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The following problem has been known since the 80s. Let I" be an Abelian group of order m (denoted |I'| = m),
and let ¢ and {m;}!_,, be positive integers such that >-!_, m; = m — 1. Determine when I'* = T'\ {0}, the set of
non-zero elements of I, can be partitioned into disjoint subsets {S;}{_; such that |S;| = m; and ) __ s, s = 0 for
every 1 <4 < t. Such a subset partition is called a zero-sum partition.

|I(I')| # 1, where I(T") is the set of involutions in I, is a necessary condition for the existence of zero-sum partitions.
In this paper, we show that the additional condition of m; > 4 forevery 1 < ¢ < ¢, is sufficient. Moreover, we present
some applications of zero-sum partitions to magic- and antimagic-type labelings of graphs.
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1 Introduction

1.1  Preliminaries

For standard terms and notation in graph theory, the reader is referred to the textbook by Diestel (2017)
and the monograph by Brandstadt et al. (1999), an introduction to magic- and antimagic-type labelings
can be found in the monograph by Baca et al. (2019), and the fundamental results in abstract algebra that
we use can be found in the textbook by Gallian (2016).

Let I' be an Abelian group of order m with the operation denoted by +. For convenience, we will
denote Zle a by ka, the inverse of a by —a, and a + (—b) by a — b. Moreover, we will write s a
for the sum of all elements in S. The identity element of I" will be denoted by 0, and the set of non-zero
elements of I" by I'*. Recall that any element ¢+ € T" of order 2 (i.e., ¢ # 0 and 2. = 0) is called an
involution. A non-trivial finite group has an involution if and only if the order of the group is even. We
will write I(T") for the set of involutions of T'.

The fundamental theorem of finite Abelian groups states that every finite Abelian group I is isomorphic
to the direct product of some cyclic subgroups of prime-power orders (Gallian, 2016). In other words,
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there exists a positive integer k, (not necessarily distinct) prime numbers {p; }¥_,, and positive integers
{a;}F_,, such that

[ «@ «@ «@ 1 = a]‘-a2. .ak‘
F—ZpllXZP22X...XZpkk7Wlthm—pl 2SR

where m is the order of I'. Moreover, this group factorization is unique (up to the order of terms in the
direct product). Since any cyclic finite group of even order has exactly one involution, if e is the number
of cyclic subgroups in the factorization of I whose order is even, then |I(T)| = 2¢ — 1.

Because the results presented in this paper are invariant under the isomorphism between groups (=2), we
only need to consider one group in every isomorphism class. Our presentation will be focused on groups
of the form Z,o1 X Zye2 x ... X Z,ex with prime numbers {p:}*_, and positive integers {a;}¥_,. For
an Abelian group I' = U x H, for a pair (u,v) with v € U and v € H, we will use the notation (u, v)
also for the corresponding element of I'.

Recall that, for a prime number p, a group the order of which is a power of p is called a p-group. Given
a finite Abelian group I', Sylow p-subgroup of I" is the maximal subgroup L of I" the order of which is a
power of p. For example, by the fundamental theorem of finite Abelian groups, it is easy to see that any
finite Abelian group I' can be factorized as I' = L x H, where L is the Sylow 2-group of I" and the order
of H is odd.

Let us denote the number of involutions in I" by |I(T")|. Since any finite cyclic group of even order has
exactly one involution, if e is the number of cyclic components in the factorization of I whose order is
even, then |I(I")| = 2¢ — 1.

Recall that the sum of all elements of a group I is equal to the sum of its involutions and the identity
element. The following lemma is well known. The readers can consult Combe et al. (2004) for a proof.

Lemma 1.1 ((Combe et al., 2004)). Let I" be an Abelian group.

- If|I(T)| = 1, then 3 _ - g = 1, where v is the involution.

- If[I(D)[ # 1, then 3 g = 0.
1.2 Main Problem

In 1981 Tannenbaum introduced the following problem of partitioning in Abelian groups.

Problem 1.2 ((Tannenbaum, 1981)). Let I" be an Abelian group of order m. Let t be a positive integer and
{m;}t_, an integer partition of m — 1. Let {w;}!_, be arbitrary elements of T (not necessary distinct).
Determine when the elements of I'* can be partitioned into subsets {S;}!_, (i.e., subsets S; are pairwise
disjoint and their union is T'*) such that |S;| = m; and ZSES,- s =wj foreveryl <i <t.

If a respective subset partition of I'* exists, then we say that {m; }!_; is realizable in T* with {w; }!_;.
We will not indicate I'* or {w; }{_; explicitly when it is clear from the context. Note that realizability of
{m;}t_, implies that 3'_ w; = > ger 9-

Note that we use sequences {m; }!_, only for ease of presentation, whereas we interpret them as mul-
tisets. In other words, only the values present in the sequence and their multiplicities are relevant for a
sequence to be realizable, not their order.

Since, throughout the paper, we often consider subsets of fixed cardinalities, let us present an abbrevi-
ated notation. Given a set, any of its subsets of cardinality k is called a k-subset.
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The case most studied in the literature is the Zero-Sum Partition (ZSP) problem, i.e., when w; = 0 for
every 1 < ¢ < t. (A respective subset partition of I'* is called a zero-sum partition of T'.)

In general, in the context of any subset Z of I, we will say that {S;}!_,, a partition of Z into zero-sum
subsets with |S;| = m; for every 1 < i < ¢, realizes {m;}!_, in Z.

Note that, by Lemma 1.1, an Abelian group I" with |I(T")] = 1 does not admit zero-sum partitions
(for every ¢ and {m;}!_,). Moreover, if {m;}!_, is realizable in ['*, then necessarily m; > 2 for every
1 <4 < t. It was proved that this condition is sufficient if and only if |I(I")| = 0 (Tannenbaum, 1981;
Zeng, 2015) or |I(T")| = 3 (Zeng, 2015). Le., in these cases, for every positive integer ¢ and integer
partition {m; }!_, of m — 1 with m; > 2 forevery 1 < i < t, {m;}!_, is realizable in I'* (with {w;}!_,
where w; = 0 for every 1 < ¢ < t). In Cichacz and Suchan (2023), we generalized this condition with
the following definition.

Definition 1.3. Let T" be a finite Abelian group of order m. We say that T has x-Zero-Sum Partition
Property (z-ZSPP) if, for every positive integer t and integer partition {m;}!_, of m — 1 with m; > x for
every 1 < i < t, there exists a subset partition {S;};_, of I with |S;| = m; and 3 4 s = 0 for every
1< <t

For every finite Abelian group I" such that |I(I")| = 0 (equivalently, the order of I" is odd), a stronger
version of 2-ZSPP was proved. Let us give a brief explanation.

In 1957, inspired by Steiner triples research, Skolem posed the following question (Skolem, 1957): For
n = 1 (mod 6), does there exist a partition of the set of non-zero elements of the cyclic group Z,, into
triples such that the sum of elements in each subset is congruent to 0 (mod n)?

This question received an affirmative answer (Hanani, 1960; Skolem, 1957, 1958) and served as a
starting point for a more general problem posed by Tannenbaum. Namely, we call a 6-subset C' of an
Abelian group I' good if C' = {¢,d,—c — d, —c,—d, ¢ + d} for some ¢ and d in I". Notice that the sum
of elements of a good 6-subset is 0. Moreover, it can be partitioned into three zero-sum 2-subsets or two
zero-sum 3-subsets.

The following definition was given by Tannenbaum (1981).

