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We initiate a systematic study of pattern avoidance in rectangulations. We give a formal definition of such pat-
terns and investigate rectangulations that avoid -like patterns — the pattern and its rotations. For every L ⊆
{ , , , } we enumerate L-avoiding rectangulations, both weak and strong. In particular, we show -avoiding
weak rectangulations are enumerated by Catalan numbers and construct bijections to several Catalan structures.
Then, we prove that -avoiding strong rectangulations are in bijection with several classes of inversion sequences,
among them I(010, 101, 120, 201) and I(011, 201) — which leads to a solution of the conjecture that these classes
are Wilf-equivalent. Finally, we show that { , }-avoiding strong rectangulations are in bijection with recently
introduced rushed Dyck paths.
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1 Introduction
A rectangulation R is a decomposition of a rectangle R into a finite number of rectangles. Rectangulations
appear naturally in integrated circuit design [25, 27], combinatorial and geometric algorithms [16, 21,
38, 47], scientific data visualization [8, 24], architecture [17, 33, 40], and also in visual art and design.
They are of interest to combinatorialists due to their rich structure and many links to other combinatorial
objects. For example, classes of rectangulations have been shown to be in bijection with permutation
classes, binary trees, posets, Hopf algebras, planar maps, among others [1, 4, 14, 15, 26, 30, 31, 37].
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Our work concerns pattern avoidance in rectangulations. Rectangulation patterns were considered,
explicitly or implicitly, in several earlier contributions in the areas of combinatorics, computational ge-
ometry, and geometric algorithms. A rectangulation is guillotine if and only if it avoids both windmills
and : this early result was mentioned in many papers on algorithmic floorplaning; to our knowledge, the
first combinatorial paper where it appeared is [1] by Ackerman, Barequet, and Pinter. Cardinal, Sacristán,
and Silveira [10] showed that a rectangulation is (strongly equivalent to) a diagonal one if and only if it
avoids the patterns and . Generating functions for some families of pattern-avoiding rectangulations
were found by Asinowski and Mansour [5]. Eppstein, Mumford, Speckmann, and Verbeek [13] proved
that a rectangulation is area-universal is and only if every one of its segment is one-sided: from the per-
spective of patterns, these are precisely { , , , }-avoiding rectangulations. More recently, pattern
avoidance in rectangulations was considered by Merino and Mütze [32] in the context of algorithmic
generation of combinatorial structures, where eight specific patterns were considered for demonstrating
the developed algorithm. Asinowski and Banderier [3] provided an analytic solution for several models
involving these patterns — in particular, all models from [32] that deal with weak guillotine rectangula-
tions. Finally, Asinowski, Cardinal, Felsner, and Fusy [4] proved several results about correspondence of
rectangulation patterns to permutation patterns — in particular a characterization (conjectured by Merino
and Mütze) of strong guillotine rectangulations by mesh patterns.

Our goal is to initiate a systematic treatment of this topic; therefore, we start this contribution with giv-
ing a precise definition of pattern avoidance in rectangulations. Then we explore the case of -like patterns
— that is, the patterns , , , and . For every possible subset L of these patterns, we enumerate rectan-
gulations that avoid L, and we provide bijections with classes of structures, such as inversion sequences,
permutations, and Dyck paths. Our main results include bijections between -avoiding strong rectangu-
lations and several classes of inversion sequences, among them I(010, 101, 120, 201) and I(011, 201).
At the time of writing, the former of these classes is known to be enumerated by the sequence A279555
of the OEIS [35], and the latter is conjectured to be enumerated by the same sequence [9, 48]. Our results
include a proof of this conjecture, and, at the same time, offer the first combinatorial interpretation of
A279555 other than as a class of inversion sequences. Our further results include a bijection between
{ , }-avoiding strong rectangulations and a recently introduced family of rushed Dyck paths, enumer-
ated by A287709. In summary, already the simplest cases of pattern avoidance in rectangulations lead to
interesting results and connections.

In the follow-up articles we study representation of rectangulation patterns by permutation patterns,
and explore the cases where avoided patterns consist of three segments. The ultimate goal of our study
is to develop general approaches, similar to the areas of pattern avoidance in permutations, posets, lattice
paths, etc. For instance, given a set of patterns L, we wish to know whether L-avoiding rectangulations
are bijective to a class of permutations or inversion sequences, and whether the generating function is
rational / algebraic / D-finite or not. In earlier contributions such questions were handled ad hoc, we wish
to develop a systematic approach.

The motivation behind investigating the -like patterns is two-fold. These are the simplest patterns,
and it is very natural to start the systematic study with exploring them in order to see which phenomena
can be observed when they determine a class of rectangulations (for instance, the difference between the
“weak” and the “strong” case). On the other hand, since all the joints in generic rectangulations have a

shape, any pattern can be regarded as composed of several -like patterns. Hence, good understanding
of their avoidance is an essential step towards a general theory.

https://oeis.org/A279555
https://oeis.org/
https://oeis.org/A279555
https://oeis.org/A287709
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The paper is organized as follows: In Section 2 we provide the background and recall main definitions
and basic results on rectangulations and inversion sequences. In Section 3 we give a precise definition of
patterns in rectangulations. Then we present our results, in particular: in Section 4.1.1 we provide bijec-
tions between -avoiding weak rectangulations and several Catalan structures (Theorem 1); in Sections
4.1.3 and 4.1.4, bijections between -avoiding strong rectangulations and avoidance classes of inversion
sequences, including I(010, 101, 120, 201) and I(011, 201) (Theorems 4 and 6); and, in Section 4.2.2,
bijections between { , }-avoiding strong rectangulations and rushed Dyck paths (Theorem 13).

2 Definitions and basics
2.1 Rectangulations
In this expository section we recall definitions and basic results on rectangulations. All the results are
taken from [1, 2, 4, 10, 32]. In most cases we follow the conventions and the notation from [4].

Rectangulations and segments. A rectangulation R of an axis-aligned rectangle R is a decomposition
of R into finitely many interior-disjoint rectangles. The size of R is the number of rectangles in the
decomposition. See Figure 1 for several rectangulations of size 9.

A segment in R is a union of one or more sides of rectangles that form a straight line, is maximal in
regards to this property, and is not one of the sides of R. We will always assume that the rectangulations
are generic, which means that segments do not cross each other; that is, two segments can meet in a joint
of the shape , , , or , but never . Under this assumption, every rectangulation of size n has precisely
n− 1 segments. Given a segment s, a neighboring segment of s is a perpendicular segment one of whose
endpoints lies on s, and a neighboring rectangle of s is a rectangle of R one of whose sides is included
in s. Depending on the side from which a neighboring segment (or rectangle) meets s, we call it a left,
right, top, or bottom neighboring segment (or rectangle). A segment is one-sided if it has neighboring
segments on at most one of its sides.

A B C D

1 2 3

4 5

6

7

8

9

1 2 3

4 5

6

7

8

9

Fig. 1: Four rectangulations of size 9. Rectangulations A, B, and C are weakly equivalent. Rectangulations A and B
are also strongly equivalent. Rectangulation B is diagonal. For rectangulations A and B, the NW–SE labeling is
shown.

Weak and strong equivalence There are two natural ways to define equivalence classes for rectangu-
lations: the weak equivalence that preserves segment-to-rectangle contacts, and the (finer) strong equiva-
lence that preserves rectangle-to-rectangle contacts.
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A precise definition is based on neighborhood relations between rectangles of R. A rectangle Y
is right of a rectangle X (equivalently, X is left of Y ) if there exists a sequence of rectangles X =
X1, X2, . . . , Xk = Y such that for every i, 1 ≤ i ≤ k − 1, there is a vertical segment si such that Xi is a
left neighbor of si and Xi+1 is a right neighbor of si. A rectangle Y is above a rectangle X (equivalently,
X is below Y ) if there exists a sequence of rectangles X = X1, X2, . . . , Xk = Y such that for every i,
1 ≤ i ≤ k − 1, there is a horizontal segment si such that Xi is a bottom neighbor of si and Xi+1 is a top
neighbor of si. Every pair X, Y of distinct rectangles of R satisfies precisely one of these relations: X is
either above, below, right of, or left of Y .

Two rectangulations are weakly equivalent if there is a (unique) bijection between their rectangles
that preserves the left–right and above–below neighborhood relations. Two rectangulations are strongly
equivalent if this bijection additionally preserves contacts between rectangles. Every weak rectangulation
produces one or several strong rectangulations which differ from each other by shufflings — the orders in
which each segment meets the endpoints of all neighboring segments.

A weak rectangulation is an equivalence class of rectangulations with respect to the weak equivalence,
and a strong rectangulation is an equivalence class of rectangulations with respect to the strong equiva-
lence. In Figure 1, the rectangulations A, B, and C are weakly equivalent, but only A and B are strongly
equivalent. Hence, the four images in Figure 1 represent two distinct weak rectangulations but three
distinct strong rectangulations.

Diagonal labelings We denote the sides of R by the cardinal directions N (top), W (left), S (bottom),
and E (right), and, accordingly, the corners by NW, SW, SE, and NE. A W-rectangle is any rectangle that
touches W, the NW-rectangle is the rectangle that contains the NW-corner, and similar for other sides and
corners. The NW–SE ordering of the rectangles of R is the order in which X ≺ Y if and only if X is
left of or above Y . The NW–SE labeling is the labeling of the rectangles by 1, 2, 3, . . . , n according to
the NW–SE ordering, see rectangulations A and B in Figure 1. In the NW–SE labeling, rectangle Y is
the direct successor of rectangle X if and only if there is a segment whose one endpoint is the SE-corner
of X and the other endpoint is the NW-corner of Y . One similarly defines SW–NE, SE–NW, and NE–SW
orderings and labelings.

Diagonal rectangulations A diagonal rectangulation is a rectangulation in which the NW–SE diagonal
of R intersects the interior of every rectangle. In Figure 1, B is a diagonal rectangulation. Every rectangu-
lation R is weakly equivalent to a diagonal rectangulation. Moreover, all diagonal rectangulations weakly
equivalent to R lie in the same strong equivalence class, in which all the segments are shuffled so that the
configurations and are avoided. In a diagonal rectangulation, the NW–SE diagonal intersects the
rectangles according to the NW–SE ordering.

