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A strip of square stamps can be folded in many ways such that all of the stamps are stacked in a single pile in
the folded state. The stamp folding problem asks for the number of such foldings and has previously been studied
extensively. We consider this problem with the additional restriction of fixing the mountain-valley assignment of each
crease in the stamp pattern. We provide a closed form for counting the number of legal foldings on specific patterns
of mountain-valley assignments, including a surprising appearance of the Catalan numbers. We describe results on
upper and lower bounds for the number of ways to fold a given mountain-valley assignment on the strip of stamps,
provide experimental evidence suggesting more general results, and include conjectures and open problems.
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1 Introduction
The stamp folding problem, first formulated by Lucas (1891), asks for the number of ways to fold a
labeled 1 × n strip of stamps into a single flat stack. The total number of ways to fold the 1 × n strip,
t(n), has been calculated for n up to 45 (Sloane, A000136). The problem of finding a closed form for the
stamp folding numbers is still open, but it is known that 3.065n < t(n) < 4n from Uehara (2011).

On the 1 × n strip, we refer to the sections of paper between two creases as faces, and consider these
to be labeled in order from left to right, starting from 0 to n − 1. We refer to the n − 1 creases on the
strip as tuples defined by the faces they border. So (i, i+ 1) will refer to the crease bordering faces i and
i+ 1. A mountain-valley assignment is a function µ mapping the set of creases to {M,V }, and refers to
the orientation of the creases, so that if we unfold the strip and choose one side to be facing “up”, then
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mountain (M) creases will look like ∧ and valley creases will look like ∨. In this paper, we consider the
question: can we calculate the number of ways to fold the strip of stamps consistent with a particular
mountain-valley assignment? Here we consider ways to fold the strip to be different if the faces have
different layer orderings (which we make more formal in Section 2).

This approach to the stamp folding problem is in need of exploration. It is known from Uehara (2010)
and Umesato et al. (2013) that the pleat assignment, the assignment that alternates mountains and valleys,
is the only assignment that folds in just one way, and that if every crease is assigned the same direction,
then the number of ways to fold is n − 1. It is noted by Uehara (2011) that because there are 2n−1

MV assignments, the average count must be exponential in n, and he provides an explicit example in
the conclusion that folds in Θ(2n/2) ways. Mountain-valley assignments have also been considered in
connection with the problem of minimizing the crease width, or the number of stamps between each pair
of adjacent stamps, from Umesato et al. (2013). But a general treatment of 1× n stamp-folding problem
through a fixed MV assignment lens has not been done.

After formalizing our notation and providing background in Section 2, we calculate in Section 3 the
number of ways to fold two specific MV assignment patterns, including a new construction of an MV
assignment that folds in a number of ways exponential in the length of the string. We conclude with a
description of results on bounds, experimental results, conjectures, and open questions.

2 Background
We label the faces of our 1 × n strip of stamps with numbers 0 through n − 1 and consider the labels to
all be placed on one side of the paper, so that we may differentiate between the two sides of the paper
when folded. We can imagine folding the strip into a flat pile with the faces parallel to one another, as in
Figure 1a where the faces are drawn vertically. For each crease (i, i+ 1) in some 1× n strip of stamps, a
mountain-valley assignment µ induces a relation on the adjacent faces i, i+1. We say a face is facing left
(right) if the labeled side of the face is facing that direction in our drawing. Fixing the labeled side face
0 to face right, we define the layer ordering of a folded state to be the permutation of faces from left to
right. Fixing face 0 in this way will then force the other faces to alternate facing left or right, regardless of
the MV assignment. That is, all faces labeled an even value will face right as well, and the odd faces will
face left. Further, in the folded state, each crease will fold onto either the top or bottom of the vertically
drawn cross section in an alternating fashion that is also independent of the MV assignment or the layer
ordering. In particular, the crease between i and i+1 for even i will fold onto the top side of face 0, while
for odd i it will fold onto the bottom side. See Figure 1(a) for examples of a folded 1 × 5 strip. Using
these observations, we can characterize the two conditions that a layer ordering must satisfy.

Definition 2.1. A permutation σ of {0, . . . , n−1} is a valid layer ordering for a 1×n with MV assignment
µ if the following hold:

1. (MV relations) Let i and i+1 be any two adjacent faces. To respect the MV assignment, if µ((i, i+
1)) = M and i is facing right, or µ((i, i + 1)) = V and i is facing left, then σ(i) > σ(i + 1).
Otherwise, σ(i) < σ(i+ 1).

2. (No crossings, Koehler (1968)) Let (i, i+1) and (j, j+1) be two creases that fold onto the same side.
Then in order for the paper to not self-intersect, it cannot be that σ(i) < σ(j) < σ(i+1) < σ(j+1),
or any circular permutation of this inequality.
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1
<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2
<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3
<latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>
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(a) The four possible ways to fold M2V 2. Face 0
faces to the right. Dashed lines are valley creases.

(b) The corresponding meanders. Solid arcs are
mountain creases and dashed are valley.

Fig. 1: c(M2V 2) = 4

For short, we write a MV assignment µ with the string µ((0, 1))µ((1, 2)) . . . µ((n − 2, n − 1)). For
example, we write the assignment that alternates M and V on the 1 × 5 strip as MVMV . To shorten
strings with many repeated consecutive creases assigned the same value, we denote by Sk the repetition
k times of the string S. So (M2V 2)3 is the same as the string MMV VMMV VMMV V . We will refer
to a maximal consecutive substring with the same assigned value as a block. With this, we describe the
counting problem that is the object of study in this paper.

Definition 2.2. For a given assignment µ, c(µ) denotes the number of valid layer orderings of the faces
with respect to µ. We interchangeably refer to this quantity as c(S), where S is the string associated with
µ.

As an example, Figure 1(a) shows the four ways that the assignment M2V 2 on the 1×5 strip folds, that
is, c(M2V 2) = 4. A related concept that has been previously explored are meanders: given a directed
non-self intersecting plane curve that intersects a horizontal line n times, what are the permutations that
arise from looking at the order of the intersections? For a survey of progress on this problem, see Legendre
(2014). The 1×n stamp folding problem can be seen as a special case where the curve is of finite length:
We imagine the stamps being folded vertically as before with the horizontal line drawn through all the
faces, and we read off the permutation from left to right. To visualize these, we use solid arcs to represent
mountain folds throughout this paper, and dashed arcs to represent valley folds. Figure 1(b) shows the four
meanders representing the ways that M2V 2 folds. For the remainder of the paper, we will use meanders
to represent a folded collection of stamps.

As further notation for these depictions, we also use (i, i+ 1) to refer to the arc in a meander drawing
between faces i and i + 1, which corresponds to the crease between these faces. It will also be useful to
refer to intervals along the horizontal line from the meander interpretation (which we will simply call the
line), so we let I(i, j) be the interval bounded by i and j on the line (so I(i, j) and I(j, i) refer to the
same interval). In this way, we are abstracting away from physical paper, which would require that arcs
between consecutive faces be of the same length, and focusing only on the relative order of faces.

Our proofs will rely on the following core idea.
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Lemma 2.1. Let σ be a valid layer ordering with respect to a MV assignment µ on a 1×n strip of stamps.
Define µ′ on a 1× (n− 1) strip to be the assignment identical to µ for all (i, i+1) with i < n− 1. Then,
the permutation σ′ resulting from removing face n− 1 from σ gives a valid layer ordering with respect to
µ′.

The proof is a direct application of the definition of a valid layer ordering. By induction, this means
that we can recursively build up the valid layer orderings for any MV assignment one face at a time: After
having placed 0 through i− 1 into a permutation that is a valid layer ordering for the first i faces, we look
for possible positions to place the next face that will maintain the MV relations and not induce crossing
arcs. With the meander visualization, this corresponds to finding an interval I(j, k) for j, k < i that is
on the appropriate side of i − 1 (for example, if σ(i) must be greater than σ(i − 1) we look for j, k with
σ(j), σ(k) > σ(i− 1)), where the arcs previously drawn will not intersect the arc (i− 1, i).

We can begin with an observation on the counts for related MV assignments.

Remark 2.1. The number of valid layer orderings of an MV assignment is invariant under reversing the
string corresponding to the MV assignment, as well as flipping all of the mountains to valleys.

This equivalence is due to the fact that these MV assignments correspond to the same folded piece of
paper, just rotated or reflected. As an example of using the perspective of meanders, we demonstrate a
proof of a known simple counting result, first stated in Uehara (2010) without proof.

Theorem 2.1. For every n, on the 1× (n+ 1) strip we have c(Mn) = c(V n) = n.

Proof: We will prove this for the MV assignment Mn, which is equivalent to V n by Remark 2.1. For this
MV assignment, the folding consists of two spirals, one on each end of the strip, as seen in Figure 2. An
intuitive approach is to simply note that the n + 1 faces can be partitioned into two sets, n + 1 = j + k,
in n ways, but this does not address whether such a partition could be realized in more than one way. To
handle this and prepare the reader for forthcoming proofs, we formalize the argument by considering how
to add an additional face to an existing folding. Suppose we have an existing valid layer ordering for n
stamps using the MV assignment Mn−1. In order to extend this to a valid layer ordering on n+1 stamps
with the MV assignment Mn, we must consider two cases:

Case 1: The n-th face is not on the “outside” of the folded strip, i.e., σ(n) /∈ {0, n} in the existing layer
ordering for Mn−1. An example of this case is seen in Figure 2(a). Then, we can see inductively
that face n must lie in I(n − 1, n − 2), forcing face n + 1 to continue the spiral and lie in
I(n− 1, n).

Case 2: The n-th face is on the outside of the folded strip in the existing layer ordering for Mn−1. As
seen in Figure 2(b), this case allows for two places to put stamp (n + 1), namely I(n − 2, n) or
I(±∞, n− 1), with exactly one of the ways keeping the last face on the outside.