Definition 1.4. Let I be a finite Abelian group of order m = 6k + s for a non-negative integer k and
s € {1,3,5}. A partition of T* into k good 6-subsets and (s — 1) /2 zero-sum 2-subsets is called a Skolem
partition of I'*.

Note that, if T is an Abelian group of order m such that every integer partition {m;}!_, of m — 1 with
m; € {2,3} for every 1 < ¢ < ¢ is realizable in I'*, then also every integer partition {m; 51:1 ofm—1
with m; > 2 forevery 1 < ¢ <t is realizable. Similarly, it is easy to see that if a Skolem partition of T'**
exists, then every integer partition {m;}!_, of m — 1 with m; € {2, 3} for every 1 < i < ¢ is realizable.
So the following theorem by Tannenbaun indeed offers a stronger version of 2-ZSPP.

Theorem 1.5 ((Tannenbaum, 1981)). Let I be a finite Abelian group such that |I(T')| = 0, then I'* has a
Skolem partition.

The following theorem was first conjectured by Kaplan et al. (2009) (they also showed the necessity),
and later proved by Zeng (2015).

Theorem 1.6 ((Zeng, 2015)). Let I' be a finite Abelian group of order m. 1" has 2-ZSPP if and only if
[I(I')] € {0,3}.

The above theorem confirms for the case of |I(I")| = 3 the following conjecture stated by Tannenbaum.
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Conjecture 1.7 ((Tannenbaum, 1981)). Let I" be a finite Abelian group of order m with |I(T')| > 1. Let
R =T*\I(T). For every positive integer t and integer partition {m; }:_, of m — 1 with m; > 2 for every
1 < i < |R|/2 and m; > 3 for every |R|/2 + 1 < i < t, there is a subset partition {S;}i_; of T'* such

that |S;| = m;and ) . s =0 foreveryl <i <t

It was shown independently by a few authors that the conjecture is also true for I' 2 (Z5)™ withn > 1
(notice that in this case I(T') = I'*, so R = ().

Theorem 1.8 ((Caccetta and Jia, 1997; Egawa, 1997; Tannenbaum, 1983)). Let I' & (Z3)™ withn > 1,
then I" has 3-ZSPP.

Note that, in general, even the weaker version of Conjecture 1.7 posed by Cichacz (2018) is still open.
Conjecture 1.9 ((Cichacz, 2018)). Let I be a finite Abelian group with |I(T')| > 1. Then T’ has 3-ZSPP.

For every Abelian group I' with more than one involution and large enough order, first Cichacz and
Tuza (2022) showed that it has 4-ZSPP, and later Miiyesser and Pokrovskiy (2022) showed that it indeed
has 3-ZSPP. This result was improved by Cichacz and Suchan (2023), for every I' of order 2" for some
integer n > 1 such that I(I") # 1, with the following theorem.

Theorem 1.10 ((Cichacz and Suchan, 2023)). Letr T be such that |I(T')| > 1 and |T'| = 2" for some
integer n > 1. Then 1" has 3-ZSPP.

Recall that, for every Abelian group T, there exist groups L and H with |L| = 27 for a nonnegative
integer n and |H| = p for an odd positive integer p such that ' 2 I x H. Moreover, a finite Abelian
group I" has no involutions if and only if its order is odd. So, if n = 0, then I' has 2-ZSPP by Theorem
1.6. On the other hand, if p = 1, then I" has 3-ZSPP by Theorem 1.10.

Let I" be an Abelian group such that I' & L x H, where |L| = 2" and |H| = p for a positive integer
1 and an odd positive integer p, with p > 1. The main contribution of this paper is to show that I" has
3-ZSPP if (p mod 6) € {1,3}. Moreover, for (p mod 6) = 5, we show that I" has 4-ZSPP. Therefore
we improve the result by Cichacz and Tuza (2022) and, towards proving Conjecture 1.9, we leave open
only the question if, for (p mod 6) = 5, T has not only 4-ZSPP, but also 3-ZSPP. We also show that
Conjecture 1.7 holds only for a group I" with |I(T")| = 3 or I & (Z3)™ with any n > 1. As a complement,
we present some applications in irregular, magic-type, and antimagic-type graph labeling to illustrate the
relations of zero-sum group partitioning to graph theory.

In proofs, we use zero-sum partitions of ((Zz)? x Zg)*, ((Z2)? x Z5)*, and ((Z2)* x Z7)* as base
cases. They were analyzed by a computer program that we created, and sample zero-sum partitions that
certify that the corresponding sequences are realizable are given in the annexes.

2 Main Result

Let Bij(I") denote the set of all bijections from I to itself. A complete mapping of a group A is defined
as ¢ €Bij(A) such that the mapping 6: g — g~ 1p(g) is also bijective (some authors refer to 0, rather
than ¢, as the complete mapping) (Mann, 1944). In the proof of our main result we will use the following
property of complete mappings:

Lemma 2.1 ((Cichacz, 2018; Zeng, 2015)). Let I be a finite Abelian group such that |I(I')| # 1. Then
there exist ¢, p €BIj(T") (not necessarily distinct) such that g + ¢(g) + ¢(g) = 0 for every g € T. In
particular, we may assume that $(0) = ¢(0) = 0.
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In the following, we will consider integer partitions {m; }!_; of m — 1 for some positive integer ¢ with
m; > 3 forevery 1 < i < t. Given such a sequence, since m; > 3 for every 1 < ¢ < ¢, we can modify
the sequence {m;}!_, by subdividing each term larger than 5 into a combination of terms 3, 4, and 5. It
is easy to check that if the non-zero elements of a group I' can be partitioned into zero-sum subsets of
cardinalities corresponding to the elements of the new sequence, then the same holds for the old sequence.
So we can focus only on sequences with m; € {3,4,5} forevery 1 < i <+t.

Let Z be a subset of I'. Let K be a zero-sum subset partition of Z with cardinalities in {3, 4,5} and let
a=|{Sek:|S|=3},8=1{S €K:|S| =4} andy = |{S € K: |S| = 5}|. In this context, we
say that K realizes (cv, B,) in Z. If there exists a family realizing («, 8,7) in Z, we say that («, 8, 7) is
realizable in Z. Note that a triple («, 3, ) can be seen as a compact representation of a sequence {m; }!_,
in which o elements are equal to 3, § elements are equal to 4, and y elements are equal to 5. Recall that
the quotient group I" modulo H for a subgroup H of I' is denoted by I'/ H.

The following three theorems lead to the main results of the paper, which is given in Corollary 2.6, that
states that the 4-Zero-Sum Partition Property holds for a finite Abelian group I if and only if |I(T')| # 1.

Theorem 2.2. Let T be a finite Abelian group such that T' = L x H, with |L| = 2" for some positive
integern, |I(L)| > 1, and |[H| =1 (mod 6). Then T has 3-ZSPP.

