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In the (a, b)-biased Maker-Breaker domination game, two players alternately select unplayed vertices in a graph G

such that Dominator selects a and Staller selects b vertices per move. Dominator wins if the vertices he selected
during the game form a dominating set of G, while Staller wins if she can prevent Dominator from achieving this
goal. Given a positive integer b, Dominator’s threshold, ab, is the minimum a such that Dominator wins the (a, b)-
biased game on G when he starts the game. Similarly, a′b denotes the minimum a such that Dominator wins when
Staller starts the (a, b)-biased game. Staller’s thresholds, ba and b′

a, are defined analogously. It is proved that Staller
wins the (k − 1, k)-biased games in a graph G if its order is sufficiently large with respect to a function of k and the
maximum degree of G. Along the way, the ℓ-local domination number of a graph is introduced. This new parameter
is proved to bound Dominator’s thresholds aℓ and a′ℓ from above. As a consequence, a′1(G) ≤ 2 holds for every
claw-free graph G. More specific results are obtained for thresholds in line graphs and Cartesian grids. Based on the
concept of [1, k]-factor of a graph G, we introduce the star partition width σ(G) of G, and prove that a′1(G) ≤ σ(G)

holds for any nontrivial graph G, while a′1(G) = σ(G) if G is a tree.

Keywords: Maker-Breaker domination game, biased Maker-Breaker game, tree, line graph, grid

1 Introduction
The Maker-Breaker domination game (MBD game for short) is played on a graph G by two players, called
Dominator and Staller. The players alternately select an unplayed vertex in G. Dominator wins the game
if he can claim a dominating set of G while Staller wins if she can prevent Dominator from claiming a
dominating set. In other words, Staller wins if she claims a closed neighborhood of a vertex in G. There
are two versions of the MBD game based on who starts it. A Dominator-start MBD game will also be
called a D-game, while S-game is a short name for the Staller-start MBD game.
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Maker-Breaker games are among the most important positional games; see Beck (2008, 1981); Erdős
and Selfridge (1973); Hefetz et al. (2014) for more detail. In many cases, Maker-Breaker games have
been extended by considering biased variations of the original games (see e.g., Chvatál and Erdős (1978);
Clemens and Mikalački (2018)), in which the players, on their turn, select an arbitrary but fixed number
of vertices. Domination games (see Brešar et al. (2010, 2021)) and Maker-Breaker domination games
(see Bagan et al. (2025); Bujtás and Dokyeesun (2024); Bujtás et al. (2023); Dokyeesun (2025)) have
been extensively investigated in recent years, and very recently, the study of their biased versions has been
initiated in Bagdas et al. (2024). Let a, b be two positive integers and G be a graph. The (a, b)-biased
Maker-Breaker domination game is the same as the Maker-Breaker game on G, except that in the biased
game Dominator chooses a unplayed vertices per move and Staller chooses b unplayed vertices per move.
The integers a, b are called the bias of Dominator and Staller, respectively. In the last move of the game,
if there are fewer unplayed vertices than his/her bias, a player selects all remaining unplayed vertices. The
Maker-Breaker domination game is a special case of the (a, b)-biased Maker-Breaker domination game
where a = b = 1.

Assuming that the (a, b)-biased MBD game is played on a graph G and both players are playing op-
timally according to their goals, let W (G, a, b) denote the winner in the D-game, while W ′(G, a, b) is
the winner in the S-game. Abbreviating the names of Dominator and Staller to D and S, we thus have
W (G, a, b) ∈ {D,S} and W ′(G, a, b) ∈ {D,S}. The (a, b)-biased MBD game when Dominator is the
first player is called the (a, b)-biased D-game. Similarly, the (a, b)-biased S-game is the (a, b)-biased
MBD game when Staller starts. These games were first studied in a recent manuscript of Bagdas et al.
(2024), which focuses on the (a, 1)-biased games and also studies the number of moves needed to win in
such games.

Let G be a graph. When b is fixed, then we are interested in the minimum a such that W (G, a, b) = D,
respectively W ′(G, a, b) = D, which yields the so-called Dominator’s thresholds, denoted by ab(G) and
a′b(G), respectively. In a similar way, one defines Staller’s thresholds, ba(G) and b′a(G). If G is a graph
of infinite order but the vertex degrees are finite, the Maker-Breaker domination game on G is defined
analogously. In this case, Staller wins the game if she can claim an entire closed neighborhood of a
vertex, and Dominator wins if he can prevent Staller from claiming a closed neighborhood. The other
concepts as the (a, b)-biased D-game, S-game, and the thresholds ab(G), a′b(G), ba(G), b′a(G) can also
be extended to infinite graphs with finite vertex degrees. In Section 2, we give formal definitions of these
concepts.