Guillotine rectangulations A cut in R is a segment whose endpoints lie on opposite sides of R. A rect-
angulation R is guillotine if it is either of size 1, or contains a cut that splits it into two sub-rectangulations
which are (recursively) both guillotine. In Figure 1, the rectangulations A,B, C are guillotine, and D is
non-guillotine. A rectangulation is guillotine if and only if it avoids windmills — quadruples of segments
of the shape or .

2.2 Inversion sequences
In this section we recall the basic definitions related to inversion sequences and pattern avoidance in them.

An inversion sequence of length n is an integer sequence e = (e1, e2, e3, . . . , en) such that 0 ≤ ej ≤
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j − 1 holds for all j ∈ [n]. We denote the set of all inversion sequences of length n by In. An inversion
sequence of length n can be plotted on the lower staircase of a n × n grid by labeling the columns from
1 to n and the rows from 0 to n− 1, see Figure 2 for an example.

0
1
2
3
4
5
6

1 2 3 4 5 6 7

Fig. 2: Plot of the inversion sequence e = (0, 0, 0, 3, 4, 3, 5).

Given an inversion sequence e, we say that ej is high if ej = j − 1. Further, the bounce(i) of e
is k := n − M , where n is the length of e, and M is its maximum value. The inversion sequence
e = (0, 0, 0, 3, 4, 3, 5) from Figure 2 has three high elements, three 0 elements, and its bounce is 2.
Its left-to-right maxima are 0, 3, 4, 5, and its right-to-left minima are 0, 3, 5.

There is a natural size-preserving bijection Θ from permutations to inversion sequences: A permutation
π = π1π2 . . . πn ∈ Sn is mapped to the inversion sequence e = (e1, e2, e3, . . . , en) ∈ In, where ek is the
number of inversions whose second (smaller) element is πk, that is, ek = |{i : 1 ≤ i < k, πi > πk}|.
In this case we say that e is the inversion sequence of π. For example, (0, 0, 0, 3, 4, 3, 5) ∈ I7 is the
inversion sequence of 5673142 ∈ S7.

Similar to pattern avoidance in permutations (refer to [7] for main definitions and basic results), one
defines pattern avoidance in inversion sequences, with the caveat that a pattern is not necessarily a
valid inversion sequence itself, but can be any sequence f of non-negative integers with set of values
{0, 1, 2, . . . , ℓ} for some ℓ. For example, (1, 0) is not an inversion sequence, but it can be considered as
a pattern. An inversion sequence e contains f if e has a (not necessarily contiguous) subsequence whose
entries have the same relative order as f . Otherwise, e avoids f . All the patterns in our paper are of
the length at most 3, and we write them without parentheses and commas, for example 201 rather then
(2, 0, 1). For example, the inversion sequence from Figure 2 contains — among others — the patterns
001, 010, 021, 102, but avoids the patterns 100, 101, 120, 210. Given a set of patterns T , an inversion
sequence is T -avoiding if it avoids all the patterns from T . We denote the set of T -avoiding inversion
sequences by I(T ), and the set of T -avoiding inversion sequences of length n by In(T ). For two sets
of patterns, T and T ′, we say that the classes I(T ) and I(T ′) are Wilf-equivalent if |In(T )| = |In(T ′)|
for every n ≥ 1; we denote this by I(T ) ∼ I(T ′). A systematic investigation of pattern avoidance in
inversion sequences was started in [12, 28, 29], and it is still a very active area of research.

3 Pattern avoidance in rectangulations
As mentioned above, we aim to developing a systematic study of patterns in rectangulations. Therefore, in
this section we give a formal definition of rectangulation patterns in terms of configurations of segments.

(i) This term was coined by Jay Pantone in [36].
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Definition. A configuration of segments is a connected(ii) set of horizontal and vertical segments such
that two distinct segments never cross and never share an endpoint. Two configurations of segments, C
and C ′, are weakly equivalent if there is a (unique) bijection γ : s 7→ s′ between their segments such that

1. Segments s ∈ C and s′ ∈ C ′ have the same orientation (both are horizontal or both are vertical);

2. Segments s and t meet in C if and only if segments s′ and t′ meet in C ′, and the respective joints
are of the same kind;

3. For every segment s, the order in which its neighboring segments meet it is preserved by γ, indepen-
dently, for both sides of s. (More precisely, if s is vertical, and t1, t2, . . . , tk are its left neighboring
segments listed in the order in which s meets them from the top to the bottom, then t′1, t

′
2, . . . , t

′
k are

precisely the left neighboring segments of s′ listed in the order in which s′ meets them from the top
to the bottom; similarly for the right neighboring segments of s; and similarly for a horizontal s.)

Finally, C and C ′ are strongly equivalent if they are weakly equivalent and the bijection γ also satisfies

4. For every segment s, the order in which all the neighbors of s meet it, is preserved by γ. (More
precisely, if s is vertical, and t1, t2, . . . , tk are precisely the neighboring segments of s listed in
the order in which s meets them from the top to the bottom, then t′1, t

′
2, . . . , t

′
k are precisely the

neighboring segments of s′ listed in the order in which s′ meets them from the top to the bottom;
similarly for a horizontal s.)

Definition. A weak rectangulation pattern is an equivalence class of configurations of segments with
respect to the weak equivalence. A strong rectangulation pattern is an equivalence class of configuration
of segments with respect to the strong equivalence.

A rectangulation R contains a pattern p if there is an injection from the segments of (any representative
of) p into the segments of (any representative of) R which preserves incidences, orientations, and order
of incidence of neighbors of the segments of p. Otherwise, R avoids p.

Here, the order of incidence should be understood according to the kind of equivalence. For weak
rectangulations we consider weak patterns, and for strong rectangulations we consider strong patterns(iii).

The next figures illustrate these concepts and present some phenomena. In Figure 3, all three segment
configurations are weakly equivalent, but only (a) and (b) are strongly equivalent. Accordingly, (a) and (b)
represent the same strong pattern, and (c) a different strong pattern; but all three configurations represent
the same weak pattern. The colors are used in order to make the correspondence visually clear.

Since patterns involve only segments, there is a greater flexibility in drawing their representatives than
for rectangulations. For example, images (a) and (b) in Figure 4 represent the same pattern. (In this
case, all the segments are one-sided, therefore this pattern can be seen as a weak or as a strong pattern.)
Moreover, an occurrence of a pattern p in a rectangulation preserves all the contacts that exist in p, but
can also contain some additional contacts: this is also illustrated in Figure 4(c).

Let L be a set of rectangulation patterns. Denote by Rw(L) and Rs(L) the set of weak and, respectively,
strong rectangulations that avoid all the patterns from L. We refer to these sets as rectangulation classes.
(ii) Considering disconnected patterns would inevitably involve configurations of both segments and rectangles and lead to more

involved definitions. Yet in [3, 32] some disconnected patterns were considered, rather ad hoc.
(iii) Avoidance of strong patterns in weak rectangulations is in general not well defined, and avoidance of weak patterns in strong

rectangulations is equivalent to avoidance of several strong patterns.
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(a) (b) (c)

Fig. 3: Images (a) and (b) represent the same strong pattern, and (c) a different strong pattern. All three images
represent the same weak pattern.

(c)(a) (b)

Fig. 4: Two drawings of the same pattern (a,b), and its occurrence in a rectangulation (c).

Note that if L contains at least one pattern from { , } and at least one pattern from { , }, then all the
segments in the rectangulations of the class are one-sided, and hence, the distinction between Rw(L) and
Rs(L) is not essential: in this case we simply write R(L). To refer to L-avoiding rectangulations of a
fixed size n, we add a subscript and denote the respective sets by Rw

n (L), R
s
n(L), and Rn(L).

4 L-avoiding rectangulations for L ⊆ { , , , }
In this section, we investigate the basic case of -like patterns — that is, the pattern and its rotations
, , . A summary of our main enumerative results is given in Table 1. There are five essentially dif-

ferent combinations L of -like patterns. In Section 4.1 we explore -avoiding rectangulations, and in
Section 4.2, { , }−avoiding rectangulations. Only in these two cases is distinction between weak and
strong rectangulations (indicated by w and s in the table) essential. The last three cases are elementary,
we give them in Section 4.3.

4.1 Enumeration and bijections for R( )

We start with the most basic case: L = { }. Note that -avoiding rectangulations are precisely those in
which every vertical segment reaches N. We explore -avoiding weak rectangulations in Section 4.1.1,
and then -avoiding strong rectangulations in Sections 4.1.3–4.1.4. In Section 4.1.2 we provide a back-
ground on I(010, 101, 120, 201) and I(011, 201) (and some other related classes of inversion sequences),
and in Section 4.1.5 we use our results to prove Wilf-equivalence of these two classes, along with several
matching statistics.
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L w/s Formula/OEIS Bijection to. . .

{ }
w A000108 (Catalan numbers)

Binary trees, Dyck paths,

(10)-avoiding inversion sequences,

(213)-avoiding permutations

s A279555
I(010, 101, 120, 201), I(010, 110, 120, 210)

I(010, 100, 120, 210), and I(011, 201).

{ , }
w 2n−1 Compositions

s A287709 Rushed Dyck paths

{ , } 2n−1 Binary sequences

{ , , } n

{ , , , } 2

Tab. 1: Summary of main results on enumeration of L-avoiding rectangulations for L ⊆ { , , , }.

4.1.1 -avoiding weak rectangulations: bijections with Catalan structures
Enumeration of Rw( ) leads to a famous sequence:

Theorem 1. |Rw
n ( )| = Cn, the n-th Catalan number.

This result, as well as its proof via binary trees (Proof 2 below), was first found by Aaron Williams [46].
We provide several proofs: first we derive the generating function for Rw

n ( ), and then we construct bi-
jections between Rw

n ( ) and several standard Catalan structures, such as binary trees, Dyck paths, (213)-
avoiding permutations, and (10)-avoiding inversion sequences. These proofs emphasize different aspects
of the result: bijections to binary trees and Dyck paths demonstrate that -avoiding weak rectangulations
is a very natural Catalan structure; the bijection with (213)-avoiding permutations shows how adding
the pattern restricts the well-known bijection between weak rectangulations and Baxter permutations;
finally, the bijection τ with (10)-avoiding inversion sequences is used in Section 4.1.3 as a basis for
bijections between -avoiding strong rectangulations and several classes of pattern-avoiding inversion
sequences.

