution of four statistics (asc, des, MNA, MND) on these permutations in all cases. The latter result also extends
the recent studies by Kitaev and Zhang of the statistics MNA and MND (related to non-overlapping occurrences of
ascents and descents) on stack-sortable permutations. All multivariate generating functions in our paper are rational,
and we provide combinatorial proofs of five equidistribution results that can be derived from the generating functions.
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1 Introduction

A permutation of length n is a rearrangement of the set [n] := {1,2,...,n}. Denote by S, the set of
permutations of [n]. Form € Sy, letn” = 7,71 -+ -7 and 7€ = (n+1—71)(n+1—m2) - - - (n+1—7y,)
denote the reverse and complement of 7, respectively. Then 7"¢ = (n+1—mp,)(n+1—mp_1) - (n+1—
71). A permutation m 7o - - -, € S, avoids a pattern p = p1ps2 - - - pi, € Sy, if there is no subsequence
iy Wiy * * Wi, such that m;; < m;,, if and only if p; < py,. For example, the permutation 32154 avoids
the pattern 231. Let S, (7, p) denote the set of permutations in S,, that avoid patterns 7 and p. The area of
permutation patterns attracted much attention in the literature (see Kitaev (2011) and reference therein).
Of interest to us are the following classical permutation statistics. For 1 < ¢ < n — 1, 7 is an ascent
(resp., descent) in w € Sy, if m; < w41 (resp., m; > m;41) and asc(mw) (resp., des(m)) is the number of
ascents (resp., descents) in 7. Also, 7; is a right-to-left maximum (resp., right-to-left minimum) in « if m;
is greater (resp., smaller) than any element to its right. Note that 7, is always a right-to-left maximum and
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a right-to-left minimum. Denote by rlmax(7) and rlmin () the number of right-to-left maxima and right-
to-left minima in 7, respectively. We define left-to-right maximum, left-to-right minimum, Irmax () and
Irmin(7) in a similar way. For example, if 7 = 34152 then Irmax(7) = 3 and Irmin(7) = rlmin(7) =
rlmax(m) = asc(m) = des(w) = 2.

We are also interested in the statistics maximum number of non-overlapping ascents (denoted MNA)
and maximum number of non-overlapping descents (denoted MND). For example, des(13254) = 2 =
MND(13254) while 3 = des(32154) # MND(32154) = 2. These statistics are a particular case of the
study of the maximum number of non-overlapping consecutive patterns in Kitaev (2005) and recently,
Kitaev and Zhang (2024) studied MNA and MND on permutations avoiding a single pattern of length 3.

Also, k-tuples of (permutation) statistics (s1, S, ..., Sk) and (s7, s, ..., s},) are equidistributed over
aset S if ,
Z tSI(a)t52 . Sk (a) Z tsl t52(a) tZk (a)'
acsS acs

There is a line of research in the literature on finding distributions of permutation statistics over pattern-
avoiding classes of permutations (see, for example, Barnabei et al. (2009, 2010); Bukata et al. (2018);
Elizalde (2004a,b) and references therein). In particular, Bukata et al. (2018) found distributions of as-
cents and descents on permutations avoiding any two patterns of length 3. In this paper, we generalize
these results in two different ways. Namely, we find explicit formulas for the joint distribution of six
statistics (asc, des, Irmax, lrmin, rlmax, rlmin), and also explicit formulas for the joint distribution
of four statistics (asc, des, MNA, MND) on these permutations. The latter result also extends recent
studies by Kitaev and Zhang (2024) of the statistics MNA and MND on stack-sortable permutations
(which are precisely 231-avoiding permutations). Moreover, we provide combinatorial proofs of five
equidistribution results observed from the multi-variable generating functions derived in this paper.

In what follows, we let g.f. stand for “generating function”. We will derive closed form expressions for
the following g.f.’s:

F(‘r p)('r D,q, U0, 8, t Z Z n asc(m) dcs(w) lrmax(ﬂ) rlmax(rr) lrmm(fr)trlmm(ﬂ')7
n>0 weS,(7,p)

Z Z n asc(m) dcs(ﬂ') MNA(TI')ZMND(TF)

Grp)(7,0,4,9,2) Yy

n>0 weS,(1,p)
for all 7 and p in S5. All of our g.f.’s are rational functions. Note that
des(m) = asc(n") = asc(n®) = des(n"),
Irmax(7) = rlmax(7") = lrmin(7¢) = rlmin(7"),
MND(7) = MNA(7") = MNA (7€) = MND(7"¢)
and hence
F(TT,pT) (:C,p, q,u,v, s, t Z Z xnpasc(rr)qdcs(ﬂ)ulrmax(ﬂ),urlmax(ﬂ)Slrmin(ﬂ)trlmin(ﬂ)
n>0 wEs, pr)
— Z Z xnpdes(frr)qasc(ﬂ'r)urlmax(frr),Ulrrnax(ﬂ'r)Srlmin(ﬂ'r)tlrmin(frr)
n>0 77eSy(7,p)

= Fir p)(@,4,9,v,u,, 5);
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F(Tc,pc)(ff,p, q,u,v, s, t Z Z " deb(ﬂ') dsc(ﬂ') lrmln(Tr),Urlmin(ﬂ') Slrmax(ﬂ)trlmax(ﬂ)
n>0 €S, (1,p)

= F(T;P) (I’ q,D, S, t,U, 1}),

F(Tm_,pm)(x,p,q,u,v,s t Z Z 2" asc(ﬂ' dcs(w) rlmm(ﬂ') lrmm(w) rlmax(ﬂ)tlrmax(ﬂ)
n>0 wesS, (1,p)

= F(Typ)(x7p7 Q7t7 S, U, ’LL),

G(T",p") (Iapv 4,9, Z) = G(Tc,pc)('rvpa q;, Y,z Z Z z" dCS(ﬂ’ aSC(ﬂ)yMND(ﬂ)ZMNA(W)
n>0 weS,(1,p)

= G(r,p)(7,4,p,2,Y);

Girre, TC)(:E D, G, Y, 2 Z Z xnpasc(w)qdes(w)yMNA(w)ZMND(w) =G(rp) (z,p,4,9, 2).
n>0 weS, (1,p)

The following results appear in Simion and Schmidt (1985).
Theorem 1.1. Let A, (7, p) be the number of elements in Sy, (7, p). Then,

() A,(123,132) = A,,(123,213) = A,,(321,231) = A,,(321,312) = 2"~ L;
(b) A,(231,312) = A,,(132,213) =

(c) An(213,312) = A, (132,231) =

(d) A,(213,231) = A,(132,312) =

(e) A,(132,321) = 4,,(123,231) = A,,(123,312) = A,(213,321) = 1 + (7);

0 ifn>5
() A,(123,321)=<n ifn=1lorn=2
4 ifn=3orn=4.

In order to determine the distribution of the statistics over S, (7, p), for every T, p € Ss, based on the
properties of the g.f.’s discussed above, out of all possible 15 pairs it is sufficient to examine the distri-
butions of the statistics over the first pair in each of (a)-(e) in Theorem 1.1 since the case of (123, 321)-
avoiding permutations is trivial.