Thus we have that c(Mn) = c(Mn−1)+1. Solving this recurrence with the initial condition c(M1) = 1
gives us c(Mn) = n.
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<latexit sha1_base64="EdxKE+BnSYZt88VKrVXP7mrnu+I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtsvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fdg2MqQ==</latexit>

0
<latexit sha1_base64="Dg1qkLKw5voaJbccFJ5EQoHu3CM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtcvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fd5GMqg==</latexit>

1 <latexit sha1_base64="MIxsSB18PdcMaUIOPg/PZ1DXIxs=">AAAB7HicbVBNS8NAFHzxs9avqkcvi0XwICURqR4LXjxWMG2hDWWz3bRLN5uw+yKU0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dtbWNza3tks75d29/YPDytFxyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2O72Z++4lrIxL1iJOUBzEdKhEJRtFKfm+QoOlXqm7NnYOsEq8gVSjQ7Fe+bI5lMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGupojE3QT5fdkrOrTIgUaLtU0jm6u9ETmNjJnFoJ2OKI7PszcT/vG6G0W2QC5VmyBVbfBRlkmBCZpeTgdCcoZxYQpkWdlfCRlRThrafsi3BWz55lbSual69Vn+4rjYuizpKcApncAEe3EAD7qEJPjAQ8Ayv8OYo58V5dz4Wo2tOkTmBP3A+fwDuXI63</latexit>. . .<latexit sha1_base64="MIxsSB18PdcMaUIOPg/PZ1DXIxs=">AAAB7HicbVBNS8NAFHzxs9avqkcvi0XwICURqR4LXjxWMG2hDWWz3bRLN5uw+yKU0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dtbWNza3tks75d29/YPDytFxyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2O72Z++4lrIxL1iJOUBzEdKhEJRtFKfm+QoOlXqm7NnYOsEq8gVSjQ7Fe+bI5lMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGupojE3QT5fdkrOrTIgUaLtU0jm6u9ETmNjJnFoJ2OKI7PszcT/vG6G0W2QC5VmyBVbfBRlkmBCZpeTgdCcoZxYQpkWdlfCRlRThrafsi3BWz55lbSual69Vn+4rjYuizpKcApncAEe3EAD7qEJPjAQ8Ayv8OYo58V5dz4Wo2tOkTmBP3A+fwDuXI63</latexit>. . . <latexit sha1_base64="PVTetmURzOFmft/3lt/J3XHBYHs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCO3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpHld9irlSv2mVL3K4sjDGZzDJXhwC1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB831jOM=</latexit>

j
<latexit sha1_base64="4++frrPH7fNMahUL19Hn2G+Q2WY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGFXJHoMePEY0TwgCWF2MpuMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/upn6zSeujYjUA45j3g3pQIlAMIpWun8883rFklt2ZyDLxMtICTLUesWvTj9iScgVMkmNaXtujN2UahRM8kmhkxgeUzaiA962VNGQm246O3VCTqzSJ0GkbSkkM/X3REpDY8ahbztDikOz6E3F/7x2gsF1NxUqTpArNl8UJJJgRKZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0LspepVy5uyxVz7M48nAEx3AKHlxBFW6hBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDpD2NUw==</latexit>

j + 1
<latexit sha1_base64="wfqjCGJv7FBzFdQtNPIiEkOJcuQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGE3SPQY8OIxonlAEsLspDcZMzu7zMwKYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7/FhwbVz3y8mtrK6tb+Q3C1vbO7t7xf2Dpo4SxbDBIhGptk81Ci6xYbgR2I4V0tAX2PLH1zO/9YhK80jem0mMvZAOJQ84o8ZKdw9nlX6x5JbdOchf4mWkBBnq/eJndxCxJERpmKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYslTRE3Uvnp07JiVUGJIiULWnIXP05kdJQ60no286QmpFe9mbif14nMcFVL+UyTgxKtlgUJIKYiMz+JgOukBkxsYQyxe2thI2ooszYdAo2BG/55b+kWSl71XL19qJUO8/iyMMRHMMpeHAJNbiBOjSAwRCe4AVeHeE8O2/O+6I152Qzh/ALzsc3pcGNVA==</latexit>

j + 2
<latexit sha1_base64="xT3Xe+ttqa67rDjJBwaKK2i3V1E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGFXJXoMePEY0TwgWcLspDcZMzu7zMwKYcknePGgiFe/yJt/4+Rx0GhBQ1HVTXdXkAiujet+Obml5ZXVtfx6YWNza3unuLvX0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HweuI3H1FpHst7M0rQj2hf8pAzaqx093By3i2W3LI7BflLvDkpwRy1bvGz04tZGqE0TFCt256bGD+jynAmcFzopBoTyoa0j21LJY1Q+9n01DE5skqPhLGyJQ2Zqj8nMhppPYoC2xlRM9CL3kT8z2unJrzyMy6T1KBks0VhKoiJyeRv0uMKmREjSyhT3N5K2IAqyoxNp2BD8BZf/ksaZ2WvUq7cXpSqp/M48nAAh3AMHlxCFW6gBnVg0IcneIFXRzjPzpvzPmvNOfOZffgF5+Mbp0WNVQ==</latexit>

j + 3
<latexit sha1_base64="BoFo2OZ5Nlz/jYDm71nZX0PC3tc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhuyXym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp41Uq1cV2uXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP1AWM5w==</latexit>n

<latexit sha1_base64="AbMWDAEmQlDC4OT39nTcDN4oNok=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD+rc65XKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4Y2fCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QOqVY1X</latexit>

n + 1
<latexit sha1_base64="L6sS7lJVBJ9ucU6ZLOj8wzpfCjg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ40JKIVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHtSF1yuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwxs/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTQvK161Ur2/KtfO8zgKcAwncAYeXEMN7qAODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wetX41Z</latexit>

n → 1
<latexit sha1_base64="5CIQ9c+g5i3TCy2Fq2TiXOVana8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcOuSPQY8OIxonlAEsLsZDYZMzu7zPQKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m09cGxGpBxzHvBvSgRKBYBStdP947vWKJbfszkCWiZeREmSo9YpfnX7EkpArZJIa0/bcGLsp1SiY5JNCJzE8pmxEB7xtqaIhN910duqEnFilT4JI21JIZurviZSGxoxD33aGFIdm0ZuK/3ntBIPrbipUnCBXbL4oSCTBiEz/Jn2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpXJS9Srlyd1mqnmVx5OEIjuEUPLiCKtxCDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MHp0eNVQ==</latexit>

j → 1
<latexit sha1_base64="EdxKE+BnSYZt88VKrVXP7mrnu+I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtsvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fdg2MqQ==</latexit>

0
<latexit sha1_base64="Dg1qkLKw5voaJbccFJ5EQoHu3CM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtcvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fd5GMqg==</latexit>

1 <latexit sha1_base64="MIxsSB18PdcMaUIOPg/PZ1DXIxs=">AAAB7HicbVBNS8NAFHzxs9avqkcvi0XwICURqR4LXjxWMG2hDWWz3bRLN5uw+yKU0N/gxYMiXv1B3vw3btsctHVgYZh5w743YSqFQdf9dtbWNza3tks75d29/YPDytFxyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2O72Z++4lrIxL1iJOUBzEdKhEJRtFKfm+QoOlXqm7NnYOsEq8gVSjQ7Fe+bI5lMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGupojE3QT5fdkrOrTIgUaLtU0jm6u9ETmNjJnFoJ2OKI7PszcT/vG6G0W2QC5VmyBVbfBRlkmBCZpeTgdCcoZxYQpkWdlfCRlRThrafsi3BWz55lbSual69Vn+4rjYuizpKcApncAEe3EAD7qEJPjAQ8Ayv8OYo58V5dz4Wo2tOkTmBP3A+fwDuXI63</latexit>. . .

<latexit sha1_base64="hByul4Q1QaQzbYuThWZfC8+Cw98=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJukOgx4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNSr9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe9VytXFdql1lceThDM7hEjy4gRrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB3kVjKs=</latexit>

2
<latexit sha1_base64="L6sS7lJVBJ9ucU6ZLOj8wzpfCjg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ40JKIVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHtSF1yuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwxs/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTQvK161Ur2/KtfO8zgKcAwncAYeXEMN7qAODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wetX41Z</latexit>

n → 1
<latexit sha1_base64="AbMWDAEmQlDC4OT39nTcDN4oNok=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD+rc65XKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4Y2fCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QOqVY1X</latexit>

n + 1
<latexit sha1_base64="AbMWDAEmQlDC4OT39nTcDN4oNok=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD+rc65XKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4Y2fCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QOqVY1X</latexit>

n + 1
<latexit sha1_base64="BoFo2OZ5Nlz/jYDm71nZX0PC3tc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhuyXym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp41Uq1cV2uXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP1AWM5w==</latexit>n

<latexit sha1_base64="oPI1r+M1BwZ6VGrVJK6he0cnF3c=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgViR4DXjxGMA9MljA7mSRD5rHMzIphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFMWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRiWa0DpRXOlWhA3lTNK6ZZbTVqwpFhGnzWh0M/Wbj1QbpuS9Hcc0FHggWZ8RbJ300BGRekpL+GzSLRT9sj8DWiZBRoqQodYtfHV6iiSCSks4NqYd+LENU6wtI5xO8p3E0BiTER7QtqMSC2rCdHbxBJ06pYf6SruSFs3U3xMpFsaMReQ6BbZDs+hNxf+8dmL712HKZJxYKsl8UT/hyCo0fR/1mKbE8rEjmGjmbkVkiDUm1oWUdyEEiy8vk8ZFOaiUK3eXxep5FkcOjuEEShDAFVThFmpQBwISnuEV3jzjvXjv3se8dcXLZo7gD7zPHzSFkI8=</latexit>

(a)
<latexit sha1_base64="73vUMKDMtpEz9UtZAkZrHGTrOkU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgViR4DXjxGMA9MljA7mSRD5rHMzIphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFMWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRiWa0DpRXOlWhA3lTNK6ZZbTVqwpFhGnzWh0M/Wbj1QbpuS9Hcc0FHggWZ8RbJ300BGRekpL0dmkWyj6ZX8GtEyCjBQhQ61b+Or0FEkElZZwbEw78GMbplhbRjid5DuJoTEmIzygbUclFtSE6eziCTp1Sg/1lXYlLZqpvydSLIwZi8h1CmyHZtGbiv957cT2r8OUyTixVJL5on7CkVVo+j7qMU2J5WNHMNHM3YrIEGtMrAsp70IIFl9eJo2LclApV+4ui9XzLI4cHMMJlCCAK6jCLdSgDgQkPMMrvHnGe/HevY9564qXzRzBH3ifPzYLkJA=</latexit>

(b)

Fig. 2: (a) Addition of a single face in Case 1 and (b) Case 2 of Theorem 2.1.