Proof 1: Generating functions. In this proof we consider a structural decomposition of -avoiding
rectangulations, and translate it into an equation satisfied by the generating function. It is an adaptation
of the proof of the claim that (all) weak rectangulations are enumerated by Schröder numbers (see [2,
Theorem 2] and [4, Proposition 2.4]).

Let R ∈ Rw( ). Note that R is necessarily guillotine, since both windmills contain . Every guillotine
rectangulation of size > 1 has either horizontal or vertical cut(s) and is called accordingly horizontal
or vertical. Let R(x), H(x), and V (x) be the generating functions (with respect to the size) for all,
horizontal, and vertical rectangulations in Rw( ), respectively. Then we have

R(x) = x+H(x) + V (x). (1)

Consider the structural decomposition of horizontal and vertical rectangulations in Rw( ) (see Fig-
ure 5). Given a horizontal rectangulation in Rw( ), let s be its lowest cut. Above s there can be any

https://oeis.org/A000108
https://oeis.org/A279555
https://oeis.org/A287709
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x H V

R
x+H R

x

Fig. 5: The structural decomposition of an element of Rw( ).

-avoiding rectangulation; below s there can be a only a single non-partitioned rectangle. Hence, we have

H(x) = xR(x). (2)

Given a vertical rectangulation in Rw( ), let t be its left-most cut. To the left of t there can be either
a rectangulation of size 1 or any -avoiding horizontal rectangulation; to the right of t there can be any

-avoiding rectangulation. Hence, we have

V (x) =
(
x+H(x)

)
R(x). (3)

Solving (1), (2), and (3) for R(x), we obtain

xR2(x) + (2x− 1)R(x) + x = 0,

which yields

R(x) =
1−

√
1− 4x

2x
− 1,

the generating function of Catalan numbers (starting at C1).

Proof 2: Bijection with binary trees and staircases. As mentioned above, this proof was first given by
Aaron Williams [46]. It employs the fact that every diagonal rectangulation can be decomposed into two
binary trees by cutting along the diagonal: see Figure 6(a), where the lower tree is red and the upper tree
is blue. More precisely, there is a bijection between weak rectangulations and twin-binary trees — pairs
of binary trees that satisfy a condition to match the orientations of interior leaves [49]. Below we show
that -avoiding weak rectangulations are in bijection with individual binary trees.

Given a -avoiding weak rectangulation R, consider its diagonal drawing. Since is avoided, all the
joints that lie above the diagonal are of the shape . Therefore, the upper binary tree — and hence, the
entire rectangulation — is entirely determined by the lower binary tree. This leads to the bijection which
maps R to the lower binary tree obtained in this way. For a binary tree T , the corresponding -avoiding
diagonal rectangulation can be constructed as follows (see Figure 6(b)):

1. Embed T in a rectangle R so that its root is in the SW-corner, all the edges are horizontal or vertical
and non-crossing, and all the leaves lie on the NW–SE diagonal.

2. Extend every vertical edge upwards until it meets N — the top side of R.
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(a) (b) (c)

Fig. 6: Illustration to the second proof of Theorem 1. (a) A diagonal rectangulation is uniquely determined by a pair
of binary trees. (b) A -avoiding diagonal rectangulation is uniquely determined by a single binary tree. (c) A -
avoiding diagonal rectangulation is uniquely determined by a Catalan staircase (pink).

3. Extend every horizontal branch rightwards until it meets a vertical segment or E — the right side of
R.

Since binary trees are enumerated by Catalan numbers [39, Chapter 2, item 5], the result follows.
In fact, a minor modification of the subdiagonal part of -avoiding rectangulations recovers Catalan

staircases. They are defined in [39, Chapter 2, item 205] as “tilings of the staircase shape [with n steps]
by n rectangles”, and they are clearly equivalent to binary trees: see Figure 6(c).

Proof 3: Bijection with non-decreasing inversion sequences and Dyck paths. We establish a size-
preserving bijection τ from -avoiding weak rectangulations to non-decreasing inversion sequences,
which then directly yields a bijection with Dyck paths. Note that the family of non-decreasing inver-
sion sequences is precisely I(10). Every non-decreasing inversion sequence e consists of plateaus —
maximal consecutive subsequences with the same value. The first elements of the plateaus are precisely
the left-to-right maxima of e. Consecutive plateaus are separated by a jump — a pair of consecutive
elements ei, ei+1 with ei < ei+1; the height of such a jump is ei+1 − ei.

Let R ∈ Rw( ). We construct a non-decreasing inversion sequence τ(R) as follows:

1. For each rectangle X of R, label it with the number of rectangles to the left of X . This labeling
will be called the L-labeling.

2. Consider also the SW–NE ordering of the rectangles of R.

3. We define τ(R) to be the sequence e obtained by taking the rectangles according to the SW–NE
ordering and reading their L-labels.

These steps are demonstrated in Figure 7(a,b,c). For the rectangulation R in this example we obtain
τ(R) = (0, 0, 1, 1, 1, 4, 4, 4, 4, 4, 8, 8, 12, 12, 12, 12, 12, 12).

To see that e is an inversion sequence, note that if Yk ∈ R is the rectangle labeled k in the SW–NE
labeling, then there are precisely k − 1 rectangles which lie left of or below Yk, and therefore, at most
k − 1 rectangles left of Yk: hence, ek ≤ k − 1. To see that e is non-decreasing, consider Yk and Yk+1,
the rectangles of R labeled (respectively) k and k + 1 in the SW–NE labeling. Then Yk+1 is either to the
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Fig. 7: Bijection τ : Rw( ) → I(10): (a) Rectangulation R with the L-labeling; (b) Rectangulation R with the
SW–NE labeling; (c) The inversion sequence e = τ(R) and the Dyck path p = δ(R).

right of or above Yk. In the former case the L-label of Yk is clearly
smaller than that of Yk+1, which means ek < ek+1. In the latter case
there is a horizontal segment s which contains the top side of Yk and
the bottom side of Yk+1. The left endpoint of s is the SW-corner of
Yk+1 and, since R avoids , it is also the NW-corner of Yk. Hence,
the set of rectangles left of Yk and the set of rectangles left of Yk+1

Yk+1

Yk
Yk+1

Yk s

are the same. Therefore, in this case, the L-labels of Yk and of Yk+1 are equal, and we have ek = ek+1.
The result |In(10)| = Cn was shown in several contributions: see, for example, [29, Theorem 27]

and [41, Section 2.1]. The following direct bijection ε from non-decreasing inversion sequences to Dyck
paths is given in [39, Chapter 2, item 78]: Given e ∈ In(10), consider its plot drawn over in the [0, n] ×
[0, n] grid. Connect the point (0, 0) to the point (n, n) by the lattice path which consists of (1, 0)-steps
just below the cells marked in the plot, and (0, 1)-steps which are then needed to complete such a path.
This lattice path is a (subdiagonal) Dyck path ε(e) of semilength n, and it is clear that ε is bijective.
Then δ := ε ◦ τ is a mapping from Rw( ) to Dyck paths of semilength n. In Figure 7(c), the Dyck path
p = δ(R) is shown by a purple line.

We now make several observations that will be useful later. Denote the left side, the vertical segments,
and the right side of R, ordered from left to right, by s1, s2, . . . , st+1. Two rectangles have the same
L-label if and only if they are right neighbors of the same sk. When we construct τ(R) by taking the
rectangles of R according to the SW–NE ordering, we first take the right neighbors of s1, then the right
neighbors of s2, and so on; for each k = 1, 2, . . . , t, the right neighbors of sk are taken from bottom to
top. Therefore, the length of the k-th plateau is equal to the number of rectangles that neighbor sk on the
right. Finally, for k ≥ 2, the set of rectangles to the left of sk is the disjoint union of rectangles to the left
of sk−1 and the left neighbors of sk. Therefore, the height of the jump from the (k − 1)-th to the k-th
plateau is equal to the number of left neighbors of sk.

As a result, the Dyck path δ(R) can be directly obtained as follows: Given R ∈ Rw( ), we traverse
it as shown by the white arrow in Figure 8(a): beginning in the SW-corner and ending in the SE-corner,
we trace the left, right, and top sides of R (W, E, and N) and each of the vertical segments in R. Each
rectangle we cross as we trace upwards corresponds to a (1, 0)-step in the Dyck path and each rectangle
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we cross as we trace downwards corresponds to a (0, 1)-step in the Dyck path. If we use instead (1, 1)-and
(1,−1)-steps, we directly obtain the standard form of p. Then, for every rectangle X of R, the left and
the right sides of X correspond to a matching pair of steps in p, see Figure 8(b).

(a) (b)

s3s2 s4 s5s1 s6

Fig. 8: A direct bijection between -avoiding weak rectangulations and Dyck paths. Pairs of vertical sides of the
same rectangle in R correspond to pairs of matching steps in p.

Given a Dyck path p, it is easy to restore the unique rectangulation R such that δ(R) = p: one can
use the bounding box of p as R, draw a vertical segment upwards from every valley, and then the pairs of
matching steps indicate how rectangles should be inserted between the vertical sides and segments of R.
This proves that δ is a bijection; therefore τ is also a bijection.

The fourth proof connects the avoidance of to permutation patterns. Let β be the following version
of the bijection given by Ackerman, Barequet, and Pinter [1], between weak rectangulations and Baxter
permutations: Given a weak rectangulation R of size n, label its rectangles by 1, 2, . . . , n according to the
SE–NW ordering, and then read these labels according to the the SW–NE ordering.(iv) The permutation
obtained in this way is defined to be β(R).

We prove a substantially stronger result which does not just deal with enumeration, but provides a cor-
respondence between a rectangulation pattern and a permutation pattern. Therefore, we give it separately
as Theorem 2. It implies |Rw( )| = Cn directly, since (213)-avoiding permutations are enumerated by
Catalan numbers (and all (213)-avoiding permutations are Baxter).

Theorem 2. A weak rectangulation R avoids the pattern if and only the permutation π = β(R) avoids
the pattern 213.
Proof: Assume that R contains , and denote the rectangles adjacent to
its joint point by Xi, Xj , Xk as in the drawing. Then, in the SE–NW
ordering we have Xi ≺ Xj ≺ Xk, and in the SW–NE ordering we have
Xj ≺ Xi ≺ Xk. Hence, π has an occurrence of 213.