This paper is organized as follows. In Section 2, we derive all our distribution results that are summa-
rized in Tables 1 and 2, where one can find references to the general results and to the formulas giving
individual distributions of the statistics, respectively. From our enumerative results we note five equidis-
tributions that are proved combinatorially in Section 3 via introduction of two bijective maps f and g.
Finally, in Section 4 we provide concluding remarks.
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(asc, des, Irmax, lrmin, rlmax, rlmin) | (asc,des, MNA, MND)
Sn(123,132) Theorem 2.4 Theorem 2.1
Sn(132,321) Theorem 2.10 Theorem 2.7
Sn(231,312) Theorem 2.16 Theorem 2.13
Sn(213,231) Theorem 2.22 Theorem 2.19
Sn(213,312) Theorem 2.28 Theorem 2.25

Tab. 1: G.f.’s for joint distributions of the statistics over Sy, (7, p)

asc | des | Irmax | rlmax | Irmin | rlmin | MNA | MND

S,(123,132) | @ | G) | ah | (12) | 13) | (a4 | () 7
S,.(132,321) | (18) | (19) | 25) | 26) | 27) | 28) | 20) | (2D
S.(231,312) | 32) | 33) | (39) | 40) | 4D) | @42) | 34 | (35)
S,.(213,231) | (46) | (A7) | (34) | (35) | (36) | (57) | (48) | (49)
5.(213,312) | (39) | (60) | (64) | (65) | (66) | (67) | (61) | (62)

Tab. 2: G.f.’s for individual distributions of the statistics over Sy (T, p)

2 Distributions over S, (7, p)

In this section, we find joint distribution of the seven classical statistics across the five types of arrange-
ments in Section 1. Furthermore, we find joint distribution of two more statistics: the maximum number
of non-overlapping descents (MND) and the maximum number of non-overlapping ascents (MNA) over
the same set of permutations.

Given permutations a € S, and 3 € Sp, let a« & B € S, denote the direct sum of a and 3 and let
a S B € S,4p denote the skew-sum of a and f3, defined as follows in Bukata et al. (2018):

o8 a(1), 1<i<a;
(0] =
a+B(i—a), a+1<i<a-+b.

0o f= ali)+b, 1<i<ugq
| BGi—a), a+1<i<a-+b

For example, for a = 123 € Sz and 5 =4132 € Sy, a @ f = 1237465 and o © = 5674132.

2.1 Permutations in S, (123, 132)

We first describe the structure of a (123, 132)-avoiding permutation. Let 7 = 7y - - -, € 5,,(123,132).
Ifm, =n,1 <k <n,thenm; > my > --- > m_1 in order to avoid 123. On the other hand, in order
toavoid 132, m; > n — kif ¢ < k. Hence, m; = n —iforl < ¢ < k — 1, while w1742 - - - 7, must
be a (123, 132)-avoiding permutation in S,,_ . So 7™ = (o ® 1) © 8, where o € Si_1 is a decreasing
permutation and 3 € S,,_, is a (123,132)-avoiding permutation, and we use the structure of 7 to prove
the following theorems.

Theorem 2.1. For S, (123,132), we have

A
1 —2¢2222 — pgayz — 2pqPadyz + ¢ratz? — pgdriyz?’

G (123,132) (%, D, ¢, Y, 2) (D
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where

A=1+z+pr’y + qz’z — 2¢°2° 2 — ¢®232 — paaPyz + 2pqriyz — 2pgPadyz—
q3x422 + q4x422 +pq x? yz —pq xt yz
Proof:
Letm =7y - m, € S,(123,132). If n. = 0, it contributes 1 to G'(123,132) (2, P, ¢, y, 2). Forn > 1, we
consider three cases based on where the element n appears in 7.

(a) If m; = n, we let the g.f. for these permutations be

9(123,132) (LC,p, R Z Z xnpabc(ﬂ') des() MNA(ﬂ') MND(ﬂ')
n>1 wes,(123,132)
71'1 n

(b) Suppose 7 = n, where k = 24,4 > 1. Inthis case, 7 = (a ® 1) © 3, where @« € So9;_1 is a
decreasing permutation with ¢ — 1 non-overlapping descents and 27 — 2 descents, the corresponding

g.f.is
me 1,212 i-1 _ L
T 1 — 22292
1>1 q

and 1 © § is a (123,132)-avoiding permutation in S,,_2;+1. Because the first element of the per-
mutation 1 © 3 is the maximum, the corresponding g.f. is g(123,132) (7, p, ¢, ¥, z). Additionally,
Tk—1 < T, = n, and m,_17y contributes to MNA giving an extra factor of yp. In conclusion, the
g.f. for permutations in case (b) is

TYyp

9(123,132)(%17, q,Y, Z)m-

(c) Suppose 7, = n, where k = 2i + 1,7 > 1. In this case, 7 = (« @ 1) © 3, where a € Sy; is a
decreasing permutation with 7 non-overlapping descents and 2: — 1 descents, the corresponding g.f.

is )
21 1 21 1 T=zq
z 2,.2°
1 —a2zq
i>1

and 1 © S is a (123,132)-avoiding permutation in S,,_2;. Using similar considerations as those in
case (b), the g.f. for permutations in case (c) is

x®zypq
9(123,132) (%, 2, ¢, ¥, Z)m-

Combining cases (a)—(c), we have

ryp
1—222¢2

2
L=2Ypq
Saz3132) (@ PO AT @

G(123,132)($7P7 q,y,2) =1+ 9(123,132) (z,p,q,y,2) + 9(123,132)(957]9, 4,9, %)

Next, we compute g(123,132)(, P, ¢, ¥y, z) similarly to the derivation of G 123,132y (7, p,¢q,,2). If 1 <
n < 2, the corresponding g.f. is x + 22 zq. Next, we distinguish three cases(n > 3):
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If 7o = n — 1 then myma = n(n — 1) contributes to MND that is independent from the count of
MND in 75 - - - 7., which can be any non-empty permutation in S,,_2(123, 132). Note that mo > 73
contributes to a descent, so the corresponding g.f. in this case is xzqu(G(1237132) (z,p,q,9,2)—1).

Suppose 7, = n—1, where m = 24,4 > 2. Inthiscase,a = 0, 3 = y016(,som = 167619¢,
where 1 © v € Sy;_; is a decreasing permutation with ¢ — 1 non-overlapping descents and 2i — 2
descents, and the corresponding g.f. is

3.2
- - . xr°zq
E x2z lzz quz 2 — .
. 1 —2%2q
1>2

Also, the permutation 1 & ( is in S,,_2;41(123,132) where ¢ € S,,_2;. Because the first element
of 1 & ( is the maximum, the corresponding g.f. is g(123)132)(x,p, q,y,z). Moreover, T;,—1 <
Ty = n — 1, so 17, forms an extra non-overlapping ascent and ascent. To summarize, the
corresponding g.f. for permutations in case (e) is

z?yzpq?

9(123,132)(%17, q,Y, Z)m-

Suppose m,, = n — 1, where m = 2¢ + 1,7 > 1. In this situation, 7 = 1 & v S 1 & (, where
167 € Sy; is a decreasing permutation contributing ¢ non-overlapping descents and 2 — 1 descents.
The g.f. for 1 © v € Sy; is

2
C x°2q
E :CQzquQz 1 _ .
. 1 —2x%2q
i>1

In conclusion, the g.f. for the permutations in case (f) is

x?z2qyp
9(123,132) (%, D, ¢, Y, Z)m-

Summarizing (d)—(f) we obtain

9a23,132) (7,0, ¢, y,2) = x + ?2q + 5522(12((;(123,132) (z,p,q,9,2) — 1) +

2*yzpg® 2 2qyp
et s S adiet Loy 3
9(123,132)(%, D, ¢, ¥, Z)l Gy + 9(123,132) (%, D, 4, Y, 2) 1= 22242 3)
By simultaneously solving (2) and (3), we obtain (1). O

Corollary 2.2. Setting three out of the four variables y, z, p and q equal to one individually in (1), we
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obtain single distributions of asc, des, MNA and MND over S, (123,132):

1—=x
n,asc(m) '
S I .
n>0 neS,(123,132) 1 -2z 422 —px
n>0 m€s, (123,132) 1 —2qx — qx2 + ¢z
1—=x
n, MNA(r) _ '
2 2 o . S ©)
n>0 7€S,(123,132) 1 -2z 422 — 22y
Y Y ganne o Lok’ 2o ™
1—32%z — 2232 ’

n>0 7eS,(123,132)

Remark 2.3. The distributions in (4) and (6) are the same because in 123-avoiding permutations asc =
MNA.