Structure of the paper. The main goal of this paper is to obtain exact values or bounds for the thresholds
in (a, b)-biased MBD games on graphs. In Section 3, we prove that for every graph G of a sufficiently large
order, which depends on a function of k and maximum degree ∆(G), Staller wins the (k − 1, k)-biased
game. From this we infer that for graphs G whose order is bounded from below by appropriate functions
of k and ∆(G), the corresponding thresholds admit the following bounds: a′k(G) ≥ k, b′k−1(G) ≤ k,
ak(G) ≥ k and bk−1(G) ≤ k. In Section 4, we introduce a new graph invariant, the local domination
number, γ̃ℓ(G), of a graph G. We prove that γ̃ℓ(G) is an upper bound for a′ℓ(G) and aℓ(G) in any graph
G with δ(G) ≥ ℓ, which in turn implies that a′1(G) ≤ k−1 holds for any induced K1,k-free graph G with
no isolated vertices. In Section 5, we prove upper bounds on Dominator’s thresholds and lower bounds on
Staller’s thresholds in line graphs. The result is also instrumental in providing the sharpness of the bounds
from Section 3 as it enables us to show that for sufficiently large order there are line graphs G for which
ak(G) = a′k(G) = k and bk−1(G) = b′k−1(G) = k. In Section 6, we prove several exact values of the
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thresholds in Cartesian grids, both finite and infinite. Finally, in Section 7, we introduce the concept of
star-partition width, which is closely related to a [1, k]-factor of a graph that goes back to Lovász (1970);
see also Heinrich et al. (1990). We prove that the star partition width of a nontrivial graph G is an upper
bound on a′1(G), while in trees this bound is attained. Using a different language the result about trees
was obtained in Bagdas et al. (2024), while our proof is completely different and somewhat shorter.

Standard definitions. A leaf of a graph G is a vertex of degree 1. For k ≥ 1, the k-star is the complete
bipartite graph K1,k. If u and v are two vertices of a graph, dist(u, v) denotes their distance. As usual,
n(G), δ(G), and ∆(G) respectively stand for the number of vertices, minimum and maximum vertex
degree in a graph G, while ν(G), τ(G), α(G), and γ(G) denote the matching number, vertex cover
number, independence number and domination number of G. If S ⊆ V (G), then G[S] denotes the
subgraph of the graph G induced by S. For a vertex v ∈ V (G), the open and closed neighborhoods
of v are denoted by N(v) and N [v], respectively. If k is a positive integer, then [k] stands for the set
{1, . . . , k}.

The line graph L(G) of a graph G is defined as follows. The vertices of L(G) represent the edges of
G, and two vertices are adjacent in L(G) if the corresponding edges share a vertex in G. A graph F is
called line graph if there is a graph G such that F = L(G).

Let G and F be two graphs. The Cartesian product G2F is the graph on the vertex set V (G)× V (F )
where two vertices (x, y) and (x′, y′) are adjacent if either x = x′ and yy′ ∈ E(F ), or y = y′ and
xx′ ∈ E(G). For a vertex x ∈ V (G), we denote by xF the subgraph of G2F induced by the vertex set
{(x, y) : y ∈ V (F )}. For every x ∈ V (G), this subgraph xF is isomorphic to F and called an F -layer in
G2F . A G-layer in the product is defined analogously and denoted by Gy for a vertex y ∈ V (F ).

2 Preliminaries
In this section, we make some basic observations and prove simple but sharp upper bounds on the thresh-
olds considered. Note that in Maker-Breaker positional games it is never in favor of a player to pass a
move. Hence, the following observation is not surprising and is easy to see.

Observation 1. Let G be a graph and a and b be positive integers.

(i) If W (G, a, b) = S, then W (G, a, b+ 1) = S; if W ′(G, a, b) = S, then W ′(G, a, b+ 1) = S.

(ii) If W (G, a, b) = D, then W (G, a+ 1, b) = D; if W ′(G, a, b) = D, then W ′(G, a+ 1, b) = D.

(iii) If W (G, a, b) = S, then W ′(G, a, b) = S.

(iv) If W ′(G, a, b) = D, then W (G, a, b) = D.