Xk

XiXj

(iv) In [1], one labels rectangles by to the NW–SE ordering, and then reads the labels according to the the SW–NE ordering. We use
different orderings in order to make the statement of Theorem 3 particularly simple.
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Now assume that π contains the pattern 213. Then it necessarily con-
tains 213 — an occurrence of 213 in which the elements correspond-
ing to 1 and 3 are adjacent. Therefore, R has three rectangles labeled
Xi, Xj , Xk such that we have Xi ≺ Xj ≺ Xk in the SE–NW ordering,
Xj ≺ Xi ≺ Xk in the SW–NE ordering, and, moreover, Xk is the direct
successor of Xi in the SW–NE ordering. Then there is a horizontal seg-
ment s that contains the top side of Xi and the bottom side of Xk, and
its left endpoint P is the SW-corner of Xk. If Xi extends to the left so
that its NW-corner is P , then the left sides of Xi and Xk are contained in
the same vertical segment and therefore, a rectangle Y of R is to the left
of Xi if and only if it is to the left of Xk. However, the SE–NW and SW–
NE orderings imply that Xj is to the left of Xi but below Xk. Therefore,
Xi does not extend to contain P , and hence, the left side of Xi together
with s forms .

Xk

Xi

Xk

Xi

s

s

P

P

The mappings τ and β are related as the following theorem shows.

Theorem 3. For every weak rectangulation R we have τ(R) = Θ(β(R)).

Proof: Let π = β(R) = π1π2 . . . πn. This means: for every j, the rectangle Yj labeled j in the SW–NE
labeling is labeled πj in the SE–NW labeling. Therefore, the number of indices i such that i < j and
πi > πj is equal to the number of rectangles that occur earlier than Yj in the SW–NE ordering but later
than Yj in the SE–NW ordering. This is precisely the number of rectangles to the left of Yj , and therefore,
the j-th component of Θ(β(R)) is precisely the L-label of Yj . Hence, Θ(β(R)) coincides with τ(R).

For example, for R from Figure 7, we have β(R) = 7 18 15 16 17 8 11 12 13 14 9 10 1 2 3 4 5 6 7,
whose inversion sequence is indeed e = (0, 0, 1, 1, 1, 4, 4, 4, 4, 4, 8, 8, 12, 12, 12, 12, 12, 12), see Figure 9.
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Fig. 9: Illustration to Theorem 3: (a) The SE–NW labeling of R. (b) The SW–NE labeling of R. (c) The permutation
β(R): Θ(β(R)) coincides with τ(R). The highlighted areas illustrate π11 = 9 and e11 = 8.
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4.1.2 Classes of inversion sequences enumerated by A279555
Now we turn to the enumeration of -avoiding strong rectangulations. Mütze and Namrata [34] explored
them computationally and observed that the first elements of their enumerating sequence match A279555.
In the OEIS, A279555 is defined as the enumerating sequence of two classes of inversion sequences,
I(010, 110, 120, 210) and I(010, 100, 120, 210). To our knowledge, these classes were first considered
by Martinez and Savage in their study of classes of inversion sequences that avoid triples of relations [29].
In their classification, these are classes 764A and 764B; in [29, Theorem 62] they show that these classes
are Wilf-equivalent. At the time of writing, these two classes of inversion sequences are the only interpre-
tations of A279555 in OEIS. However, this sequence has been proven, or conjectured, to enumerate some
additional classes of inversion sequences, as outlined below.

In [48, Theorem 8.1], Yan and Lin proved that I(011, 201) and I(011, 210) (their classes 3091A and
3091B) are Wilf-equivalent, and conjectured that they are also enumerated by A279555 [48, Conjec-
ture 8.3]. To the best of our knowledge, this conjecture had not been proven at the time of writing. We
provide a proof in Theorem 11.

In [20, Section 4.5], Kotsireas, Mansour, Yıldırım constructed a generating tree for I(011, 201) and
gave a functional equation satisfied by the generating function. The expression given in [20, Equa-
tion 4.16] contained a typo which was fixed by Pantone [36, Section 6.5], who also computed 500 terms
for I(011, 201) and for I(010, 100, 120, 210). His computations showed that the enumerating sequences
of these classes coincide at least to that extent — thus, providing strong evidence to the conjecture of Yan
and Lin.

In [9, Table 1, Case 166], Callan and Mansour listed nine classes of inversion sequences determined
by quadruples of patterns of length 3, which are enumerated, or were conjectured to be enumerated,
by A279555. The classes I(010, 110, 120, 210) and I(010, 100, 120, 210) from the original definition
of A279555 are their classes 166(8) and 166(6). The classes I(011, 201) and I(011, 210) appear in their
list as I(011, 101, 110, 201) (class 166(3)) and I(011, 101, 110, 210) (class 166(4)).(v) Thus, Conjec-
ture 1.2 [9] by Callan and Mansour is equivalent to Conjecture 8.3 [48] by Yan and Lin.

From the results achieved in [9, 20, 29, 36, 48] it is known at the time of writing that:

• The classes 166(6− 9) are Wilf-equivalent and enumerated by A279555,

• The classes 166(1− 5) are Wilf-equivalent and conjecturally enumerated by A279555.

We summarize these results in Table 2, which is adapted from [9, Table 1, Case 166].
In this section we show that Rs( ) is equinumerous to classes 166(3,6,7,8) from Table 2 by construct-

ing generating trees and also by giving explicit bijections. First, in Section 4.1.3, we show that Rs( ) is
equinumerous to I(010, 101, 120, 201), I(010, 110, 120, 210) and I(010, 100, 120, 210), thus confirming
the conjecture by Mütze and Namrata that Rs( ) is enumerated by A279555. To the best of our knowl-
edge, it is the first interpretation of this sequence using a combinatorial structure other than a class of
inversion sequences. Then, in Section 4.1.4, we show that Rs( ) is equinumerous to I(011, 201). In Sec-
tion 4.1.5 we combine these results, which completes the proof of the conjecture that all the classes in
Table 2 are Wilf-equivalent and enumerated by A279555.

(v) To see that I(011, 201) = I(011, 101, 110, 201) and I(011, 210) = I(011, 101, 110, 210), note that avoidance of 011
directly implies avoidance of 101 and of 110. In [9, Theorem 1], a different proof is given.

https://oeis.org/A279555
https://oeis.org/A279555
https://oeis.org/A279555
https://oeis.org/A279555
https://oeis.org/A279555
https://oeis.org/A279555
https://oeis.org/A279555
https://oeis.org/A279555
https://oeis.org/A279555
https://oeis.org/A279555
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Class Proofs of Wilf-equivalence Notation in [29, 48]
(1) I(010, 100, 110, 201)

(2) I(010, 100, 110, 210) (3) ∼ (4): [48].
(3) I(011, 101, 110, 201) (1− 5): Isomorphic generating trees [9]. = I(011, 201) [48, 3091A]
(4) I(011, 101, 110, 210) A279555: conjectured [9, 36, 48]. = I(011, 210) [48, 3091B]
(5) I(010, 101, 110, 201) (shown in [9]).
(6) I(010, 100, 120, 210) (6) ∼ (8): [29]. [29, 764B]
(7) I(010, 101, 120, 201) (6− 8): Isomorphic generating trees [9].
(8) I(010, 110, 120, 210) A279555: (6,8) by definition [29]. [29, 764A]
(9) I(010, 101, 120, 210) A279555: via bijection to (7) [9].

Tab. 2: Nine classes of inversion sequences avoiding four patterns of length 3, proven or conjectured to be enumerated
by A279555 in [9, 29, 36, 48]. (Adapted from [9, Table 1, Case 166].)

4.1.3 -avoiding strong rectangulations: bijections with classes of inversion se-
quences I(010, 101, 120, 201), I(010, 110, 120, 210), and I(010, 100, 120, 210)

Denote I(6) := I(010, 100, 120, 210), I(7) := I(010, 101, 120, 201), and I(8) := I(010, 110, 120, 210),
in accordance to the case number in Table 2. In this section we prove that Rs( ) is equinumerous to these
three classes. We first prove it by considering a generating tree T1 given by Pantone [36] for I(6), and
showing that it can be also regarded as a generating tree for Rs( ). Then we describe explicit bijections
between Rs( ) and these three classes of inversion sequences.

We begin by exploring the structure of I(7), I(8), and I(6). Let e = (e1, e2, . . . , en) be an element of
any of these classes, and let (0 =) ea1 < ea2 < . . . < eat be its left-to-right maxima. Then, since e
avoids 010 and 120, it satisfies the following condition:

• Condition A: For every j = 1, 2, . . . , t, we have aj ≤ k < aj+1 =⇒ eaj−1 < ek ≤ eaj .
(For j = 1, the condition just says that we have ek = 0 for all k such that (1 =) a1 ≤ k < a2.)

This means that in the plot of e all the elements lie in rectangular areas [aj , aj+1 − 1] × [eaj−1 + 1, eaj ]
to which we refer as active areas. (By convention, the first active area is [a1, a2]×{0}, and the last active
area is [at, n]× [eat−1

+ 1, eat
].)

Then, the two remaining patterns imply a condition, specific to each of the classes, concerning elements
within active areas:

• For I(7) = I(010, 101, 120, 201), Condition B1: In every active area, the elements are weakly
decreasing.

• For I(8) = I(010, 110, 120, 210), Condition B2: In every active area, the elements are weakly
increasing, except for the first element eaj

.

• For I(6) = I(010, 100, 120, 210), Condition B3: In every active area, the elements whose value is
not equal to its first element eaj

, are strictly increasing.

https://oeis.org/A279555
https://oeis.org/A279555
https://oeis.org/A279555
https://oeis.org/A279555
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It is easy to see that every sequence that satisfies condition A and any of the conditions B1, B2, B3,
belongs to the respective class. That is, conditions A and B1 characterize I(7), conditions A and B2
characterize I(8), and conditions A and B3 characterize I(6). In Figure 10 we give three examples to
exhibit these characterizations (active areas are highlighted by orange). Note that these characterizations
immediately imply I(7) ∼ I(8) ∼ I(6): an element of I(8) can be obtained from an element of I(7) by
vertical reflection of every active area, except for its first column; and an element or I(6) can be obtained
from an element of I(8) by the following transformation: if several elements in the j-th active area have
the same value smaller than eaj

, then all of them, except for the last one, are replaced by eaj
. These

transformations are clearly bijective; in Figure 10 we apply them to obtain e1 7→ e2 7→ e3. We will
primarily deal with I(7), since the condition B1 appears to be the most natural one.

e1 ∈ I(010, 101, 120, 201) e2 ∈ I(010, 110, 120, 210) e3 ∈ I(010, 100, 120, 210)

Fig. 10: Examples of inversion sequences in I(7) = I(010, 101, 120, 201), I(8) = I(010, 110, 120, 210), and
I(6) = I(010, 100, 120, 210). Active areas are highlighted by orange.