Theorem 2.4. For S, (123,132), we have
F(123,132) (‘Tupa q,u,v,s, t) =

1+ ¢%s?va? + stuvz(1 + ptuz) — gsz(1 + puva?st(—1+t)(—1 +u) + v(1 + pz + stuz)) (8)
1+ ¢?s?va? — gsz(1 + v + pvx) '

Proof: For 7 = 7y ---m, € S5,(123,132), if n = 0, it will give 1 to F{123,132)(,p,q,u,v,s,t). Let
n > 1, we consider the following cases.

» If m; = n, the element n is the only left-to-right maximum, a left-to-right minimum and a right-to-
left maximum, and 772 is a descent. So lrmax(7) = 1 and the g.f. of permutations with 7, = n
is given by zquus(F(123,132) (7, p, ¢, 1, v, 8,t) — 1) + vuwvst, where the element n gives a factor of
xquus (multiplied by the g.f. of all non-empty permutations with the value of Irmax not taken into
account) and the term xuwvst corresponds to the permutation of length 1.

o Ifm, =n,thent = (n—1)(n—2)---1n = (a® 1) & B, where 3 is the empty permutation. The
g.f. for the decreasing permutation « is

Z vigi~lusit = usxt

= 1 —xsq
So, the g.f. for permutations in this case is
2 02,00042
. : u“sxeput
zpuvt > zlqi T lust = ————,
P Z ¢ 1 —xsq

i>1

where the element n gives a factor of zpuvt.
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o Ifmy, =n,1 <k <n,wehavem; > mg > -+ > m;_1 and lrmax(w) = 2. Then7 = (a B 1) 6 3,
where any non-empty permutation in S, (123, 132) is possible for 8. The g.f. for a & 1 is

2.2
o . ufsxepqu
TPUU E 9clq’_1usZ = T wea arps(fj ,
i>1

where the maximum element n gives a factor of zpquv. So the g.f. in this case is

u?sx’pqu

F 1 t)—1 .
( (123,132)(50717,(17 y Uy S, ) ) 1— 2sq

Synthesizing the above three conditions yields

F23132)(7,p,q,u,v,5,1) =

2 ¢ 20ut2
1+ LL’qU’US(F(ng_’ng) (‘rupa q, 17 v, S, t) - 1) + xtuvs + %—i_ (9)
u?szpqu
F, 1 t)—1)——.
( (123,132)(557177(]7 y U, S, ) ) 1—xzsq
Letu = 1 in (9), we obtain
F(123,132)(x7p7 q, 17 v, s, t) =
S£C2p’l)t2
1+ ztvs + quS(F(123,132) (xapu q, 17 v, S, t) - 1) + 1— zsq (10)
x2pqus
F, 1 t)—1 .
( (123,132)(117,1)#], , U, 8, 1) )1—x$q
By simultaneously solving (9) and (10), we obtain the desired result. O

Corollary 2.5. Let p = q = 1, then setting three out of the four variables u, v, s and t equal to one
individually in (8), we obtain single distributions of Irmax, rlmax, lrmin and rlmin over S,,(123,132):

2 2,2
Z Z pryglrmax(m) 1—-2x+ur —ux +u:v; an
1-—2x

n>0 weS, (123,132)

Z Z xnvrlmax(ﬂ) — l-—2z (12)

1—z—vz’
n>0 7€S,(123,132)

Z Z xnslrmin(ﬁ) _ 1—sz (13)

1 —2sx — sx2 + s2z2’
n>0 neS,(123,132)

. 1— 2z + tx — ta? + t2a2
)OS DI e Chi i (14)
1—- 22
n>0 w€S,(123,132)

Remark 2.6. The distributions in (11) and (14) are the same because the patterns 123 and 132 are

invariant with respect to the (usual group-theoretic) inverse operation which exchanges the sets of left-to-
right maxima and right-to-left minima.
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2.2 Permutations in S, (132,321)

We first describe the structure of a (132, 321)-avoiding permutation. Let 7 = 7y - - -, € 5,,(132,321).
Ifr =n,thenmt =nl2---(n—1). If rp, = n,1 < k < n, then m41 < g2 < -+ < 7, in order
to avoid 321; on the other hand, in order to avoid 132, 7;, = n —k+iif1 < i< k—-1. If 7, = n
then mymo -+ p—1 € Sp—1(132,321). Som = (a® 1) & 8, where a & 1 € S and § € S,,_j, are two
increasing (132, 321)-avoiding permutations. We use the structure of 7 to prove the following theorems.

Theorem 2.7. For S, (132,321), we have

A
G(132,321) (7, P, ¢, Y, 2) = ( (15)

Ty
where

A=1+4a+paly — 3p2a2y — 2p%y — 22 + 3p'ate? + pady? +
p° 20y — pPaSy® + g’z + 3pgaPyz + paatyz + 2p*qaty?z + PPty

Proof: Let 7 = 71 - - - 7, € S,(132,321). The empty permutation, corresponding to the case of n = 0
gives the term of 1 in G (132 321)(,p, ¢, ¥, 2). If m € S, the corresponding g.f. is x. Forn > 2, the
permutations are divided into three classes depending on the position of n.

(a) If 1, = nthen® = nl2---(n — 1). When n is even, the number of non-overlapping ascents is
(n — 2)/2, and the corresponding g.f. is

2
. ozie : reqz
E x21y¥qu2“2 = 12202 Z 5
= — z2yp

When n is odd, the number of non-overlapping ascents is (n — 1)/2, and the corresponding g.f. is

3
Z i i i— T7Yypqz
x21+1ylzp2z lq _ = x2 .
i>1 yp

(b) Let mp, = n, where 1 < k < n. Inthiscase, 7 = (a ® 1) & 3, wherea ® 1 € Sy and 8 € S,k
are two increasing (132, 321)-avoiding permutations. Aditionately, 7, = n > mTp41, and TETg41
contributes to MND giving an extra factor of z. Using similar considerations as those in case (a),
the g.f. for permutations in case (b) is

z(z?ypq + 23 yp®q) (z + 2*yp)
(1 — 22yp?)?

(c) If m,, = n, we let the g.f. for these permutations be

9(132,321)(957]9, q,Y,2) = Z Z wnpasc(w)qdes(w)yMNA(W)ZMND(F)-
n>2 mes,(132,321)

Tn="n
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Combining cases (a)—(c), we have

2 3
Te2q + 2°Yz
q Yzpq

Gaszs20)(T,p,¢,9,2) =1+ + 1— a2yp? (16)
z(a*ypq + 2°yp°q)(z + 2°yp)
(1= a2yp?)2 + 9(132,321) (T, D, ¢, Y, 7).

