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In this note, we prove some and conjecture other results regarding the distribution of descent top and descent bottom

sets on some pattern-avoiding permutations. In particular, for 3-letter patterns, we show bijectively that the set

of descent tops and the set of descent bottoms are jointly equidistributed on the avoiders of 231 and 312. We also

conjecture similar equidistributions for 4-letter patterns, in particular, that the set of descent tops and the set of descent

bottoms are jointly equidistributed on the avoiders of 3142, 3241, 4132. This conjecture and several others made in

this paper have now been proved by Zhou, Zang, and Yan (2024).
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1 Preliminaries

We begin with a few basic definitions related to permutations and permutation patterns, where we largely

follow Bevan [4].

For integers i and j, let [i, j] = {m ∈ Z | i ≤ m ≤ j}, and let [j] = [1, j]. For a sequence σ, let

|σ| be the length (or size) of σ. We say that sequences σ and τ are order-isomorphic if |σ| = |τ | and,

for all i, j ∈ [1, |σ|], σ(i) < σ(j) if and only if τ(i) < τ(j). Given permutations σ and π, we say that

σ contains (an occurrence, or an instance) of pattern π if π is order-isomorphic to a (not necessarily

consecutive) subsequence of σ, denoted π 4 σ. Otherwise, we say that σ avoids π. Let Sn be the set of

all permutations of length n, then we say that Avn(π) = {σ ∈ Sn | π 64 σ} is the set of n-avoiders of π,

and Av(π) = ∪∞n=0 Avn(π) is the set of avoiders of π.

We say that [i, j] is an interval of a permutation σ ∈ Sn if i, j ∈ [n], i ≤ j, and {σ(m) | m ∈
[i, j]} = [k, l] for some k, l ∈ [n] (so that l − k = j − i). Given a permutation σ ∈ Sn and nonempty

permutations τ1, . . . , τn, we say that the inflation σ[τ1, . . . , τn] of σ by τ1, . . . , τn is the permutation

obtained by replacing each entry σ(i), i ∈ [n], with an interval order-isomorphic to τi. For example,

231 = 21[12, 1] and 312 = 21[1, 12]. We also call σ ⊕ τ = 12[σ, τ ] the direct sum of σ and τ , and

σ ⊖ τ = 21[σ, τ ] the skew-sum of σ and τ (see Figure 1). For example, 231 = 12⊖ 1 = (1 ⊕ 1)⊖ 1.

Given a permutation σ, and a position i such that σ(i) > σ(i + 1), we call i a descent of σ, σ(i) a

descent top of σ, and σ(i + 1) a descent bottom of σ. Likewise, if σ(i) < σ(i + 1), then we call i an

ascent of σ, σ(i) an ascent bottom of σ, and σ(i+ 1) an ascent top of σ. Sometimes, when the context is
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σ ⊕ τ =
σ

τ
σ ⊖ τ =

σ

τ

Fig. 1: Direct sum σ ⊕ τ and skew-sum σ ⊖ τ of permutations σ and τ .

clear, we may also refer to the ordered pair σ(i)σ(i+1) as a descent (or ascent) and refer to i as a descent

(or ascent) position. We also call a maximal sequence of consecutive descents (respectively, ascents) a

descent run (respectively, ascent run).

We say that patterns π1 and π2 are Wilf-equivalent, denoted π1 ∼ π2, if for all n ≥ 0, we have

|Avn(π1)| = |Avn(π2)|. More recently, Sagan and Savage [12] defined a more refined version of Wilf-

equivalence. For a permutation statistic st, we say that π1 and π2 are st-Wilf equivalent if there is a

bijection Θ : Avn(π1) → Avn(π2) for all n ≥ 0 that preserves the statistic st, i.e. st = st ◦Θ. We

denote this by π1
st
! π2.

For a permutation σ, we define the following sets (which can also be thought of as permutation statis-

tics):

• Des(σ) = {i | σ(i) > σ(i + 1)}, the descent set of σ,

• Destop(σ) = {σ(i) | i ∈ Des(σ)}, the descent top set of σ,

• Desbot(σ) = {σ(i+ 1) | i ∈ Des(σ)}, the descent bottom set of σ.

Similar sets can be defined for the ascent statistic:

• Asc(σ) = {i | σ(i) < σ(i + 1)}, the ascent set of σ,

• Ascbot(σ) = {σ(i) | i ∈ Asc(σ)}, the ascent bottom set of σ,

• Asctop(σ) = {σ(i+ 1) | i ∈ Asc(σ)}, the ascent top set of σ.

Note that Des(σ) ∪ Asc(σ) = [|σ| − 1], Destop(σ) ∪ Ascbot(σ) = [|σ|] \ {σ(|σ|)}, Desbot(σ) ∪
Asctop(σ) = [|σ|] \ {σ(1)}.

Dokos et al. [9] showed that 132
Des
! 231 and 213

Des
! 312. We will briefly outline the proof of the first

statement, as the second one is very similar. It is well known that, for a nonempty permutation σ, we have

σ ∈ Av(132) ⇐⇒ σ = 231[σ′, 1, σ′′] for some σ′, σ′′ ∈ Av(132),

σ ∈ Av(231) ⇐⇒ σ = 132[σ′, 1, σ′′] for some σ′, σ′′ ∈ Av(231).

Then the following map φ : Av(132) → Av(231) is a Des-preserving bijection. Let σ ∈ Av(132), then

σ = ∅ or σ = 231[σ′, 1, σ′′] for some σ′, σ′′ ∈ Av(132). Then we let φ(∅) = ∅, and

φ(231[σ′, 1, σ′′]) = 132[φ(σ′), 1, φ(σ′′)] if σ 6= ∅.

Indeed, σ′ and φ(σ′) occupy the same positions, as do σ′′ and φ(σ′′), so their descent positions are

preserved under φ. The only remaining descent exists if and only if σ′′ 6= ∅, and is the position of the
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singleton 1 that corresponds to the top value |σ| of both σ and φ(σ), so that descent position is also

preserved.