In [36, Section 6.5], Pantone gave the following generating tree(vi) T1 for I(6):

Generating Tree T1 [36, Section 6.5]

Root : (1, 0).
Succession rules : (k, ℓ) −→ (1, k − 1), (2, k − 2), . . . , (k, 0); (∗)

(k + 1, 0), (k + 1, 1), . . . , (k + 1, ℓ). (∗∗)

Here, k is the bounce(vii) of e ∈ I
(6)
n , and ℓ is the number of admissible values (that is, the values

that can be inserted at the end of e to produce a valid element of I(6)n+1) which are smaller than M , the
maximum of e. The rule (∗) represents adding a new maximum (and starting a new active area). The
rule (∗∗) represents adding a new value within the last active area of e. We refer to the pair (k, ℓ) for a
specific e as the type of e.

(vi) See, for example, [45] for a brief introduction to the method of generating trees and the related terminology.
(vii) Reminder: The bounce of an inversion sequence e is k = n−M , where n is the length and M is the maximum value of e.
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It is easy to verify that T1 is also a generating tree for I(7) and I(8). In both cases, the statistic k has the
same meaning as for I(6) (the bounce). The statistic ℓ for I(8) has the same meaning as for I(6); and the
statistic ℓ for I(7) is the number of admissible values which are smaller than the final value of e. (All such
values clearly belong to the range of the last active area.) See Figure 11 for the illustration: assuming that
a given inversion sequence e ∈ I

(7)
n has the type (k, ℓ), black dots show all admissible values, and the

type of e′ ∈ I
(7)
n+1 which is obtained by adding the respective admissible value is shown near every dot.

k

ℓ

(1, k − 1)
(2, k − 2)

(k − 1, 1)
(k, 0)

(k + 1, ℓ)
(k + 1, ℓ− 1)

(k + 1, 1)
(k + 1, 0)

(∗∗)

(∗)

M = max ej

Fig. 11: Illustration for the succession rules of T1 for I(7).

Now we can state and prove the main result of this section.

Theorem 4. For every n ≥ 1 we have

|Rs
n( )| = |In(010, 101, 120, 201)| = |In(010, 110, 120, 210)| = |In(010, 100, 120, 210)|.

Proof: We show that T1 is a generating tree for Rs( ), where the interpretation of k and ℓ is as follows:

• k is the number of E-rectangles in R,

• ℓ is the number of horizontal segments that neighbor the NE-rectangle of R on the left.

We refer to the pair (k, ℓ) for a specific R as the type of R. The rectangulation of size 1 has type (1, 0).
Given a rectangulation R ∈ Rs

n( ) of type (k, ℓ), we can obtain a rectangulation R′ ∈ Rs
n+1( ) by

inserting a new NE-rectangle in one of the following ways (see Figure 12):

• Inserting a new NE-rectangle while pushing to the left the upper j E-rectangles, where 1 ≤ j ≤ k.
The new rectangulation has the type (k − j + 1, j − 1). This yields the succession rule (∗).

• Inserting a new NE-rectangle while pushing downwards the top edge of the NE-rectangle of R,
such that precisely i segments, where 0 ≤ i ≤ ℓ, touch the new NE-rectangle from the left. The
new rectangulation has the type (k + 1, i). This yields the succession rule (∗∗).

These succession rules ensure that every rectangulation in Rs( ) is generated precisely once: Consider
R′ ∈ Rs

n+1( ), and let X be its NE-rectangle. If the SW-corner of X has the shape or X is an S-
rectangle, then R′ is obtained from R ∈ Rs

n( ) by rule (∗). If the SW-corner of X has the shape or
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1

i

ℓ

i+ 1
1

j + 1

k

(k, ℓ)

1

i
1

k + 1

(k + 1, i),
0 ≤ i ≤ ℓ

1
1

k − j + 1

j

2

2

j − 1

(k−j+1, j−1),
1 ≤ j ≤ k

2
2 3

j + 1

j + 2

(∗) (∗∗)

Fig. 12: Illustration for the succession rules of T1 for Rs( ).

X is a W-rectangle, then R′ is obtained from R ∈ Rs
n( ) by rule (∗∗). In both cases R obtained from

R′ by the (NE) corner rectangle deletion, and R′ from R by the (NE) corner rectangle insertion [1, 18].
Thus, we refer to constructing a rectangulation from the size-1 rectangulation by these succession rules
as constructing by NE insertion.

Thus, T1 is a generating tree for Rs( ). Since it is also a generating tree for I(6), for I(7), and for I(8),
the theorem follows.

Let τ (7) : Rs( ) → I(7) be the bijection that respects the succession rules of T1 for these two classes,
that is: τ (7)(R) = e if and only if R is obtained from the size-1 rectangulation and e is obtained from the
size-1 inversion sequence by the same sequence of succession rules. Comparing how the corresponding
succession rules of the generating tree T1 act on elements of I(7) and of Rs( ), it is easy to derive a direct
description of τ (7), which modifies the bijection τ : Rw( ) → I(10) from the third proof of Theorem 1.
Let R ∈ Rs( ), and let ē = τ(R̄), where R̄ is the weak rectangulation corresponding to R. Since ē is
non-descending, it belongs to I(7), and its active areas are defined as above. To account for the shufflings
along vertical segments in R, we modify ē as follows: For every k, 2 ≤ k ≤ t, consider the neighboring
rectangles of the vertical segment sk, and if the SW-corner of the i-th (bottom to top) right neighbor
touches the j-th (bottom to top) left neighbor, we decrease the value of ēak+i−1 (the i-th element of the
k-th plateau) by j − 1. Since the jump from the (k − 1)-th to the k-th plateau of ē is the number of
rectangles that neighbor sk on the left, the new value is larger than ēak−1

— that is, the modified value
still belongs to the k-th active area. Finally, it is readily seen that the modified elements of every active
area are weakly decreasing.

To visualize this construction, we label, for every sk, the left neighboring rectangles by a, b, c, . . . top
to bottom, and the right neighboring rectangles by 1, 2, 3, . . . bottom to top, see Figure 13(a). In the plot
of ē we label, for every active area, its rows a, b, c, . . . from bottom to top, and its columns by 1, 2, 3, . . .



Patterns in rectangulations: -like patterns 19

from left to right. Then we shift the dots of the plateau so that we have, with respect to this local labeling,
the dot (v, w) if and only if the SW-corner of the right neighbor of sk labeled v lies on the boundary of
the left neighbor of sk labeled w. Then τ (7)(R) is the inversion sequence e obtained in this way, see
Figure 13(b) for an example.
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Fig. 13: Illustration to Theorem 4. (a) Rectangulation R ∈ Rs( ). (b) τ (7)(R) ∈ I(010, 101, 120, 201).

For bijections τ (8) : Rs( ) → I(8) and τ (6) : Rs( ) → I(6) we apply modifications of active areas as
shown in Figure 10. The visualization τ (7) in terms of (v, w) can be adjusted accordingly, we omit the
details. Figure 14 shows τ (8)(R) and τ (6)(R) for the same rectangulation R as in Figure 13.
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Fig. 14: Illustration to Theorem 4. (a) τ (8)(R) ∈ I(010, 110, 120, 210). (b) τ (6)(R) ∈ I(010, 100, 120, 210).

Finally, we observe which statistics in inversion sequences correspond to the numbers of rectangles that



20 Andrei Asinowski and Michaela A. Polley

touch the sides of a rectangulation, under all three bijections τ (6), τ (7), τ (8). These results are directly
seen from the explicit description of the bijections, and we omit the proof.

Proposition 5. Let R ∈ Rs( ), and let e be the image of R under τ (6), τ (7), or τ (8). Then:

• The number of rectangles of R that touch N is the number of left-to-right maxima of e.

• The number of rectangles of R that touch E is the bounce of e.

• The number of rectangles of R that touch S is the number of high elements in e.

• The number of rectangles of R that touch W is the number of 0 elements in e.

4.1.4 -avoiding strong rectangulations: bijection with the class of inversion
sequences I(011, 201)

In this section we prove that Rs( ) is equinumerous to I(011, 201). We use Rs( ) instead of Rs( ),
since this leads to a particularly clear visual description. Similarly to the previous section, we first prove
the result by considering a generating tree T2 (different from T1) given by Pantone [36] for I(011, 201)
and showing that it can be also regarded as a generating tree for Rs( ). Then we provide an explicit
size-preserving bijection between Rs( ) and I(011, 201).

In [36, Section 6.5], Pantone gave the following generating tree T2 for I(011, 201):

Generating Tree T2 [36, Section 6.5]

Root : (1, 0).
Succession rules : (k, ℓ) −→ (1, k + ℓ− 1), (2, k + ℓ− 2), . . . , (k, ℓ); (∗)

(k + 1, 0), (k + 1, 1), . . . , (k + 1, ℓ− 1); (∗∗)
(k + 1, 0). (∗ ∗ ∗)

In this case, k is the bounce of e ∈ In(011, 201), and ℓ is the number of admissible values which
are greater than 0 and smaller than M , the maximum value of e. The rule (∗) represents adding a new
maximum. The rule (∗∗) represents adding an admissible value greater than 0 and smaller than M (since
the patterns 011 and 201 are avoided, such a new value is necessarily smaller than the final element of e).
The rule (∗ ∗ ∗) represents adding a 0 element. (This explanation is adapted from [36].) See Figure 15 for
illustration; white dots represent all the admissible values that can be added to e, and the pairs to the right
of corresponding black dots show which type is obtained if this admissible value is added. Note that all
the values from M+1 to n are always admissible for (∗), and 0 is always admissible for (∗∗∗). A precise
characterization of elements admissible for (∗∗) (denoted by v1, v2, . . . , vℓ in Figure 15) will be provided
in Proposition 7.

Before dealing with rectangulations, we introduce certain geometric relations. If X and Y are two
segments, or two rectangles, or one segment and one rectangle, we say that one of them lies higher than
/ lies lower than / lies to the left of / lies to the right of the other if there is a horizontal or vertical line
that (weakly) separates them accordingly. (Note that these relations are different from the relations above,
below, etc., used earlier.)