Due to the monotonicity of the functions W and W ′, as noted in Observation 1, items (i) and (ii),
the following definitions arise. Dominator’s threshold, aℓ(G), in the Dominator-start biased MBD game
played on G is defined as min{a : W (G, a, ℓ) = D}, while Dominator’s threshold in the Staller-start
biased MBD game is denoted by a′ℓ(G) and is defined as min{a : W ′(G, a, ℓ) = D}. Similarly, Staller’s
thresholds in both versions of the game are defined by bℓ(G) = min{b : W (G, ℓ, b) = S} and b′ℓ(G) =
min{b : W ′(G, ℓ, b) = S}. If the minimum in the definition does not exist, we set ∞ as the value of the
threshold. For example, a′2(T ) = ∞ for every tree T as Staller wins the (ℓ, 2)-biased S-game for every ℓ
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by playing a leaf and its neighbor in her first move. By Observation 1, items (iii) and (iv), we infer that

bℓ(G) ≥ b′ℓ(G) and a′ℓ(G) ≥ aℓ(G)

hold for any graph G.
By definitions and Observation 1 (i) and (ii), we obtain the following statements.

Proposition 2. The following equivalences are true for every graph G and positive integers i and j.

(i) W (G, i, j) = D, if and only if aj(G) ≤ i, and if and only if bi(G) ≥ j + 1.

(ii) W ′(G, i, j) = D, if and only if a′j(G) ≤ i, and if and only if b′i(G) ≥ j + 1.

(iii) W (G, i, j) = S, if and only if aj(G) ≥ i+ 1, and if and only if bi(G) ≤ j.

(iv) W ′(G, i, j) = S, if and only if a′j(G) ≥ i+ 1, and if and only if b′i(G) ≤ j.

Observation 1 and Proposition 2 together imply that ai(G) ≥ aj(G), a′i(G) ≥ a′j(G), bi(G) ≥ bj(G),
and b′i(G) ≥ b′j(G) hold when i > j. We next show that there exist trivial sharp upper bounds for all
four thresholds.

Proposition 3. The following inequalities hold for every graph G and positive integers a, b.

(i) b′a(G) ≤ δ(G) + 1;

(ii) ba(G) ≤ ∆(G) + 1 when a < γ(G);

(iii) ab(G) ≤ γ(G);

(iv) a′b(G) ≤ b ·∆(G) when b ≤ δ(G).

Moreover, all bounds are tight.

Proof: (i) Consider the (a, δ(G) + 1)-biased S-game on G. Staller starts by playing a vertex of minimum
degree and all its neighbors, and thus she wins the game. Therefore, b′a(G) ≤ δ(G)+1 for every positive
integer a.

To show the sharpness of the upper bound, we first introduce a graph Gn,k, for every n ≥ 2 and k ≥ 3.
This graph is obtained from n copies of Kk by inserting n − 1 edges between the components to make
the graph connected such that ∆(Gn,k) = k and every copy of Kk is incident to at most two such edges,
see Fig. 1. Let G = Ga,k with a ≥ 2 and k ≥ 3. The latter condition ensures that δ(G) = k − 1 holds.
By the proof above, b′a(G) ≤ k. We now show that W ′(G, a, k − 1) = D. Since δ(G) = k − 1, Staller
cannot claim a closed neighborhood in G in her first move, and Dominator can win the game in the next
move by selecting one vertex from each copy of Kk. Thus b′a(G) = k = δ(G) + 1.

We remark that, alternatively, any graph G with γ(G) = a and with δ(G)+1 pairwise disjoint minimum
dominating sets is a sharp example for (i) as b′a(G) = δ(G) + 1.

(ii) Now consider the (a,∆(G)+1)-biased D-game on G and assume that a < γ(G). After Dominator’s
first move, there is an undominated vertex u. As |N [u]| ≤ ∆(G) + 1, Staller can play all vertices from
N [u] and wins the game with her first move. We conclude that ba(G) ≤ ∆(G) + 1.
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Fig. 1: The graph G4,3.

To show that the upper bound is sharp, we define Fa,n = Ca+1□Kn for a ≥ n ≥ 5. Then ∆(Fa,n) =
n + 1 and γ(Fa,n) = a + 1. Since ba(G) ≤ n + 2, it remains to show that Dominator has a winning
strategy in the (a, n+ 1)-biased D-game on Fa,n. Dominator selects one vertex from each of a arbitrary
Kn-layers in his first move, and then only one Kn-layer, say v1Kn, remains unplayed. Further, at most
n − 1 vertices, all from v1Kn, remain undominated after Dominator’s first move. Since every closed
neighborhood contains n+ 2 vertices, Staller cannot claim a closed neighborhood of a vertex in her next
move. Then, Dominator can win the game in his second move by choosing an unplayed neighbor for each
undominated vertex from v1Kn. Therefore, W (Fa,n, a, n + 1) = D that implies ba(Fa,n) = n + 2 =
∆(Fa,n) + 1.