Dokos et al. [9] also conjectured that 3142, 3241, 4132 are maj-Wilf equivalent, as are 1423, 2314,

2413, where maj(σ) =
∑

i∈Des(σ) i is the major index of σ. This was later refined by Bloom [5], who

showed that, in fact, 1423, 2314, 2413 are Des-Wilf equivalent, as are 3142, 3241, 4132.

In this paper, we will consider the distribution of Destop and Desbot on the same sets. We will show

that 132, 231, 312 are Destop-Wilf equivalent, and furthermore, that 231 and 312 are (Destop,Desbot)-
Wilf equivalent, then conjecture Destop- and (Destop,Desbot)-Wilf equivalences on permutations of

length 4.

Note that Desbot-Wilf equivalences follow from Destop-Wilf equivalences by symmetries of the

square. Define the following maps on Sn for each n ≥ 0:

• reversal, r : σ 7→ σr, where σr(i) = σ(n+ 1− i),

• complement, c : σ 7→ σc, where σc(i) = n+ 1− σ(i),

• inverse, σ 7→ σ−1.

The group of bijections generated by reversal, complement, and inverse are called symmetries of the

square. In particular, the reversal of complement r ◦ c = c ◦ r : σ 7→ σrc, given by σrc(i) = n + 1 −
σ(n+ 1− i) maps descents to descents and ascents to ascents. More precisely,

i ∈ Des(σ) ⇐⇒ n− i ∈ Des(σrc),

i ∈ Destop(σ) ⇐⇒ n+ 1− i ∈ Desbot(σrc),

i ∈ Desbot(σ) ⇐⇒ n+ 1− i ∈ Destop(σrc),

and therefore,

σ
Destop
! τ ⇐⇒ σrc Desbot

! τrc,

σ
(Destop,Desbot)

! τ ⇐⇒ σrc (Destop,Desbot)
! τrc.

2 Destop- and Desbot-Wilf equivalence in S3

For patterns of length 3, our results below can be summarized as follows: patterns that have the same

descent top set (respectively, the same descent bottom set) are Destop-Wilf equivalent (respectively,

Desbot-Wilf equivalent). Moreover, patterns that have both the same descent top set and the same descent

bottom set are (Destop,Desbot)-Wilf equivalent.

Theorem 1. Patterns 132, 231, and 312 are Destop-Wilf equivalent. Equivalently, patterns 213, 231,

and 312 are Desbot-Wilf equivalent.

It is easy to see that these are the only Destop-Wilf equivalences in S3, since each of the remaining

patterns in S3 has a different set of descent tops, that is Destop(132) = Destop(231) = Destop(312) =
{3}, while Destop(123) = ∅, Destop(213) = {2}, Destop(321) = {2, 3}, so all other potential Destop-

Wilf equivalences fail at n = 3.

Proof: The Destop-preserving bijections in this proof are very similar to the Des-preserving bijection φ
in the previous section.
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To show that 132
Destop
! 231, we use the same block decomposition as for Des-Wilf equivalence. Let

σ ∈ Av(132), then σ = ∅ or σ = 231[σ′, 1, σ′′] for some σ′, σ′′ ∈ Av(132). Then define a bijection

Φ : Av(132)→ Av(231) recursively as follows. Let Φ(∅) = ∅ if σ = ∅, and

Φ(σ′ ⊕ 1) = Φ(σ′)⊕ 1 if σ′′ = ∅,

Φ(1⊖ σ′′) = 1⊖ Φ(σ′′) if σ′ = ∅,

Φ(231[σ′, 1, σ′′]) = 132[Φ(σ′′), 1,Φ(σ′)] if σ′, σ′′ 6= ∅.

(1)

Notice that this is different from the algorithm for φ in that there are three cases instead of one. This is

because, in order for Φ to preserve descent tops, σ′ and σ′′ only switch sides relative to the “1” (the top

entry in σ) if both σ′ and σ′′ are nonempty; otherwise, they must stay on the same side of the “1”. Notice

also that Φ moves the blocks corresponding to σ′ and σ′′ horizontally, whereas φ (and Ψ defined in (2)

below) moves those blocks vertically.

Since any statistic is clearly preserved if Φ(σ) = σ, we may assume that σ, σ′, σ′′ 6= ∅. Indeed, σ′ and

Φ(σ′) contain the same interval of values, as do σ′′ and Φ(σ′′), so their descent tops are preserved under

Φ. The only remaining descent top is the maximum value of σ (and Φ(σ)), which corresponds to the entry

“3” in both 132 and 231, so that descent top is also preserved.

To show that 132
Destop
! 312, we use a slightly different block decomposition. It is well-known that,

for a nonempty permutation σ, we have

σ ∈ Av(132) ⇐⇒ σ = 312[σ′, σ′′, 1] for some σ′, σ′′ ∈ Av(132),

σ ∈ Av(312) ⇐⇒ σ = 132[σ′, σ′′, 1] for some σ′, σ′′ ∈ Av(312).

Let σ ∈ Av(132), then σ = ∅ or σ = 312[σ′, σ′′, 1] for some σ′, σ′′ ∈ Av(132). Define a bijection

Ψ : Av(132)→ Av(312) recursively as follows. Let Ψ(∅) = ∅, and

Ψ(312[σ′, σ′′, 1]) = 132[Ψ(σ′′),Ψ(σ′), 1]. (2)

Again, assume that σ 6= ∅. From the definition of Ψ, we can see that Ψ preserves the rightmost entry of

the permutation σ. Furthermore, σ′ and Ψ(σ′) contain the same interval of values, as do σ′′ and Ψ(σ′′),
so their descent tops are preserved under Ψ. The only remaining descent top is the rightmost value of σ′,

which is preserved by Ψ, and is thus also the rightmost value of Ψ(σ′). Note that there is a descent from

the rightmost value of σ′ to the leftmost value of σ′′ ⊕ 1 if and only if σ′ 6= ∅, and a descent from the

rightmost value of Ψ(σ′) to the rightmost value of Ψ(σ) (which is, in fact, |σ′′| + 1) also if and only if

σ′ 6= ∅. Thus, if σ′ 6= ∅, then the rightmost value of σ′ (and of Ψ(σ′)) is a descent top in both σ and Ψ(σ).
This ends the proof.