Theorem 6. For every n ≥ 1 we have |Rs( )| = |I(011, 201)|.
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k

vℓ

(1, k + ℓ− 1)
(2, k + ℓ− 2)

(k − 1, ℓ+ 1)
(k, ℓ)

(k + 1, ℓ− 1)

(k + 1, ℓ− 2)

(k + 1, 1)

(k + 1, 0)

M = max ej

vℓ−1

v1

v2

(k + 1, 0)

(∗∗)

(∗)

(∗ ∗ ∗)

Fig. 15: Illustration for the succession rules of T2 for I(011, 201).

Proof: We say that a joint is active if the right endpoint of its horizontal segment lies on E.
We show that T2 is a generating tree for Rs( ), where the interpretation of k and ℓ is as follows:

• k is the number of N-rectangles of R,

• ℓ is the number of active joints.

The rectangulation of size 1 has type (1, 0). Given a rectangulation R ∈ Rs
n( ) of type (k, ℓ), we can

obtain a rectangulation R′ ∈ Rs
n+1( ) by inserting a new NE-rectangle in one of the following ways (see

Figure 16):

• Inserting a new NE-rectangle X while pushing downwards the j right-most N-rectangles, where
1 ≤ j ≤ k, so that all the horizontal segments that exist in R are lower than the bottom side of X (in
particular, X has no left neighboring segments). This decreases the number of N-rectangles by j−1
and increases the number of active joints by j − 1; hence, R′ has the type (k− j + 1, ℓ+ j − 1).
This yields the succession rule (∗).

• Inserting a new NE-rectangle X by the following op-
eration: Given an active joint, let v be its vertical
segment and let r be the right part of its horizontal seg-
ment (see the image). Push r slightly downwards so
that all the horizontal segments that were lower than r
in R are still lower than the shifted r in R′, shorten ac-
cordingly the vertical segments whose upper endpoints
lie on r, and extend v upwards to N while truncating

R R′

X
r

r

v v

from the right the horizontal segments that it meets. The new rectangle X is bounded by N, E, and
(modified) r and v. If we perform this operation on the i-th from the right active joint, where
1 ≤ i ≤ ℓ, this increases k by 1 and sets ℓ to be i − 1, since the horizontal segments of active

joints to the right of the chosen one still reach E, but those of active joints to the left of the
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chosen one are truncated. Therefore, the new rectangulation R′ has the type (k + 1, i− 1), and we
obtain the succession rule (∗∗).

• Inserting a new rectangle that extends from N to S at the right of R. The new rectangulation R′ has
the type (k + 1, 0). This yields the succession rule (∗ ∗ ∗).

k j+1 j 1

1

2i−1i

ℓ

(k, ℓ)

k−j+1 2 1

1

2i−1i

ℓ

(k − j + 1, ℓ+ j − 1),
1 ≤ j ≤ k

j+2 1

1

2i−1

(k + 1, 0)

ℓ+j−1

(∗)

(k + 1, i− 1),
1 ≤ i ≤ ℓ

(∗∗)

2j+1k+1 j+2 12j+1k+1

(∗ ∗ ∗)

Fig. 16: Illustration for the succession rules of T2 for Rs( ).

These succession rules ensure that every rectangulation in Rs( ) is generated precisely once. To see
that, consider R′ ∈ Rs

n+1( ), and let X be its NE-rectangle. Note that the SW-corner of X has the
shape, unless the corner lies on the boundary of R. If X is not an S-rectangle and the left side of X has
no neighboring segment on the left, then R′ is obtained from R ∈ Rs

n( ) by rule (∗), whereas R is the
rectangulation obtained from R′ by the corner rectangle deletion. If X is not an S-rectangle and the left
side of X has at least one neighboring segment on the left, then R′ is obtained from R ∈ Rs

n( ) by rule
(∗∗). To obtain R from R′ in this case, we shift the bottom side of X upwards (while respective extending
of its bottom neighbors) until it aligns with the lowest left neighboring segment and, thus, a shape is
created; we cut off the portion of the vertical segment from the crossing point upwards; and if there are
some horizontal segments whose right endpoints were on the vertical segment which is now cut off, we
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extend them to the right so that they touch E. Finally, if X is an S-rectangle then R′ is obtained from
R ∈ Rs

n( ) by rule (∗ ∗ ∗), whereas R is the rectangulation obtained from R′ by deleting the right-most
rectangle. Since at every step of constructing a rectangulation we insert a new NE-rectangle, we refer to it
as constructing by NE insertion (although it is different from the “classical” insertion of a NE-rectangle
when (∗∗) is applied).

Thus, T2 is a generating tree for Rs( ). Since it is also a generating tree for I(011, 201), the theorem
follows.

Let σ : Rs( ) → I(011, 201) be the bijection that respects the succession rules of T2 for these two
classes. Next we prove two propositions that eventually lead to an explicit description of σ.

Let e ∈ I(011, 201), and let M be the maximum value of e. Since 011 is forbidden, all the non-0
admissible values are not values of e. As mentioned above, the values admissible for (∗) are precisely the
numbers from M + 1 to n, and the unique value admissible for (∗ ∗ ∗) is 0. For the values admissible for
(∗∗) we know that they are greater than 0 (which is the lowest right-to-left minimum of e) and smaller
than en (which is the highest right-to-left minimum of e). In order to give an explicit description of σ,
we need a more precise information concerning the position of values admissible for (∗∗) between the
right-to-left minima of e.

Let (0 =) eb0 < eb1 < . . . < ebu(= en) be the right-to-left minima of e. Denote by ℓi, 1 ≤ i ≤ u, the
number of values admissible for (∗∗) that lie between ebi−1 and ebi . Then we have ℓ1+ ℓ2+ . . .+ ℓu = ℓ,
where ℓ is as in the definition of T2. Then we can provide a precise description of the values admissible
for (∗∗).

Proposition 7. For every 1 ≤ i ≤ u, the values admissible for (∗∗) that lie between ebi−1
and ebi are

precisely ebi − ℓi, ebi − ℓi + 1, . . . , ebi − 1. In other words, these are precisely the ℓi values just below
ebi . Moreover, ebi − ℓi − 1 is a value already used in e, and hence, the values admissible for (∗∗) are
precisely the values just below ebi , which are not used in e.

Proof: As mentioned above, every value admissible for (∗∗) is not used in e, since the pattern 011 is
avoided. All we need to prove is that it cannot happen that ebi−1 < a − 1 < a < ebi such that a − 1 is
admissible and a is not admissible. Assume for contradiction that this happens. If a is a value of e, then
we have a = ej for some j < bi−1, since ebi−1

and ebi are two adjacent right-to-left minima. However, in
this case (a)(ebi−1

)(a− 1) is an occurrence of 201, contradicting the assumption that a− 1 is admissible.
If a is not a value of e, then it forms an occurrence of 201 with some earlier two elements of e. However,
in this case a− 1 forms an occurrence of 201 with the same two elements.

Similarly, if ebi − ℓi − 1 not used in e, then, since it is not admissible, it forms an occurrence of 201
with some earlier two elements. However, then ebi − ℓi forms an occurrence of 201 with the same two
elements.

Let R ∈ Rs
n( ). Label its rectangles by X1, X2, . . . , Xn according to the order in which they were

inserted in the NE-insertion.

Proposition 8. Let e = σ(R) ∈ In(011, 201). Rectangle Xj of R is an E-rectangle is and only if ej is a
right-to-left minimum of e. Moreover, if we denote such rectangles by Y0, Y1, . . . , Yu, then the number of
active -joints that lie on the bottom side of Yα is equal to the number of values admissible for (∗∗) just
below ebα .
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Proof: We proceed by induction. Suppose that some succession rule of T2 produces R′ ∈ Rs
n+1( ) from

R ∈ Rs
n( ), and e′ ∈ In+1(011, 201) from e ∈ In(011, 201), and the claim holds for R and e.

Case 1. If R′ is obtained from R and e′ from e by (∗), specifically by (k, ℓ) → (k− j + 1, ℓ+ j − 1),
then R′ has a new E-rectangle Xn+1, whose bottom side has j − 1 joints. On the other hand, e′

has a new right-to-left minimum en+1 = M + j which yields j − 1 values admissible for (∗), namely
M + j− 1,M + j− 2, . . . ,M +1. There are no changes for existing E-rectangles and their -joints, and
for existing right-to-left minima of e′ and values admissible for (∗).

v11

v21
v22
v23
v24

v31
v32

π11

π21π22π23π24

v11

v21
v22

π31π32

π11

π21π22

R ∈ Sw
n (⊥)

R′ ∈ Sw
n+1(⊥)

e = σ(R) ∈ In(011, 201)

e′ = σ(R′) ∈ In+1(011, 201)

Y0

Y1

Y2

Y3

Y0

Y1

Xn+1

Fig. 17: Illustration to the proof of Proposition 8, Case 2.

Case 2. Suppose R′ is obtained from R and e′ from e by (∗∗). In e, let vαβ be the β-th, bottom to top,
value admissible for (∗∗) between eα−1 and eα, where α = 1, 2, . . . , u and β = 1, . . . , ℓα. (In fact we



Patterns in rectangulations: -like patterns 25

know from Proposition 7 that vαβ = ebα − 1− (ℓα − β).) In R, let παβ be the β-th, right to left, active
joint on the bottom side of Yα, where α = 1, 2, . . . , u and β = 1, . . . , ℓα. (These parameters match for R
and e by the assumption.)

The active joints are ordered so that πα′β′ lies to the left of παβ if and only if either α < α′ or α = α′

and β < β′. From comparing the rule (∗∗) for I(011, 201) and for Rs( ) we know that the right-to-
left ordering of active joints in R corresponds to the bottom-to-top ordering of the values admissible
for (∗∗) in e. Therefore, applying the rule (∗∗) such that παβ is modified in R corresponds to adding the
admissible value vαβ in e. Then, in R′, the E-rectangles are Y0, Y1, . . . , Yα−1, Xn+1, the active joints of
Y1, Y2, . . . , Yα−1 are unchanged, and the active joints of Xn+1 (which assumes the role of Yα in R′) are
πα1, πα2, . . . , πα(β−1). And in e′ the right-to-left minima are eb0 , eb1 , . . . , ebα−1

, vαβ , the admissible for
(∗∗) values just below eb1 , eb2 , . . . , ebα−1

are unchanged, and the admissible for (∗∗) values just below eα
are vα1, vα2, . . . , vα(β−1). See Figure 17 for an illustration.

