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We explore the concept of separating systems of vertex sets of graphs. A separating system of a set X is a collection
of subsets of X such that for any pair of distinct elements in X, there exists a set in the separating system that contains
exactly one of the two elements. A separating system of the vertex set of a graph G is called a vertex-separating path
(tree) system of G if the elements of the separating system are paths (trees) in the graph G. In this paper, we focus on the
size of the smallest vertex-separating path (tree) system for different types of graphs, including trees, grids, and maximal
outerplanar graphs.
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1 Introduction

Given a set X, a collection F of subsets of X is called a weakly separating system or, simply, a separating
system of X if for every pair of distinct elements, a,b € X, there exists a set F' € F such that F separates a
and b, that is, F’ contains exactly one of a and b. We refer to the smallest size of a separating system as the
separation number of X.

Rényi [19] initiated this notion of separation in 1961. In fact, the separation number of a set of size n is
[logn]. By restricting the set X and enforcing some conditions on the elements of F, several interesting
variants of separating set system problems have been studied in the literature [3-5, 7, 17, 22, 26-28]. For
example, when the set X represents the edge set of a given n-vertex connected graph G, an edge-separating
path system of G is defined as a collection of paths in G that separates the edges of G, that is, the elements
of the separating system of X are paths in G. Falgas-Ravry et al. [10] conjectured that the smallest size of
an edge-separating path system of G is independent of the size of the edge set and it is linear in the size of
the vertex set, i.e. O(n); this has been proven recently in [5]. Also, geometric versions of this problem, when
the set X is an arbitrary point set in the plane and the separating sets are geometric objects, like circles and
convex sets, have been studied in [12] and [13].
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Graph class Lower Bound Upper Bound Ref.
n-vertex complete graph, K, [log n] [logn] [19]
d-dimensional hypercube, Q)4 d d [11]
n-vertex path and cycle, P, C,, (5] [5] [11]
Complete bipartite graph, K, Q% - bg&%) (- bg(lf%) [16], Proposition 1

m X n- grid graph, G, , (m,n > 2) [log m + logn] 2[log m] + 2[logn] Theorem 4
Erdds-Rényi random graph G(n,p), p > [logn] w.hp. [logn]+1  [1]

(2lnn +w(lnlnn))/n

Erd6s—Rényi random graph G(n,p), p < w.h.p. w(logn) O(n) [1]

(Inn —w(nlnn))/n

n-vertex tree i 24 0(1) [11], Theorem 3
n-vertex maximal outerplanar graph Q(logn) T+0@1) Theorem 5
n-vertex K ;-minor-free graph with a ver- Q(n®/(t+1) % +0(1) Theorem 7

tex of degree (n?%)

Tab. 1: Summary of previous and new results on the value of f(G) (w.h.p. stands for with high probability).

In this paper, we focus on separating the vertex set of a graph with paths and trees. Let G be a graph and
X C V(QG) be asetof vertices of G. A collection of distinct paths S := {IIy,II5, I3, ..., 1} } in Giscalled a
separating path system of X if for every pair of distinct vertices, u, v € X, thereexistsan £ € {1,2,3,...,k}
such that IT, contains exactly one of u and v. We define a vertex-separating path system of the graph G to
be a separating path system of V' (G). We are interested in the size of the smallest vertex-separating path
system of the graph G, and we denote this number by f(G). Analogously, we define a vertex-separating tree
system of G, when the elements of the separating set S are tree subgraphs of GG, and we denote the size of the
smallest vertex-separating tree system of G by f;(G).

To the best of our knowledge, there exist only a few results in the literature introducing and studying
vertex-separating path systems. Foucaud and Kovse [11] studied this parameter in the context of identifying
codes, and they provide optimal vertex-separating path systems for path and cycle graphs. They also present
the first upper and lower bounds for f(7") when T is a tree. Recently, Arrepol et al. [1], among other variants,
studied vertex-separating path systems of random graphs, and they also improved the upper and lower bounds
of f(T) when T is a tree. In Section 4, we briefly review the known bounds for trees. We then present a tight
lower bound for the size of the smallest vertex-separating path system. In fact, we show that f(7') > % for
every n-vertex tree.

In Section 5, we focus on separating the vertices of an n by n grid using O(logn) paths, where n > 2.
In a related study, Honkala et al. [15] use cycles to separate the vertices of a torus. Notably, Rosendahl [22]
also studies the same parameter as discussed in [15] but for higher dimensions. Additionally, Rosendahl [22]
analyze the precise values of f(K, ,) and f(K3,,), where n € N. In Section 3, by utilizing an old result
by Katona [16], we present a tight asymptotic bound for the value of f (K, ,,), where m and n are arbitrary
positive integers.

In addition to the aforementioned results, this paper also includes a tight upper bound for the value of f(G)
when G is in the class of maximal outerplanar graphs. Moreover, we show that a K5 ;-minor-free graph with
a high-degree vertex requires a polynomial-sized vertex-separating path system for any constant ¢. Next, we
focus on the size of optimal vertex-separating tree systems and we prove that every n-vertex graph with radius
r has a vertex-separating tree system of size at most r + 2logn + 1.

The rest of this paper is organized as follows: In section 2, we start with preliminaries and some simple
observations related to vertex-separating path systems. In Section 3, Section 4, Section 5, and Section 6,
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we will discuss vertex-separating path systems of complete bipartite graphs, trees, grids, and maximal out-
erplanar graphs, respectively (see Table 1). Section 7 will establish a sufficient condition that guarantees a
polynomial-sized lower bound for the size of vertex-separating path systems in certain classes of graphs. Sec-
tion 8 studies vertex-separating tree systems and compares this variant with vertex-separating path systems.
Finally, we discuss some open problems in Section 9.

2 Preliminaries

For integers 0 < a < b, put [a] := {z|zr € Zand 1 < = < a} and [a,b] := {z|r € Zand a < = < b}.
Throughout this paper, we use standard graph theoretic terminology as used in the textbook by Diestel [9].
All graphs discussed here are connected, simple, finite, and have at least 4 vertices. We denote the vertex set
and edge set of a graph G by V(G) and E(G), respectively. We say that a subgraph G’ of a graph G spans a
set S CV(Q)if S CV(G").