Proof: By Theorem 1.6, we can assume that I(L) > 7 and, by Theorem 1.10, that |H| > 1.
By Theorem 1.5, there exists a partition of H* into good 6-subsets:

|H"|/6
H={0}uU U {bi, i, —bi — i, —bi, —ci, by + ¢}
i=1
By Theorem 1.10, L has 3-ZSPP and there exist ¢, ¢ €Bij(L) such that a + ¢(a) + ¢(a) = 0 for every
a € L by Lemma 2.1. Thus

= {J {(a,0)}

acL*
|H"|/6
U U U {(a7 bi)» (¢(a)a Ci)a (@(a)a —b; — ci)a (_a7 _bi>7 (_¢(a)> _Ci)7 (_@(a), bi + Ci)}’
acl =1

where the 6-subsets are good. Let M* = U, ¢+ {(a,0)}, note that M* = L*, thus it has 3-ZSPP. Let

|H*|/6
W = U U {(CL, bi)7 (¢(a)7 ci)’ ((,9(0,), _bi - ci)a (_a'a _bi)7 (_¢(a)7 _Ci)a (_90(0’)) bz + Cl)}
acLl i=1

We will prove that any triple («, 8, ) such that 3« + 48 + 5y = |T'| — 1 is realizable in T'*. As-

sume that r1,...,7¢ = 3, Tat1,---1Tat+y = 9, and Tayyi1,...,Tatrs4y = 4. Let [ be such that
S e < |L*land Yo' ry > |LF] Letr] = [L¥| = S\ rand v = — 7). If () = O or v} > 3)
and r;’ > 2, then the sequence 71, ...,7_1,7] is realized by a zero-sum partition Ay,..., A;_1, A} of
M* by Theorem 1.10, and the sequence 7}, 741, 7142, . .., Ta+8+~ 1S realized by a zero-sum partition

Al A, A, .., Aay gy of Wosince W is the union of good subsets and |[IV| = Z?:—Flf_—{ﬂy ri + 1.
So we are done. Hence we have to settle the cases where )’ = 1 orr; =1 or r] = 2.
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Case 1 r] = 1.

Then [ is even and ;41 is odd, since |L*| is odd and |W| is even (thus |W| — r’ requires at least one
odd term among 741, ..., a+3+~, and all odd terms are put at the beginning of the sequence). Suppose
first r; = 3, then 7, = 2 and, since |I(L)| > 7 and |L| is even, there is [L*| > 7. This implies that
ri—1 = r—2 = 3. Note that, because [W| = 0 (mod 3), there hastobe v > 1 or § > 2. If vy > 1,
then (I — 2,0, 1) is realizable in M* and (o« — | + 2, 8, — 1) is realizable in W. For 8 > 2, the triple
(1—3,2,0) is realizable in M* and (a— [+ 3, 8 — 2, ) is realizable in W. Suppose that r, = 5. If § > 0,
then the triple (o, 1,1 — o — 1) is realizable in M* and (0,8 — 1,y + a — [ + 1) is realizable in .

Assume now that § = 0. If |[L*| > 7, then, for o > 2, the triple (o — 2,0,] — a4+ 1) is realizable in M*
and (2,0, y+a—I—1)isrealizablein W. For o < 1, there is r;_; = 5, and (a+3, 0, —a—2) is realizable
in M* and (1,2,7v + o — | — 2) is realizable in W. Observe that, in this case, by the construction of W,
the two zero-sum 4-subsets in W can be split into four zero-sum 2-subsets and we obtain a realization
of (v, B,y) in T*. If |[L*| = 7, then « = 1 and L = (Z3)3, which implies that [T'| = 8|H| = 4 + 5.
Therefore, I' 2 (Z3)3 x H with |[H| > 13,y = (|T'| — 4)/5 = (8|H| — 4)/5 > 20. Take the following
three zero-sum 5-subsets:

{(1,0,0,0), (0,1,0,0), (1,1,1,0), (0,0,1,b1), (0,0,0,—b1)},
{(1,1,0,0), (1,0,1,0), (0,1,1,0), (1,0,0,b1), (1,0,0,—b1)},
{(0,0,1,0), (0,0,1,=b1), (0,0,0,b1), (0,1,0,b1), (0,1,0,—b1)}.

They cover M* and four inverse pairs of elements from W. W’ obtained by the deletion of these
15 elements from W is of the following form (let i = (0,0,0), i1 = (1,0,0), i = (0,1,0) and
iz = (0,0,1)):

W/ = U {((b(a)vcl)ﬂ(@(a)ﬂ_bl —01)7(—¢(a)7—cl),(—cp(a),b1 +Cl)}

a€{io,i1,i2,i3}

U U {(avbl)’(d)(a)vcl)?(@(a)v_bl _Cl)v(_a’ —bl),(—(],5(&),—61),(—(,0(@),()1 +Cl)}

a€(Z2)3\{i0,i1,i2,i3}

|H*|/6
U U U {(av bi)v (¢(a)» Ci)v (90(0')7 —bi — Ci)7 (_av _bi)a (—(;5(0,), _Ci)v (—90(&), b; + Cl)}
a€(Zy)® =2

Note there are 4‘H‘Tf4 > «y zero-sum 6-subsets in W', thus we are able to find (y — 2) zero-sum 3-subsets
in W’. The remaining elements of W' form zero-sum 2-subsets. Thus we can acquire a realization of
(1,0,7v) in I'*.

Case 2 1] = 2.

If r; = 3, then we are done as in Case 1. Therefore, we can assume that r; = 5 (for r; = 4, we get a
contradiction since |W| is divisible by 4). For o > 1, we obtain that (o« — 1,0, — «) is realizable in M*
and (1, 8,7+« —1) is realizable in W. For 8 > 1, since |L*| > 7, there exists a realization of (1,1, —2)
in M* and a realization of (1, 3, — 1) in . By the construction of W, one zero-sum 4-subset in W can
be split into two zero-sum 2-subsets and we obtain a realization of (0, 3,+) in T'*. The only missing case
isa=p=0.If|L*| > 7, then actually |L*| > 15 and r;_1 = r;_o = 5. Thus (4,0, — 3) is realizable
in M*. Since W is a union of good 6-subsets, there exists a partition into four zero-sum 2-subsets and
(v — 1 — 1) zero-sum 5-subsets.



Zero-sum partitions of Abelian groups 7

Assume now that |L*| = 7 = |I(L)|. But then, as in Case 1, there is I' = (Z5)3 x H and we proceed
the same way.

Case 3. r] = 1.

Then ! > 1, and } > 2 is even. Assume first that r; = 3. Since || = 0 (mod 3), there is 5+ > 0.
If now 8 > 0, then there exists a realization of (I —2,1,0) in M™* and a realization of (a —{+2,8—1,7)
in W. Therefore, we can assume that 3 = 0. If now v = 1, then |IW| = 1 (mod 3), a contradiction.
Thus, for § = 0, there is v > 2. If |[L*| > 7, then |L*| > 15 and r;—y = rj_o = r;_3 = 3 and
(I—4,0,2) is realizable in M*, and (v — [ + 4,0,y — 2) is realizable in W. For |L*| = 7 = |I(L)|, there
isT" = (Z2)3 x H. The set

U{(CL O)} U U{(aa bl)a ((]5(@), Cl)7 ((p(a)7 —b1 — 01), (—(l, _b1)7 (—(]5(@), _cl>7 (_(p(a)a by + 01)}
a€((Z2)3)* a€(Z2)3
can be partitioned into 15 zero-sum 3-subsets and 2 zero-sum 5-subsets in the following way:
{(Oa Oa 1) 0)7 (Oa Oa 07 bl)) (07 Oa la _bl)}) {(1a Oa 07 0)7 (Oa 0) 17 b1)7 (17 Oa 1) _bl)}a