As we mentioned before, more can be asserted for patterns 231 and 312. Before we proceed, we will

need another definition.

Definition 2. Let T = {t1 < · · · < tk} and B = {b1 < · · · < bk} be (possibly empty) sets of positive

integers with |T | = |B| = k ≥ 0. We call the pair (T,B) a descent matching of size k if k = 0 and

T = B = ∅ or k > 0 and ti > bi for all i ∈ [k].

Theorem 3. Patterns 231 and 312 are (Destop,Desbot)-Wilf equivalent. Moreover, if (T,B) is any

descent matching of size k, and n ≥ max(T ) if k > 0, or n ≥ 0 if k = 0, then there is a unique

pair of permutations σ ∈ Avn(312) and π ∈ Avn(231) such that Destop(σ) = Destop(π) = T and

Desbot(σ) = Desbot(π) = B.
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σ1

σ2 Φ Φ(σ2)

Φ(σ1)

Av(231) Av(132)

σ1

σ2

Ψ

Ψ(σ2)

Ψ(σ1)

Av(132) Av(312)

Fig. 2: Bijections Φ and Ψ of Theorem 1. Only the case σ′, σ′′ 6= ∅ is shown for Φ. For the remaining cases, see

Figure 1.

Note that the bijection we will define in the proof (which begins on page 6) is different from Φ ◦ Ψ−1

(or Ψ ◦ Φ−1), which only preserves Destop but not Desbot.
In order to prove Theorem 3, it is helpful to restate it in terms of sets T = [n] \ T and B = [n] \ B.

Note that i ∈ T if and only if i is an ascent bottom or is the rightmost entry in the permutation, and i ∈ B
if and only if i is an ascent top or is the leftmost entry in the permutation. Let us extend the definition of

descent runs to include descent runs of length 1, i.e. single entries that are neither descent tops nor descent

bottoms. Then B is the set of descent run tops, and T is the set of descent run bottoms, or, in other words,

the sets of initial and final entries, respectively, of descent runs (including those of length 1).

Lemma 4. An ordered pair of sets (T,B) is a descent matching if and only if for any n ≥ maxT there

exists a permutation σ ∈ Sn such that T = Destop(σ) and B = Desbot(σ).

Proof: If T = B = ∅, then let σ = ∅ ∈ S0. Now assume |T | = |B| = k > 0 and let n ≥ maxT .

Suppose that T = {t1 < · · · < tk} and B = {b1 < · · · < bk}. Form non-singleton descent runs from

T and B so that, for each i ∈ [k], the entry ti is followed by bi. For each value v in T ∩ B, adjoin v as

a singleton descent run. Now concatenate all resulting descent runs in the increasing order of descent run

tops (alternatively, in the increasing order of descent run bottoms). It is easy to check that this yields a

permutation σ ∈ Sn with Destop(σ) = T and Desbot(σ) = B.

Conversely, let σ ∈ Sn be a permutation with Destop(σ) = T = {t1 < · · · < tk} and Desbot(σ) =
B = {b1 < · · · < bk}. Let i ∈ [k], and suppose that ti ≤ bi. Then each of the values t1, . . . , ti must

be followed by one of the values among b1, . . . , bi−1, which is impossible by the pigeonhole principle.

Therefore, ti > bi for each i ∈ [k], i.e. (T,B) is a descent matching.

We also need to define left-to-right/right-to-left maxima/minima of a permutation. We say that an entry

σ(i) of a permutation σ ∈ Sn is

• a left-to-right maximum if i = 1 or σ(j) < σ(i) for all j < i.

• a left-to-right minimum if i = 1 or σ(j) > σ(i) for all j < i.

• a right-to-left maximum if i = n or σ(j) < σ(i) for all j > i.

• a right-to-left minimum if i = n or σ(j) > σ(i) for all j > i.

Let LRmax(σ) be the set of left-to-right maxima of σ, and define LRmin(σ), RLmax(σ), RLmin(σ)
similarly.
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Lemma 5. For any permutation σ ∈ Avn(312), Desbot(σ) = LRmax(σ). Equivalently, for any permu-

tation σ ∈ Avn(231), Destop(σ) = RLmin(σ).

Proof: If an element σ(i) ∈ Desbot(σ), then σ(i − 1) > σ(i), so σ /∈ LRmax(σ). Thus, LRmax(σ) ⊆
Desbot(σ).

Conversely, let σ ∈ Avn(312) and suppose that elements of Desbot(σ) occupy positions i1 < · · · < iℓ
in σ. We claim that σ(i1) < · · · < σ(iℓ). Indeed, assume that σ(ij) > σ(ij+1) for some j ∈ [1, ℓ −
1]. Since σ(ij+1) is not a descent bottom, it is an ascent top, i.e. σ(ij+1 − 1) < σ(ij+1). Therefore,

σ(ij)σ(ij+1 − 1)σ(ij+1) is an instance of pattern 312. But this is impossible, since σ ∈ Avn(312).
Therefore, σ(i1) < · · · < σ(iℓ).

Now suppose that some σ(ij) /∈ LRmax(σ) for some j ∈ [1, ℓ], that is σ(ij) < σ(i′) for some i′ < ij .