Next, we evaluate g(132 321) (x,p,q,9, 2):

(d) If 7 € Sa, then 7y = 12 and the corresponding g.f. is z2yp.
(e) If ; =n —1then 7 = (n — 1)12-- - n. Using similar considerations as those in case (a), the g.f.
for permutations in case (e) is

Pyzpq + xtyzp’q
1 — z2yp? ’

) fmy =n—1,wherel <m <n—1,then7m = ((v®1)S) P 1,wherea = (y®1)S( € S,
and S is the empty permutation. v ¢ 1 € S,,, and ( & 1 € S,,_,, are two increasing (132, 321)-
avoiding permutations. Using similar considerations as those in case (a), the g.f. for permutations
in case (f) is

(z?ypq + Pyp?)2q
(1—a2yp?)?

(@) If 7,—1 = n — 1 then 7,17, = (n — 1)n contributes to MNA giving an extra factor of z%yp.
Note that 7,_2 < m,—1 = (n — 1) and any non-empty permutation in S,,_2(132,321) is possible
for 7ty - - - 7, _. The g.f. in case (g) is 2°yp? (G (132,321) (€, , ¢, ¥, 2) — 1).

Taking into account cases (d)—(g), we have

2Pyzpq + xtyzp’q N

2
= 17
9(132,321) (2, P, ¢, Y, 2) = T yp + 1= 22y A7)
(z*ypg + 2%yp")*2q 5
(1 —$2yp2)2 +z7yp (G(132,321)('r7p5q7y52) - 1)
Solving equations (16) and (17) simultaneously, we obtain the desired result (15). O

Corollary 2.8. Setting three out of the four variables y, z, p and q equal to one respectively in (15), we
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obtain single distributions of asc, des, MNA and MND over S,,(132,321):

n,asc(m) 1+z— 3p£C + z? — 2px2 + 3p2172 +p2$3 - p35173
Z Z P - (1—pa)® ;o (18)
n>0 weS, (132,321) b
n des(r 1— 22 + 22 + q2?
Z Z gt = 1—2)3 ; (19)
n>0 7es,(132,321)
Z Z InyMNA(W) _ 1+a+a22— 222y + 23y + oty + 3242 + 2$5y2; 0)
(1—a?y)

n>0 7e€sS,(132,321)

2 2
3 Y MNP 1-2c+2" +272 @1
(1—a)?
n>0 wesS,(132,321)

Remark 2.9. The distributions in (19) and (21) are the same because in 321-avoiding permutations
des = MND.

Theorem 2.10. For S,,(132,321), we have
A
(1 = ptx)(1 — puz)(1 — ptuzx)

F(132,321) (Iapv(Iauvvavt) = (22)
where

2

A =1+ stuvz + gs*tuv’s? — p3t?ua® 4 p*tux® (1 + t + u + stuvz)—

pr(u + st?uvz(l + gsu(—1+v)x) + t(1 + u + su’vz).

Proof: Let 7 = 7y - - -, € S,(132,321). If n = 0, we get the term of 1in A (39 301) (2,9, 2). If 7 € S,
the corresponding g.f. is zuwvst. For n > 2, we consider the following cases.

o If 1y =nthenm =nl2---(n—1). The element n is the only left-to-right maximum, a left-to-right
minimum and a right-to-left maximum, and ;75 is a descent. So Irmax(w) = 1 and the g.f. of
permutations with m; = n is given by

2 00022
i1 i i Tquvest
TQUUS g pt sttt = - 7
¢ Z b 1 —zpt
>2
where the element n gives a factor of zquwvs.

* If m,, = n then rlmax(w) = 1. Any non-empty permutation in S,,_1(132,321) is possible for
mme - - - Tr—1 and we do not need to consider right-to-left maxima. So the g.f. in this case is

xpuvt(F(132,321) (‘Tupa q,u, 17 S, t) - 1)

s Ifmp,=n,1<k<n,thenw = (a® 1) S S, where « € Sk_1 and § € S,,_, are two increasing
(132, 321)-avoiding permutations. The g.f. for the permutation o € Sy_1 is

inpiuis _ rpus
= 1—xpu
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(note that 717 is an ascent). The g.f. for 1 © 5 € S;, k41 is

2 2
i1 i - T quv*st
xuvg i 2pstiTt = L T
q = p 1—apt

where the element n gives the factor of xquv. So the g.f. in this case is

23pquv?sit
(1 —apt)(1 — apu)

Taking into account all the cases, we conclude that

22 quv?s?t
F(132 321)($7p7Q7u7U787t) =1+ xtuvs + Q7 (23)
’ 1—apt
3pquv? st
(1 — Ipt)(l — CCpU) + xpuvt(F(132,321) (1'7]91 q,u, 17 S, t) - 1)
Letv = 11n (23), we get
x2qus’t
F(132.321) (‘Tupa q, U, 17 S, t) =1+ ztus+ q (24’)
’ 1—apt
2
TpusT*qust
t(F, 1,s,t) — 1).
(1 — .Ipt)(l — iZ?p’LL) + rpu ( (132,321)(557]97 q,u,1,s, ) )
By simultaneously solving (23) and (24), we obtain the desired result. O

Corollary 2.11. Let p = q = 1, then setting three out of the four variables u, v, s and t equal to one
individually in (22), we obtain single distributions of Irmax, rlmax, Irmin and rlmin over S, (132, 321):

2
Z Z xnulrmax(ﬂ) — I — o —ur + 2ux . (25)
(1—2)(1 —uz)?’
n>0 7e€s,(132,321)

I 1 — 3z 4 vz + 322 — 2ux? + v22? — 23 + 2uz® — v223
ST e : a0
(1-2)
n>0 7eS,(132,321)
Z Z e 1 — 3z + sz + 322 — 2522 + 222 — 2® + s2® ; o7
(1—x)3

n>0 7esS,(132,321)

) 1—x —tx + 2tz?
ntrlmln(ﬁ) _ . 28
>, > @ 1 —2)(1—ta)? (28)
n>0 €S, (132,321)

Remark 2.12. The distributions in (25) and (28) are the same because the patterns 132 and 321 are

invariant with respect to the inverse operation which exchanges the sets of left-to-right maxima and right-
to-left minima.
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2.3 Permutations in S,,(231,312)

We first describe the structure of a (231, 312)-avoiding permutation. Let 7 = 7y - - -, € 5,,(231,312).
Ifmy =nthenm =n(n—1)---21. if 7, = n,1 < k < n, then w41 > T2 > -+ > m, in order to
avoid 312. On the other hand, in order to avoid 231, m; = n+k—iifk+1 <7 < n, mymg -+ Tp_1 must
be a permutation in S_1(231, 312). If ,, = n, Ty 72 - - - T,—1 must be a permutation in S, _1 (231, 312).
Namely, for 7 € S5,(231,312), its structure is 7 = a @ (1 © (), where @ € S;_1(231,312) and
16 B € Sp—k41 is a decreasing (231, 312)-avoiding permutation. We use the structure of 7 to prove the
following theorems.

Theorem 2.13. For S,,(231,312), we have

G 231,312) (7, D, 0, Y, 2) = (29)
1+ 2+ pa?y — p*a?y + g2z — ¢®22 — paxPyz + pax’yz — p*qr’yz — pgPa® yz.
1 —p2a?y — ¢?2°2 — par?yz — p?qrdyz — pg?adyz

Proof: Letm =y - - - m,, € S,,(231,312). If n. < 1, we have the term of 1+ in G(231,312) (2, D, ¢, Y, 2).
For n > 2, the permutations are divided into three classes depending on the position of n.