{(1,1,1,0),(0,1,1,81),(1,0,0,=b1)}, {(0,1,0,b1),(0,0,0,¢1),(0,1,0,—by — ¢1)},
{(1,0,1,61),(0,0,1,¢1),(1,0,0,—by — 1)}, {(0,1,0,0),(0,1,0,¢1),(0,0,0, —c1)},
{(0,0,0,b1 + ¢1),(0,1,0,—¢1),(0,1,0,—b1)}, {(0,0,1,b1 +¢1),(0,0,1,—c1),(0,0,0,—b1)},
{(0,1,0,b1 + ¢1),(1,0,0,—c1),(1,1,0,—b1)}, {(1,0,0,b1 +¢1),(0,1,1,—c1),(1,1,1,—01)},
{(1,0,0,61),(1,1,1,¢1),(0,1,1, =by — 1)}, {(1,1,1,b1),(1,1,0,¢1),(0,0,1,—b1 — 1)},
{(1,1,0,61),(0,1,1,¢1),(1,0,1,=b1 — 1)}, {(1,0,1,b1 + ¢1),(1,1,0,—c1),(0,1,1,—b1)},
{(0,1,1,0),(1,0,0,¢1),(1,1,1,—c1) },
{(1,0,1,0),(1,0,1,¢1),(0,1,1,b1 4+ ¢1),(1,1,0,=b1 — ¢1),(1,0,1, —c1) },
{(1,1,0,0),(1,1,0,b1 + ¢1),(1,1,1,b1 4+ ¢1),(0,0,0, =by — ¢1),(1,1,1,—b1 — 1)}

(
(
1
)

)
)

The cases (10,0,5) and (5,0,8) for (Z2)® x Z; were analyzed by a computer program we created,
sample realizations can be found in the annexes. Thus we can assume that | H| > 13 and the nonempty
set Uge z)0 Uity {(a,b), (6(a), ci), (9(a), b — e1), (—a, —b;), (—a), i), (—p(a), b + ¢;)} is
a union of good 6-subsets. Hence we obtain that («, 0, ) is realizable in I"*.

Suppose now that r; = 5. If r;_y = 5, thenlet 7], = r_1 —2 > 3 and r}” | = 2. Let us re-
define ] := 3 and ]’ := r; — 3. The sequence 71,...,7_2,7]_,,7] is realized by a zero-sum partition
Ay, ..o Ao, A)_ |, A] of M* by Theorem 1.10, and the sequence r}’ |, 7, 7141, ..., a1+~ is realized
by a zero-sum partition A" |, A/, Aiq1,..., Aaypty of W. Thus 7y = 3. If now 3 > 0, then there
exists a realization of (o — 1,1,0) in M* and a realization of (1,5 — 1,7) in W. If |[L*| > 7, then
|L*| > 15and r;—1 = 7—2 = 7—3 = 3. Since § = 0 and v > 2, we obtain that (o — 3,0, 2) is realizable
in M*, and (3,0, — 2) is realizable in W. Let [L*| = 7 = |I(L)|. Then L = (Z3)3, o = 2 and we
proceed as above to obtain a realization of the sequence (2,0, ). O

We will need now the following lemma (Cichacz and Suchan, 2023, Lemma 2.4):
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Lemma 2.3 ((Cichacz and Suchan, 2023)). LetT' = A X Zgan, be an Abelian group such that |A| = 4n,
[T(A)| > 1, ny € {1,2}, and n is a positive integer. Let o, 3, v be non-negative integers with 3c + 45 +
5y =|T'| = L and B8 > (2™ — 1)n. If there exists a subset partition K realizing (a, f — (2™ — 1)n, ) in
A*, then («, 8,7) is realizable in T'*.

Theorem 2.4. Let T be a finite Abelian group such that T = L x H such that |L| = 2" for some natural
number n, |I(L)| > 1 and |H| = 3 (mod 6). Then T has the 3-Zero-Sum Partition Property.

Proof: By Theorem 1.6, we can assume that |I(L)| > 7. By Theorem 1.10, L has 3-ZSPP and there are
@, p €Bij(L) such that a + ¢(a) + ¢(a) = 0 for every a € L and ¢(0) = ¢(0) = 0 by Lemma 2.1.
Case 1. |H| > 3.
By Theorem 1.5 there exists a Skolem partition of H*:

(|H*[-2)/6
H ={0,b,-b} U U {bi, ci, —b; — i, —bi, —ci b + ¢}
i=1
Let
(|H"|-2)/6
W= U U {<a’bi)a(¢(a)vci)7((p<a)7_bi - Ci)7(_a’ _bi)7<_¢(a)a_ci)a(_@(a)abi +Ci)}
a€L i=1
and M* = Uger-{(a,0)}.
Thus

"= {(Oa b)7 (07 _b)} U U {(a7 O)a (¢(a)7 b)a (‘p(a)a _b)} Uw.
acL*

We will prove that any triple («, 3,7) such that 3a + 48 + 5y = |I'| — 1 is realizable in T'*. If
a+y > |L*|, since (|]L*],0,0) is realizable in Uger+{(a,0), (¢(a), ), (p(a), —b)} and W is a union of
good 6-subsets, we have that («, 5,) is realizable in I'*. Thus we assume that o + v < |L*|. Observe
that

r=M"u U {(a,b),(—a,—b)} UW.
acL
Since |L*| = 3 (mod 4), M* = L*, the sequence (1, (|L*| — 3)/4,0) is realizable in M*. Note that
|W| = |L|(|H| —3) > 6|L| > 3(« + ). This implies the existence of a partition of W into (o 4y — 1)
zero-sum 3-sets and (|L|(|H| — 3) — 3(a + v — 1))/2 zero-sum 2-sets. Furthermore, within the set
Uaer{(a,b),(—a, —b)}, there are |L| > ~ zero-sum 2-subsets. Hence, a realization of («, 3,y) exists in

Case 2. |H| = 3.
Thus H = Z3 and
" =M"u U {(av 1)a (_a72)}'

a€l

Assume first that I 2 ((Z,)® x Z3)". By Theorem 1.6, (Z2)? x Z3 has 2-ZSPP. The triples (, 3, )
with 8 < 3 were analyzed by a computer program we created, sample realizations can be found in the
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annexes. Therefore, for A = (Z3)? x Z3 and ny = 1, by Lemma 2.3, we obtain that every triple (o, 3,7)
is realizable in ((Z»)® x Z3)".

We will prove now that any triple («, /3,+) such that 3a. + 45 + 5y = |T'| — 1 is realizable in I'* 22
((Zy)? x Zg)*. If 3(a + ) < |L*|, then, for |L*| — 3(a + ) = 0 (mod 4), the sequence (o +
v, (|IL*] — 3(a + 7)) /4,0) is realizable in M* by Theorem 1.10. We will obtain ~ zero-sum 5-subsets
by taking ~y (possibly v = 0) zero-sum 2-subsets from the set U,ecr{(a, 1), (—a,2)}. Assume now that
|L*| —3(ac+7) =2 (mod 4). But there is |L*| — 3(a+ ) = |I™*| — 2|L| = 3(+~) =45 —2|L| =0
(mod 4), which yields a contradiction. The only missing case is 3(a + v) > |L*|. Since L % (Z)3,
there exists a subgroup B of I" such that |B| = 2772 = |L|/4,, |I(B)| > 1 and T'/B = Zy x Zg. Since
Z x Zg = {(0,0),(0,2), (0,4)} U{(0,3),(1,3), (1,0)} U {{(0, 1), (1,4), (1, 1), (0,5), (1,2), (1,5)}
we can choose a set of coset representatives for the subgroup B in I, say A, such that

A={0}U{a,—a}U{e1,e2,—€1 —ea} U{c,d,—c —d,—c,—d,c+d},

where 2e1, 2e5 € B. Since |I(B)| > 1, there exist ¢, ¢ €Bij(B) such that g + ¢(g) + ¢(g) = 0 for every
g € B by Lemma 2.1. Moreover, without loss of generality, we can assume that ¢(0) = ¢(0) = 0. Note
that |B| = |I'|/12 = |L|/4. If now oo + v < |L|/2 — 1, then write

"= B*UU{atg,—a—g)tU U e +ge+d(g),—er —ea+(g)}
geB geEB

U UB{C+g,d+¢(g),—c—d+<p(g),—c—g7—d—¢(g),c+d—w(g)},
g€
where the latter 6-subsets are good.
If |B*| is divisible by 3, then the sequence (|B*|/3,0,0) is realizable in B* by Theorem 1.10 and
(|B|,0,0) is realizable in Uge g{e1+g, e2+¢(g), —e1 —e2+¢(g)}. Since |B*|/3+|B| = (|[L|-1)/3 <
a + 7, we can find the remaining o + v — (| L| — 1)/3 < 2|B| zero-sum 3-subsets in

U {e+9.d+6(9),—c—d+(g),—c — g,—d — ¢(9), c+ d — ¢(g)}
geEB

Note that we are left now only with zero-sum 2-subsets, thus we are done.