3 Specific Mountain-Valley Assignments
3.1 Two-Block Assignments
Let’s count the number of valid layer orderings in MV assignments with only two blocks. Removing
symmetries, it suffices to consider MV assignments of the form MaV b with a ≥ b by Remark 2.1.

Theorem 3.1. The MV assignment MaV b on the 1× (a+ b+ 1) strip, where a > b+ 1, b > 4 folds in
ab+ b2 − b+ 1 ways.

Proof: Beginning with one of the a valid stamp foldings for Ma, we will calculate the number of ways to
fold the second block, V b. Let the extreme left and right faces of this folding of Ma be j and j + 1, for
some j ∈ 0, . . . , a− 1.

If j + 1 = a then the folding of Ma is a single spiral starting with face 0 in the center, as seen in
Figure 3(a). In this case face a + 1 must be folded in I(a,±∞) and we have choices for the remaining
b − 1 faces. Face a + 2 can go into I(a, a + 1), in which case it must deterministically spiral inwards
from there. In fact, this option of deterministically spiraling inwards is always an option at every decision
point in folding V b. The other options are to spiral outwards, shown in red in Figure 3(a) (i.e., fold
into I(a − 1,±∞), then into I(a + 1,±∞), and so on), or to spiral into the Ma spiral by folding into
I(a − 1,±∞), then into I(a − 2, a) and following the blue path in Figure 3(a). Including the options
of spiraling deterministically at every juncture, there are b options in the outward-spiraling red paths and
b− 2 for the inward-spiraling blue paths. Thus the j + 1 = a case has 2b− 2 ways to fold.

If j + 1 < a then, given that a > b+ 1 > 4, the general situation will look something like that shown
in Figure 3(b), where the V b folding spirals away from stamp a (shown in red) and assuming it does not
deterministically spiral inwards at some point, will reach stamp 2a− j− 2. From there, our folding of V b

has three options:

(1) spiral deterministically at that point, (the small red spiral at stamp 2a− j − 2 in Figure 3(c)),

(2) intermix the valley creases with the mountain creases in the other spiral by entering I(j − 2, j) (or
I(j − 1, j) if j = 1), shown in pink in Figure 3(c), or

(3) not intermix the valley creases by entering I(j− 1, j+2) (or I(j, j+2) if j = 0) and spiral or circle
outward, shown as blue paths in Figure 3(c) and (d).
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<latexit sha1_base64="RM9BaOiDtuU2YMfPn4ShpyZiIy0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp41Uq1cV2uXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPwFGM2g==</latexit>a
<latexit sha1_base64="HBx0dZjm2Haih0d38jXzn7AEEvk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvDc65XKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MbPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOWh41K</latexit>

a + 1

<latexit sha1_base64="PVTetmURzOFmft/3lt/J3XHBYHs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCO3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpHld9irlSv2mVL3K4sjDGZzDJXhwC1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB831jOM=</latexit>

j
<latexit sha1_base64="4++frrPH7fNMahUL19Hn2G+Q2WY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGFXJHoMePEY0TwgCWF2MpuMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/upn6zSeujYjUA45j3g3pQIlAMIpWun8883rFklt2ZyDLxMtICTLUesWvTj9iScgVMkmNaXtujN2UahRM8kmhkxgeUzaiA962VNGQm246O3VCTqzSJ0GkbSkkM/X3REpDY8ahbztDikOz6E3F/7x2gsF1NxUqTpArNl8UJJJgRKZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0LspepVy5uyxVz7M48nAEx3AKHlxBFW6hBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDpD2NUw==</latexit>

j + 1

<latexit sha1_base64="yFq9nn2p/py7y9bn6zTfJ5ygYWg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBgy27RarHghePFewHtEvJptk2bTZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0Hk7u5336iSjMpHs00pn6Eh4KFjGBjpVYVl8flar9YcivuAmideBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFboJZrGmEzwkHYtFTii2k8X187QhVUGKJTKljBoof6eSHGk9TQKbGeEzUivenPxP6+bmPDWT5mIE0MFWS4KE46MRPPX0YApSgyfWoKJYvZWREZYYWJsQAUbgrf68jppVSterVJ7uC7Vr7I48nAG53AJHtxAHe6hAU0gMIZneIU3RzovzrvzsWzNOdnMKfyB8/kDPayONA==</latexit>

2a → j → 2

<latexit sha1_base64="EdxKE+BnSYZt88VKrVXP7mrnu+I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtsvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fdg2MqQ==</latexit>

0
<latexit sha1_base64="Dg1qkLKw5voaJbccFJ5EQoHu3CM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtcvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fd5GMqg==</latexit>

1
<latexit sha1_base64="5CIQ9c+g5i3TCy2Fq2TiXOVana8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcOuSPQY8OIxonlAEsLsZDYZMzu7zPQKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m09cGxGpBxzHvBvSgRKBYBStdP947vWKJbfszkCWiZeREmSo9YpfnX7EkpArZJIa0/bcGLsp1SiY5JNCJzE8pmxEB7xtqaIhN910duqEnFilT4JI21JIZurviZSGxoxD33aGFIdm0ZuK/3ntBIPrbipUnCBXbL4oSCTBiEz/Jn2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpXJS9Srlyd1mqnmVx5OEIjuEUPLiCKtxCDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MHp0eNVQ==</latexit>

j → 1

<latexit sha1_base64="wfqjCGJv7FBzFdQtNPIiEkOJcuQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGE3SPQY8OIxonlAEsLspDcZMzu7zMwKYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7/FhwbVz3y8mtrK6tb+Q3C1vbO7t7xf2Dpo4SxbDBIhGptk81Ci6xYbgR2I4V0tAX2PLH1zO/9YhK80jem0mMvZAOJQ84o8ZKdw9nlX6x5JbdOchf4mWkBBnq/eJndxCxJERpmKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYslTRE3Uvnp07JiVUGJIiULWnIXP05kdJQ60no286QmpFe9mbif14nMcFVL+UyTgxKtlgUJIKYiMz+JgOukBkxsYQyxe2thI2ooszYdAo2BG/55b+kWSl71XL19qJUO8/iyMMRHMMpeHAJNbiBOjSAwRCe4AVeHeE8O2/O+6I152Qzh/ALzsc3pcGNVA==</latexit>

j + 2
<latexit sha1_base64="xT3Xe+ttqa67rDjJBwaKK2i3V1E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGFXJXoMePEY0TwgWcLspDcZMzu7zMwKYcknePGgiFe/yJt/4+Rx0GhBQ1HVTXdXkAiujet+Obml5ZXVtfx6YWNza3unuLvX0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HweuI3H1FpHst7M0rQj2hf8pAzaqx093By3i2W3LI7BflLvDkpwRy1bvGz04tZGqE0TFCt256bGD+jynAmcFzopBoTyoa0j21LJY1Q+9n01DE5skqPhLGyJQ2Zqj8nMhppPYoC2xlRM9CL3kT8z2unJrzyMy6T1KBks0VhKoiJyeRv0uMKmREjSyhT3N5K2IAqyoxNp2BD8BZf/ksaZ2WvUq7cXpSqp/M48nAAh3AMHlxCFW6gBnVg0IcneIFXRzjPzpvzPmvNOfOZffgF5+Mbp0WNVQ==</latexit>

j + 3
<latexit sha1_base64="WDbPddROss54K/dnaZXnBdv0kYM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcNukOgx4MVjRPOAJITZSW8yZnZ2mZkVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3+bHg2rjul5NbWV1b38hvFra2d3b3ivsHTR0limGDRSJSbZ9qFFxiw3AjsB0rpKEvsOWPr2d+6xGV5pG8N5MYeyEdSh5wRo2V7h7OK/1iyS27c5C/xMtICTLU+8XP7iBiSYjSMEG17nhubHopVYYzgdNCN9EYUzamQ+xYKmmIupfOT52SE6sMSBApW9KQufpzIqWh1pPQt50hNSO97M3E/7xOYoKrXsplnBiUbLEoSAQxEZn9TQZcITNiYgllittbCRtRRZmx6RRsCN7yy39Js1L2quXq7UWpdpbFkYcjOIZT8OASanADdWgAgyE8wQu8OsJ5dt6c90VrzslmDuEXnI9vqMuNVg==</latexit>

j → 2

<latexit sha1_base64="EdxKE+BnSYZt88VKrVXP7mrnu+I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtsvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fdg2MqQ==</latexit>

0
<latexit sha1_base64="Dg1qkLKw5voaJbccFJ5EQoHu3CM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtcvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fd5GMqg==</latexit>