A path in G is a sequence of distinct vertices vy, v1, . . ., v, with the property that {v;_1,v;} € E(G), for
each ¢ € [r]. The endpoints of such a path are the vertices vy and v,.. The length of a path is the number of
edges in the path. A path of length zero is called a trivial path. If v is the only vertex in a trivial path II, we
say v creates II. A vertex v € V(G) is called a center of the graph G if the largest distance of v to other
vertices in V(G) \ {v} is minimal (a center vertex may not be unique).

Anm x n grid Gy, 5, is a graph with vertex set V(G n) := {0,1,2,...,m — 1} x {0,1,2,...,n — 1}
and edge set E(G,.n) = {(4,7)(#,7)|0 <4,/ <m,0<j4,j <nand|i—i|+|j—j'| = 1}. For a vertex
(,7) € V(Gm,n), we define the projection functions as 7, (¢, ) = ¢ and m, (4, j) = j. Each column of G, ,
consists of vertices with the same , value, that is the vertex set {0,1,2...,m — 1} x {j} for some fixed
j€4{0,1,2,...,n— 1}. Similarly, each row of G, ,, consists of vertices with the same ,, value, that is the
vertex set {¢} x {0,1,2,...,n — 1} for some fixed ¢ € {0,1,2,...,m — 1}. A set C of columns (rows) is
consecutive if Gy, ,[UC] is connected.

Let G be a graph and let X be a non-empty subset of V(G). A labeling of X is a function ¢ : S —
[0,2M°8 X1 — 1], This labeling is called nice if for each 1 < i < [log|X|], the graph induced by (V(G) \
X) U X contains a path that spans the set X; := {v € S | the i-th bit in the binary representation of ¢(v) is
1}

Theorem 1 ([19]). Let G be a graph and let X be a non-empty subset of V(G). Then X has a separating
path system of size [log | X || if and only if X has a nice labeling.

Let n and k be positive integers. A separating path system of size k can separate at most 2* vertices from
each other, therefore for any graph G with n vertices, f(G) > [logn] [19]. Since every induced subgraph
of K, has a spanning path, by taking X = V(G) in Theorem 1, we have f(K,) = [logn] (Note that any
labeling of V(G) is nice). If we are aiming to cover V(G) using the same set of paths in the separating
system, we need at least [log (n + 1)] paths.?) By Theorem 1, we have that f(Qx) = k, where Qy, is the k-
dimensional hypercube [11]. As we will be referring to them in the sequel, we state the value of the parameter
f for paths and cycles.

Observation 1. ([11, Theorem 15]) For every integer n > 3, f(P,) = f(Cyn) = [§], where P,, and C,,
denote an n-vertex path and cycle, respectively.

3 Complete Bipartite Graphs

To initiate our study, we consider separating path systems of the vertices of complete bipartite graphs Ky, ,,.
It is worth mentioning that vertex-separating cycle systems of K, ,, have been studied in [22]. Let m and
n be two positive integers with m < n. Note that the length of the longest path in K, ,, is 2m. Katona
[16] provided bounds for the size of the smallest separating set system of [n] where each set in the separating
system has size at most 1 < k < n. In fact, he showed that if 7(n, k) is the size of the smallest such

@ This is equivalent to not using the label 0 for any vertex in V' (G) (cf. [11, Proposition 2]).
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separating set system, then 7 - _logn T(n, k) < ¢ 19827 Brom this result, we note that f(Kmn) =

log (en/k) “Tog (n/k)
(- mgﬁ%). Since our construction is somewhat simpler, we provide a different proof for the upper
bound of f (K, n)-
Proposition 1. f(K,, ) = O(Z - log(llm%),for integers n. > m > 0.

Proof: We build a vertex-separating path system of the given size. Let L refer to the m vertices on the
smaller part of K, ,, and R refer to the other part of size n. For subsets X C L and Y C R, we denote
the induced subgraph of K,,, , on X UY by K(X,Y) := K,, ,[X UY]. In order to separate the vertices
of L from R, consider a subset R* C R of size m. Partition L into two almost equal size sets, L; and
Lo. Similarly, partition R’ into R} and R5. By adding four paths covering the vertex sets of K (Ly, R}),
K(L1,R}), K(Lo, R}), and K (Lg, R}), we separate the vertices of L from the vertices of R.

Next, if m = n, then Theorem 1 implies that f(K,, ) = ©(logm). More precisely, we separate the
vertices of L from each other using a nice labeling of the vertices L. That is we assign labels 0,1,...,m —1
to the vertices of L in arbitrary order. For each 1 < ¢ < [logm], using vertices in R, we create a path that
spans only those vertices in L whose ¢-th bit in the binary representation of their labels is 1. Similarly, we
separate the vertices of R from each other.

Now assume n > m. First, similar to the case K, ,, using O(logm) paths, we separate the vertices
in L from each other. It remains to separate the vertices within R from each other. To achieve this, define
K := [Z] and consider an auxiliary tree 7 having the elements of R at its leaves, in which each internal

node has K children. We refer to the vertices of 7 as nodes. Note that the height of 7 is O( f;’gg; ). In order to
simplify the explanation, we assume that n is a power of K (otherwise, each internal level of 7 will contain
at most one node with less than K children). For each node w in this tree, let S,, denote the set of elements

of R that are stored in the subtree rooted at w.

For each internal level £ in the tree, and for each i = 1,2,3,..., K, let R(¢,%) be the union of all sets .S,,,
where u ranges over the i-th child of all nodes at level £. Note that the size of R(¥,7) is at most m. We add a
path in K (L, R(¢,1)) that spans R(¥, %) to the separating path system.

Now, we show that the set of selected paths in the previous paragraph separates the vertices of R from
each other. Let r and ' be two distinct vertices in R. Let v and v’ be the leaves of 7 that store r and 7/,
respectively. Let u be the lowest common ancestor of v and v’ in T, and let £ be the level of u. Let 7 be such
that r is in the subtree rooted at the i-th child of u, and define ¢’ similarly with respect to r’. Since 7 # ¢/, the
vertices r and 7’ are separated by the spanning path in K (L, R(¢,1)).