If |B*| is not divisible by 3, then, since |B*| = 3 (mod 4) and |B*| = 2772 — 1 # 2 (mod 3),
there is |[B*| = 7 (mod 12). Moreover 8 > 1, because [I'| Z 0 (mod 5) and o +v < |L|/2 -1 <
(3|L| — 1)/5 = |I'*|/5. Thus the sequence ((|B*| — 4)/3,1,0) is realizable in B* by Theorem 1.10 and
we proceed as above.

Fora + v > |L[/2 -1, let

= {a,—a}u Lé*{a +9,9(9), —a+p(g)} U LEJB<{61 +g,e2+¢(9), —e1 —e2 +¢(9)}

U U {etg,d+élg),—c—d+elg), —c—g,—d—(g),c+d —p(g)}.
geB
The sequence (|B|—1,0, 0) is realizable in Uye g-{a+g, ¢(g), —a+¢(g)} and (| B|, 0, 0) is realizable
inUgep{er +g,e2 + ¢(g), —e1 —ea+ ¢(g)}. Since |[B| — 1+ |B| = |L|/2 -1 < o+, we can find
the remaining o + v — |L|/2 + 1 zero-sum 3-subsets in

U {e+g.d+d(9),—c—d+o(9), —c— g,—d — ¢(g),c + d — (g9)} -
geEB
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Note that we are left now only with zero-sum 2-subsets, thus we are done. O

Theorem 2.5. Let T be a finite Abelian group such that T = L x H such that |L| = 2" for some natural
numbern, |I(L)| > 1, and |H| =5 (mod 6). Then I" has the 4-Zero-Sum Partition Property.

Proof: By Theorem 1.6, we can assume that [I(L)| > 7. By Theorem 1.10, the group L has 3-ZSPP
and there exist ¢, ¢ €Bij(L) such that a + ¢(a) + ¢(a) = 0 for every a € L, and ¢(0) = ¢(0) = 0 by

Lemma2.1. Letr; +...4+7r; = |T'| — 1. Assume thatrq,...,rs are all odd and rsyq, ..., 7, are all even.
Then s is odd because |I'| is even. We may restrict ourselves to sequences where 4 < r; < 7 for every .
We refine the sequence 71,...,rs tor] = ... =r, = 3. Note that s < |T"|/5.

Case I1. |H| > 5.

By Theorem 1.5, there exists a Skolem partition of H*:

(1H"|-4)/6
H= {O7ba —b,C, _C}U U {biaciv_bi_cia_bi7_ci;bi+ci}-
i=1
Let
(|1H"|-4)/6
W= U U {(a’bi)v(¢(a)7ci)’(<p(a)a_bi - Ci)a(_aa _bi)v(_¢)<a)7_ci)’(_@(a')abi +Cl)}
acL i=1

and M* = Uger+{(a,0)}. Thus

I = {(0,0), (0. =)} U | {(a.0), (¢(a),0), (¢(a), =0)} U [ J{(a,¢), (=a, =)} UW.

acL* acL

If s > |L*|, then we can realize | L*| zero-sum 3-subsets in Uge .« {(a,0), (¢(a), b), (¢(a), —b)}. Since
s < |I'|/5, the remaining s — |L*| zero-sum 3-subsets can be realized in W, and the remaining elements
in I'* form zero-sum 2-subsets, so we are done.

Assume now that s < |L*|. Note that we can also write I'* in the following way:

r“=M*u U {(a,b),(—a,—=b)} U U {(a,¢),(—a,—c)} UW.
a€l a€l

Since |[L*| = 3 (mod 4) and L* = Uger+{(a,0)}, the sequence (1, (|L*| — 3)/4,0) is realizable in
M* by Theorem 1.10. Observe that |W| = |L|(|H| — 5) > 6|L| > 2(3s). This implies that there exists a
partition of W into s — 1 zero-sum 3-sets and (| L|(|H| —5) — 3(s — 1)) /2 zero-sum 2-sets. Moreover, the
set (Uaer{(a,b),(—a,—b)}) U (User{(a,c), (—a,—c)}) contains 2|L| > 2s distinct zero-sum 2-sets.
Thus there exists the desired subset partition of I'*.

Case 2. |H| = 5.

Thus H = Z5 and for non-zero b, ¢ € Z5 such that b # ¢, b # —c there is

r* = MU J{(a,b),(—a,-b)} U | J{(a,0),(—a,—0)}.

a€Ll a€l
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Assume first that ' = ((Z»)? x Zs) . By Theorem 1.6, I' 2 (Z5)? x Z; has 2-ZSPP. The triples (v, 3,7)
with 8 < 5 were analyzed by a computer program we created, sample realizations can be found in the
annexes. Therefore, for A = (Z3)? x Z5 and n; = 1, by Lemma 2.3, we obtain that every triple (o, 3,7)
is realizable in T* = ((Z2)® x Zs)".

From now on, we assume that L % (Zy)3. If 3s < |L*|, then, for |[L*| — 3s = 0 (mod 4), the
sequence (s, (|L*| — 3s)/4,0) is realizable in M* = L* by Theorem 1.10. We will obtain s zero-
sum subsets of odd cardinality by taking zero-sum 2-subsets from the set (Uger{(a,b), (—a,—b)}) U
(Uaer{(a,¢),(—a,—c)}). If [L*| — 3s = 2 (mod 4), then the sequence (s — 1, (|[L*| — 3s — 2)/4,1) is
realizable in M™* by Theorem 1.10, and we proceed as before.

Now consider 3s > |L*|. Since L % (Zs)3, there exists a subgroup B of I" such that |B| = 272 =
|L|/4,|I(B)| > 3and T/ B = Zyx Z1g. Since Zs x Z1o = {(0,0), (0,5), (1,5), (1,0)}U{(0,2), (0,8) U
{(0> 4)7 (0, 6)}U{(07 1)7 (17 3)7 (17 6)7 (07 9)7 (17 7)7 (17 4)}U{(17 1)7 (17 2)7 (07 7)7 (17 9)7 (17 8)7 (07 3)} we
can choose a set of coset representatives for the subgroup B in I, say A, such that

A=1{a,0,—a} U{b,—b} U{er,e2, —e1 —e2} U U {eisdis —ci — diy —ciy —di, ¢; + di},

i=1,2

where 2e1, 2e; € B. Since |I(B)| > 1, there are ¢, ¢ €Bij(B) such that g + ¢(g) + ¢(g) = 0 for every
g € B by Lemma 2.1. Moreover, without loss of generality, we can assume that ¢(0) = ¢(0) = 0. If
now s < |L|/2 — 1, then write

= B*U U {a+g,—a—gtU U {b+g,-b—g}

geB gEB
U U {e1+g,ea+d(g),—er —ea+0(g)}
geB
U UB {ci+g,di +¢(g9), —c; —di + ©(g), —ci — g, —di — d(9),ci +di — p(9)},
gc
i=1,2

where the latter 6-subsets are good.