1
<latexit sha1_base64="hByul4Q1QaQzbYuThWZfC8+Cw98=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJukOgx4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNSr9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe9VytXFdql1lceThDM7hEjy4gRrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB3kVjKs=</latexit>

2 <latexit sha1_base64="HBx0dZjm2Haih0d38jXzn7AEEvk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvDc65XKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MbPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOWh41K</latexit>

a + 1

<latexit sha1_base64="LxfFAguaSgBcNimtVYf1FDLOJv0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvA86JXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MbPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QPgy417</latexit>

a + b
<latexit sha1_base64="PVTetmURzOFmft/3lt/J3XHBYHs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCO3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpHld9irlSv2mVL3K4sjDGZzDJXhwC1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB831jOM=</latexit>

j
<latexit sha1_base64="r3CHje8eq+cBUNIZ4af4w/HFO/w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ40JKIVI8FLx4r2g9oQ5lsN+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwup36rSemNI/loxknzI9wIHnIKRorPeCF1yuV3Yo7A1kmXk7KkKPeK311+zFNIyYNFah1x3MT42eoDKeCTYrdVLME6QgHrGOpxIhpP5udOiGnVumTMFa2pCEz9fdEhpHW4yiwnRGaoV70puJ/Xic14Y2fcZmkhkk6XxSmgpiYTP8mfa4YNWJsCVLF7a2EDlEhNTadog3BW3x5mTQvK161Ur2/KtfO8zgKcAwncAYeXEMN7qAODaAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8weZkY1M</latexit>

a → 1

<latexit sha1_base64="LxfFAguaSgBcNimtVYf1FDLOJv0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvA86JXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MbPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QPgy417</latexit>

a + b

<latexit sha1_base64="3MkaZQYEbHQXJ7BXQ+i1oKBK16s=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBUMquSPUiFLx4rOC2hXYp2TTbxmaTJckKZelv8OJBEa/+IG/+G9N2D9r6YODx3gwz88KEM21c99sprKyurW8UN0tb2zu7e+X9g6aWqSLUJ5JL1Q6xppwJ6htmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNlXx883jm9coVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27ASdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6DjIkkNVSQ+aIo5chINP0c9ZmixPCxJZgoZm9FZIgVJsbmU7IheIsvL5PmRdWrVWv3l5X6eR5HEY7gGE7Bgyuowx00wAcCDJ7hFd4c4bw4787HvLXg5DOH8AfO5w/f0Y4F</latexit>

a = j + 1

<latexit sha1_base64="oPI1r+M1BwZ6VGrVJK6he0cnF3c=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgViR4DXjxGMA9MljA7mSRD5rHMzIphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFMWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRiWa0DpRXOlWhA3lTNK6ZZbTVqwpFhGnzWh0M/Wbj1QbpuS9Hcc0FHggWZ8RbJ300BGRekpL+GzSLRT9sj8DWiZBRoqQodYtfHV6iiSCSks4NqYd+LENU6wtI5xO8p3E0BiTER7QtqMSC2rCdHbxBJ06pYf6SruSFs3U3xMpFsaMReQ6BbZDs+hNxf+8dmL712HKZJxYKsl8UT/hyCo0fR/1mKbE8rEjmGjmbkVkiDUm1oWUdyEEiy8vk8ZFOaiUK3eXxep5FkcOjuEEShDAFVThFmpQBwISnuEV3jzjvXjv3se8dcXLZo7gD7zPHzSFkI8=</latexit>

(a)

<latexit sha1_base64="73vUMKDMtpEz9UtZAkZrHGTrOkU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgViR4DXjxGMA9MljA7mSRD5rHMzIphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFMWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRiWa0DpRXOlWhA3lTNK6ZZbTVqwpFhGnzWh0M/Wbj1QbpuS9Hcc0FHggWZ8RbJ300BGRekpL0dmkWyj6ZX8GtEyCjBQhQ61b+Or0FEkElZZwbEw78GMbplhbRjid5DuJoTEmIzygbUclFtSE6eziCTp1Sg/1lXYlLZqpvydSLIwZi8h1CmyHZtGbiv957cT2r8OUyTixVJL5on7CkVVo+j7qMU2J5WNHMNHM3YrIEGtMrAsp70IIFl9eJo2LclApV+4ui9XzLI4cHMMJlCCAK6jCLdSgDgQkPMMrvHnGe/HevY9564qXzRzBH3ifPzYLkJA=</latexit>

(b)

<latexit sha1_base64="RM9BaOiDtuU2YMfPn4ShpyZiIy0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp41Uq1cV2uXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPwFGM2g==</latexit>a
<latexit sha1_base64="HBx0dZjm2Haih0d38jXzn7AEEvk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvDc65XKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MbPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOWh41K</latexit>

a + 1
<latexit sha1_base64="rYgYu8WK00VOQuNPrF7Gy6XrgP8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBUMtukeqx4MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB+G7mt56o0kyKRzOJqR/hgWAhI9hYqVnBV6MLr1csuWV3DrRKvIyUIEO9V/zq9iVJIioM4VjrjufGxk+xMoxwOi10E01jTMZ4QDuWChxR7afza6fozCp9FEplSxg0V39PpDjSehIFtjPCZqiXvZn4n9dJTHjrp0zEiaGCLBaFCUdGotnrqM8UJYZPLMFEMXsrIkOsMDE2oIINwVt+eZU0K2WvWq4+XJdql1kceTiBUzgHD26gBvdQhwYQGMEzvMKbI50X5935WLTmnGzmGP7A+fwBOR6OMQ==</latexit>

2a → j + 1

<latexit sha1_base64="PVTetmURzOFmft/3lt/J3XHBYHs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCO3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpHld9irlSv2mVL3K4sjDGZzDJXhwC1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB831jOM=</latexit>

j
<latexit sha1_base64="4++frrPH7fNMahUL19Hn2G+Q2WY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGFXJHoMePEY0TwgCWF2MpuMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/upn6zSeujYjUA45j3g3pQIlAMIpWun8883rFklt2ZyDLxMtICTLUesWvTj9iScgVMkmNaXtujN2UahRM8kmhkxgeUzaiA962VNGQm246O3VCTqzSJ0GkbSkkM/X3REpDY8ahbztDikOz6E3F/7x2gsF1NxUqTpArNl8UJJJgRKZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0LspepVy5uyxVz7M48nAEx3AKHlxBFW6hBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDpD2NUw==</latexit>

j + 1

<latexit sha1_base64="yFq9nn2p/py7y9bn6zTfJ5ygYWg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBgy27RarHghePFewHtEvJptk2bTZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0Hk7u5336iSjMpHs00pn6Eh4KFjGBjpVYVl8flar9YcivuAmideBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFboJZrGmEzwkHYtFTii2k8X187QhVUGKJTKljBoof6eSHGk9TQKbGeEzUivenPxP6+bmPDWT5mIE0MFWS4KE46MRPPX0YApSgyfWoKJYvZWREZYYWJsQAUbgrf68jppVSterVJ7uC7Vr7I48nAG53AJHtxAHe6hAU0gMIZneIU3RzovzrvzsWzNOdnMKfyB8/kDPayONA==</latexit>

2a → j → 2

<latexit sha1_base64="EdxKE+BnSYZt88VKrVXP7mrnu+I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtsvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fdg2MqQ==</latexit>

0
<latexit sha1_base64="Dg1qkLKw5voaJbccFJ5EQoHu3CM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtcvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fd5GMqg==</latexit>

1
<latexit sha1_base64="5CIQ9c+g5i3TCy2Fq2TiXOVana8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcOuSPQY8OIxonlAEsLsZDYZMzu7zPQKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m09cGxGpBxzHvBvSgRKBYBStdP947vWKJbfszkCWiZeREmSo9YpfnX7EkpArZJIa0/bcGLsp1SiY5JNCJzE8pmxEB7xtqaIhN910duqEnFilT4JI21JIZurviZSGxoxD33aGFIdm0ZuK/3ntBIPrbipUnCBXbL4oSCTBiEz/Jn2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpXJS9Srlyd1mqnmVx5OEIjuEUPLiCKtxCDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MHp0eNVQ==</latexit>

j → 1

<latexit sha1_base64="wfqjCGJv7FBzFdQtNPIiEkOJcuQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGE3SPQY8OIxonlAEsLspDcZMzu7zMwKYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7/FhwbVz3y8mtrK6tb+Q3C1vbO7t7xf2Dpo4SxbDBIhGptk81Ci6xYbgR2I4V0tAX2PLH1zO/9YhK80jem0mMvZAOJQ84o8ZKdw9nlX6x5JbdOchf4mWkBBnq/eJndxCxJERpmKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYslTRE3Uvnp07JiVUGJIiULWnIXP05kdJQ60no286QmpFe9mbif14nMcFVL+UyTgxKtlgUJIKYiMz+JgOukBkxsYQyxe2thI2ooszYdAo2BG/55b+kWSl71XL19qJUO8/iyMMRHMMpeHAJNbiBOjSAwRCe4AVeHeE8O2/O+6I152Qzh/ALzsc3pcGNVA==</latexit>

j + 2
<latexit sha1_base64="WDbPddROss54K/dnaZXnBdv0kYM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcNukOgx4MVjRPOAJITZSW8yZnZ2mZkVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3+bHg2rjul5NbWV1b38hvFra2d3b3ivsHTR0limGDRSJSbZ9qFFxiw3AjsB0rpKEvsOWPr2d+6xGV5pG8N5MYeyEdSh5wRo2V7h7OK/1iyS27c5C/xMtICTLU+8XP7iBiSYjSMEG17nhubHopVYYzgdNCN9EYUzamQ+xYKmmIupfOT52SE6sMSBApW9KQufpzIqWh1pPQt50hNSO97M3E/7xOYoKrXsplnBiUbLEoSAQxEZn9TQZcITNiYgllittbCRtRRZmx6RRsCN7yy39Js1L2quXq7UWpdpbFkYcjOIZT8OASanADdWgAgyE8wQu8OsJ5dt6c90VrzslmDuEXnI9vqMuNVg==</latexit>