In this construction, 7 has O(llggg;) levels, and in each level we select O(K) paths. Therefore, the total

number of paths used to separate the vertices of K, ,, is O(logm+ K - 11§gg;é) = O(logm+ 7= 10;?%) _
logn .

O - m), since K = [Z]. -

As a corollary of Proposition 1, one can show that the value of the parameter f(G) for n-vertex graphs G,
asymptotically, can be as large as any sub-linear polynomial on n.

Corollary 1. Let 0 < & < 1 be a real number. For any positive integers m and n, with m = n'~?,

f(Kpn) =0(n%).
4 Trees

As mentioned in the introduction, the smallest size of vertex-separating path systems of trees has been studied
by Foucaud and Kovse [11] and Arrepol et al. [1]. In particular, Foucaud and Kovse [11] show that f(T") <
22 4 O(1), for any n-vertex tree 7. Moreover, they show that for the star K1 ,,—1, f(K1,,—1) = 2% 4+ O(1).
Thus K ,—1 serves as a matching lower bound example. Arrepol et al. [1] provided bounds as a function of
the number of degree one vertices and degree two vertices in 7', denoted by A; and A respectively, and the
number of special bare paths Z — the number of paths of length at least two in 7" such that its two endpoints
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have a degree at least three and all the other vertices on the path have degree two. Their bound for trees reads
as follows:

Theorem 2. ([1, Theorem 3.4]) Let T be a tree with A1 degree one vertices, As degree two vertices, and T
special bare paths. Then,
{{2A1+AQIW {AlJrAQIH 24, AT
max ,

2 5 gf(T>s7+ 5

+0(1).

In this section, we present a tight lower bound for the size of an optimal vertex-separating path system of
any n-vertex tree as a function of n. Our lower bound does not follow directly from Theorem 2. For example,
one can check that if 7" is an n-vertex tree obtained from a binary tree where every edge between two vertices
of degree three is subdivided once, then Theorem 2 implies that f(7") > %”.

Theorem 3. Let T' be an n-vertex tree. Then f(T)) > %. Moreover, this lower bound is tight (up to an

.. . o . V(T
additive constant), since there are infinitely many trees T with f(T) < ‘Sf)l + O(1).

We start with a simple observation relating the low-degree vertices of a graph with the endpoint of paths in
an arbitrary vertex-separating path system.

Observation 2. Let G be a graph and let S be a vertex-separating path system of G.

(I) Let Ay be the number of degree one vertices in G. At least A1 — 1 degree one vertices are the endpoints
of some path in S.

(II) LetI1 € S be a non-trivial path such that both endpoints, say u and v, of I1 are degree one vertices of
G. There exists a path TI' € S, TI' = 11, such that T contains exactly one of u and v as an endpoint.

(IlI) Let w and v be two adjacent degree two vertices of G. There is a path in S that ends in exactly one of
u and v.

(IV) Let u be a degree one vertex of G that is adjacent to a degree two vertex v. If there is no trivial path
containing w in S, there exists a path in S with v as an endpoint that does not contain u.

We will use this observation to prove a tight lower bound for f(T") where T is an arbitrary n-vertex tree.

Proposition 2. Let n > 2 be an integer and T be an n-vertex tree. Then f(T) > 4.

Proof: Let T be an arbitrary n-vertex tree. Let A;, Ao, and A>3 be the number of degree one, degree two,
and degree at least three vertices of T, respectively. Let S be a vertex-separating path system of 7". If T" is a
path then by Observation 1, |S| = [5] > 7. Therefore, we can assume 7 is rooted at a vertex of degree at
least three. Let ¢ be the number of leaves of 7" that create trivial paths in S. We prove the lower bound by
induction on pair (¢, n) in lexicographic order. For the base case, assume that ¢ = 0.

We say that an edge e = {z,y} in T is good if x is a degree two vertex of T and y is the only child of z
such that y is either a vertex of degree at most two or there is no path in S that contains y but does not contain
xZ.

Claim. For each good edge e € E(T), there exists a distinct endpoint of some path in S located on a degree
two vertex of e.

Proof: Let {z,y} € E(T) be a good edge where x is a vertex of degree two and y is the child of z in 7. We
have three cases:

(I) y is a vertex of degree one. By Observation 2 (IV) and since there is no trivial path in S (¢ = 0), there
is a path IT € & such that one endpoint of II is on the degree two vertex x and II does not contain y.
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(II) y is a vertex of degree two. By Observation 2 (III), there is a path II € S that ends in exactly one of x
and y; in fact, II separates = and y.

(1) y is a vertex of degree at least three and every path of S that contains y also contains x. Then, in order
to separate x and y, there exists a path in S that ends at x not containing y.

For a good edge e € E(T), according to these three cases, an endpoint of some path in S is at a degree
two endpoint of e. Let u be a vertex of degree two, then each non-trivial path with one endpoint at u contains
one of the neighbors of u. Therefore, an endpoint of a non-trivial path in & does not separate endpoints of
two good edges. If a degree two vertex is a trivial path in S, we consider two endpoints for that trivial path.
Therefore, each good edge has a distinct corresponding endpoint of a path from S.

Claim. The tree T has at least As — |S| good edges.

Proof: Let u be a vertex of degree two, and v be its only child in T". If v has degree at most two, then the
edge {u,v} is a good edge. For each path IT € S, only the parent of one vertex in V/(IT) is not in II. Hence,
there are at most |S| degree-two vertices u € V(T') such that its child v in T" has degree at least three, and
there is a path in S that contains v but does not contain u. Therefore, there are at least A — |.S| good edges
inT.

Let L be the set of degree-one vertices in 7', and note that [L| = A;. Let D be the set of degree two
vertices v € V(T), for which there exists a path IT in S that has v as an endpoint. We use a charging scheme
to prove the lower bound. We assign a charge of 1 per path in S. Then we consider the following discharging
rules. Let II € S be a path with « and v as endpoints.

(D If u,v € LU D, then both u and v get & charge from II.

(I) Ifu e LUD andv ¢ LU D, then u gets 1 charge from II.