(a) If 1y = nthenm =n(n—1)---21. When n is even, 7 has n/2 non-overlapping descents and n — 1
descents. The corresponding g.f. is

2
211211 A
X 722.
1 —2%¢°z
i>1

When n is odd, 7 has (n — 1)/2 non-overlapping descents and n — 1 descents. The corresponding
g.f.is
3,2
Zx%-i—lziq% T
_ 1— 222q2
i>1

(b) If m, = n, we let the g.f. for these permutations be

9(231,312) (LC,p, Q. Y,z Z Z xnpabc(ﬂ') des() MNA(ﬂ') MND(ﬂ')
n>2 €S, (132,321)
wn_n

© Ifry=n,1<k<n,thenm =a® (16 08), where a € 5;,-1(231,312)and 1 6 8 € Sp_11
is a decreasing (231, 312)-avoiding permutation. For e @ 1, the g.f. is g(231 312) (x,p,q,y,2). For
B € Sy —k+1, similarly to case (a), we see that the corresponding g.f. is (zzq+222¢%) /(1 — 2%2¢?)
(note that ;g1 contributes to MND).

Combining cases (a)—(c), we have

x2zq + x32q2

1— 22242 (30)

G231,312) (%, D, 4,9, 2) = 1 + 2 +

xrzq + x22q2

9(231,312) (T, 1, ¢, Y, 2) + 9(231,312) (T, D, ¢, Y, 2)-

1 — 222¢2

Next we evaluate g(231,312) (%, P, ¢, Y, 2):
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(d) Ifn = 2, the g.f. is 2%yp.
(e) If ; =n —1thenm = (n— 1)(n — 2) - - 1n, and the corresponding g.f. is

x2zq + x3zq2
TYp————5_ 5

)

1 — 222¢2
where the element n gives a factor of zyp.

O Ifrp =n—1,1<m < n,thennm =~ (16 &1, where v € S,,_1(231,312) and
C S Sn7m71(231;312) For Y D 1, the gf is g(2317312) (I,p,q,y,Z). For C @1 € S’n,fm+l,
because the structure is the same as in case (b), we obtain the g.f. is (vzq + 2%2¢?)/(1 — 2%2¢?)
(recall that if ¢ is of odd length, 7, 7,41 Will contribute to MND). To summarize, the g.f. in case
@) is

rzq + x2zq2

:cypg(2317312)(:1:,p,q,y,z) 1— 2222

where the element n gives the factor of xyp.

(g) If 1 =n—1thenm,_ 17, = (n—1)n contributes to MNA, and it is independent from the count
of MNA in 7y - - - m,_2, which can be any permutation in S,,_2(231,312). So the corresponding
g.f. in this case is z2yp?(G(231,312) (2, P, ¢, Y, 2) — 1).

Combining cases (d)—(g), we have

x2zq + x3zq2

2
9(231,312) (T, P, ¢, Y, 2) = x°yp + TYP 1= a%2g? (31)
rzq + x22q2
TYPY(231,312) (z,p,9,9, Z)m + $2yp2(G(231,312) (z,p,q,y,2) — 1).
Solving the equations (30) and (31) simultaneously, we obtain (29). O

Corollary 2.14. Setting three out of the four variables y, z, p and q equal to one respectively in (29), we
obtain single distributions of asc, des, MNA and MND over S,,(231, 312):

as 1-
ooy ey = P (32)
1—x—px
n>0 7e€sS,(231,312)
1—
DD WL I i (33)
1l—2—qx
n>0 w€S,(231,312)
1— 2%y
n, MNA(m) _ . 34
Z Z Yy 1—x— 222y’ (34
n>0 7es,(231,312)
1— 222
n MND(w) _ -
>, D = o5 (33)

n>0 7e€S,(231,312)

Remark 2.15. The same distributions in (32) and (33), as well as in (34) and (35), follow from a more
general Theorem 3.1.
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Theorem 2.16. For S, (231,312), we have

A
1 —gsz)(1 — gz — ptuzx)(1 — qua)(1 — gsvx)

F(231,312)(:E7p7q7uavasat) = ( (36)

where

A =1 - ptuz + stuvz + ¢*s*v%2? + @sva® (=1 — v + s(=1 + v(=1 + (=1 + p)tuz)))—
qr(1 + v — ptuve + s*tuvz(1 + ptu(—1 +v)z) + s(1 4+ v — ptuz — (=1 + p)tuve+
pt2uvz? + tuv?z(1 — ptux))) + o (v + s2v(1 4 tu(l — p + v)z)+

s(1+0*(1 — (=1 + p)tux) + v(2 — ptux))).

Proof: Letm = 71 - - - 7, € 5,,(231,312). The case of n = 0 contributes the term 1 to A (231 312) (2, ¥, 2).
If m € Sy, the g.f. is zuvst. For n > 2, we consider the following cases.

e Ifmy =nthenm =n(n—1)---1. The element n is the only left-to-right maximum, a left-to-right
minimum and a right-to-left maximum, and 717, is a descent. So Irmax(7) = 1 and the g.f. of
permutations with m; = n is given by

2 0022
; ; ; ; Tequvest
xquvsleflquzuzflszflt _ q

1—zqus’
i>2 q

where the element n gives the factor of xquvs.

» If m, = n, then rlmax(7) = 1. Any non-empty permutation in S, _1(231,312) is possible for
mme - - - Tr—1 and we do not need to consider right-to-left maxima. Therefore, the g.f. is
wpuvt(Fa31,312)(7,p, ¢, u, 1,5,t) — 1), where the element n gives the factor of zpuvt.

s Ifmp=n,1<k<n,thenmt=a® (16 0), where « € Sx_1(231,312)and 16 5 € S;,_kt1isa
decreasing (231, 312)-avoiding permutation. For a1 € Si_1, because we do not need to consider
right-to-left maxima, the g.f. is xpquv(F(231,312) (2, , ¢, u, 1, 5,t) — 1), where the element n gives
the factor of xpquv. For (3, we have

Z wigi~ it = zot
i>1 1 —zqu

2 2
S . t
So the g.f. in this case is (F(231,312) (%, p, ¢, u, 1,5,1) — 1)%.
Taking into account all cases, we obtain

22quuv?s?t
F(231.312)(x7p7Q7u7Uusﬂt) =1+ ztuvs + qi—i_ (37)
’ 1 — zqus

x2pquut
(F(231,312) (‘Tupa q,u, 17 S, t) - 1)W + xpuvt(F(QSLBIQ) (‘Tupa q,u, 17 S, t) - 1)
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Let v = 1in (37), we obtain

x2qust
F(231,312)(x7p7Q7u71787t) = 1+$tus+ 1 d (38)
— xqs
x2pqut
(F(231,312) (xvpu q,u,1,s, t) - 1) 1—2q + prt(F(23l,312) (‘Tupa q,u,1,s, t) - 1)
By simultaneously solving (37) and (38), we obtain the desired result. O

Corollary 2.17. Let p = q = 1, then setting three out of the four variables u, v, s and t equal to one
individually in (36), we obtain single distributions of Irmax, rlmax, Irmin and rlmin over S, (231, 312):

Z Z xnulrmax(ﬂ) _ -z (39)

1—x—ux’
n>0 wes, (231,312)

2
D DT ek (40)
(1-22)(1 —vx)’
n>0 weS,(231,312)
. 1— 2z + sz
n Jrmin(m)  _ . 41
>, D ats 1 —22)(1—sz)’ @0

n>0 wes,(231,312)

Z Z gryrimin(r)  _ 1—1;7161@ 42)

n>0 7e€sS,(231,312)

Remark 2.18. The distributions in (39) and (42) (resp., (40) and (41)) are the same because the set
Sn (231, 312) is invariant under the composition of the reverse and complement operations, and applying
the composition exchanges the sets of left-to-right maxima and right-to-left minima (resp., right-to-left
maxima and left-to-right minima).