j → 2
<latexit sha1_base64="LxfFAguaSgBcNimtVYf1FDLOJv0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvA86JXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MbPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QPgy417</latexit>

a + b

<latexit sha1_base64="LxfFAguaSgBcNimtVYf1FDLOJv0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvA86JXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MbPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QPgy417</latexit>

a + b

<latexit sha1_base64="WDDYXUBH9lePOlrIA3Xt8GyMXG8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgViR4DXjxGMA9MljA7mSRD5rHMzIphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFMWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRiWa0DpRXOlWhA3lTNK6ZZbTVqwpFhGnzWh0M/Wbj1QbpuS9Hcc0FHggWZ8RbJ300BGRekpL5GzSLRT9sj8DWiZBRoqQodYtfHV6iiSCSks4NqYd+LENU6wtI5xO8p3E0BiTER7QtqMSC2rCdHbxBJ06pYf6SruSFs3U3xMpFsaMReQ6BbZDs+hNxf+8dmL712HKZJxYKsl8UT/hyCo0fR/1mKbE8rEjmGjmbkVkiDUm1oWUdyEEiy8vk8ZFOaiUK3eXxep5FkcOjuEEShDAFVThFmpQBwISnuEV3jzjvXjv3se8dcXLZo7gD7zPHzeRkJE=</latexit>

(c)

<latexit sha1_base64="IgoaUCUoApKtBILXUd5lJ/7Qs2Y=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIrUj0WvHisYD+wXUo2m21Ds8mSZMWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5QcKZNq777aysrq1vbBa2its7u3v7pYPDlpapIrRJJJeqE2BNORO0aZjhtJMoiuOA03Ywupn67UeqNJPi3owT6sd4IFjECDZWeujFgXzKKuHZpF8qu1V3BrRMvJyUIUejX/rqhZKkMRWGcKx113MT42dYGUY4nRR7qaYJJiM8oF1LBY6p9rPZxRN0apUQRVLZEgbN1N8TGY61HseB7YyxGepFbyr+53VTE137GRNJaqgg80VRypGRaPo+CpmixPCxJZgoZm9FZIgVJsaGVLQheIsvL5PWRdWrVWt3l+X6eR5HAY7hBCrgwRXU4RYa0AQCAp7hFd4c7bw4787HvHXFyWeO4A+czx85F5CS</latexit>

(d)

<latexit sha1_base64="RM9BaOiDtuU2YMfPn4ShpyZiIy0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp41Uq1cV2uXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPwFGM2g==</latexit>a
<latexit sha1_base64="HBx0dZjm2Haih0d38jXzn7AEEvk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvDc65XKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MbPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOWh41K</latexit>

a + 1

<latexit sha1_base64="rYgYu8WK00VOQuNPrF7Gy6XrgP8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBUMtukeqx4MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB+G7mt56o0kyKRzOJqR/hgWAhI9hYqVnBV6MLr1csuWV3DrRKvIyUIEO9V/zq9iVJIioM4VjrjufGxk+xMoxwOi10E01jTMZ4QDuWChxR7afza6fozCp9FEplSxg0V39PpDjSehIFtjPCZqiXvZn4n9dJTHjrp0zEiaGCLBaFCUdGotnrqM8UJYZPLMFEMXsrIkOsMDE2oIINwVt+eZU0K2WvWq4+XJdql1kceTiBUzgHD26gBvdQhwYQGMEzvMKbI50X5935WLTmnGzmGP7A+fwBOR6OMQ==</latexit>

2a → j + 1

<latexit sha1_base64="PVTetmURzOFmft/3lt/J3XHBYHs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCO3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpHld9irlSv2mVL3K4sjDGZzDJXhwC1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB831jOM=</latexit>

j
<latexit sha1_base64="4++frrPH7fNMahUL19Hn2G+Q2WY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGFXJHoMePEY0TwgCWF2MpuMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/upn6zSeujYjUA45j3g3pQIlAMIpWun8883rFklt2ZyDLxMtICTLUesWvTj9iScgVMkmNaXtujN2UahRM8kmhkxgeUzaiA962VNGQm246O3VCTqzSJ0GkbSkkM/X3REpDY8ahbztDikOz6E3F/7x2gsF1NxUqTpArNl8UJJJgRKZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0LspepVy5uyxVz7M48nAEx3AKHlxBFW6hBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDpD2NUw==</latexit>

j + 1

<latexit sha1_base64="yFq9nn2p/py7y9bn6zTfJ5ygYWg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBgy27RarHghePFewHtEvJptk2bTZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0Hk7u5336iSjMpHs00pn6Eh4KFjGBjpVYVl8flar9YcivuAmideBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFboJZrGmEzwkHYtFTii2k8X187QhVUGKJTKljBoof6eSHGk9TQKbGeEzUivenPxP6+bmPDWT5mIE0MFWS4KE46MRPPX0YApSgyfWoKJYvZWREZYYWJsQAUbgrf68jppVSterVJ7uC7Vr7I48nAG53AJHtxAHe6hAU0gMIZneIU3RzovzrvzsWzNOdnMKfyB8/kDPayONA==</latexit>

2a → j → 2

<latexit sha1_base64="EdxKE+BnSYZt88VKrVXP7mrnu+I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtsvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fdg2MqQ==</latexit>

0
<latexit sha1_base64="Dg1qkLKw5voaJbccFJ5EQoHu3CM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtcvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fd5GMqg==</latexit>

1

<latexit sha1_base64="5CIQ9c+g5i3TCy2Fq2TiXOVana8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcOuSPQY8OIxonlAEsLsZDYZMzu7zPQKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m09cGxGpBxzHvBvSgRKBYBStdP947vWKJbfszkCWiZeREmSo9YpfnX7EkpArZJIa0/bcGLsp1SiY5JNCJzE8pmxEB7xtqaIhN910duqEnFilT4JI21JIZurviZSGxoxD33aGFIdm0ZuK/3ntBIPrbipUnCBXbL4oSCTBiEz/Jn2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpXJS9Srlyd1mqnmVx5OEIjuEUPLiCKtxCDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MHp0eNVQ==</latexit>

j → 1
<latexit sha1_base64="wfqjCGJv7FBzFdQtNPIiEkOJcuQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGE3SPQY8OIxonlAEsLspDcZMzu7zMwKYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7/FhwbVz3y8mtrK6tb+Q3C1vbO7t7xf2Dpo4SxbDBIhGptk81Ci6xYbgR2I4V0tAX2PLH1zO/9YhK80jem0mMvZAOJQ84o8ZKdw9nlX6x5JbdOchf4mWkBBnq/eJndxCxJERpmKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYslTRE3Uvnp07JiVUGJIiULWnIXP05kdJQ60no286QmpFe9mbif14nMcFVL+UyTgxKtlgUJIKYiMz+JgOukBkxsYQyxe2thI2ooszYdAo2BG/55b+kWSl71XL19qJUO8/iyMMRHMMpeHAJNbiBOjSAwRCe4AVeHeE8O2/O+6I152Qzh/ALzsc3pcGNVA==</latexit>

j + 2
<latexit sha1_base64="WDbPddROss54K/dnaZXnBdv0kYM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcNukOgx4MVjRPOAJITZSW8yZnZ2mZkVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3+bHg2rjul5NbWV1b38hvFra2d3b3ivsHTR0limGDRSJSbZ9qFFxiw3AjsB0rpKEvsOWPr2d+6xGV5pG8N5MYeyEdSh5wRo2V7h7OK/1iyS27c5C/xMtICTLU+8XP7iBiSYjSMEG17nhubHopVYYzgdNCN9EYUzamQ+xYKmmIupfOT52SE6sMSBApW9KQufpzIqWh1pPQt50hNSO97M3E/7xOYoKrXsplnBiUbLEoSAQxEZn9TQZcITNiYgllittbCRtRRZmx6RRsCN7yy39Js1L2quXq7UWpdpbFkYcjOIZT8OASanADdWgAgyE8wQu8OsJ5dt6c90VrzslmDuEXnI9vqMuNVg==</latexit>

j → 2
<latexit sha1_base64="LxfFAguaSgBcNimtVYf1FDLOJv0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvA86JXKbsWdgSwTLydlyFHvlb66/ZimEZOGCtS647mJ8TNUhlPBJsVuqlmCdIQD1rFUYsS0n81OnZBTq/RJGCtb0pCZ+nsiw0jrcRTYzgjNUC96U/E/r5Oa8MbPuExSwySdLwpTQUxMpn+TPleMGjG2BKni9lZCh6iQGptO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBlAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QPgy417</latexit>

a + b

<latexit sha1_base64="kojPMqUpIcJE6m1XveG0Chd7r8o=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBg5bdItVjwYvHCvYD2qVk02wbm2SXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSTV8+TgoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukXat69Wr9/qrSuMjjKMIJnMI5eHANDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPYUqNwQ==</latexit>

2a → j

<latexit sha1_base64="bQifDnTGLY2sxvlPMAEX8udsiPw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBUMtukeqx4MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB+G7mt56o0kyKRzOJqR/hgWAhI9hYqVnBV6OLSq9YcsvuHGiVeBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFroJprGmIzxgHYsFTii2k/n107RmVX6KJTKljBorv6eSHGk9SQKbGeEzVAvezPxP6+TmPDWT5mIE0MFWSwKE46MRLPXUZ8pSgyfWIKJYvZWRIZYYWJsQAUbgrf88ippVspetVx9uC7VLrM48nACp3AOHtxADe6hDg0gMIJneIU3RzovzrvzsWjNOdnMMfyB8/kDOqKOMg==</latexit>

2a → j + 2

Fig. 3: The various cases of Theorem 3.1.