Case 3. Finally, if R′ is obtained from R and e′ from e by (∗ ∗ ∗), then Xn+1 is a unique E-rectangle,
and there are no active joints on its bottom side; and en+1 = 0 is a unique right-to-left minimum of e,
and there are no admissible values below it.

Next we define a labeling of the rectangles of R ∈ Rs( ) which will be used for assigning the values
to e in the explicit definition of σ. We begin with a partial order ≺P on the horizontal segments of R.
For distinct horizontal segments s and t, we first set s ≺ t if some point of t is directly above some point
of s. (This includes the possibility that either of these points is an endpoint of the respective segment.)
We define ≺P as the partial order obtained by taking the transitive closure of ≺. See Figure 18(a), where
the Hasse diagram of ≺P is shown by green lines.

Remark: The partial order ≺P is an instance of heap of pieces order, where the horizontal segments
are seen as “pieces” with endpoints on fixed vertical rods. The pieces are free to move vertically along
the rods, as long as they do not touch each other, also in their endpoints. Then the heap of pieces order
determines which of them are forced to be higher than others. See [23, 42] for more information about
heaps of pieces.

Next, we consider ≺L, the linear extension of ≺P determined by the following rule: If s and t are
independent in ≺P , then we set s ≺L t if s lies to the left of t. Equivalently, ≺L is obtained from ≺P

iteratively by taking (and deleting) the left-most leaf at every step. (From the perspective of planar posets,
≺L is the left-most linear extension of ≺P .) Every strong rectangulation R can be drawn so that for all
such pairs t lies higher than s; such a drawing will be referred to as a canonical drawing of R. In the proof
of Theorem 6 we specified that when (∗) is applied, all the existing horizontal segments of R are lower
than the bottom side of the new NE-rectangle X; and when (∗∗) is applied, all the horizontal segments
that were lower than s are lower than the bottom side of X: a rectangulation obtained in this way is always
canonical.

Given R ∈ Rs( ), we consider its canonical drawing, and we label every horizontal segment s by the
number of rectangles of R that lie lower than s. This label will be denoted by λ(s). It is clear that t lies
higher than s if and only if λ(t) > λ(s). Additionally, we define the λ-label of every edge of the bottom
side of R to be 0. Note that if t is the direct successor of s in ≺L, then λ(t) − λ(s) is the number of
rectangles whose top edge is included in t. If t is the lowest segment of R, then λ(t) is just the number of
rectangles whose top edge is included in t.

Finally, we also define λ-labels for rectangles of R. Note that if a rectangle does not touch S, then its
lower edge is an entire segment. The λ-label of a rectangle X is defined to be identical to the λ-label of
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Fig. 18: (a) The partial order ≺P . (b) The linear order ≺L, and the λ-labeling.

its lower edge, and denoted by λ(X). In particular, we have λ(X) = 0 if and only if X is an S-rectangle.
See Figure 19(b): every label is the λ-label of the respective rectangle, and also of its lower edge.

Theorem 9. Let R ∈ Rs
n( ). Then e = σ(R) ∈ In(011, 201) is obtained by taking the λ-labels of the

rectangles of R in the order of their insertion by the succession rules of T2.

Proof: We proceed by induction. Assume that R ∈ Rs
n( ) and e = σ(R) ∈ In(011, 201), R′ ∈

Rs
n+1( ) is obtained from R by one of the succession rules of T2, and e′ ∈ In+1(011, 201) is obtained

by the same succession rule from e. We assume that both R and R′ are given as canonical drawings.
Suppose that R′ is obtained from R and e′ from e by (∗), specifically by (k, ℓ) → (k−j+1, ℓ+j−1).

Then we have λ(Xn+1) = (n + 1) − (k − j) because the k − j left-most N-rectangles are the only
rectangles of R′ which are not lower than Xn. On the other hand, the final value of e is in this case
en+1 = M + j = n + 1 − k + j. Therefore, the λ-label of the last inserted rectangle is equal to en+1,
and hence, we have σ(R′) = e′.

Suppose that R′ is obtained from R, and e′ from e by (∗∗), specifically R′ by modifying the joint
παβ and e′ by adding en+1 = vαβ = ebα − 1 − (ℓα − β). Then λ(Xn+1) is equal to en+1, since in R
the λ-label of the modified horizontal segment was ebα by induction, and in R′ just ebα − (ℓα +1−β) of
these rectangles are lower than Xn+1.

Finally, if R′ is obtained from R and e′ from e by (∗ ∗ ∗), then the λ-label of the right-most rectangle
is 0, and also en+1 = 0.

To summarize, given R ∈ Rs( ), we proceed as follows: We consider its canonical drawing and use it
to determine the λ-labeling: the λ-labels of the bottom edges are 0, and then we assign the labels going
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from bottom to top, and the λ-label of every segment s is the λ-label of the previous segment plus the
number of rectangles just below s. To determine the order of taking rectangles, we delete NE rectangles
and then reverse the order.

There is an even more explicit description of σ. Consider the
directed graph T whose nodes are rectangles of R, and there is an
edge from X to Y if the SE-corner of X lies on the left side of Y .
If there is just one E-rectangle K (in this case we refer to K as the
right-most rectangle), then T is a (reversed) planar rooted tree with
root K. If there is no such K, we augment R by such a rectangle,
which corresponds to adding a 0 value to e.

X Y X Y X Y

It is easy to see by considering the succession rules that the last inserted NE-rectangle is always the
last node of T (excluding the auxiliary rectangle K) in the reverse post-order (that is, for every node, we
recursively traverse its subtrees from right to left, and then the node itself).(viii) Hence, we can describe
σ as follows: this is an inversion sequence obtained by writing the λ-labels of the rectangles of R, when
they are taken in the reverse post-order of T . See Figure 19(a), where the tree T is shown in blue.
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Fig. 19: Illustration to the proof of Theorem 6: (a) A canonical drawing of R and the tree T (the root K is highlighted
by grey). (b) The inversion sequence f = σ(R) ∈ I(011, 201).

Finally, we can demonstrate the structural identity of Rs( ) and I(011, 201) by drawing the corre-
sponding tree over the plot of e = σ(R). For two elements ei and ej of e ∈ I(011, 201), we say that
(ei, ej) is an inversion if i < j and e(j) ≤ e(i). An inversion (ei, ej) is minimal if there is no ℓ such

(viii) We use the convention that the right-to-left ordering of the subtrees of a node refers to the drawing in which the root is drawn
at the top and all the edges are directed upwards. For example, for the rectangle labeled 5 in Figure 19(a), the right-most subtree
contains rectangles 8, 6, the next subtree contains rectangles 10, 12, 11, 9, and the left-most subtree contains rectangles 16, 15.
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that i < ℓ < j and e(j) ≤ e(ℓ) < e(i). It is easy to see that for every ei ̸= 0 except the last element,
(assuming that the last value of e is 0) there is a unique j such that (ei, ej) is a minimal inversion. Then
Xj is a successor of Xi if and only if (ei, ej) is an inversion; moreover, Xj is a successor of Xi if and only
if (ei, ej) is a minimal inversion: both statements are easily seen inductively by following the succession
rules. It follows that if we draw the tree over the plot of e where the nodes are the (dots representing
the) elements of e and the directed edges connect minimal inversions, then it is isomorphic the to the
embedding of T in the drawing of R.

The following statistics of I(011, 201) match the numbers of rectangles that touch the sides of R.

Proposition 10. Let R ∈ Rs( ), and let e = σ(R). Then:
(a) The number of rectangles of R that touch N is the bounce of e.

(b) The number of rectangles of R that touch E is the number of right-to-left minima of e.

(c) The number of rectangles of R that touch S is the number of 0 elements in e.

(d) The number of rectangles of R that touch W is the number of high elements in e.

Proof: (a) The number of N-rectangles is n minus the λ-label of the highest segment, hence n − M .
(b) This follows from Proposition 8. (c) A new rectangle is an S-rectangle if and only if the rule (∗ ∗ ∗) is
applied. The same rule for e adds 0. (d) A new rectangle is a W-rectangle if and only if the rule (∗) with
j = k is applied. The same rule adds a high element to e.

4.1.5 Summary concerning I(010, 101, 120, 201) and I(011, 201)

Our bijections τ (7) and σ together provide the proof of the conjecture by Yan and Lin. Moreover, their
explicit forms lead to several matching statistics in these classes.

Theorem 11. For every n ≥ 1:

(a) We have |In(010, 101, 120, 201)| = |In(011, 201)|.

(b) The quadruple of statistics (a, b, c, d) for the classes In(010, 101, 120, 201), In(010, 110, 120, 210),
and In(010, 100, 120, 210), where

a is the number of 0 elements,

b is the number of left-to-right-maxima,

c is the bounce,

d is the number of high elements.

matches the quadruple of statistics (x, y, z, t) for the class In(011, 201), where

x is the number of high elements,

y is the number of 0 elements,

z is the number of right-left-minima,

t is the bounce.

Moreover, a can be switched with c, and x with z.
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Proof:

(a) This follows from Theorems 4 and 6 where we proved, by means of bijections τ (7) and σ, that -
avoiding strong rectangulations are equinumerous to both of these classes of inversion sequences.

(b) This follows from Propositions 5 and 10 (recall that we used -avoiding rectangulations for τ (7),
and -avoiding rectangulations for σ). Moreover, due to the horizontal symmetry of these classes
(that is, R belongs to Rs( ) if and only if the horizontal reflection of R belongs to Rs( )) a can
be switched with c, and, similarly, x with z.

4.2 Enumeration and bijections for R( , )

In this section we consider ( , )-avoiding rectangulations. These are pre-
cisely the rectangulations in which every vertical segment reaches N and S. They
can be obtained in two steps: The empty rectangle R is first partitioned by ver-
tical cuts into k ≥ 1 “primary” rectangles A1, A2, . . . , Ak, and then every rect-
angle Ai is further partitioned by horizontal segments into ℓi ≥ 1 “secondary”
rectangles. We will show that enumeration of ( , )-avoiding weak rectangula-
tions is elementary, but ( , )-avoiding strong rectangulations are bijective to an
interesting family of Dyck paths — the so called rushed Dyck paths.