If now | B*| is divisible by 3, then the sequence (| B*|/3,0, 0) is realizable in B* by Theorem 1.10 and
(|B|,0,0) isrealizable in Uye p{e1+g, e2+¢(g), —e1—ea+@(g) }. Since |B*|/3+|B| = (|L|-1)/3 < s,
we can find the remaining s — (|L| — 1)/3 < 2|B| zero-sum 3-subsets in

U {er+9,di + (9), —e1 — di + 9(g), —c1 — g, —dr — ¢(g), c1 + d1 — (9)}-
geB

Note that we are left now only with zero-sum 2-subsets, thus we are done.

If | B*| is not divisible by 3, then | B*| = 7 (mod 12) and the sequence ((|B*|—4)/3, 1, 0) is realizable
in B* by Theorem 1.10 and we proceed as above.

For s > |L|/2 — 1, let

= {a,—a}u U {a+g,9(9),—a+e@}tu U{b+g,-b-g}

geB™ geB
U U {e1+g,ea+d(g),—er —ea+w(g)}
geEB
U UB {ei +g9,di +¢(9), —ci — di + ¢(g), —ci — g, —di — #(g),ci +di — 9(g)}
IS

i=1,2
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where the latter 6-subsets are good.

Since |B| = [I'[/20 = |L|/4, (|L|/2 — 1,0,0) is realizable in (Ugep-{a + g,¢(9), —a + ¢(9)})
U (Ugep{er +g,e2+ ¢(g), —e1 —ea+ ¢(g)}). Since s < |L|and 0 < s — |L|/2 + 1, we can find the
remaining s — |L|/2 + 1 < |L|/2 = 2|B| zero-sum 3-subsets in

U {ci+9,di +d(g), —ci —di + p(9), —ci — g, —di — ¢(9),ci +di —p(9)}.

gEB
i=1,2

Note that we are left now only with zero-sum 2-subsets, thus we are done. O

Putting the main results together, we obtain the following corollary. Recall that |I(T")| = 1 if and only
if the factorization of I" contains exactly one finite cyclic subgroup of even order.

Corollary 2.6. A finite Abelian group T has the 4-Zero-Sum Partition Property if and only if |I(T")| # 1.

Proof: If [I(I')| = 1, then I does not have 2-ZSPP for any x because > . g # 0.

Assume now that |I(T")| # 1. By the fundamental theorem of finite Abelian groups, the group I =
L x H such that |L| = 2" for some natural number 7, |I(L)| # 1, and |H| is odd. If n = 0 then we
are done by Theorem 1.6 since |I(T")| = 0. Assume now that 7 > 0. So |I(L)| > 1, and we can apply
Theorems 2.2, 2.4 or 2.5. O

Corollary 2.7. Let m be an integer with m > 4. Then one of the following cases holds:
1. m mod 4 = 0 and there exists an Abelian group T of order m that has 2-ZSPP.
2. mmod 4 € {1, 3} and every Abelian group T of order m has 2-ZSPP.

3. m mod 4 = 2 and every Abelian group I of order m does not have x-ZSPP for any .

Proof: Note that, given a positive integer m, if m = 2 (mod 4), then every group I' of order m has
exactly one involution and so does not have x-ZSPP for any z. But, if m > 4 and m # 2 (mod 4),
then there exists an Abelian group I" of order m that has 2-ZSPP. Indeed, if m mod 4 € {1, 3}, then m
is odd. In this case, Z,, has no involutions, thus has 2-ZSPP by Theorem 1.6. If m mod 4 = 0, then
I' = Z3 X Zyy, > has exactly 3 involutions, thus has 2-ZSPP by Theorem 1.6. O

Corollary 2.6 points in the direction of proving Conjecture 1.9. On the other hand, let us show that
Conjecture 1.7 is false in general, and it is only true in the cases covered by Theorems 1.6 and 1.8.

Theorem 2.8. Let ' be a finite Abelian group with |I(T')| > 1. Let R = T'* \ I(T"). For any positive
integer t and an integer partition {m;}!_, of |T*|, with m; > 2 for all i, 1 < i < |R|/2, and m; > 3 for
all'i, |R|/2 41 < i < t, there is a subset partition {S; };_, of T'* such that |S;| = m;and 3 5 s =0
Sforalll <i<tifandonly if |I(T')| € {3, |T*|}.

Proof: By Theorems 1.6 and 1.8 we can assume that |I(I")] = 2¢ — 1 < |I'| — 1 with e > 3.

Let first e be even. Let m, . . . s MYR|/2—1 = 2, MYR|/2) -+ M R|/2+|(T)|/3—3 = 3, MY R|/2+|I(I)|/3—2>
M|R|/2+]|1(D)|/3-1 = 4. Note that ZLZ'{Q+|I(F)|/3_1 m
{Si}i_) of T such that |S;| = m; and }_ 4 s = 0 forall i. Then R\ <UL§|1/271 Si) = {a,—a} for

+ = |['*|. Suppose that there is a subset partition
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some a € R. Thus a € S; for some j € {|R|/2,...,|R|/2+ [I(I')|/3 — 1} but then 3 4 s # O since
I(T)U{0} is a subgroup of T'. Thus forany ¢y, 1o, 13 € I(T") thereis t1 -+t € I(T), 11419413 € I(T)U{0}
but a ¢ I(T') U {0}, a contradiction.

For e odd we can show analogously that there is no partition of I'* for m1, ..., mgj2—1 = 2, mg|/2,

<oy MR 24(J1(D)|+2) /31 = 3.

3 Some Applications

In this section, we present some applications of Corollary 2.6 to magic- and antimagic-type labelings.
Generally speaking, such a labeling of a graph G = (V, E) is a mapping from only V or E, or their union
V U E, to a set of labels, which most often is a set of integers or elements of a group. Then the weight
of a graph element is typically the sum of labels of the adjacent or incident elements of one or both types.
When the weight of all elements is required to be equal, then we speak of a magic-type labeling; when
the weights should be all different, then we speak of an antimagic-type labeling.

3.1 T-irregular labeling for digraphs

Let 8 = (V, A) be a digraph on the set of vertices V' with the set of arcs A. If ¢): A — T is a labeling of

arcs of G with elements of I" such that @y V — I and the labeling of vertices of @ with elements of T
defined by

po(@)= Y W) - D Py,

yeN—(x) yeEN*(z)

is injective, then we say that 1 is a I'-irregular labeling of 8

Recall that, given a digraph G = (V| A), its underlying graph is the graph G = (V, E) in which
{z,y} € E if and only if (z,y) € A or (y,z) € A. Given a digraph G and its underlying graph G,
the subdigraph C' of G induced by the vertex set of a connected component C' in G is called a weakly

connected component of & Thus we have C' = 8[‘/(0)]
We have the following result:

Lemma 3.1 ((Cichacz and Tuza, 2022)). A digraph 8 = (V, A) with no isolated vertices has a T'-
irregular labeling if and only if there exists an injection p from V to I such that erv(ﬁ) o(z) = 0 for

every weakly connected component 8 of 8

Cichacz and Tuza also showed the following:

Theorem 3.2 ((Cichacz and Tuza, 2022)). Any digraph 8 of order n with no weakly connected compo-
nents of order less than 3 has a T-irregular labeling for every T such that |T'| > 2n + 2y/n —1/2 — 1.