The only options that do not depend on j are (1) and (3) when the folding of V b spirals away outside
the folding of Ma. We consider these together, with the red path (and its deterministic spiral options at
each juncture) in Figure 3(b) and the blue path in Figure 3(c). This has b ways to fold, as there are b − 1
places to spiral inwards (including the option (1) case) plus the one case where the whole path spirals
outward. Any of these b ways to fold V b can happen with any of the a ways to fold Ma except for the
j + 1 = a case described earlier. Thus there are (a− 1)b = ab− b ways to fold this case.

Option (2) assumes we have not previously spiraled deterministically at a previous juncture and only
happens if 2a − j − 1 ≤ a + b (otherwise the red path in Figure 3(b) never leaves the spiral centered
at stamp a). That is, a − b − 1 ≤ j. If j = a − b − 1 then we have only one way to fold the one
remaining stamp of V b. With each increase in j we have one more stamp of V b to fold along the pink
path of Figure 3(c), with the extreme case being j = a − 2 and all b stamps of V b folding along the
pink path, which has b ways to fold. Thus in this case, ranging over all possible values of j, we have
1 + 2 + · · ·+ b = b(b+ 1)/2 ways to fold in this case.

The remaining case is option (3) where our folding enters I(j−1, j+2), loops around the Ma folding,
and then stamp 2a− j +2 re-enters at I(j − 1, 2a− j − 1), as shown in the blue path in Figure 3(d). For
this to occur, we need 2a− j + 2 ≤ a+ b, or a− b+ 2 ≤ j. Note that j is at most a− 2, so for this case
to exist, b must be at least 4. This is essentially the same as the previous case, except we make three folds
before entering I(j − 1, 2a − j − 1). Thus there are 1 + 2 + · · · + (b − 3) = (b − 2)(b − 3)/2 ways to
fold this case.

Putting all these cases together, for a− b > 1 and b ≥ 4, there are

(2b− 2) + (ab− b) +
b(b+ 1)

2
+

(b− 2)(b− 3)

2
= ab+ b2 − b+ 1

ways to fold the MV assignment MaV b.
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<latexit sha1_base64="EdxKE+BnSYZt88VKrVXP7mrnu+I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtsvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fdg2MqQ==</latexit>

0
<latexit sha1_base64="Dg1qkLKw5voaJbccFJ5EQoHu3CM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtcvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fd5GMqg==</latexit>

1
<latexit sha1_base64="hByul4Q1QaQzbYuThWZfC8+Cw98=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJukOgx4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv77SdUmsfywUwS9CM6lDzkjBorNSr9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe9VytXFdql1lceThDM7hEjy4gRrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB3kVjKs=</latexit>

2

<latexit sha1_base64="nrtKwSDIvdFmAnc/CxPPYQPuVAs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSvQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6le9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCW3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlSv26VL3I4sjDCZzCOXhwA1W4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3qZjKw=</latexit>

3
<latexit sha1_base64="BjHcNtvtIdW2pCszqFUi98DwVTY=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwICURqR4LXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WH60Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90GOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7qubXa/Vq47IIowyncAYX4MMNNOAemtACBggv8AbvzpPz6nwsG0tOMXECf+B8/gARx4uD</latexit>

4
<latexit sha1_base64="vKkVLWb+dLBPq6G9wwHZ4X7qCZ4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuaPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6te9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCW3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlSv2qVL3I4sjDCZzCOXhwA1W4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD32hjK4=</latexit>

5
<latexit sha1_base64="RXhqdKh4VzSEDWjc2/w/7D1QApA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrVfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66riVSvVxnW5dpnHUYBTOIML8OAGanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/fyWMrw==</latexit>

6
<latexit sha1_base64="CHS7XuiPowaf8HltWhhqSecbyQQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSOIx4MVjAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHSUKIZNFolIdQKqUXCJTcONwE6skIaBwHYwuZv77SdUmkfywUxj9EM6knzIGTVWalT7xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDWz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVLvK4sjDGZzDJXhQhRrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4CpjLA=</latexit>

7
<latexit sha1_base64="jJ+GCclsQry19fsyrF5MBSiMFwk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSMwx4MVjAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHSUKIZNFolIdQKqUXCJTcONwE6skIaBwHYwuZv77SdUmkfywUxj9EM6knzIGTVWalT7xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDqp9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10roue5VypXFTql1lceThDM7hEjy4hRrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4ItjLE=</latexit>

8

<latexit sha1_base64="F0V6uFHRJA+Tjt2aQCGPBePrn2M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSNRbwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/2iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZl2auUK/WrUvUiiyMPJ3AK5+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4OxjLI=</latexit>

9
<latexit sha1_base64="f8vMuYXIAbkeqbY3jsNs/5odOUs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD57bL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9WrV2v1VpX6Rx1GEEziFc/DgGupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+VmjOQ=</latexit>

10
<latexit sha1_base64="70A5XqRmxtoiClMjjDDJOeDFbwQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD57XL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9WrV2v1VpX6Rx1GEEziFc/DgGupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP+bqjOU=</latexit>

11
<latexit sha1_base64="QbMaONDZgJGAgVHYc1GiJzHqHeY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJIUqR4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPXjVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOEUbQje8surpFWteLVK7f6qXL/M4yjAKZzBBXhwDXW4gwY0gUEIz/AKb87YeXHenY9F65qTz5zAHzifP+hujOY=</latexit>

12

<latexit sha1_base64="ARogd98GM7PEsgPZ7aL6YmiNjx8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJKoVI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSg3fZK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEN37GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpHlR8aqV6v1VuXaex1GAYziBM/DgGmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDp8ozn</latexit>

13
<latexit sha1_base64="GiW4E4HwVxRm+TN2IzRYiLitdWE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RESvVY8OKxirWFNpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3Xu1frniVt05yCrxclKBHM1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzSKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G0y4AqZERNLKFPc3krYiCrKjA2nZEPwll9eJY+XVa9erd/VKo2LPI4inMApnIMHV9CAW2hCCxiE8Ayv8OaMnRfn3flYtBacfOYY/sD5/AHrdozo</latexit>

14
<latexit sha1_base64="SCeVfXu+7Rt9KRvba0y4QYU72PY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosePFYxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBq/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeuy6tWqtfurSv0ij6MIJ3AK5+DBNdThDhrQBAYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwDufozq</latexit>

16
<latexit sha1_base64="mTckplU6qlF7u5LGTF0epJ9Yasc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpPVY8OKxirWFNpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3Xv1frniVt05yCrxclKBHM1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzSKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G0y4AqZERNLKFPc3krYiCrKjA2nZEPwll9eJY+XVa9Wrd1dVRoXeRxFOIFTOAcP6tCAW2hCCxiE8Ayv8OaMnRfn3flYtBacfOYY/sD5/AHwAozr</latexit>

17

<latexit sha1_base64="bVBXDidTVWZaeRx6VMW6zf/nSj0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpPZY8OKxirWFNpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PHnWcKoYtFotYdQKqUXCJLcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBor3Xv1frniVt05yCrxclKBHM1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzSKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmrPsZl0lqULLFojAVxMRk9jYZcIXMiIkllClubyVsRBVlxoZTsiF4yy+vksfLqler1u6uKo2LPI4inMApnIMH19CAW2hCCxiE8Ayv8OaMnRfn3flYtBacfOYY/sD5/AHxhozs</latexit>

18
<latexit sha1_base64="0kea7CPZ8jIzQTLx+BHRAFKeHN8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVo8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSg3fVK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEN37GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpHlR8aqV6v1luXaex1GAYziBM/DgGmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDs+ozp</latexit>

15

Fig. 4: An example of a 2-alternating assignment folding of (M2V 2)4M2.

3.1.1 Edge Cases
There are also the edge cases that need to be considered. First, if b < 4, the last case in the above proof
cannot occur, and thus the (b−2)(b−3)

2 must be removed from the sum. Note that this only affects the sum
when b < 2, as (b−2)(b−3)

2 equals zero when b is either 2 or 3.
Also, if a− b is zero or one, the folding path can reach the center of the second spiral, which limits the

number of elements of the option (2). So, in option (2) where a−b = 1, we only have 1+2+ · · ·+b−1 =
b(b− 1)/2 paths, and MaV a+1 folds in 2a2 − a+ 1 ways.

In the case where a = b, we have two fewer steps until reaching the center of the spiral, and thus option
(2) has 1 + 2 + · · ·+ b− 2 elements, making MaV a fold in 2a2 − 3a+ 2 ways.

Remark 3.1. Theorem 3.1 indicates that if n = a + b is the number of creases in our strip of stamps,
then c(MaV b) is polynomial in n and is O(n2) in particular. Intuitively, the reason this two-block case
is polynomial is due to the fact that if an additional stamp is added, either in the M or the V block, the
number of intervals into which it can be inserted is bounded by a constant; it will have either one, two,
or three choices, as seen in the proof. In the next section, we will see MV assignments whose number of
ways to fold is exponential in n.

3.2 The 2-alternating Assignments
We have seen a class of MV assignments that fold in a number of ways polynomial in the length of the
string. In this section we consider the class of assignments with blocks of size two. The first few examples
are MM , MMV V , MMV VMM , and so on. We refer to these assignments as 2-alternating. Formally,
the 2-alternating assignment with m blocks is (M2V 2)m/2 for even m and (M2V 2)(m−1)/2M2 for odd
m. We now aim to count precisely the number of ways this pattern folds.

Theorem 3.2. The 2-alternating assignment on the 1×(2m+1) strip with m blocks folds in C⌊m
2 ⌋+1C⌈m

2 ⌉+1

ways, where Ci is the i-th Catalan number.