Then σ(i′) belongs to some descent run of σ with descent run top σ(i′′) for some i′′ ≤ i′. But then

σ(i′′) ∈ Desbot(σ), i′′ < ij , and σ(i′′) > σ(ij), which is impossible by the argument in the previous

paragraph. Therefore, Desbot(σ) ⊆ LRmax(σ), and thus, Desbot(σ) = LRmax(σ)
Finally, we can obtain the second equality from the first by using the reverse complement opera-

tion. In other words, if σ ∈ Avn(231), then σrc ∈ Avn(312), so Desbot(σ) = LRmax(σ) and thus,

Destop(σ) = Desbot(σrc) = LRmax(σrc) = RLmin(σ).

Proof of Theorem 3: Let (T,B) be a descent matching of size k ≥ 0, and let n ≥ max(T ) if k > 0, or

n ≥ 0 if k = 0. As before, let T = [n] \ T , B = [n] \ B. Moreover, for each i = 1, . . . , n, given a left

prefix σ(1) . . . σ(i−1) of a permutation σ, let Σi = {σ(j) | 1 ≤ j < i} (so Σ1 = ∅), and let Ti = T \Σi,

Bi = B \Σi, T i = T \Σi, Bi = B \Σi. Note that Ti∪T i = Bi ∪Bi = [n] \Σi = {σ(j) | i ≤ j ≤ n}.
We claim that the following algorithm produces a permutation σ ∈ Avn(312).

• Let σ(1) = minB.

• For each i from 1 to n− 1:

– If σ(i) ∈ T i, let σ(i + 1) = minBi+1.

– If σ(i) ∈ Ti, let σ(i + 1) = max {m ∈ Bi+1 | m < σ(i)}.

See Example 6 on page 8 for an example of the application of the above algorithm.

We claim that every σ(i) for i ∈ [n] is well-defined if (T,B) is a descent matching. Indeed, we have

maxB < maxT ≤ n, so n ∈ B, and thus B 6= ∅ and σ(1) is well-defined. In particular, this claim is

true for n = 1. Let n ≥ 2, and suppose this claim is true for n − 1. Let us construct σ ∈ Avn(312) that

corresponds to the pair (T,B). We know that σ(1) ∈ B, so σ(1) /∈ B.

Case 1. Suppose σ(1) /∈ T1 = T as well. Define sets T ′ and B′ as follows:

T ′ = {t | t ∈ T and t < σ(1)} ∪ {t− 1 | t ∈ T and t > σ(1)}

B′ = {b | b ∈ B and b < σ(1)} ∪ {b− 1 | b ∈ B and b > σ(1)},

so σ is well-defined as well. Note that |T ′| = |T | = |B| = |B′|, so (T ′, B′) is also a descent matching.

Let σ′ ∈ Sn−1 be the permutation of length n−1 constructed from the pair (T ′, B′). By the induction hy-

pothesis, we know that σ′ ∈ Avn−1(312), so, in particular, all the values in [1, σ′(1)] occur in decreasing
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order from left to right in σ′. Then

σ(i) =

{

σ′(i − 1), if i ≥ 2 and σ′(i− 1) < σ(1),

σ′(i − 1) + 1, if i ≥ 2 and σ′(i− 1) ≥ σ(1).

Thus, σ ∈ Avn(312), since σ′ ∈ Avn−1(312) and no instance of pattern 312 can start with σ(1).
Case 2. Now suppose that σ(1) ∈ T1 = T (in particular, this implies that σ(1) ≥ 2). Since σ(1) =

minB, it follows that [1, σ(1) − 1] ⊆ B, so σ(2) = σ(1) − 1. With T = {t1 < · · · < tk} and

B = {b1 < · · · < bk} as before, suppose σ(1) = tr. Then σ(2) = σ(1) − 1 = bs for some s ≥ r
(otherwise, if s < r, we would have σ(1) = tr > br > bs = σ(1) − 1, which is impossible). Define

T ′′ = {t′′1 , . . . , t
′′
k−1} and B′′ = {b′′1 , . . . , b

′′
k−1} as follows:

t′′i =

{

ti, if i < r,

ti+1 − 1, if i ≥ r,
and b′′i =

{

bi, if i < s,

bi+1 − 1, if i ≥ s.

To see that t′′1 < · · · < t′′k−1 and b′′1 < · · · < b′′k−1, we only need to check that t′′r > t′′r−1 and b′′s > b′′s−1.

Indeed, t′′r = tr+1 − 1 ≥ tr > tr−1 = t′′r−1 and b′′s = bs+1 − 1 ≥ bs > bs−1 = b′′s−1. It is also easy to

check that t′′i > b′′i for i < r and t ≥ s. Moreover, for r ≤ i < s, we have t′′i = ti+1 − 1 > tr − 1 =
σ(1) − 1 = bs > bi = b′′i , so t′′i > b′′i for r ≤ i < s as well. Thus, (T ′′, B′′) is a descent matching.

Let σ′′ ∈ Sn−1 be the permutation of length n − 1 constructed from descent matching (T ′′, B′′). Then

σ(2) = σ(1)−1 = minB′′ since σ(1)−2 ∈ B if σ(1)−1 > 1, and therefore, σ′′(1) = σ(2) = σ(1)−1.

By the induction hypothesis, we know that σ′′ ∈ Avn−1(312), so, in particular, all the values in [1, σ′′(1)]
occur in decreasing order from left to right in σ′′. Thus, as in Case 1, we have

σ(i) =

{

σ′′(i − 1), if i ≥ 2 and σ′′(i − 1) < σ(1),

σ′′(i − 1) + 1, if i ≥ 2 and σ′′(i − 1) ≥ σ(1).

Thus, σ ∈ Avn(312), since σ′′ ∈ Avn−1(312) and no instance of pattern 312 can start with σ(1).
This finishes the induction step, and therefore our claim is true for any n ≥ 1.