They also showed the following:

Lemma 3.3 ((Cichacz and Tuza, 2022)). Let 8 be a digraph of order n with no weakly connected com-

ponent of the order less than 3, and let " be a finite Abelian group such that |T'| — |I(T")| > 2n. Then fel
has a U-irregular labeling.

By Corollary 2.6, we obtain the following:
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Corollary 3.4. Any digraph 8 of order n with no weakly connected components of order less than 4 has
a T-irregular labeling for every T such that |I(T')| # 1 and |T'| > n + 5.

Proof: Let {82}521 be the weakly connected components of 8 By Lemma 3.1, there exists a I'-
irregular labeling of a digraph 8 with weakly connected cor%mnents {81}321 if and only if there exist
in T' pairwise disjoint subsets {:S;}{_, such that |S;| = [V(C;)| and > g s = 0 for every 1 <i< t.

Let m; = \V(81)| forevery 1 < i < tand let myy; = |I'*| — n. Since m;y1 > 4, using the sequence
{m;}!1, by Theorem 1.5 and Corollary 2.6, we get the result. 0O

If we consider all Abelian groups, then by Corollary 3.4 and Lemma 3.3 one can easily see the follow-
ing:

Corollary 3.5. Any digraph 8 of order n with no weakly connected components of order less than 4 has
a T-irregular labeling for every T such that |T'| > 2n + 1.

We think that the results from Corollary 3.4 can be achieved for all Abelian groups and digraphs with no
weakly connected components of order less than 3, therefore we finish this subsection with the following
conjecture.

Conjecture 3.6. There exists a constant K such that any digraph 8 of order n with no weakly connected
components of order less than 3 has a T-irregular labeling for every T such that |T'| > n + K.

3.2 T-antimagic labeling

Let I" be an Abelian group. A I'-antimagic labeling of a graph G is defined as a bijection f: E(G) — T,
where the weight of each vertex, which is the sum of the labels on its incident edges, is distinct for all
vertices. Kaplan et al. (2009) demonstrated that if I" has a unique involution, then no tree of order |I'| has
a T-antimagic labeling. They conjectured that a tree of order |I'| has a T'-antimagic labeling if and only
if I does not have a unique involution. By applying the same approach used by Kaplan et al. (2009) for
2-trees, and using Corollary 2.6, we derive the following result:

Corollary 3.7. Every 4-treeV) T of order || admits a T-antimagic labeling if and only if |I(T)| # 1.

Proof: The necessity of the condition follows directly from the work of Kaplan et al. (2009, Theorem
E). Thus, let us assume that |I(T')| # 1. Let {v;}!_, be the vertices of T' which are not leaves. Let us
denote their corresponding numbers of children by {m;}!_;. Thus ZE=1 m; = |I'| — 1. Since T is a
4-tree, we have that m; > 4 for every 1 < ¢ < t. The group I' has 4-ZSPP by Corollary 2.6, and there
exists a zero-sum partition {S;}¢_, of I'* such that |S;| = m, for 1 < i < ¢t. Forevery 1 < i < ¢,
we label the edges of the set E; = {v;w: w is a child of v;} by the elements of S;. The edges of T are
labeled bijectively with the non-zero elements of I', and the sum of the labels in every E; is 0. Since every
vertex of 7', except the root (whose weight is 0), has a unique parent, it easily follows that the weights are
pairwise distinct. O

O A 4-tree T is a rooted tree, where every vertex that is not a leaf has at least four children.
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3.3 T'-distance-magic and -antimagic labeling in graphs with twins

Froncek (2013b) defined the notion of a group-distance-magic labeling of a graph G = (V| E). In such a
labeling, the vertices of the graph are labeled through a bijection with the elements of an Abelian group
I". The weight of each vertex is computed as the sum (in I') of the labels assigned to its neighbors. If
all weights are the same, then it is a I'-distance-magic labeling. If all weights are different, then it is a
I'-distance-antimagic labeling (Anholcer et al., 2021).

For ease of presentation of the results in this subsection we will create labelings using only the non-
zero elements of I', and speak of I'*-distance-magic labeling, etc. It is easy to see that these results can
be amended to results on labelings with all elements of I by dealing with the 0 element accordingly.

Recall that, in a graph G = (V, E), a set of vertices M C V is a module if for every pair of vertices
x,y with z,y € M thereis N(x) \ M = N(y) \ M. In other words, a module M is a set of vertices that
share the same neighbors outside of M. Two vertices « and y are called twins if {x,y} is a module. If
additionally {x,y} € F, then they are true twins, and they are false twins otherwise.

For ease of presentation, we assume that every vertex x is both a false and true twin of itself (in the
literature, the relation of being twins is usually considered only for distinct vertices). In this context,
notice that the relation of being false twins is an equivalence relation, and the same holds for the relation
of being true twins. So they define equivalence classes corresponding to inclusion maximal sets of (false
or true) twins. Any set of (false or true) twins is a module.

Based on the above observations, we can create ['*-distance-magic and -antimagic labelings for groups
and graphs that satisfy certain conditions detailed in the following propositions.

Proposition 3.8. Ler G = (V, E) be a graph with a partition of the vertex set into subsets of false twins
{Vi}L_, for a positive integer t. Let m; = |V;| for every 1 < i < t. Let T be an Abelian group of order
m such that 22:1 m; = m — 1. If the non-zero elements of I' can be partitioned into zero-sum subsets
{Si}t_, such that |S;| = m, for every 1 < i < t, then G has a I'*-distance-magic labeling.

Proof: Let us assign to the vertices of every V; with 1 < ¢ < ¢ unique elements of the corresponding
S;, as in the statement of the proposition. It can be done, since |V;| = |S;|. Let us show that, under this
labeling, the weight of every vertex in V' is 0.

Take any vertex v € V,, for any 1 < a < t. Consider the sum of labels of the neighbors of v. Consider
any b # a with 1 < b < t. Since V} is a module, either v is adjacent to no vertices in V, or to all of them.
In both cases, the contribution of N (v) NV} to the weight of v is 0.

The only set of neighbors of v left to consider is N (v) N V. v has no neighbors in V, since V, is a set
of false twins. So the contribution of N (v) NV to the weight of v is also 0. O

Proposition 3.9. Let G = (V, E) be a graph with a partition of the vertex set into subsets of true twins
{Vi}t_, for a positive integer t. Let m; = |V;| for every 1 < i < t. Let T be an Abelian group of order
m such that ) ,_; m; = m — L. If the non-zero elements of I can be partitioned into zero-sum subsets
{Si}t_ such that |S;| = m; for every 1 < i < t, then G has a I'*-distance-antimagic labeling.

Proof: Let us do the labeling as in the proof of Proposition 3.8. Like therein, take any vertex v € V, for
any 1 < a <t and consider its weight (the sum of labels of the neighbors of v). Let v be the element of
I" assigned to v.
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Like in the proof of Proposition 3.8, for any b # a with 1 < b < t, the contribution of N (v) NV}, to the
weight of v is 0. But now V, is a clique. The sum of the elements of I" assigned to the vertices in V, is 0.
So the sum of the labels assigned to N (v) NV, is —~, the element of T" inverse to +.

Since the assignment of non-zero elements of I' to the elements of V' is a bijection, by uniqueness of
inverses, the sums of labels of neighbors of the vertices in V' are unique too. O

The following corollaries are direct consequences of Propositions 3.8 and 3.9, Corollary 2.6, and the
properties of twins mentioned above. Note that we say that a vertex has k twins if it has &k twins different
from itself.