2.4 Permutations in S, (213,231)

We first describe the structure of a (213, 231)-avoiding permutation. Let 7 = 7y - - -, € 5,,(213,231).
Ifm =nthenm =n(n—1)---21. if 1, = n,1 < k < n,thenm < m < -+ < 7k_1 in order
to avoid 213. On the other hand, in order to avoid 231, m; > mp_1 if k+1 < i < n. If 7, = n then
m=12---n. So, forw € S,,(213,231), its structureis 7 = a® (16 3), where o € Si_1 is an increasing
(213, 231)-avoiding permutation and 1 & 3 € S,,_;4+1(213,231), and we use the structure of 7 to prove
the following theorems.

Theorem 2.19. For S, (213,231), we have

G (213,231 (%, D, ¢, Y, 2) = 43)
1+ 2+ pa?y — p*a?y + g2z — ¢®a®z — paxPyz + px’yz — p*qryz — pPayz
1= p*a?y — ¢*x%z — pqz?yz — p*qrdyz — pg*adyz '

Proof: Let m = 7 -+ -, € 5,(213,231) . If n < 1 then G(213231)(%, P, q,y,2) = 1 + x. Forn > 2,
the permutations are divided into three classes depending on the position of n.
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(a) If m; = n, we let the g.f. for these permutations be

9(213.231)(x7p’q7y, Z Z xnpabc(ﬂ') des(m) MNA(ﬂ') MND(ﬂ')
n>2 neS,(213,231)
71'1 =n

(b) If r,, = nthen7 = 12---n. When n is even, 7 has n/2 non-overlapping ascents and n — 1 ascents,
and the corresponding g.f. is
2
Z x21 z 2i—1 %
1— 2

55
i>1 ryp

When n is odd, 7 has (n — 1)/2 non-overlapping ascents and n — 1 ascents, and the corresponding
g.f. is

3,,m2
Z x21+1y1p21 — s
i>1 yp

() Ifm, =n,1 <k <n,thenm =a®(150), where a € Sk_1 is an increasing (213, 231)-avoiding
permutation and 1 © 8 € S, _j41(213,231), whose corresponding g.f. is g(213,231) (%, P, ¢, ¥, 2).
For o € Sj_1, take into account that if the increasing sequence is of odd length, 7,1 7y, contributes
to MNA giving an extra factor of y. To summarize, in this case the g.f. is

apy + x?yp?

9(213,231)\L, P, 4, Y, 2 .
( )( ) 1— 22p2y

Combining cases (a)—(c), we obtain

G213,231) (T, D, 4, Y,2) = 1 + & + g213,231) (7,0, ¢, Y, 2) +
apy + ayp® | xPyp + ayp?
1 —a2p?y 1 —a2p?y

9(213,231) (2,0, ¢, Y, 2) (44)

Next, we evaluate g(213,231) (2, D, ¢, ¥, 2):
(d) Ifn = 2, the g.f. is 2%2q.

(e) If 7o = n — 1 then any non-empty permutation in S, (213,231) is possible for 73 - - - m,. The
corresponding g.f. is x22q2(G(2137231)(:§,p, q,y,2) — 1), where 7y contributes to MND giving
an extra factor of 222¢%(my > m3).

) fr, =n—1thenT =16 (y® 1), where y & 1 € S,,_1 is an increasing (213, 231)-avoiding
permutation. In this case, the corresponding g.f. is

a3yzpq + z'yzp® q
1 —a?p?y

@lfm, =n—-1,2<m<n,thent =16 (y® (1)), where v € S,,,_o is an increasing
(213, 231)-avoiding permutation and 1 © ¢ € S, _,+1(213,231), whose corresponding g.f. is
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913,231 (%, 0, ¢, y,2). For 1 © v € S,,_1, note that if v contains an odd number of elements,
Tm—17Tm contributes to MNA. To summarize, in this case the g.f. is

z?yzpq + 2*yzp*q
1 — 22p2y

)

9(213,231) (507 p,q,Y, Z)

where the element n gives a factor of zzq.
Combining cases (d)—(g), we obtain

9213,231) (T, 0, ¢, Y, 2) = xzq + $22q2(G(213,231)($=p7 ¢,y,2) — 1)+

23yzpq + 1tyzp*q z?yzpq + 2Pyzp*q
1 —a%p?y 1—22p2y

+ 9(213,231) (%, D, ¢, Y, 2) (45)

Solving equations (44) and (45) simultaneously, we obtain (43). O

From Theorem 2.19 we have the following results.

Corollary 2.20. Setting three out of the four variables y, z, p and q equal to one respectively in (43), we
obtain single distributions of asc, des, MNA and MND over S,,(213,231):

a5 1-
DD D A (46)
1—x—px
n>0 weS,(213,231)
1—
S Y e - o @)
1l—2—qx
n>0 7eS,(213,231)
1 —2?
n, MNA(r) _ y . 48
> > [pp—e @9
n>0 7S, (213,231)
1— 222
n MND(w) _ -
> doooah = T (49)

n>0 7e€S,(213,231)

Remark 2.21. The distributions in (46) and (47) (resp., (48) and (49)) are the same because the set
Sy (213, 231) is invariant under the complement operation, and applying complement exchanges ascents
and descents (resp., non-overlapping ascents and non-overlapping descents).

Theorem 2.22. For S, (213,231), we have

A
1 — ptux)(1 — pta — qux)(1 — gsvx)

F(213,231)('r7paq7uav7Sat) = ( (50)

where A is given by

1 — ptx — ptuxr — qux — gsvx + stuve + p2t2ux2 + pqstvx2 + pqtuva + pqstuv:v2 — pst2u0:62+

q25v2x2 — qstu02x2 — p2qst2uv:173 — pqzstuv2x3 + pq$2t2uv2x3 + pqst2u2v2:173 — pq$2t2u2v2x3.

Proof: Let 7 = 7y - - - m, € S,(213,231). If n = 0, 7 contributes the term of 1 to A (213 231)(2, ¥, 2). If
w € S1, the g.f. is zuvst. For n > 2, we consider the following cases.
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* If m; = n then the element n is the only left-to-right maximum, a left-to-right minimum and a
right-to-left maximum, and 7172 is a descent. So Irmax(7) = 1 and the g.f. of permutations with
71 = nis given by zquus(F(213,231) (7, p, ¢, 1,v, 5,t) — 1), where we used the g.f. of all non-empty
permutations with the value of lrmax not taken into account and the element n gives the factor of
TqUUS.

e If m, =nthenw =12---n. So we have

2,2, 42
S 4 .o Tpuvst
t i,9—1, 1 tt =
TPUV pr u's 71—xput’
i>1
where the element n gives the factor of xpuwvt.

eIfm, = n,1 < k < n,then7 = a® (16 ), where «v is an increasing permutation in
S_1(213,231) and 1 © B € S,,_r+1(213,231). The g.f. for a € Sp_1 is —2%L_ and the el-

. . 1—zput .
ement n gives a factor of zpquv. For the permutation 8 € S,,_j, we do not need to consider

left-to-right maxima and left-to-right minima, so the g.f. is (F(213,231)(2,p,¢,1,v,1,t) — 1). The
g.f. of permutations with 7, = n,1 < k < n, is