Note that σ(i + 1) ∈ B and σ(i) ∈ T exactly when σ(i) > σ(i + 1), i.e. when i ∈ Des(σ). Thus,

Destop(σ) = T and Desbot(σ) = B, and moreover, B = LRmax(σ).
Finally, given a permutation π ∈ Av(231), we have πrc ∈ Av(312). Let T = Destop(π), B =

Desbot(π), and define T c = {n+ 1 − i | i ∈ T }, Bc = {n+ 1− i | i ∈ B}, then Destop(πrc) = Bc,

Desbot(πrc) = T c, so πrc is uniquely determined by the argument above, and thus, so is π.

In fact, given a descent matching (T,B), it is straightforward to see that we can find the associated

π ∈ Av(231) directly using the following algorithm. For each i = 1, . . . , n, given a right suffix π(i +
1) . . . π(n) of a permutation π, let Π(i) = {π(j) | i < j ≤ n} be the set of its letters (so Π(n) = ∅),

and let T(i) = T \ Π(i), B(i) = B \ Π(i), T (i) = T \ Π(i), B(i) = B \ Π(i). Note that T(i) ∪ T (i) =

B(i) ∪B(i) = [n] \Π(i) = {σ(j) | 1 ≤ j ≤ i}.

• Let σ(n) = maxT .

• For each i from n− 1 to 1 (in decreasing order):
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– If σ(i + 1) ∈ B(i+1), let σ(i) = maxT (i).

– If σ(i + 1) ∈ B(i+1), let σ(i) = min {m ∈ T(i) | m > σ(i + 1)}.

Example 6. Let T = {2, 5, 8, 9}, B = {1, 2, 3, 7}, and n = 9. Then (T,B) is a descent matching (since

2 > 1, 5 > 2, 8 > 3, 9 > 7), so we obtain σ = 453687921 ∈ Av9(312) and π = 921534687 ∈
Av9(231) with Destop(σ) = Destop(π) = T and Desbot(σ) = Desbot(π) = B. Note also that

B = {4, 5, 6, 8, 9} = LRmax(σ) and T = {1, 3, 4, 6, 7} = RLmin(π). See Figure 3 for permutation

diagrams of σ and τ .

1 2 3 4 5 6 7 8 9
1

2

3

4

5

6

7

8

9

σ = 453687921 ∈ Av9(312)

←→

1 2 3 4 5 6 7 8 9
1

2

3

4

5

6

7

8

9

τ = 921534687 ∈ Av9(231)

Fig. 3: An instance of (Destop,Desbot)-preserving bijection from Theorem 3 between Av(312) and Av(231) with

descent matching (T,B) = ({2, 5, 8, 9}, {1, 2, 3, 7}) and size n = 9.

3 Distribution of (231, 312)
In this section, we will generalize the results of Section 2 to find the joint distribution of a pair of vincular

(generalized) patterns on permutations with fixed sets of descent tops and descent bottoms. A pattern is

called vincular (or generalized) if some of its entries in consecutive positions must also occupy consec-

utive positions in its occurrences. For example, in patterns denoted 231 and 312 (in older notation, 2-31
and 31-2, respectively), the entries corresponding to “3” and “1” must be in consecutive position in its

occurrences. Moreover, let 2i31 and 312i be occurrences of patterns 231 and 312 where the “2” has value

i. Finally, given a pattern τ and a permutation σ, let (τ)σ be the number of occurrences of τ in σ. This

makes (τ) a permutation statistic. Then,

(231) =
∑

i≥1

(2i31), (312) =
∑

i≥1

(312i).

Clearly, (2i31) = 0 and (312i) = 0 when i = 1 and i = |τ |, but we include these values so as to treat all

i ≥ 1 uniformly.

For a set X ⊆ Z, define

X<i = {j ∈ X | j < i}, X≤i = {j ∈ X | j ≤ i}.
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Given a descent matching (T,B) and n ≥ |T | = |B|, define the signature function sgn,(T,B) of a permu-

tation σ ∈ Sn with (Destop,Desbot)σ = (T,B) as follows:

sgn,(T,B)(i) = |B<i| − |T≤i|+ 1, 1 ≤ i ≤ n. (3)

This generalizes the signature function defined for Dumont permutations of the first kind in Burstein et

al. [7]. Note that sgn,(T,B)(i) = 1 for i = 1 and i ≥ maxT .

For an integer i ≥ 1, define

[i]p,q =
pi − qi

p− q
=

∑

i1,i2≥0
i1+i2=i−1

pi1qi2 .

Lemma 7. For any descent matching (T,B), any n ≥ 0, any i ∈ [n], and any σ ∈ Sn such that

Destop(σ) = T and Desbot(σ) = B, we have

(2i31)σ + (312i)σ = sgn,(T,B)(i)− 1. (4)

Proof: The sum (2i31)σ + (312i)σ counts subsequences iba and bai of σ such that a < i < b and a
immediately follows b. Consider the number of descents ba such that a < i < b. The number of descent

bottoms a such that a < i is |B<i|. Of those descent bottoms, the ones with the corresponding descent

tops b ≤ i do not contribute to occurrences of either (2i31)σ or (312i)σ. Thus, the number of descents

ba such that a < i < b is |B<i| − |T≤i| = sgn,(T,B)(i) − 1. Moreover, these descents partition the rest

of σ (in one-line notation) into sgn,(T,B)(i) (possibly empty) blocks, and i may occur in any one of these

blocks. Finally, note that if i occurs in block ci ∈ [sgn,(T,B)(i)] from the left, then

(2i31)σ = sgn,(T,B)(i)− ci, (312i)σ = ci − 1. (5)

Theorem 8. For any integer n ≥ 0 and any descent matching (T,B), we have the following:

∑

σ∈Sn

Destop(σ)=T

Desbot(σ)=B

n
∏

i=1

(

p
(2i31)σ
i q

(312i)σ
i

)

=

n
∏

i=1

[sgn,(T,B)(i)]pi,qi . (6)