Corollary 3.10. Let G = (V, E) be a graph in which every vertex has at least 3 false twins. Let I be a
finite Abelian group of order |V'| + 1 such that |I(T')| # 1. Then G has a T*-distance-magic labeling.

Notice that Corollary 3.10 extends the results on I'-distance-magic labelings of complete k-partite
graphs presented by Cichacz and Suchan (2023).

Corollary 3.11. Ler G = (V, E) be a graph in which every vertex has at least 3 true twins. Let T be a
finite Abelian group of order |V'| + 1 such that |I(T')| # 1. Then G has a T*-distance-antimagic labeling.

For the last two results of this subsection, let us recall the definition of a G-join introduced by Sabidussi
(1961).

Definition 3.12 ((Sabidussi, 1961)). Let G = (V, E) be a graph and {X, },cv a collection of graphs
indexed by V. The G-join of { Xy }vev is the graph H given by V(H) = {(z,v) | x € X,,v € V},
E(H) = {{(z,v),(«',v)} | {v,v'} € E, orv="1"and {z,2'} € E(X,)}.

Notice that, given a graph G = (V, F), in the graph H that is a G-join of { X, },,cv, the set of vertices
{(z,v) | z € X,} for every v € V is a module in H. Moreover, if X, is an empty graph, then the
vertices of H in {(x,v) | € X, } are false twins. If X, is a complete graph, then the vertices of H in
{(z,v) | z € X, } are true twins.

Recall that X is an empry graph if E(X) = (). In other words, its vertex set is stable. We use K},
to denote the complete graph on k vertices and K, for the empty graph on k vertices. The following
corollaries are direct consequences of Corollaries 3.10 and 3.11.

Corollary 3.13. Let G = (V, E) be any graph. Then there exists a G-join H of a sequence of empty
graphs of appropriate orders such that every vertex in H has at least 3 false twins. In particular, H has a
I*-distance-magic labeling for every finite Abelian group T with |T'| = |V(H)| 4+ 1 and |I(T")| # 1.

Corollary 3.14. Let G = (V, E) be any graph. Then there exists a G-join H of a sequence of complete
graphs of appropriate orders such that every vertex in H has at least 3 true twins. In particular, H has a
I*-distance-antimagic labeling for every finite Abelian group T with |U'| = |V (H)| + 1 and |I(T)] # 1.

Note that the equivalence classes of twins in a graph can be found in linear time (Habib and Paul, 2010).
So, if a respective zero-sum partition of I'* is given or it can be found efficiently, then we can efficiently
compute the corresponding labeling.

Note that, based on Corollary 2.7, the results presented in this subsection can be made stronger in
particular cases. If the order n of the graph satisfies n + 1 > 4 and (n + 1) mod 4 # 2, then it is enough
to only require at least one twin for every vertex. If additionally (n+1) mod 4 € {1, 3}, then any Abelian
group of order n + 1 can be used for the labeling. If (n + 1) mod 4 = 0, then there exists a particular
group that can be used. In the case of (n + 1) mod 4 = 2, no group with a suitable zero-sum partition



Zero-sum partitions of Abelian groups 17

exists, but the graph can be “fixed” by adding an additional twin for one of the vertices, and thus reducing
to the case (n + 1) mod 4 = 3.

4 Final Remarks

On the one hand we showed that Conjecture 1.7 is not true in general, but, on the other hand, we have
achieved important progress towards proving Conjecture 1.9. Recall that any group I" can be factorized
as ' = L x H, where L is the Sylow 2-group of I" and the order of H is odd. In this context, towards
proving Conjecture 1.9, we leave open only the question if " has not only 4-ZSPP, but also 3-ZSPP, in the
case where (|H| mod 6) = 5.

Finally, let us complement Definition 1.4. Let S be a subset of cardinality m = 6k + s, for a positive
integer k and s € {0,2,4}, of a finite Abelian group I'. A partition of S into k& good 6-subsets and s/2
zero-sum 2-subsets is called a Skolem partition of S. It is known that Z* \ I(Z,, ), for m = 6k+ s with any
positive integer k, has a Skolem partition when s € {0, 4}, but the situation is slightly different for s = 2.
For m = 2 or 8 (mod 24), there exists a Skolem partition, whereas for m = 14 or 20 (mod 24), such a
partition does not exist (Tannenbaum, 1981, Lemma 4)). Note that there exist groups I" with |I(T")| > 1
such that the set R = I'* \ I(T") has a Skolem partition. For instance, let I" = (Z2)" x H for some natural
numbern > 1 and |H| =1 (mod 6). By Theorem 1.5, there exists a partition of H* into good 6-subsets:

|H"|/6
H" = U {bis ci, =bi — iy =bi, —ciy b + ¢i}.
i=1

Let L = (Z2)". Note that I(T') = L*. By Lemma 2.1, there exist ¢, ¢ €Bij(L) such that a + ¢(a) +
¢(a) = 0 for every a € L. Thus,

[H*|/6

R = U U {(a>bi)7((b(a)aci)v((to(a)v_bi_Ci)7(_a>_bi)’(_¢(a)a_ci)><_§0(a>vbi+Ci)}'

acl =1

We intuit these are not the only groups for which the set R has a Skolem partition. This motivates the
following problem.

Problem 4.1. Characterize finite Abelian groups T for which R = IT'* \ I(T") has a Skolem partition.

As reflected in Proposition 3.8, given a graph G = (V, E)) with a partition of the vertex set into subsets
of false twins, existence of a zero-sum partition of an Abelian group I' into subsets of corresponding
cardinalities is a sufficient condition for existence of a I'*-distance-magic labeling of GG. One can easily
see that this condition is not necessary. For example, consider the group Zg. There exists no zero-sum
partition of Z{ as required in Proposition 3.8. On the other hand, {{1,2}, {3}, {4,5}} is a constant-sum
partition of Zg, with constant sum 3, which leads to a Zg-distance-magic labeling of the complete tripartite
graph K 2 2. So far, constant-sum partitions of Abelian groups have been studied only for the case of
partitioning into three subsets (Cichacz, 2017). It would be interesting to consider constant-sum partitions
into more than three subsets.

On the algorithmic side, given a finite Abelian group I of order m and an integer partition {m;}!_;
of m — 1, it would be interesting to know the time complexity (and an efficient algorithm) of finding a
zero-sum partition that realizes {m; }i_; (if it exists).
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Zero-sum partitions of Abelian groups

c*5” refers to a subsets of size 3, b subsets of

size 4, and c subsets of size 5. In each subset partition, we present one set per line. Each tuple represents
one element of the partitioned set, with the elements of the tuple following the order of the direct product.

bx4

Throughout the annexes, the notation “a~* 3

" with b < 2
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D Program to check a subset partition

We offer a simple program in Python 3 that allows to check easily if a subset partition is a zero-sum
partition. It can be executed in a terminal (or in an online Python environment like https://www.online-
python.com/ or https://trinket.io/python), with the three elements of the input: description of the group,
sizes of the subsets in the partition, and the partition itself, copied-pasted from the annexes.

import json

group = json.loads (input())
sizes = json.loads (input ())
sets = json.loads (input ())

ok = True
for set in sets:
sums = [0 for pos in range (len (group)) ]
for elem in set:
for pos in range(len(group)) :

sums [pos] = (sums[pos] + elem[pos]) % group[pos]
if not sums == [0 for i in range(len(group))]:
ok = False
break
if ok:
print ("Zero-sum partition")
else:

print ("Not a zero-sum partition")