The proof has two main parts. First, we show that counting the valid layer orderings for these MV
assignments is equivalent to counting restricted walks in Z2 in Lemma 3.3. We then show that the number
of such walks is the product of Catalan numbers as specified in the Theorem.

To build up to this, we make some observations about the inherent structure of 2-alternating assign-
ments; an example is shown in Figure 4. Observe that when viewing our foldings as meanders, arcs
(i, i + 1) lie above the horizontal line for even i, and below for odd i; we refer to these as top arcs and
bottom arcs respectively. Note that our convention is that the first face 0 faces right and the first M
crease (0, 1) is a top arc, which means in the meander drawing this arc will be drawn from right-to-left;
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i.e., σ(1) < σ(0). Perpetuating this, we have that each initial M in an M2 will be a top arc traveling
right-to-left in the meander drawing, while the second M will be a bottom arc going left-to-right. The V 2

instances will be similar but with the directions reversed.
We call a bottom arc (i, i+1) uncovered if I(i, i+1) is not contained in any I(j, j+1) for bottom arc

(j, j + 1), with j < i. Otherwise, we call (i, i + 1) covered. These special arcs will be key to counting
the valid layer orderings.

Lemma 3.1. In every possible layer ordering satisfying a 2-alternating assignment, the two following
conditions are satisfied:

1. Suppose (i, i + 1) is a top arc in a 2-alternating assignment. Then given a layer ordering of faces
0 through i, face i+ 1 has precisely one place to be inserted in the permutation.

2. The uncovered bottom arcs are arranged such that all of the mountain arcs are to the left of all the
valley arcs. That is, if (i, i+1) is an uncovered bottom mountain arc and (j, j+1) is an uncovered
bottom valley arc, then σ(i) < σ(j). Further, if the assignment ends with a V , the position of the
final face must be the endpoint of the leftmost uncovered bottom valley arc. Otherwise, the position
of the final face must be the endpoint of the rightmost uncovered bottom mountain arc.

Proof:
We prove this by induction on the number of stamps in a 2-alternating assignment. It is trivially true for

the first bottom mountain arc. Now suppose the lemma is true for 2-alternating assignments on i stamps.
Given a valid folding of a 2-alternating assignment on i+1 stamps, drawn as a meander, we have that our
meander picture satisfies the lemma for points 0 up to i with (i− 1, i) being the endpoint of a bottom arc,
which we for the moment assume is a mountain arc. See Figure 5 for an illustration of this.

Let k be the left-most face in our drawing that is part of the left-most bottom valley arc. Then by
the induction hypothesis we have σ(i) < σ(k). Next, we will show that σ(i + 1) < σ(k) and thus
there is only one place for face i + 1 to be folded: I(i, k) (which will prove part (1) of the lemma by
induction). Suppose for the sake of contradiction that σ(k) < σ(i + 1). Since (k − 1, k) is a valley
by our inductive hypothesis, the arc (k, k + 1) must be a top M arc with σ(k + 1) < σ(k). We also
know that σ(k + 1) < σ(i). If not, (k + 1, k + 2) would be a bottom mountain arc contained in I(i, k)
violating the assumption of the inductive hypothesis that (i−1, i) is the rightmost mountain arc. But then
σ(k + 1) < σ(i) < σ(k) < σ(i + 1), so (i, i + 1) and (k, k + 1) intersect and the layer ordering is not
valid.

Then (i+ 1, i + 2) will be a bottom M arc in the left direction that folds face i+ 2 into an interval to
the left of I(j, k), which maintains property (2) of the lemma. The case where i was the endpoint of a
valley arc is symmetric and the same reasoning applies.

It is important to note that this structure would not be present if the MV assignment was different. For
general assignments, the uncovered arcs could be intermixed between mountain and valley, and it is rare
that the structure would require that any face has only one place to fold.

This means that to count the total ways to build the folding, we need only pay attention to the bottom
arcs and where they go. The utility of Lemma 3.1 is that we need only maintain the number of uncovered
bottom arcs of both kinds. Consider an example illustrated in Figure 6: Say we have already folded the
faces up to i and there are three uncovered bottom mountain arcs and two valley arcs. Then face i + 1
with a bottom arc (i, i + 1), must fold in the gaps (uncovered intervals) between these arcs or the gap to
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<latexit sha1_base64="qFkSjBqec4PSDGH4YPn5fEFFXd8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu+Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp41Uq1cV2uXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPzHGM4g==</latexit>

i
<latexit sha1_base64="H9jQK5/aY79dVNLDoaKtAnntXLQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIISklEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD+Lc65XKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4Y2fCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJqXFa9aqd5flWsXeRwFOIYTOAMPrqEGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QOit41S</latexit>

i + 1

<latexit sha1_base64="TpC7lW796itXqTdOvBBlpql66h0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxrhfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66riVSvVxnW5dpnHUYBTOIML8OAGanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/z3mM5A==</latexit>

k
<latexit sha1_base64="VsQYnuxCV3G5ZS2Z+vFFo6VU6jU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgKGE3SPQY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD/yi0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLVfvr0q1yyyOPJzAKZyDB9dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4ApDuNUw==</latexit>

i + 2
<latexit sha1_base64="t28/bZLnJa0Mb9G0MjUcHqcWn3A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ40JKIVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHsSF1yuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwxs/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTQvK161Ur2/KtfO8zgKcAwncAYeXEMN7qAODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8welwY1U</latexit>

i → 1

Fig. 5: Illustration of the proof of Lemma 3.1. Not all arcs are shown.

<latexit sha1_base64="qFkSjBqec4PSDGH4YPn5fEFFXd8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu+Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp41Uq1cV2uXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPzHGM4g==</latexit>

i

Fig. 6: With only uncovered bottom arcs shown, at i there are 4 potential gaps to the left and 3 to the right.
If (i, i+ 1) is a mountain arc then f(i) = 4 and b(i) = 3. Otherwise f(i) = 3 and b(i) = 4.

the far left or right. If we know that (i, i + 1) is a valley, there are four options including entering the
left-most, unbounded gap before the rightmost mountain. Otherwise, if (i, i+ 1) is a mountain, there are
three options.

To capture this idea, define f(i) to be the number of potential gaps for (i, i+1) to enter in the “forward”
direction; if (i, i+1) is a valley arc then these are the gaps to left of i, otherwise they are those to the right.
Then define b(i) to be the gaps “behind” i. Notice that between consecutive bottom arcs, the direction of
forwards and backwards switches. We then have the following.

Lemma 3.2. Let i be the starting point of a bottom arc with values f(i) and b(i). Then, f(i+2) = b(i)+1
and b(i+ 2) ∈ {1, . . . , f(i)}, where b(i+ 2) depends on where face i+ 1 is folded.

Proof: Suppose face i+ 1 is placed between j and k. Then for i+ 2, the gaps in the direction of the arc
will be those gaps that were behind (i, i + 1), including the newly created gap I(i + 1, k). Conversely,
because i + 1 can be folded into any of the f(i) gaps and it will create a new one in front of it, this will
give some number of gaps behind (i+ 2, i+ 3) that is at minimum 1 and at most f(i).

We can now completely abstract the process of counting valid layer orderings to the following.

Lemma 3.3. Let µ be the 2-alternating assignment on a 1 × (2m + 1) strip. Then c(µ) is given by the
number of walks of length m in Z2 starting at (2, 1) with the allowed steps of the form (a, b) → (b+1, i)
where i ∈ {1, . . . , a}.

Proof: Starting with i = 1, we let f(i) = f(1) = 2 and b(i) = b(1) = 2 and imagine a walk in Z2 as
described starting at (2, 1). At each step in our walk we add 2 to the index i and let (f(i + 2), b(i + 2))
be point in Z2 in our walk. Thus our walk can bring us to any of the positions described in Lemma 3.2,
and any of these walks in Z2 can determine an M2 or a V 2 part of our 2-alternating stamp folding. We
take m steps to reach index 2m + 1, the final index in the permutation which we know to be of length
2m+ 1.

To count the number of ways to perform this walk, we introduce a matrix that will encode the state
information at each step.

Definition 3.1. Let i, j ∈ N. We define a matrix X(m) such that X(m)i−1,j is the number of walks of
length m in Z2 starting at (2, 1) with steps as defined above that end at (i, j). We omit rows and columns
of all zeroes. See below for an example when m = 4.
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X(4) =

j
1 2 3[ ]4 4 2 2
4 4 2 3 i
2 2 1 4

One key feature we want to know about X(m) is its dimensions. This will be important later as we
construct a matrix representation of taking a single step that will rely on the dimensions of X(m).

Lemma 3.4. Let (a, b) be the position in a walk after m steps. Then 2 ≤ a ≤ ⌊m+4
2 ⌋ and 1 ≤ b ≤ ⌈m+2

2 ⌉.

Proof: We proceed by induction on m. Consider (a, b) a position in the walk after m + 1 steps. Then
by definition, b ≥ 1. Also by definition, there is an element (c, d) in the walk after m steps such that
a = d + 1 and b ≤ c. By the inductive hypothesis, d ≥ 1. So a ≥ 2. Also by the inductive hypothesis,
c ≤ ⌊m+4

2 ⌋ and d ≤ ⌈m+2
2 ⌉. Thus b ≤ ⌊m+4

2 ⌋ = ⌈ (m+1)+2
2 ⌉ and a ≤ ⌈m+4

2 ⌉ = ⌊ (m+1)+4
2 ⌋.

Now, because of Lemma 3.4, we can see that X(m) must always have dimension ⌊m+2
2 ⌋ × ⌈m+2

2 ⌉.
We say that accessing any index outside of these bounds will return a value of 0. We can now define the
matrix representation of taking a single step in a walk on Z2 mentioned above.