After discharging, every vertex in D gets at least % charge. Denote by chp the total charge stored at the
vertices of D. Recall that for each good edge e € E(T), there exists at least one endpoint of some path
in S located on a degree two vertex of e. Note that these endpoints are distinct. Therefore, chp is at least

3(A2 —[8]).

Let X be the set of all vertices in L such that there exists a path II € S with one endpoint in X and one
endpoint in D. Let r = | X|. By definition of X, & is another lower bound for chp, thatis chp > 7. Then
by Observation 2 (I, IV), at least Z(|L| — r — 1) charge is located on vertices in L \ X (cf. [11, Proposition

12]). Hence,

2 1 2 1 2
> (L =r—1) 4 = A - _2
|8|_3(| | —r )+2r+chp ;4 6r+chp 3 (W)

We consider two cases:

(@) 7> Ay — |S]: By (#) and chp > %, we have

2 1 2 2 1 2
S| > A1 ——r+chp—=>-A1+-r—

Z>
3 6 373 3 3~

2 1 2
AL+ (A —|S]) - .

(b) 7 < Ay — |S|: By (#) and chp > 1(As — |S|), we have

1 2
Al + *(AQ - |S|) — 5

2 1 2 1 1 2
>ZA - = _Z> — = (Ay— Z(Ay—|S) =2 >
|S| > 3A1 67“+ChD 32 Ay 6(A2 |S]) + 2(A2 1S]) 372 3

[SSIR )

2
3
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In both cases, we have |S| > 24, + 1(A; — |S|) — 2, that is

1
2

1 1 1 11 1 1 1
=-A1+-As+ A —->-A+ A+ - (A 2)— ==
At A2+ A 1+42+4(23+)2

1 1
SI>=A —Ay —
‘|_21+42 2< 1

INE

For the induction step, assume ¢ > 0 and let v € V(T') be a leaf that creates a trivial path in S. We
consider two cases:

Let u € V(T) be the only neighbor of v in T'. Assume u creates a trivial path in S and the edge (v, u) is a
path in S. Let S’ be a set obtained by removing the trivial path corresponding to v from S. Observe that S’
is a vertex-separating path system of 7". By induction hypothesis, we have |S| > |S'| > %.

Otherwise, let 77 be the tree that is obtained from 7" by removing v. Let S8’ be a vertex-separating path
system of 7" obtained from S by excluding trivial path at v and removing v from every path in S. Since the
number of trivial paths in S’ is not greater than ¢ and the number of vertices of 7" is one less than the number
of vertices of T, we have |S'| > L. Therefore |S| > 2 +1 > 2. O

In order to prove the tightness, we build infinitely many trees 7" such that their vertices can be separated
using Y 1 O(1) path
g — paths.

Proposition 3. There are infinitely many trees T with f(T) = w +0(1).

Proof: Consider a planar drawing of the complete binary tree By, of height A — 1, with 2" — 1 vertices, for
a positive integer h. We label the leaves of Bj, with the numbers 0,1,2,...,2"~! — 1 from left to right.
We construct a vertex-separating path system, denoted by S, for Bj,. S contains the unique path between
the leaves labeled ¢ and i + 1, for each ¢ with 0 < ¢ < 2"~ and ¢ # 0 (mod 4), and the unique path
between the leaves labeled 0 and 2"~1 — 1 (see Fig. 1). If we connect the leaves labeled with consecutive
numbers by an edge, we obtain a planar graph where each path corresponds to a face of this graph. Due to
the properties of the complete binary tree, every pair of non-adjacent vertices in this planar graph is incident
to at most one common internal face. Using a simple inductive argument, it can be shown that S is indeed
a vertex-separating path system of Bj. Moreover, every pair of edges is separated from each other, meaning
that every pair of distinct edges e; and e in E(T') are separated by a path in S (Except the edges incident to
the root).

We number the levels in By, from 1 to h, where the root is at level one. Next, by adding 2h=2 _ 9 vertices,

we subdivide every edge with both endpoints at the levels at most i1 — 2. Then, consider all the edges with
one endpoint at level - — 2 and another endpoint at level i — 1 in the left to right order. We subdivide every
second one of such edges. This step will add 2"~3 vertices to the graph (see Fig. 1). We refer to the tree
obtained after these modifications, with 2" 4+ 27=2 4+ 2h=3 _ 3 vertices, as B ... Let S’ be the set of paths in By,
with the same endpoints as the paths in S. To show that S’ is a vertex-separating path system of B}, we only
need to consider the separation of subdivision vertices (the separation from the root of By is a special case
and will be handled separately). Every subdivision vertex v is on two different paths in S’ and is incident to
two vertices of degree three, say v; and vo. Therefore, by construction, there are three different paths going
through each neighbor of v, while exactly two of them pass through v. To separate v from other vertices in
V(B;},) \ {v1,v2}, we consider the cases where u is a subdivision vertex, an internal vertex of By, or a leaf
of Bj,. In the former two cases, we use the fact that there is an edge incident to w that is separated by a path
in S from the edge on which v is located. For the latter case, we note that at least one of the two paths that
go through the edge {v1,v2} in By, does not cover the vertex w.

For each 0 < ¢ < 21 where # mod 4 = 2, according to our construction, there exists a path of length two
between the leaf labeled ¢ and ¢ 4 1. As the final step of the construction, we create the tree 73, by adding an
edge to each leaf located at £ + 1. We extend the path of length two between £ and £ + 1 in S’ to cover the
new edge (indicated by dashed edges in Fig. 1). Once again, based on our construction, the extended paths
of length three will separate the new vertex from the rest of the vertices. This final step adds 2"~ vertices to
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0 1 2 i3 4 5 6 78 9 10 11 12 13 14 315
1 1 1 1
5 ) S 5
3 7 11 15'

Fig. 1: The tree T5 obtained from the complete binary tree of height 4.

obtain the final tree, resulting in a total of 3 - 2h=1 _ 3 vertices in T},. As mentioned before, the only vertex
that is not separated from its two neighbors is the root of the binary tree, and this can be solved by adding
two extra paths.

Now if P denotes our vertex-separating path system of 7}, then we have

1 1
P|<3-2" 3 42« 1 [V(Th)| +3= 1 |V (T3)| + O(1).