Proof: For n = 0, the identity (6) just says that 1 = 1, since the products are empty. Let n ≥ 1 and

let h = (h1, . . . , hn) = sgn,(T,B). We will show that every permutation σ is determined uniquely by the

descent matching (T,B) = (Destop,Desbot)σ and the n-tuple c = (ci)1≤i≤n such that ci ∈ [hi] for all

i ∈ [n]. Then

∑

σ∈Sn

Destop(σ)=T

Desbot(σ)=B

n
∏

i=1

(

p
(2i31)σ
i q

(312i)σ
i

)

=

n
∏

i=1

∑

σ∈Sn

Destop(σ)=T

Desbot(σ)=B

p
(2i31)σ
i q

(312i)σ
i =

n
∏

i=1

[hi]pi,qi .
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To prove this, we use a slightly modified version of the Françon-Viennot [10] bijection. Consider an

arbitrary sequence (c1, . . . , cn) such that ci ∈ [hi] for each i ∈ [n]. Start with the empty permutation

ε, represented by the string , and iterate the following step for i = 1, 2, . . . , n: replace ci-th leftmost

occurrence of as follows:

7→



















i , if i ∈ B \ T,

i , if i /∈ B ∪ T,

i, if i ∈ B ∩ T,

i, if i ∈ T \B.

Finally, delete the remaining to the right of the resulting string to obtain the unique permutation σ ∈ Sn

that satisfies (5) for all i ∈ [n].

Note that in Cases 3 and 4, when i ∈ B∩T or i ∈ T \B, the descent for which i is the descent top is not

part of the hi− 1 descents contained in an instance of 2i31 or 312i. Thus, the number of in those cases

before the insertion of i is hi + 1, so the rightmost (which is always at the end of the string) cannot

be replaced in Cases 3 and 4 (this is the difference from the Françon-Viennot bijection [10]). However, in

Cases 1 and 2, when i ∈ B \ T or i /∈ B ∪ T , the rightmost may be replaced, and the number of in

those cases is hi. In all the cases, the rightmost character of the string remains , until it is deleted after

step n. See Example 10 for an instance of this mapping.

Note also that, the number of occurrences 2i31 or 312i is as in Equation (5), since every except the

rightmost one corresponds to a descent in the resulting permutation σ. This also means that, at every step,

there is a to the right of all inserted letters.

It is straightforward to see that this mapping is a bijection. Indeed, given a permutation σ, we can

recover its descent matching (T,B) and the n-tuple c = (c1, . . . , cn) and the corresponding replacement

cases as follows. Append to the right of σ, then for each i from n down to 1, do the following. Let si
be the substring of σ defined as follows:

si =



















i , if i is adjacent to on the left and on the right,

i , if i is adjacent to only on the right,

i, if i is adjacent to only on the left,

i, if i is not adjacent to on either side.

Replace si with and let ci = k if the new is the k-th leftmost in the resulting string. (In Example 10,

this amounts to proceeding from bottom to top of the second table.)

Finally, note that the insertion of each i ∈ [n] contributes the factor of

hi
∑

ci=1

phi−ci
i qci−1

i =
phi

i − qhi

i

pi − qi
= [hi]pi,qi

to the righthand side of Equation (6).

The above proof lets us make the following observation. As before, let hi = sgn,(T,B)(i) for i =
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1, . . . , n, h = (h1, . . . , hn), and let w = (w1, . . . , wn) be a word on the alphabet {u, l∗, l∗, d} such that

wi =



















u, if i ∈ B \ T,

l∗, if i /∈ B ∪ T,

l∗, if i ∈ B ∩ T,

d, if i ∈ T \B.

Then the triple (w, h, c) is a restricted Laguerre history (see, for example, Chen and Fu [8] for all relevant

definitions). This corresponds to labeled 2-Motzkin path of length n from (0, 0) to (n, 0) with unit steps

u = (1, 1), l∗ = (1, 0), l∗ = (1, 0), d = (1,−1). Let the height of each edge wi be the second coordinate

of its left endpoint. Then for each edge wi ∈ {u, l∗, l∗, d},

hi =

{

height(wi) + 1, if wi ∈ {u, l
∗},

height(wi), if wi ∈ {l∗, d},

and for each i = 1, . . . , n, the edge wi is labeled with some ci ∈ [hi].
Theorem 8 implies, in particular, that statistics (231, 312) and (312, 231) are equidistributed on the set

{σ ∈ Sn | Destop(σ) = T, Desbot(σ) = B} for any descent matching (T,B). Moreover, avoiding the

vincular pattern 231 (respectively, 312) is equivalent to avoiding the classical pattern 231 (respectively,

312) as in Section 2, which implies Theorem 3 as a corollary. Theorem 8 also generalizes [7, Theorem

2.4], which is a special case of Theorem 8 for n = 2m, T = {2, 4, . . . , 2m}, and pi = qi = 1 for all

i ∈ [n].
Letting pi = p, qi = q for all i ∈ [n], we obtain the following immediate corollary.

Corollary 9. For any integer n ≥ 0 and any descent matching (T,B), we have the following:

∑

σ∈Sn

Destop(σ)=T

Desbot(σ)=B

p(231)σq(312)σ =

n
∏

i=1

[sgn,(T,B)(i)]p,q. (7)

Example 10. Let T = {2, 5, 8, 9}, B = {1, 2, 3, 7}, and n = 9, as in Example 6. Then we have

i 1 2 3 4 5 6 7 8 9

|B<i| 0 1 2 3 3 3 3 4 4

|T≤i| 0 1 1 1 2 2 2 3 4

sgn,(T,B)(i) 1 1 2 3 2 2 2 2 1

so

∑

σ∈S9

Destop(σ)={2,5,8,9}
Desbot(σ)={1,2,3,7}

p(231)σq(312)σ =

9
∏

i=1

[sg9,({2,5,8,9},{1,2,3,7})(i)]p,q

= [1]p,q[1]p,q[2]p,q[3]p,q[2]p,q[2]p,q[2]p,q[2]p,q[1]p,q

= 1 · 1 · (p+ q)(p2 + pq + q2)(p+ q)(p+ q)(p+ q)(p+ q) · 1

= p7 + 6p6q + 16p5q2 + 25p4q3 + 25p3q4 + 16p2q5 + 6pq6 + q7.
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Note that the permutations σ = 453687921 ∈ Av9(312) and π = 921534687 ∈ Av9(231) in Example 6

correspond to the terms p7 and q7, respectively, or equivalently, to c = (1, . . . , 1) and c = h = sgn,(T,B),

respectively.