2, 2
Tpquvst
F Lo Lt)—1)—————.
(Fla13,231) (%, p, ¢, 1,0, 1,) = 1) 1 — zput

Taking into account all cases, we obtain

F(213,231) (‘rvpa q,u,v,s, t) =1+ atuvs + xquvs(F(213,231) (‘rupa q, 17 v, S, t) - 1)+

22pquvst  xZpulvust? )

(F(213,231)($=p7 q,1,v,1,t) = 1) 1— zput 1— zput ’ (51)
If u =11in (51), we have
F213,231) (7,0, ¢, 1, v, 5,t) = 1 + wtvs + wqus(Fa13,231) (7,0, ¢, 1, v, 5, 1) — 1)+
(Fla13,231) (%, p, ¢, 1,0, 1,¢) — 1)?26(1;;; ?va;;z; (52)
If s = 11in (52), we have
Foi3231)(7,p,q, 1,0, 1,t) = 1 + 2tv + 2qu(F(213,231) (T, P, ¢, 1, v, 1,1) — 1)+
(F213,231) (%, p, ¢, 1,0, 1,) — 1) rpvt | wpet” (53)

1—apt  1—apt

By simultaneously solving (51),(52) and (53), we obtain the desired result. O
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Corollary 2.23. Let p = q = 1, then setting three out of the four variables u, v, s and t equal to one
individually in (50), we obtain single distributions of Irmax, rlmax, Irmin and rlmin over S, (213, 231):

. 1 — 2z + ux?
n, lrmax(m) _ . 54
>, > M 1 —22)(1 —uzx)’ (>4

n>0 €S, (213,231)

Z Z Invrlmax(ﬂ') _ 1_1:6_7_17%’ (55)

n>0 7e€S,(213,231)

: 1— 2z + sa?
n Jrmin(m) _ . 356
2, D> ats 1 —22)(1—sz)’ (56)

n>0 weS,(213,231)

Z Z Intrlmin(ﬂ') _ ]ji_xm ) (57)

n>0 7e€sS,(213,231)

Remark 2.24. The distributions in (54) and (56) (resp., (55) and (57)) are the same because the set
Sy (213, 231) is invariant under the complement operation, and applying complement exchanges the sets
of left-to-right maxima and left-to-right minima (resp., right-to-left maxima and right-to-left minima).

2.5 Permutations in S, (213, 312)

We first describe the structure of a (213, 312)-avoiding permutation. Let 7 = 7y - - - 1, € S,(213,312).
If , = nthenm < 7y < --- < m;_1 in order to avoid 213. On the other hand, in order to avoid 312,
Mi41 > Wiy > - -+ > T,. We use the structure of 7 to prove the following theorems.

Theorem 2.25. For S, (213,312), we have

A
- oplaty? 4+ (=1 + ¢2222)? — 2p2a?y(1 + ¢2az)’

G (213,312) (7, D, ¢, Y, 2) (53)

where A = (1 — p?z3y? + qrz — ¢®2%2 — 32322 + p?2%y(—1 + qz2) + pry(1 + 2qxz + ¢?2%2)).

Proof: Let 7 = 71 - - -, € S,(213,312). If 1; = n then m; < 72 < -+ < m;—1 in order to avoid 213.
On the other hand, in order to avoid 312, m; 41 > mjqyo > -+ > Ty

Next, we consider the following cases based on the parity of ¢. If ¢ = 2k, k > 1, we obtain (2’};_11)
permutations with k£ non-overlapping ascents and L%’”lj non-overlapping descents. If i = 2k+1,k >
0, we obtain ("2;1) permutations with k£ non-overlapping ascents and L"’T%J non-overlapping descents.

So we have

oo [n/2]
n—1 n n—2k+1 1 n—
G312 (2,0, ¢,9,2) =1+ Z Z (2k _ 1>$ yrale gk

n=1 k=1

Z Z ( o ),TnykZL 5 Jkaqn72k71'

n=1 k=0

By using MATHEMATICA, we simplify G (213 312) (2, P, ¢, %, 2) and obtain (58). O
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Corollary 2.26. Setting three out of the four variables y, z, p and q equal to one respectively in (58), we
obtain single distributions of asc, des, MNA and MND over S,,(213,312):

as 1-
DD DI (59)
1l—z—pzx
n>0 7€S5,(213,312)
1—
Yoy anglen = 8 (60)
1l—z—qx
n>0 €S, (213,312)
2 2
DD DI i e ek i 61)
n>0 w€S5,(213,312) 1=20+ 28—ty
2 2
n MND(r) _ r—zx°+x°z 62
>, > T T (©2)

n>0 7e€s,(213,312)

Remark 2.27. The distributions in (59) and (60) (resp., (61) and (62)) are the same because the set
Sn(213,312) is invariant under the reverse operation, and applying reverse exchanges ascents and de-
scents (resp., non-overlapping ascents and non-overlapping descents).

Theorem 2.28. For S, (213,312), we have

pqst2u2v2x3

(=1 + ptuz)(—1 + puz + qux) +
2,3

Fo13,312) (7,0, ¢, u,v,5,1) = 1 + 2uvst +

gs*tuv?z?  pst?uvx? pgs?tuv

1 — gsvzx 1 — ptux (=1 + puz + quz)(—1 + gsvz)’

(63)

Proof: Letm = m; - - - m,, € S,,(213,312). If n = 0, we have the term of 1 in Fi313 312) (2, p, ¢, u,v, 5,1).
If # € Sy, the g.f. is zuvst. For n > 2, suppose that m; = ¢, mp; = n and 7, = j. We consider the
following cases.

If i = n, namely k = 1, then we have

Flo13,312) (%, 0, ¢, u, v, 8, 1) an "lu”s".

If j = n, namely k = n, then we have
F(213,312)(I5p7(bu7v757t an A 1’LL vst™.

Next, let 2 < 4,5,k <n — 1. If m;; = 1, in order to avoid 312, there are (Z:ij) permutations whose

g.f.is 2"pF1g"Fukun—F+1st7 | so the g.f. in this case is

oo n—1n—1

Z Z Z <” —-Jj- ) npk—lqn—kukvn—k-i—lstj.

n=2 j=2 k=j
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If 7 # 1, in order to avoid 213, there are (”l:;l) permutations whose g.f. is 2" pF~1 g ~FuFyn~FH1sit,
so the g.f. in this case is

>

n=21=2 k=2

—

n—

n+1—1i n i 1
( )xnpk—lqn—kuk,un—k-i—lszt'

In conclusion,

Fio13,312) (2,0, ¢, u,v,5,1) = 1 + atuvs + Zx” nlyms™t + Zx" Ly st +

n=2

co n—1n—1 . 1
Z Z n—j— x"pk_lqn_kukvn_k+18tj+
, k—1
—1 .
<” -t 1) gkl gk k=t giy
2

By using MATHEMATICA, we simplify F(213 312) (x,p,q,u,v,s,t) and obtain (63). o

) ) )

Corollary 2.29. Let p = q = 1, then setting three out of the four variables u, v, s and t equal to one
individually in (63), we obtain single distributions of Irmax, rlmax, lrmin and rlmin over S, (213, 312):

Z Z Inulrmax(w) — l—x : (64)

l—ox—ux
n>0 nes,(213,312)

Z Z xnvrlmax(ﬂ) — -z : (65)

l—ox—vx
n>0 res, (213,312)

Z Z xnslrmin(ﬁ) — 1 -2+ sz’ : (66)

n>0 res, (213,312) (1—2z)(1 — sz)

Z Z ntrlmin(fr) _ ﬂ . 67)

n>0 €S, (213,312) (1 - 22)(1 - tz)

Remark 2.30. The distributions in (64) and (65) (resp., (66) and (67)) are the same because the set
Sn(213,312) is invariant under the reverse operation, and applying reverse exchanges the sets of left-to-
right maxima and right-to-left maxima (resp., right-to-left minima and left-to-right minima).