By combining the previous two propositions, one can establish the proof of Theorem 3.
5 Grid Graphs

In this section, we study vertex-separating path systems of grids. Vertex-separating cycle systems of the
m X n torus have been studied in [15] and [22]. Here, we separate the vertices of an m X n grid, G, »,, using
paths. We start with a simple observation about the existence of a Hamiltonian path in grid graphs.

Observation 3. Let m and n be two positive integers. The grid Gy, », has a Hamiltonian path with both
endpoints on the last row.

Now we state the main theorem of this section regarding the value of f(G,, ,) when m,n > 2.
Theorem 4. Let m,n > 2 be two integers. Then f(Gu, ) < 2[logm] + 2[logn].

Proof: Let m,n > 2 be two integers. Recall that we represent the vertex set of G, , by V(G ) =
{0,1,2,...,m—1} x{0,1,2,...,n — 1}. To begin with, we separate the vertices within different columns
of the subgrid induced by the first m — 1 rows of G, ,, from each other by a separating path system of
size O(logn). With a similar idea as in Theorem 1, we find a nice labeling of the columns. For each
2<i<[logn],let A; = {(z,y) € V(Gm.n) |z < m — 1 and the i-th bit in the binary representation of
y is 1}. We construct a spanning path of A;, say II;, such that IT; does not intersect the first m — 1 rows of
G, On vertices other than vertices in A;.



On Separating Path and Tree Systems in Graphs 9

0101
0110
7: 0111
13: 1101

o O 0: 0000

o] O 1: 0001
o]
(e]

O 4: 0100

i 6:

o
O
O
o

} { { { LA 1110

15: 1111

O 8: 1000

O 2: 0010
O 3: 0011
Q 9: 1001
QO 10: 1010
O11: 1011
QO 12: 1100

o o (o} O O O O o] o o

Fig. 2: Path II3 in blue colour and path II; in orange colourina 7 x 16 grid

Note that, for each 2 < i < [logn], each component of G[A;] consists of at least two consecutive
columns of G. By Observation 3, we consider a Hamiltonian path with endpoints on the (m — 1)-th row
for each component of G[A;]. We can merge the Hamiltonian path of these sub-grids using the m-th row.
Therefore, I1; as a spanning path of A; exists (e.g. path I3 is depicted in Fig. 2). By construction, this

set of paths will separate the vertices of every pair of columns, except for | 2| pairs of columns, namely

2
{0,1},{2,3},{4,5},... . {2[5] — 2,2[5] — 1}

For the purpose of separating these pairs of columns, we introduce the set A; = {(z,y) € V(Gnn)lz <
m — 1 and y mod 4 = 1 or 2}. We then construct a spanning path II; for the vertices of A; follow-
ing the same procedure as described previously for Ila, ..., IIjog ) (refer to Fig. 2). Overall, the paths
1y, o, I3, . . . , I[10g ) separate every pair of vertices located in the first m — 1 rows and in different
columns. By repeating the same idea for the last m — 1 rows, we can guarantee that with 2[logn|] paths,
every pair of vertices u,v € V(G ) is separated if 7, (u) # 7, (v).

Using an analogous construction, a set of paths with a size of 2[logm | would separate vertices located in
different rows. Since every pair of vertices in V(G,, ,,) differs in their 7, or/and 7, values, these paths will
form a vertex-separating path system of size at most 2[log m| + 2[logn]. O

6 Maximal Outerplanar Graphs

In this section, we explore vertex-separating path systems of maximal outerplanar graphs, i.e., graphs that
are triangulations of convex polygons. The inner dual of a maximal outerplanar graph is its dual where the
vertex corresponding to the outer face is removed. Theorem 4 implies that f(G2,) = O(logn). Hence,
unlike trees, there are outerplanar graphs with a vertex-separating path system of size O(logn). The class of
trees is a subclass of outerplanar graphs. Therefore, we cannot hope to improve the upper bound for the class
of outerplanar graphs in general. However, since each 2-connected outerplanar graph G has a Hamiltonian
cycle, using Observation 1, one would notice that f(G) < [%1 In fact, considering maximal outerplanar
graphs leads to a further improvement in the upper bound. As a building block of maximal outerplanar graphs,
we first consider the fan graph, F,, on n vertices, that is, a path P,,_; on n — 1 vertices and an apex vertex
connected to all the vertices of the path.

Lemma 1. Let F,, be the fan graph with n vertices. Then f(F,) =n/4+ O(1).

Proof: Let P be a vertex-separating path system of F,,. Using P, we obtain a vertex-separating path system,
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Fig. 3: An outerplanar graph in which the inner dual is a path. The black vertices represent the apex vertices of maximal
fan subgraphs.

P’, for P, _. For each path IT € P, if II contains the apex vertex of F,, then we create at most two paths for
P’ from II by removing the apex vertex, otherwise, we include IT in P’. Since P is a separating path system
for F,,, P’ is a separating path system for P, ;. By Observation 1, we know ["T’lw = f(Pno1) <2 f(F,),
therefore, f(F,) > 21,

To prove the upper bound, we construct a separating path system of size %10 when n > 6. Let I be the
n—1

induced path of size n—1 in F,,. We split I into sub-paths II; and IL,. of sizes LTJ and (”qu , respectively.

In order to separate the vertices of II; and IL,., we include the path II; in the separating path system. Again

by Observation 1, we construct a separating path systems P; and P, of sizes at most PH—QI—‘ < % for II;

and II,., respectively. Since every pair of vertices u € II; and v € II,. are already separated, we can merge
the paths of P; and P, through the apex of F},. Moreover, we add a single vertex path on the apex to separate
the apex form the rest of the vertices in V' (F},). By construction and the fact that n > 6, observe that this set
of paths is a vertex-separating path system for F;,. Hence, f(F),) < % +2< %10. O

In Section 7, we confirm that, indeed, having just one high-degree vertex in an outerplanar graph is suf-
ficient to establish a polynomial lower bound for the size of a vertex-separating path system. To extend the
result of Lemma 1 to all maximal outerplanar graphs, we make the following observation.