Finally, let h = sg9,({2,5,8,9},{1,2,3,7}) = (1, 1, 2, 3, 2, 2, 2, 1) and choose an n-tuple c = (ci)1≤i≤9 =

(1, 1, 1, 2, 1, 2, 1, 2, 1) ∈
∏9

i=1[hi]. Then the quadruple (n, T,B, c), where n = 9, T = {2, 5, 8, 9},
B = {1, 2, 3, 7}, corresponds to permutation σ = 534978216 ∈ S9 obtained as follows (with the block

containing i that replaced the ci−1-th in iteration i marked red):

i |B<i| |T≤i| wi hi ci σ ↾[i] (2i31)σ (312i)σ hi − 1

0

1 0 0 u 1 1 1 0 0 0

2 1 1 l∗ 1 1 21 0 0 0

3 2 1 u 2 1 3 21 1 0 1

4 3 1 l∗ 3 2 34 21 1 1 2

5 3 2 d 2 1 534 21 1 0 1

6 3 2 l∗ 2 2 534 216 0 1 1

7 3 2 u 2 1 534 7 216 1 0 1

8 4 3 d 2 2 534 78216 0 1 1

9 4 4 d 1 1 534978216 0 0 0

Here σ↾[i] denotes the subsequence of σ on values in [i], together with indicating where greater values

will be inserted (except for the rightmost , where greater values simply may be inserted).

Thus, the restricted Laguerre history

(w, h, c) =
u

l∗
u

l∗

d
l∗

u d

d1
1

1
2

1

2

1 2

1

corresponds to the permutation σ = 534978216 ∈ S9, whose permutation diagram is given below.

1 2 3 4 5 6 7 8 9
1

2

3

4

5

6

7

8

9
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4 Destop-Wilf and Desbot-Wilf equivalence in S4

We have several conjectures regarding Destop-Wilf and Desbot-Wilf equivalence for patterns of length

4. Their principal motivation comes from the following. A Dumont permutation of the first kind is a

permutation σ of an even length 2n such that Destop(σ) = {2i | i ∈ [n]}. Jones [11], Burstein and

Jones [6], and Archer and Lauderdale [2] together conjectured Wilf-equivalences of patterns of length

4 on Dumont permutations of the first kind. We generalize these conjectures by claiming that those are

exactly the nontrivial Destop-Wilf equivalences for patterns of length 4 on all permutations.

Conjecture 11. The non-singleton Destop-Wilf equivalence classes in S4 are:

• {1243, 3412},

• {1423, 2413},

• {2143, 3421},

• {2314, 3124},

• {2431, 3142, 3241, 4132}.

Taking the reverse complement of the above patterns yields an equivalent conjecture:

Conjecture 12. The non-singleton Desbot-Wilf equivalence classes in S4 are:

• {2134, 3412},

• {2314, 2413},

• {2143, 4312},

• {1423, 1342},

• {3142, 3241, 4132, 4213}.

Notice that Conjectures 11 and 12 imply that 3142, 3241, 4132 are both Destop-Wilf and Desbot-Wilf

equivalent. For those patterns, we have an even stronger conjecture.

Conjecture 13. Patterns 3142, 3241, 4132 are (Destop,Desbot)-Wilf equivalent.

Both Conjectures 11 and 13 have been verified for avoiders of length n ≤ 10 with the help of Michael

Albert’s PermLab software, see Albert [1].

Note that Conjectures 11, 12, and 13 together imply that {3142, 3241, 4132} is the unique non-singleton

(Destop,Desbot)-Wilf equivalence class in S4. Conjecture 13 also parallels the result of Bloom [5] that

patterns 3142, 3241, 4132 are Des-Wilf equivalent.

Two more cases of Conjecture 11 appear to be part of families of Destop-Wilf equivalences, which we

conjecture to be, in fact, shape-Wilf equivalences, defined below following Stankova and West [13].

Let λ = (λ1, λ2, . . . , λk), where λ1 ≥ λ2 ≥ · · · ≥ λk > 0, be a partition of an integer n ≥ 0. A Ferrers

board is a bottom-left justified arrangement of unit squares with λi squares in each row i = 1, . . . , k (with

rows numbered from the bottom up). A traversal T of a Ferrers board F is a (0, 1)-filling of the cells of

F with exactly one 1 in each row and column. A subset of 1s of T forms a submatrix of F if all rows and
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columns of F containing these 1s intersect inside F . We say that some 1s of T form an occurrence of a

pattern σ if the submatrix they form is equal to the permutation matrix M(σ) of σ (i.e. M(σ) has 1s in

positions (i, σ(i)) for i ∈ [|σ|], with rows numbered from the bottom up and columns numbered left to

right). If a traversal T of a Ferrers board F does not contain any submatrix equal to M(σ), then we say

that T avoids σ. We also denote the set of all traversals of F that avoid σ by AvF (σ).

Definition 14. We say that patterns σ1 and σ2 are shape-Wilf-equivalent if |AvF (σ1)| = |AvF (σ2)| for

any Ferrers board F .