4.2.1 ( , )-avoiding weak rectangulations: bijection with compositions
Proposition 12. For every n ≥ 1 we have |Rw

n ( , )| = 2n−1.

Proof: For every n there is a bijection between ( , )-avoiding rectangulations of size n and compositions
of n which maps R to the composition n = ℓ1 + ℓ2 + . . . + ℓk, where ℓ1, ℓ2, . . . , ℓk are as above. For
example, the rectangulation in the drawing corresponds to the composition 18 = 3+5+1+3+4+2.

4.2.2 ( , )-avoiding strong rectangulations: bijection with rushed Dyck paths
We use the equivalent set of patterns { , }. We show that ( , )-avoiding strong rectangulations are
equinumerous with two families of Dyck paths: rushed Dyck paths and progressive Dyck paths. A Dyck
path is rushed if it starts with h ≥ 1 up-steps and then never visits the altitude h again. A Dyck path is
progressive if every peak at altitude h > 1 is preceded by at least one peak at the altitude h− 1.

Both rushed Dyck paths and progressive Dyck paths are enumerated by A287709. In 2018, the first au-
thor proved, via telescoping in generating functions, that these families are equinumerous, and Jelı́nek [19]
gave a “semi-bijective” proof based on the involution principle. A direct bijective proof, along with an
enumerative formula as well as asymptotic approximations, was recently given by Bacher [6], who also
coined the notions of rushed and progressive Dyck paths. In the following theorem we prove that these
kinds of Dyck paths are equinumerious with ( , )-avoiding strong rectangulations.

Theorem 13. For every n ≥ 1 and k ≥ 1, the number of rushed Dyck paths of semilength n + 1 and
height k+1 is equal to the number of ( , )-avoiding strong rectangulations of size n with k−1 horizontal
segments. Therefore, ( , )-avoiding strong rectangulations are enumerated by A287709.

https://oeis.org/A287709
https://oeis.org/A287709
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Proof: Consider the following bijection φ from rushed Dyck paths of semilength ≥ 2 to Rs( , ), which
is adapted from the canonical mapping between Dyck paths and heaps of dimers (see for example [11,
Lemma 2] or [43]).

Let P be a rushed Dyck path of semilength n+1 that starts with precisely h = k+1 up-steps. Consider
the usual drawing of P as a lattice path from (0, 0) to (2(n + 1), 0). Next, consider the grid rectangle
R = [h+ 1, 2(n+ 1)]× [0, h− 1], and draw horizontal segments along the grid lines to partition R into
h − 1 rectangles on top of each other. For every up-step U of P within R (that is, every up-step of P
which is not one of h initial up-steps), draw a vertical segment of height 1 whose midpoint coincides with
the midpoint of U. Then R := φ(P ) is the rectangle R with horizontal and vertical segments added as
described. It has h − 2 = k − 1 horizontal segments and n + 1 − h vertical segments and hence, it is of
size n; and it is clearly ( , )-avoiding. See Figure 20 for an example.

h

h

P
R

2(n+1)

Fig. 20: Illustration for the mapping φ in the proof of Theorem 13: a rushed Dyck path P and the
( , )-avoiding strong rectangulation R = φ(P ).

The mapping φ is a bijection, and its inverse φ−1 can be described as follows: Given a ( , )-avoiding
strong rectangulation R, we first consider the (left-to-right) heap of pieces partial order on the vertical
segments of R (see Figure 21(a)), and then its left-most linear extension (see Figure 21(b)). We draw R
so that its vertical segments occur according to this linear ordering (see Figure 21(b)). Finally, we draw
the (unique) Dyck path P such that its baseline contains the bottom side of R, it starts with k + 1 up-
steps, where k is the number of primary rectangles in R, and its non-initial up-steps intersect the vertical
segments according to the introduced order. See Figure 21(c) for an illustration.

The path P is clearly a rushed Dyck path. It satisfies φ(P ) = R since the order of up-steps in a Dyck
path is always the left-most linear extension of their heap of pieces order. It is unique since a Dyck path
is uniquely defined by the sequence of the levels of its up-steps.

The initial up-steps and the first down-step are not essential in a rushed Dyck path. If we delete these
steps and flip the path horizontally, we obtain an equivalent family of lattice paths with steps (1, 1) and
(1,−1) that go from (0, 0) to (n, k) and stay (weakly) between the lines y = 0 and y = k. This is
a special case of “Dyck paths in strips”. By [22, Example 10.11.2], the generating function for such

paths for fixed k is
1

xUk+1

(
1
2x

) , where Uk+1 is the (k + 1)-th Chebyshev polynomial of the second

kind. Upon the suitable change of variables, we obtain the generating function for ( , )-avoiding strong
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(a) (b)

(c)

Fig. 21: Illustration for the mapping φ−1 in the proof of Theorem 13: (a) A ( , )-avoiding strong rectangulation R
and the heap of pieces poset of its vertical segments; (b) The left-most linear extension of the poset; (c) The rushed
Dyck path P = φ−1(R).

rectangulations with k − 1 horizontal segments:

gk(x) =
x

k−1
2

Uk+1

(
1

2
√
x

) .
For small values of k, these generating functions are g1(x) = x

1−x , g2(x) = x2

1−2x , g3(x) = x3

1−3x+x2

(A001906, a bisection of the Fibonacci sequence), g4(x) = x4

(1−x)(1−3x) (A003462), g5(x) = x5

1−5x+6x2−x3

(A005021), g6(x) = x6

(1−2x)(1−4x+2x2) (A094811), etc. The asymptotic growth rate of the k-th sequence
is 4 cos2( π

k+2 ).
In the work of Bacher [6, Theorems 4 and 5], similar results are given in terms of Fibonacci polyno-

mials, and also the asymptotics for the number of rushed Dyck path is derived: λ 4n e−νn1/3

n−5/6
(
1 +

O(n−1/3)
)
, where λ ≈ 4.21 and ν ≈ 3.18. Due to our result, this is also the asymptotics for |Rs

n( , )|.

4.2.3 Restricted classes of permutations and inversion sequences
Here we provide enumerative results for classes of inversion sequences obtained by restricting the bijec-
tions from Section 4.1 to { , }-avoiding rectangulations.
{ , }-avoiding rectangulations can be characterized as those -avoiding rectangulations in which ev-

ery vertical segment is a cut. Accordingly, under τ , { , }-avoiding weak rectangulations correspond to
non-decreasing inversion sequences in which all left-to-right maxima are high, or, equivalently, to Dyck
paths in which all the valleys are at the x-axis. Hence, restricting the bijection τ from Theorem 1 to

https://oeis.org/A001906
https://oeis.org/A003462
https://oeis.org/A005021
https://oeis.org/A094811
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{ , }-avoiding rectangulations implies that there are 2n−1 such Dyck paths of semilength n — however,
this result is, regardless, elementary.

For strong rectangulations, restricting τ (7) to Rs( , ) yields the following result:

Proposition 14. (010, 101, 120, 201)-avoiding inversion sequences in which all left-to-right maxima are
high, are enumerated by A287709.

Via τ (6) and τ (8) we see that (010, 110, 120, 210)-avoiding inversion sequences and (010, 100, 120, 210)-
avoiding inversion sequences that satisfy the same condition are enumerated by the same sequence.

In context of the bijection σ, { , }-avoiding rectangulations are precisely those in which the number
of N-rectangles is equal to the number of S-rectangles. Then Proposition 10(a,c) implies the following
result.

Proposition 15. (011, 201)-avoiding inversion sequences e in which the bounce is equal to the number
of 0-elements (or, equivalently: in which the set of values is precisely {0, 1, . . . ,M}, where M is the
maximum of e) are enumerated by A287709.

4.3 Elementary models: R( , ), R( , , ), and R( , , , )

The analysis of the last three classes, R( , ), R( , , ), and R( , , , ) is elementary to trivial.
We include them for the sake of completeness, and also indicate the family of non-decreasing inversion
sequences that correspond to these classes under τ .

Proposition 16. |Rn( , )| = 2n−1.

Proof. A rectangulation R is ( , )-avoiding if and only if every rectangle
meets W or N. Indeed, if some rectangle of R meets neither W or N, then its
NW-corner is a part of a or a joint.

Consider the NW–SE labeling of R ∈ Rn( , ). Then R is uniquely de-
termined by the binary sequence that indicates which side of R — W or N —
the rectangles labeled 2, 3, . . . , n meet. (For example, the rectangulation in the
drawing is determined by the sequence NWWWNNWNW.) Hence, there are
2n−1 such rectangulations.

1 2

3

4

5

6

8

7
9

10

Under the bijection τ from Theorem 1, ( , )-avoiding rectangulations correspond to non-decreasing
inversion sequences in which every jump has height 1.

Observation 17. |Rn( , , )| = n.

Proof: A rectangulation in Rn( , , ) can be obtained by drawing k vertical
segments (0 ≤ k ≤ n − 1) to obtain k + 1 rectangles, and then adding n −
k − 1 horizontal segments in the left-most rectangle. Such a rectangulation is
uniquely determined by the choice of k, hence |Rn( , , )| = n.

Under the bijection τ , the corresponding inversion sequences have the shape
(0, 0, . . . , 0, n − k, n − k + 1, . . . , n − 1), where k is the number of vertical
segments.

Observation 18. For n ≥ 2 we have |Rn( , , , )| = 2.

https://oeis.org/A287709
https://oeis.org/A287709
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Proof: A rectangulation in Rn( , , , ) has either all vertical or all horizontal segments. Thus, there
are just two such rectangulations of size n.

Under the bijection τ , the corresponding inversion sequences are (0, 0, 0, . . . , 0) and (0, 1, 2, . . . , n−1).

5 Concluding remarks
This paper is our first report on our study of patterns in rectangulations. In the following parts we thor-
oughly explore connections between rectangulation patterns and permutation patterns, and provide a cata-
log of avoidance classes determined by small patterns which consist of two or three segments, which leads
to interesting phenomena and new surprising links. We hope that this work will serve as a foundation for
more general study of pattern avoidance in rectangulations.

Returning to our proof of the conjecture by Yan and Lin, we remark that it is was not least the visual
nature of rectangulations that helped us to find the statistics which elucidated a link between two classes
of inversion sequences which is somewhat hidden in their structure, and even not easily seen in the plots.
This is an additional motivation for the study of rectangulations.
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