Observation 4. Let G be a maximal outerplanar graph such that the inner dual of G is a path. Then G
can be decomposed into maximal induced fan subgraphs, Fy, Fy, Fs, ..., Fy, such that G = Ui-c:l F; and
\V(F;) NV (F;)| <2for1 <i<j<k

Lemma 2. Let G be an n-vertex maximal outerplanar graph such that the inner dual of G is a path, then

f(G) < 4 +0Q)

Proof: Let F := {Fy, F5, F5, ..., F}} be the set of all maximal fan subgraphs of G, as in Observation 4.
Assume k > 1, otherwise, the result is implied from Lemma 1. For each 1 < i < k, the vertex set of the
graph F; consists of an apex vertex a; and vertices, V; := {v; 1,;,2,0i3, ..., Vin, }, along an induced path
on the outer face of G in clockwise order. Note that 2 < n, = |V (F;)| — 1 and a; is the unique common
neighbour of the vertices in V;. Moreover, if 1 <@ < k, v; ,, = V(i41),1-

Since the inner dual of G is a path, G contains exactly two vertices of degree two, say o and /3. There
are two different paths, P,3 and Pg,, between o and 8 on the outer face of G. None of the vertices «
and [ is an apex vertex for any graph in F (See Fig. 3). We partition the set F into two sets of almost
equal size Fo = {F; € Fla; € Pap} and F1 = {F; € Fla; € Pgo} and define Vg := Up 7, Vi and
Vi = Up,ex Vi- Vo and V) create a partition of V(G) and G[Vo] and G[V1] are two disjoint paths on the
outer face of G.
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Foreach i € {0, 1}, let G; be the fan graph obtained by contracting the connected subgraph G[V;] of G into
a single vertex. We separate the vertices within V; from each other by applying the result of Lemma 1 to G;_;,
where the subgraph G[V;_;] plays the role of the apex vertex in the construction explained in Lemma 1. To
separate the vertices of V() and V; from each other, we only need to consider one extra path, namely G[V;] or
G[V4]®. So the total number of paths used to separate V(G) is atmost f(Go)+ f(G1)+1 < 2+0(1). O

Theorem 5. Let G be an n-vertex maximal outerplanar graph for n > 3. Then f(G) < % +O(1). Moreover,
this upper bound is tight up to an additive constant.

Proof: Let n be the number of vertices of G and k be the number of leaves of the inner dual of G. We
prove this statement by induction on pair (k,n). For the base case, note that the inner dual of each maximal
outerplanar graph contains at least two leaves and Lemma 2 proves the statement when the number of leaves
is equal to two.

For the inductive step, if the inner dual of G has at most & leaves, where 3 < k < 19, then we decompose
G into constant number of maximal outerplanar graphs G1, G2, G3, ..., Gi_1, such that G = Uf;ll G, and
the inner dual of G; is a path and [V (G;) N V(G;)| < 1for1 <i < j < k. Foreach1 < i < k, let P; be
the separating path system obtained by applying Lemma 2 to G;. By construction, each P; is a covering path
system for G;. Consider P = Uf;ll ‘P; as a separating path system of GG. Since k is a constant, we have

k—1 k—1
TEENIOEDS (V(f) ; om) <"+ o).
=1 i=1

Now assume that the inner dual of G has k& > 20 leaves. We use at most [log(k + 1)] paths to separate the
degree two vertices of G associated with these k leaves of the dual. Let S be the set of degree two vertices of
G; thus, |S| = k. We are aiming to find a nice labeling for the vertices of S. The graph G’ = G[V(G) \ 5] is
a maximal outerplanar graph. We show that for each A C S, there exists a path in G that covers all vertices of
A and no vertex of S\ A. Because no two vertices of degree two of G are adjacent, every degree two vertex of
G is adjacent to two consecutive vertices on the outer face of G'. We construct such a path by considering a
Hamiltonian path of G’ and extending it to contain only the vertices of A. Therefore, we can apply the result
of Theorem 1, to separate the vertices in S from each other by a separating path system of size [log(k + 1)]
(the plus one in the log function is to ensure that the constructed separating path system covers S). Observe
that G’ is a maximal outerplanar graph with a strictly smaller number of vertices and the number of leaves in
its inner dual is no more than the number of leaves in the inner dual of G. We apply the induction hypothesis
to the graph G’. Since MZH)] < % for k > 20, we have

£(6) < £(@) + Nog(k + 1] < 1 001) 1 o+ 1)1

< W(47G)‘+0(1) :%+0(1).

Lemma 1 proves the tightness of this upper bound up to an additive constant. O

7 Graph Classes With Polynomial Lower Bound
This section will demonstrate that for every positive integer ¢, Ko ;-minor-free graphs with a high-degree
vertex require a polynomial-sized vertex-separating path system.

To begin with, we introduce the Vapnik—Chervonenkis (VC) dimension of a set system and the relevant
concepts. Let (X, S) be a set system. We say that a subset A C X is shattered by S if every subset of A

) T the proof of Theorem 5, we include both G[Vp] and G[V4] in the vertex-separating path system. This guarantees that the resulting
separating system covers V (G).
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can be expressed as the intersection of some B € S with A. We define the VC-dimension of (X, S) as the
supremum of the sizes of all finite subsets of X that can be shattered by S. We define the shatter function of
a set system (X, S) as:
k)= BNY |BeS}.
ms(k) = | max I | H
In words, 7s(k) is the maximum possible number of distinct intersections of the sets of S with a k-element
subset Y of X. It is bounded by the following lemma:

Lemma 3 ([18, 23-25]). Ler (X,S) be a set system with VC-dimension d then ns(k) < ®4(k), where
Dy(k) = (ﬁ) + (]1“) +-- 4 (Z) In particular, for k > d one has ws(k) < (%) - k%, where e is Euler’s
number.

The dual set system of (X,S) is the set system (S, X'*), where X* := {S,|r € X} and S, := {B €
S|z € B}. The dual shatter function of the set system (X, S) is the shatter function of the dual set system
of (X,S) and is represented by 75 (k). For a set system (X,S), a set B € S crosses a pair of elements
{z,y} C X if and only if exactly one element in {z, y} is contained in B. In the terminology of this paper,
we say B separates {x,y}. A matching on the set X is a disjoint collection of pairs of elements of X. A

perfect matching of X is a matching of size |)2(—‘ . We define the crossing number of a matching M on the

elements in X with respect to S to be the maximum number of pairs in M crossed by any set B € S. The
following result illustrates the relationship between the dual shatter function and the crossing number of a
matching on a set system.