Note that the only boards F of height k which contain a traversal (call those boards traversable) are

boards such λ1 = k (in other words, row 1 and column 1 have the same length) and λi ≥ k + 1 − i for

i = 1, . . . , k (in other words, F contains the staircase shape (k, k − 1, . . . , 2, 1)).
Backelin et al. [3] proved the shape-Wilf equivalence of idℓ = 12 . . . ℓ and r(idℓ) = ℓ . . . 21 for any

ℓ ≥ 1, while Stankova and West [13] proved that 231 and 312 are shape-Wilf equivalent.

Now we can extend st-Wilf equivalence to Ferrers boards for all statistics st among Destop, Desbot,
Asctop, and Ascbot.

Given a traversable Ferrers board F , let λ1 > λ2 > · · · > λl be its distinct part sizes, and let ki be the

multiplicity of λi for each i = 1, . . . , l, so that the shape of F is λ = (λk1

1 , λk2

2 , . . . , λkl

l ) and
∑l

i=1 ki =
k = λ1. Let T be a traversal of F , and let τ ∈ Sk be a permutation such that T = {(i, τ(i)) | i ∈ [k]}.
(In what follows, we will identify T and τ and say that τ is a traversal of F .)

For each j ∈ [l], let ij = k1 + · · · + kj (so il = k), and insert a separator | after each τ(ij) for

j = 1, . . . , l (so the rightmost separator is at the end of τ ). Call the resulting string τ̄F the F -separation

of τ . Now define the following statistics on τ̄F :

• τ(i) is a descent top of τ̄F if τ(i)τ(i + 1) is a block of τ̄F (so τ(i) is not immediately followed by

a separator) and τ(i) > τ(i + 1),

• τ(i) is a descent bottom of τ̄F if τ(i− 1)τ(i) is a block of τ̄F (so τ(i) is not immediately preceded

by a separator) and τ(i− 1) > τ(i), or |τ(i) is a block of τ̄F (so τ(i) is immediately preceded by a

separator).

• τ(i) is a ascent top of τ̄F if τ(i− 1)τ(i) is a block of τ̄F (so τ(i) is not immediately preceded by a

separator) and τ(i − 1) < τ(i),

• τ(i) is a ascent bottom of τ̄F if τ(i)τ(i + 1) is a block of τ̄F (so τ(i) is not immediately followed

by a separator) and τ(i) < τ(i+ 1), or τ(i)| is a block of τ̄F (so τ(i) is immediately followed by a

separator).

Now define Destop(τ̄F ), Desbot(τ̄F ), Asctop(τ̄F ), and Ascbot(τ̄F ) to be the sets of descent tops,

descent bottoms, ascent tops, and ascent bottoms of τ̄F , respectively, and let DestopF (τ) = Destop(τ̄F )
be the set of F -descent tops of τ , and similarly for the other statistics above.

Example 15. Let F be the Ferrers board for the partition (6, 6, 5, 5, 3, 3). Then (i1, i2, i3) = (2, 4, 6), so

a traversal τ = 465231 of F yields τ̄F = 46|52|31|, and thus

DestopF (τ) = {3, 5},

DesbotF (τ) = {1, 2, 3, 5},

AsctopF (τ) = {6},

AscbotF (τ) = {1, 2, 4, 6}.
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Now, for a statistic st ∈ {Destop,Desbot,Asctop,Ascbot}, we say that σ1 and σ2 are st-shape-

Wilf equivalent if, for each traversable board F , there exists a bijection Θ : AvF (σ1) → AvF (σ2) that

preserves the statistic stF , i.e. stF = stF ◦Θ.

Note that line 4 of Conjecture 11 claims that 231⊕ 1 and 312⊕ 1 are Destop-Wilf equivalent. We can

generalize this claim as follows.

Conjecture 16. Patterns 231⊕ σ and 312⊕ σ are Destop-shape-Wilf equivalent for any permutation σ.

Moreover, it appears that patterns 231 and 312 themselves are (Destop,Desbot)-shape-Wilf equiva-

lent.

Similarly, note that the first and third patterns in line 5 of Conjecture 11 are 132⊖1 and 213⊖1. Taking

their complements (which turns descent tops into ascent bottoms), we obtain the claim that 312⊕ 1 and

231⊕ 1 are Ascbot-shape-Wilf equivalent. We can generalize this claim as follows.

Conjecture 17. Patterns 231 ⊕ σ and 312 ⊕ σ are Ascbot-shape-Wilf equivalent for any permutation

σ 6= ∅.

Conjectures 16 and 17 have been verified for σ of size k ≤ 2 on avoiders of length n ≤ 10.

4.1 Recent progress

There has been recent progress in proving parts of Conjecture 11 as well as Conjecture 13. Zhou et al. [14]

proved the following results (related to one another by the reversal and complement maps).

Theorem 18. (Zhou et al. [14, Theorems 1.4, 1.5, 1.6])

• The patterns 3142 and 3241 are (Destop,Desbot,Asctop,Peak,LRmax)-Wilf-equivalent.

• The patterns 3142 and 4132 are (Destop,Desbot,Ascbot,Val,RLmin)-Wilf-equivalent.

• The patterns 2413 and 1423 are (Destop,Asctop,Ascbot,Peak,RLmax)-Wilf-equivalent.

Here Peak(σ) = Destop(σ) ∩ Asctop(σ) is the set of peak values of σ , and Val(σ) = Desbot(σ) ∩
Ascbot(σ) is the set of valley values of σ (also known as pinnacles and vales of σ, respectively). For

completeness, we add the following easy corollary.

Corollary 19. The patterns 2413 and 2314 are (Desbot,Asctop,Ascbot,Val,LRmin)-Wilf-equivalent.

Proof: Permutations avoiding 2413 and 2314 are exactly the reversals of those avoiding 3142 and 4132.

Applying the reversal yields the map

(Destop,Desbot,Ascbot,Val,RLmin) 7→ (Asctop,Ascbot,Desbot,Val,LRmin)

on permutation statistics.
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