3 Equidistribution results

From Theorems 2.13, 2.19 and 2.25, swapping the variables p and ¢, and y and z in the respective formu-
las, we obtain algebraic proofs of the following equidistribution results.

Theorem 3.1. The quadruples of statistics (asc, des, MNA, MND) and (des, asc, MND, MNA) are equidis-
tributed on Sy,(231,312) for all n > 0.
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Theorem 3.2. The quadruples of statistics (asc, des, MNA, MND) and (des, asc, MND, MNA) are equidis-
tributed on S, (213, 231) for all n > 0.

Theorem 3.3. The quadruples of statistics (asc, des, MNA, MND) and (des, asc, MND, MNA) are equidis-
tributed on Sy,(213,312) for all n > 0.

Theorem 3.4. The quadruple of statistics (asc, des, MNA, MND) on S,,(231, 312) has the same distri-
bution as (des, asc, MND, MNA) on S,,(213,231).

Theorem 3.5. The quadruple of statistics (asc, des, MNA, MND) is equidistributed on S,, (231, 312) and
S, (213, 231).

In this section we provide combinatorial proofs of the five theorems. The combinatorial proofs of
Theorems 3.2 and 3.3 are trivial: in Theorem 3.2 we can apply the complement operation to permutations
in S,,(213,231), and in Theorem 3.3 we can apply the reverse operation to permutations in S,, (213, 312).

Combinatorial proofs of Theorems 3.1, 3.4 and 3.5 are much more involved and they require introduc-
tion of two bijective maps f and g in Sections 3.1 and 3.2, respectively. The map f, to be introduced next,
is shown by us in Lemma 3.6 to be an involution.

3.1 Map f and its applications

For 7 € 5,,(231, 312) line the elements in {1, 2, ...n} in a row and insert a vertical line between element
x and x + 1 if 7 can be written as 7 = 7’ @ 7" so that x € «’ and x + 1 corresponds to 1 in 7”. For
example, for 7 = 124358769(14)(13)(12)(11)(10), we have

1]2(34/5/678]9](10)(11)(12)(13)(14).

Clearly, this way to represent permutations in S,, (231, 312) by the increasing permutation 12 - - - n with
vertical lines inserted between some of the elements is a bijection. Now the function f : S,,(231,312) —
S5 (231, 312) is defined by representing the given permutation 7 as above, then replacing 2(z + 1) with
z|(x + 1) and z|(x + 1) by x(z + 1) forall x € {1,2,...,n — 1}, that is, by removing the existing
vertical lines and inserting new vertical lines in all other places, and then outputting the corresponding
permutation. For the representation of the permutation 7 above, the replacement of lines gives

123]4567|89(10)[(11)[(12)](13)(14)

and hence f(124358769(14)(13)(12)(11)(10)) = 3216547(10)98(11)(12)(13)(14).
Lemma 3.6. The map f is an involution, i.e. f>(7) = 7 for any © € S,,(231,312) and n > 1.

Proof: Obvious from the definition of f. O

Remark 3.7. Any involution is a bijection (a well-known and easily provable fact), hence f is a bijection.

Remark 3.8. Using the alternative description of f introduced in Lemma 3.6 we see that | has no fixed
points (the vertical lines cannot be in the same places after application of f).

For 7 = 124358769(14)(13)(12)(11)(10), asc(r) = des(f(w)) = 6, des(w) = asc(f(r)) = 7,
MNA(7) = MND(f(n)) = 3, and MND(7w) = MNA(f(7)) = 4. The notable relations between asc,
des, MNA and MND in 7 and f(7) are not a coincidence as is shown in the following theorem. Note
that the set of statistics in Theorem 3.1 cannot be extended by adding more statistics considered in this
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paper because lrmax(w) = 7, Irmax(f(r)) = 8, mln( ) = 1, Irmin(f (7)) = 3, rlmax(w) = 5,
rlmax(f (7)) = 1, rlmin(7) = 7 and rlmin(f (7)) =
Next, we prove Theorem 3.1.

Proof: It is easy to see that the bijection f changes ascents to descents and vice-versa, this means that it
interchanges asc and des, and it also interchanges MNA and MND (a run of descents becomes a run of
ascents when we apply f). O

3.2 Map g and its applications

Recall that the structure of a permutation o € S5,(213,231) is 0 = o' @ (1 © ¢”) where ¢’ and o”
are (213,231)-avoiding, possibly empty, permutations and ¢’ (if non-empty) is increasing. Hence, o
can be decomposed uniquely into a sequence of ascending runs ending at right-to-left maxima. Also,
the structure of a permutation 7 € 5,(231,312) is 7 = 7’ @ (1 © n”) where ©’ and 7"’ are, pos-
sibly empty, (231, 312)-avoiding permutations and 7" (if non-empty) is decreasing. Hence, 7 can be
decomposed uniquely into a sequence of decreasing runs beginning at left-to-right maxima. The map
g : Sn(231,312) — S,(213,231) is defined as follows: g(m) has a right-to-left maximum in position
n + 1 — ¢ if and only if 7 has a left-to-right maximum in position i. For example,

9(124358769(14)(13)(12)(11)(10)) = 1234(14)(13)56(12)(11)7(10)98. (68)

Because of the uniqueness of decomposition of 7 (resp., g()) into decreasing (resp., increasing) runs,
clearly, the map g is a bijection. Moreover, it is straightforward to see that asc(7) = des(g(n)), des(w) =
asc(g(m)), MNA(7) = MND(g(w)) and MND(7) = MNA (g(7)) giving us a proof of Theorem 3.4.

For our example (68), asc(m) = des(g(w)) = 6, des(m) = asc(g(w)) = 7, MNA(7) = MND(g(7)) =
3, and MND(7) = MNA(g(7)) = 4. Note that the set of statistics in Theorem 3.4 cannot be extended
by adding more statistics considered in this paper because in (68), lrmax(w) = Irmax(f(r)) = 7,
Irmin(7) = lIrmin(f (7)) = 1, rlmax(7) = rlmax(f(r)) = 5 and rlmin(7w) = 7 # rlmin(f (7)) = 8,
and the fact that g(12) = 21 shows that none of the statistics in {lrmax, lrmin, rlmax, rlmin} can be
preserved.

Remark 3.9. We note that g has a single fixed point for each odd n and no fixed points for any even n.
Indeed, a fixed point must avoid the patterns 213, 231 and 312, and hence m = 12---in(n—1)--- (i +1)
fori>0and g(m) =12---(n—i—1)n(n—1)--- (n —3). Since * = g(m) we have that i = “5* and
the observation follows.

Finally, we prove Theorem 3.5.

Proof: The map g(f (7)) proves the statement by Theorems 3.1 and 3.4. O

4 Concluding remarks

In this paper, we found the joint distributions of (asc, des, Irmax, lrmin, rlmax, rlmin) and the joint
distributions of (asc, des, MNA, MND) on permutations avoiding any two patterns of length 3. All g.f.’s
derived in our paper are rational and we provided combinatorial proofs for five equidistribution results
observed from the formulas. It is remarkable that we were able to control so many statistics at the same
time while deriving explicit distribution results.
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Studying (joint) distributions of statistics in other permutation classes, for example, those considered
in Kitaev (2011) is an interesting direction of further research.
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