Theorem 6 ([8],[14]). Let (X,S) be a set system with | X | = n and dual shatter function 7% (k) = O(k?).
Then there exists a perfect matching on elements of X with crossing number O(nl_l/ 1) with respect to S.

Now we are ready to state the main theorem of this section regarding a graph class with a polynomial-sized
vertex-separating path system.

Theorem 7. Lett > 0 be an integer and G be a K i-minor-free graph. Let vy € V(G) be a vertex of degree
Q(n%). Then there exists an € = €(t,8) = = such that for any vertex-separating path system P of G, we

t+1
have |P| = Q(n°).

Proof: Let P be a separating path system of G. Define the set P’ using P as follows. For each path IT € P,
if vy € V(II) then we include in P’ at most two subpaths of II created by removing vg from IT; otherwise,
we include IT in P’. Note that |[P’| < 2 - |P].

Consider the set system (X,S) where X := N(vg) and § := {X NI | II € P’'}. Let (S, X*) be the
dual set system to (X, S). We claim that the set system (S, X*) has a VC-dimension at most ¢ + 1. Assume
to the contrary that (S, X'*) has a VC-dimension of at least ¢t + 2. Let Q := {IIy,IIo, ..., I, 1,1, 15} be
a set of ¢t 4+ 2 distinct paths in S which are shattered by X'™*. By definition, for each 1 < i < ¢, there are
distinct vertices {21, Za, ..., %, Y1, Y2, - - - t } such that x; € II;11 N1I; and z; is not contained in any other
paths in Q. Similarly, y; € II;42 N1I; and y; is not contained in any other path in Q. For each y;, let y. be
the neighbor of y; on the path II; we meet by traversing it from z; to y;. Let I, be the sub-path of II; from
x; to y.. Let H be the graph obtained by contracting IT;1; and all of the II/ to a vertex. By deleting some
further edges from H we obtain a star with the leaves y1,¥2, ..., y:. Hence G contains a minor of K, a
contradiction.

By Lemma 3 and Theorem 6, there is a matching M of elements in X such that each set B € S crosses
and therefore separates O(n‘;(lfl/ (tH))) pairs of elements in /. Hence to separate every pair in X, we need
Q(nd /nd0=1/(t+1)y = Q(nd/(t+1)) paths in P’. This implies that any vertex-separating path system of G
must have size Q(n?®/(¢+1), O

Remark 1. The dual of a set system with a bounded VC-dimension has a bounded VC-dimension [2]. Using
this fact and Lemma 3, for a set system (X, S) of VC-dimension d, we have that 7% (k) = O(k;Qd+1 ). There-
fore, in the proof of Theorem 7, to obtain an upper bound for the VC-dimension of the dual set system (S, X*),
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we might only rely on the upper bound of the VC-dimension of the primal set system (X, S). It is not hard
to see that the VC-dimension of the primal set system is also at most t + 1. However, to obtain an improved
lower bound for the size of the vertex-separating path system of G, we directly study the VC-dimension of the
dual set system.

As a corollary of this result, every outerplanar graph with a high degree (polynomial-sized) vertex requires
a polynomial-sized vertex-separating path system. On another note, the result of Theorem 7 can be gener-
alized to K3 ;-minor-free graphs in a natural way. In fact, for a positive integer ¢, if G is a K3 ;-minor-free
graph with two vertices uo and vy, and the common neighborhood of uq and v has a size of Q(n?), then
there exists an e := €(t, ) such that any vertex-separating path system of G is required to have a size Q(n°).
This, in turn, implies that every bounded genus graph with two vertices having a polynomial-sized common
neighborhood requires a vertex-separating path system of polynomial size [6, 20, 21].

8 Separating Tree Systems

In this section, as a generalization of separating path systems, we study separating tree systems for the vertex
setof a graph GG. Recall that f;(G) is the size of a smallest vertex separating tree system of the graph G, that is,
the smallest number of subtrees, 77,15, T3, . . ., T, of G, such that each pair of vertices is separated by one of
these trees. As a comparison, notice that in contrast to separating path systems, fi (K, ) = O(log(n +m))
[22].

Theorem 8. Let T' be an n-vertex tree. Then log(n) < fi(T') < n/2+log(n) + O(1), and these bounds are
tight (up to lower order terms).

Proof: Let v* be a centroid of 7', that is, a vertex of 7', such that its removal results in connected components,
each of size at most &. We root each component of 7"\ {v*} at a neighbor of v*. First, we separate the vertices
of different components from each other. With an idea similar to Theorem 1, we assign a binary string of
length [log (deg(v*))] < logn + 1 to each component of 7"\ {v*} and for each bit position we consider a
spanning tree of v* and all components whose bit is 1 at this position.

Within each component of 7"\ {v*}, we consider the paths from the root of the component to each of its
vertices. Note that by the property of centroid, there are at most 5 such paths in each component. We order
these paths within each component arbitrarily. Using the vertex v* as a common neighbor, we merge the
paths with the same index into one tree. This set of T trees will separate the vertices located in the same
component. To separate v* from all the other vertices, we add one single-vertex tree, covering v*. In total we
have at most 5 + logn + O(1) trees.

The 5 term in the upper bound is the best possible, because if the tree 1" is a path, then a vertex-separating
tree system is equivalent to a vertex-separating path system and, by Observation 1, we know that f;(P,) =
[g] By Theorem 1, the lower bound is trivial, and observe that by the above construction, one can see that
ft(Kin—1) =logn+ O(1). O

In the rest of this section, we prove an upper bound on f;(7') in terms of the number of vertices and the
radius of the tree T'. For a non-empty subset S of non-negative integers, define b(.5) to be the bitwise OR of
the elements of S. If k is the smallest integer such that max(S) < 2%, define ¢(S) := {2F — 1 — x|z € S}.
In other words, the elements of ¢(.S) are obtained from the elements of .S by flipping the first k bits in their
binary representation.