Definition 3.2. Define the matrix A(m) to be the (⌊m+2
2 ⌋+ 1)× ⌊m+2

2 ⌋ matrix
1 1 ... 1 1
1 1 ... 1 1
0 1 ... 1 1

...
0 0 ... 1 1
0 0 ... 0 1


That is, A(m) is an upper triangular matrix of all ones with a row of ones appended to the top.

Now we prove that the definition of A(m) given above is actually helpful in taking a step.

Lemma 3.5. Applying A(m) to X(m) and then transposing the result is the same as taking a step from
the positions represented by X(m). In other words,

X(m+ 1) = (A(m)X(m))T

Proof: When taking a step at position (c, d), for each positive integer i less than or equal to c, we can
move to position (d+1, i). Let (a, b) be a position in the walk that can be reached after m+1 steps. The
number of ways to reach (a, b) in m + 1 steps is thus equal to the sum of the number of ways to reach
each element (i, a − 1) in m steps, where i ≥ b. Since X(m + 1)a−1,b is the number of ways to reach
position (a, b) in m+ 1 steps,

X(m+ 1)a−1,b =

⌊m+2
2 ⌋∑

i=b−1

X(m)i,a−1
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This operation is the same as applying A(m) to X(m) and then transposing the result.

Now that we have a matrix for both taking a single step and representing all valid positions after taking
m steps, we can use matrix multiplication to easily compute the entries in X(m) for any m.

Definition 3.3. Catalan’s Triangle is a triangle of numbers such that each entry is equal to the sum of
the entries of the previous row that are not to the right of the current position. One important property of
Catalan’s triangle is that the elements in the n-th row sum to the n-th Catalan number. The first five rows
of Catalan’s triangle are shown in Figure 7b. For more on this triangle, see Bailey (1996).


25 25 15 5
25 25 15 5
15 15 9 3
5 5 3 1


(a) X(6)

Row
1 1 1
2 1 2 2
3 1 3 5 5
4 1 4 9 14 14
5 1 5 14 28 42 42

(b) The first 6 rows of Catalan’s triangle.

Fig. 7: The third row of Catalan’s Triangle flipped backwards is equal to the last row and column of X(6).

It turns out we can connect the entries of our matrices X(m) to this triangle. (See Figure 7(a) and
Figure 7(b) for an example.)

Lemma 3.6. The last column of X(m) is equal to the ⌊m
2 ⌋-th row of Catalan’s triangle and the last row

of X(m) is equal to the ⌈m
2 ⌉-th row of Catalan’s triangle.

Proof: We proceed by induction on m. X(2) is the 2× 2 matrix of all ones, whose last row and column
equals the first row of Catalan’s triangle.

By Lemma 3.5, X(m+ 1) = (A(m)X(m))T . We will first prove the claim holds for the last column.
Let i ∈ N such that 1 ≤ i ≤ ⌊ (m+1)+2

2 ⌋. By matrix multiplication,

X(m+ 1)
i,⌈ (m+1)+2

2 ⌉ =

⌊m+2
2 ⌋∑

j=⌈m+1
2 ⌉

X(m)j,i = X(m)⌊m+2
2 ⌋,i

So the last column of X(m+ 1) is equal to the last row of X(m), which is the ⌈m
2 ⌉ = ⌊m+1

2 ⌋th column
of Catalan’s triangle by the inductive hypothesis.

Now we prove the claim holds for the last row. Let i ∈ N such that 1 ≤ i ≤ ⌈ (m+1)+2
2 ⌉. By matrix

multiplication,

X(m+ 1)⌊ (m+1)+2
2 ⌋,i =

⌈m+2
2 ⌉∑

j=i−1

X(m)⌊m+2
2 ⌋,j

So the last column of X(m + 1) is dependent only on the last row of X(m), which by our inductive
hypothesis is equal to the ⌈m

2 ⌉-th row of Catalan’s triangle, and this recurrence is identical to the one that
generates the Catalan triangle.
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We now know the last row and column of any X(m), but we still need to know the other entries.
Interestingly, each element of the matrix is equal to the product of the element in its same row and last
column and the element in its same column but last row. This will be defined rigorously in the following
lemma.

Lemma 3.7. Let i, j ∈ N such that 1 ≤ i ≤ ⌊m
2 ⌋ and 1 ≤ j ≤ ⌈m

2 ⌉. Then

X(m)i,j = X(m)i,⌈m+2
2 ⌉ ·X(m)⌊m+2

2 ⌋,j

Proof: We proceed by induction on m. By Lemma 3.5, X(m + 1) = (A(m)X(m))T . A(m) has
dimension (⌊m+2

2 ⌋+1)×⌊m+2
2 ⌋ by Definition 3.2. Let i, j be natural numbers such that 1 ≤ i ≤ ⌊m+1

2 ⌋
and 1 ≤ j ≤ ⌈m+1

2 ⌉. Using matrix multiplication, we see that

X(m+ 1)i,j =

⌊m+1
2 ⌋∑

k=i−1

⌈m+1
2 ⌉∑

ℓ=j−1

X(m)k,ℓ

=

⌊m+1
2 ⌋∑

k=i−1

X(m)k,⌈m+1
2 ⌉

⌈m+1
2 ⌉∑

ℓ=j−1

X(m)⌊m+1
2 ⌋,ℓ (Inductive Hypothesis)

By the Catalan’s triangle recurrence and Lemma 3.6, this is equal to X(m + 1)
i,⌈ (m+1)+2

2 ⌉ · X(m +

1)⌊ (m+1)+2
2 ⌋,j .

Proof of Theorem 3.2: The number of walks of length m in Z2 satisfying the above conditions is equal
to the sum of the elements in X(m) since X(m) contains the multiplicity of each reachable position after
m steps. By Lemma 3.7, the sum of the elements in X(m) is equal to the sum of the elements in its
last column multiplied with the sum of the elements in its last row. By Lemma 3.6, these elements are
exactly the elements in the ⌊m

2 ⌋-th and ⌈m
2 ⌉-th rows of Catalan’s triangle, respectively. So the sum of the

elements in X(m) is equal to the sum of the elements in the ⌊m
2 ⌋-th row of Catalan’s triangle multiplied

by the elements in the ⌈m
2 ⌉-th row, which are known to be the ⌊m

2 ⌋+1-st and ⌈m
2 ⌉+1-st Catalan numbers,

respectively.

Remark 3.2. Theorem 3.2 proves that the number of ways to fold 2-alternating assignments (M2V 2)n

and (M2V 2)nM2 increases exponentially with n. Intuitively, this is because as we add more stamps to our
2-alternating assignment there can be an increasing number of intervals in which to place the next stamp,
as captured by the f(i) and b(i) functions of Lemma 3.2, whereas the polynomial growth of Theorem 3.1
never had more than three available intervals for the next stamp.

4 Conclusion
We have given a closed form for the number of ways to fold two specific MV assignment families for
a 1 × n strip of stamps, one polynomial and one exponential in the number of stamps. In a previous,
expanded version of this paper (Hull et al. (2025)), we prove non-tight bounds on general fold enumer-
ations for a given MV assignment. Specifically, if we let Ja1, a2, . . . , amK refer to the MV assignment
Ma1V a2 . . . (M/V )am , then we can prove the following:
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Fig. 8: Number of ways the maximally foldable assignment folds on the 1× n strip of stamps. The curve
2n/n5/4 is overlayed.

Theorem 4.1 (Hull et al. (2025)). For an arbitrary mountain-valley assignment Ja1, a2, . . . , amK,

a1 ·
m∏
i=2

min(ai−1 + 1, ai) ≤ c(Ja1, a2, . . . , amK) ≤ a1 ·
m∏
i=2

ai + i−1∑
j=1

2aj

 .

In addition, we modified a computer algorithm from Sawada and Li (2009) to count c(Ja1, a2, . . . , amK)
for various classes of MV assignments. From this we conjectured that the number of ways to fold MV
assignments with equal block sizes is always polynomial. In particular, if we let S(m, k) denote the MV
assignment with m blocks, each of size k, then we conjecture the following:

Conjecture 4.1. For any fixed m and sufficiently large k,

c(S(m, k)) ∼ em√
2πm

km.

We also tried to look for MV assignments that had a maximum number of foldings. A summary of our
data is shown in Hull et al. (2025) and led us to the following:

Conjecture 4.2. For n ≥ 8, the MV assignment that folds in the most ways consists only of blocks of size
1, 2, and 3. Furthermore, there are no two consecutive blocks of size 3.

Assuming the above conjecture is correct, we can find the maximally folding assignment and the num-
ber of ways it folds for larger n. By only considering assignments that satisfy the conditions, we have
been able to plot n vs the number of ways the maximally foldable assignment folds for up to n = 33 and
found it to be roughly linear on a logarithmic scale that seems to closely fit 2n/n5/4, as shown in Figure 8.

Conjecture 4.3. The maximal number of ways to fold a 1× n strip approaches 2n/n5/4 as n → ∞.

There still remains much to be explored in the fixed MV assignment perspective on the stamp folding
problem.

Open Question 4.1. Is there a closed form for finding the number of ways a specified MV assignment can
fold flat? If not, are there any more general closed forms we can generate for interesting patterns?
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Open Question 4.2. Is it possible to compute c(µ) faster than the algorithm described here?

An interesting related area of research involves folding the 2 × n grid. This problem is somewhat
more complicated as the folding cannot be performed recursively, as is the case in the 1 × n strip (see
Lemma 2.1). In fact, determining if a specific MV assignment on the 2 × n has a valid folding is a
challenging problem: Morgan (2012) gives an O(n9) algorithm.

Open Question 4.3. Can the insights from the 1×n strip of stamps be used in any way to provide insight
towards the 2× n case. For each MV assignment on the 1× n strip, is there a corresponding assignment
that folds similarly on the 2× n strip?
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