Lemma 4. Let [l1,71] and [l2, r2] be two disjoint intervals of integers, where, 0 < Iy < 11 < ly < ro. Then

b([l1,m1]) # b([l2,m2]) or b(c([l1,m1])) # blc([l2,72])).

Proof: Let k be the smallest integer such that 5 < 2. We prove the lemma by induction on k. If & = 1,
we have Iy = r; = 0 and lo = ro = 1, therefore, b([l1,71]) # b([l2,72]). Let kK > 2 and assume that the
statement is true for all values less than k. In order to prove the statement for k, we consider three cases:
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o 71 < 281 Then the k-th bit in b([l;,71]) is 0. While, by definition, the k-th bit in b([l2, 72]) is 1, we
have b([ll, 7“1]) 75 b([lg, ’I“QD.

o 71 > 2F"1and [} < 2F1: Since Iy > 2871, the k-th bit in b(c([l2, r2]) is 0. Since I; < 2871, the k-th
bit in b(c([l1,71]) is 1. Thus, b(c([l1,71])) # b(c([l2, 72])).

o [y > 2F=1: In this case, the k-th bit is 1 in the binary representation of every integer in [Iy,71] U [l2, o).
In consequence, b([l;,7;]) = b([l; — 2F~ 1, 7, — 28=1]) + 28— L and b(c([l;, 7)) = ble([l; — 2871, 7y —
2F=11)) for i € {1,2}. Therefore, we only need to compare the values for the intervals [I; — 28 =1 7 —
2F=1] and [l; — 2¢=1, ro — 2F~1], which implies the statement by the induction hypothesis.

O

Theorem 9. Let T be an n-vertex tree with radius r. Then max(r,logn) < fi(T) < r +2[logn| + 1.

Proof: We start with proving the lower bound. Let 7 be a vertex-separating tree system of 7. Let D be
a longest path in T'; note that 2r — 1 < |V(D)|. The intersection of each element of 7 with D is a path.
We build a vertex-separating path system of D using 7’ := {D N t|t € T}. Now, using Observation 1, we
conclude that 7 = [2-1] < [!217 < '|T|. On the other hand, by Theorem 1, we know that [logn] < |7.
Therefore, maz(r,logn) < f(T).

To prove the upper bound, let c be a center of the tree 7. We root the tree 7" at c. Note that the height of T’
is equal to . We denote the set of leaves of the tree T by £(T"). (If ¢ has degree one, then we do not consider
c to be a leaf.) We will construct two sets of trees.

The first set consists of r + 1 trees. For ¢ = 0,...,r, the tree T; is the subtree of T" consisting of all the
vertices at distance at most ¢ from the root.

The second set consists of 2[log [¢(T)|] trees. In order to define these trees, we label the leaves of ¢(T")
according to a post-order traversal of T' with the integers 0,1, ..., [¢(T)] — 1. Foreach 1 < ¢ < [log |¢(T)]]:

1. Let Ay, be the set of leaves in £(7') whose labels have a zero in the i-th position of their binary
representations.

2. LetT'y; be the smallest subtree of 7" that is rooted at the root of 7" and for which £(I'g ;) = A ;.

3. Let Ay ; be the set of leaves in ¢(T") whose labels have a one in the i-th position of their binary
representations.

4. Let I'y ; be the smallest subtree of 7T that is rooted at the root of T" and for which £(T'1 ;) = Ay ;.

We will show that the trees T;, 0 < ¢ < r,andI'; ;, j € {0,1} and 1 <4 < [log|¢(T)|], form a separating
tree system of the tree 7. Let u and v be two distinct vertices of 7. We number the levels in 7" from O to r,
where the root is at level zero. Let i be the level of u and j be the level of v in T. We consider two cases:

* i # j. We may assume that ¢ < j. Then w is in 7; whereas v is not in 7;.

e ¢ = j. Let S, be the set of labels of the leaves in the subtree of u, and similarly define S, for the vertex
v. Note that S,, and S,, are two disjoint intervals of consecutive integers. By Lemma 4, b(S,,) # b(S,,)
or b(c(Sy)) # b(c(Sy)). For any of these two inequalities, one of the bit positions in which they differ
introduces the tree that separates u from v.

The total number of elements used in the two sets of trees is at most 7 + 2[log |¢(T)|] 4 1, which is at most
r+ 2[logn] + 1. O

This result extends to all connected graphs. For a graph G of radius r, we can consider a BFS tree rooted
at a center of GG and use this spanning tree to find a separating system for G.
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9 Open Problems

The following computational complexity question is still open: Is there a polynomial time algorithm to
compute f(T"), when T is a tree? However, we conjecture that determining the exact value of f(G) for an
arbitrary graph G is NP-complete. Additionally, we conjecture the following:

Conjecture 1. The problem of determining if f(G) = [log |V (G)|] for any given graph G is NP-complete.

After studying the grid graphs in Section 5, Theorem 4 implies the following simple corollary.

Corollary 2. Let Gy and G2 be two graphs. If Gi and G5 contain Hamiltonian paths, then f (G10G,) <
O(log |V (G1)| +log [V (Ga)|) .

In order to generalize this corollary, a natural question arises regarding the relationship of f (Gl) and
f(Gs) for graphs G; and G+, respectively, with their products (Cartesian product, strong product™ , etc.).
For instance, in line with Corollary 2 we can ask the same question for general graphs G; and Gs.

Problem 1. Let Gy and G4 be connected graphs. What can we say about f(G10G52) as a function of f(G1)
and f(G3)?

A question that could establish a connection between vertex-separating path systems and edge-separating
path systems is as follows.

Problem 2. Is there a relation between f(G) and f(L(G)), where L(G) is the line-graph of G?

After exploring the maximal outerplanar graph in Section 6, the next family of graphs to examine is maxi-
mal planar graphs. It is worth noting that some maximal planar graphs have a vertex-separating path system
with linear size. However, determining the precise upper bound for this class of graphs is the next question
we would like to ask.

Problem 3. What is the value of f(A,,), where A,, is an n-vertex triangulation?

As a final note, it would be worth exploring a tight upper bound for the size of vertex-separating tree
systems on different graph classes, such as maximal outerplanar graphs, and triangulations.
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