(iii) In the D-game, if Dominator can play γ(G) vertices per move, then he can form a dominating set
and win the game in his first move. Thus ab(G) ≤ γ(G).

Next, we prove the sharpness of the upper bound. Consider again the graph G = Gn,b defined in the
proof of part (i). Assuming that n ≥ 2 and b ≥ 3, we have ∆(G) = b, δ(G) = b− 1, and γ(G) = n. We
show that W (G,n − 1, b) = S. After Dominator’s first move, there is an unplayed Kb-subgraph. In her
first move, Staller plays all vertices from this clique. As there is a vertex u of degree b− 1 in this clique,
Staller claims the entire neighborhood N [u] with this move. Thus, Staller wins the (n − 1, b)-biased
D-game, and we infer that ab(G) = n = γ(G).

Alternatively, any (b − 1)-regular graph G is a sharp example as ab(G) = γ(G) can be proved analo-
gously to the case of G = Gn,b.

(iv) Assume that b ≤ δ(G). We consider the (b ·∆(G), b)-biased S-game on G. Since b ≤ δ(G), Staller
cannot claim a closed neighborhood of a vertex in her first move. Then Dominator replies by selecting
all unplayed neighbors of the b vertices played by Staller (and some further unplayed vertices if needed).
If Dominator continues applying this strategy, Staller cannot claim a closed neighborhood in G. Hence,
Dominator wins the game and we conclude that a′b(G) ≤ b ·∆(G).

As sharp examples with b = 1, we refer to the odd paths Pn. It is known that Staller wins the (1, 1)-
biased S-game on Pn; see Duchêne et al. (2020). Thus we have a′1(Pn) = 2 = 1 ·∆(Pn) if n is odd.

Remark 4. Proposition 2 and parts (i)-(iii) of Proposition 3 imply the following statements:

(i) a′δ(G)+1(G) = ∞;

(ii) a∆(G)+1(G) = γ(G);

(iii) bγ(G)(G) = ∞.
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3 Graphs of large order
In this section, we show that Staller can win the (a, b)-biased MBD game in G if a < b and the order of
the graph is large enough. Intuitively, a large enough order enables Staller to initially choose a large set of
pairwise disjoint closed neighborhoods for which she can ensure, since she selects more vertices in each
move than Dominator, that enough of them will not be played by Dominator. At the end of the game this
will enable Staller to select all vertices of one of the mentioned closed neighborhood.

Theorem 5. Let k ≥ 2 be an integer and G be a graph of maximum degree ∆(G) = ∆.

(a) If n(G) ≥ k∆−k+1(∆2 + 1), then a′k(G) ≥ k and b′k−1(G) ≤ k.

(b) If ∆ ≥ k and n(G) ≥ (k∆−k+1 + 1)(∆2 + 1), then ak(G) ≥ k and bk−1(G) ≤ k.

(c) If ∆ < k and n(G) > (k − 1)(∆ + 1), then ak(G) ≥ k and bk−1(G) ≤ k.

Proof: We consider the (k− 1, k)-biased S-game and D-game on G and prove that Staller wins under the
conditions given on n(G).

(a) Assume that n(G) ≥ k∆−k+1(∆2 + 1). If ∆ < k, then Staller wins the S-game on G by claiming
the closed neighborhood of a vertex in her first move. From now on, we may suppose that ∆ ≥ k. To
describe Staller’s strategy to win, we split the game into ∆− k+ 2 parts. For every i ∈ [∆− k+ 1], Part
(i) finishes with Dominator’s move after k∆−k+1−i (full) moves of Dominator and Staller (except when
Staller wins during this part). In each Part (i) of the game Staller has a special goal, which we denote by
S(i). The goal of the first part is as follows.

S(1) Staller’s first goal is to finish Part (1) with r1 ≥ k∆−k vertices s11, . . . , s
1
r1 each played by Staller

such that the neighborhoods N [s11], . . . , N [s1r1 ] are pairwise disjoint and Dominator played none of the
vertices from

⋃r1
j=1 N [s1j ].

For every two vertices u and v in G, the neighborhoods N [u] and N [v] intersect only if dist(u, v) ≤ 2.
For a vertex u ∈ V (G), at most ∆2 + 1 such vertices exist. As n(G) ≥ k∆−k+1(∆2 + 1), Staller
can choose a set A of k∆−k+1 vertices such that the neighborhoods of the vertices are pairwise disjoint.
During her first k∆−k moves in Part (1), Staller plays the k · k∆−k vertices in A. (If Dominator plays a
vertex from A, then Staller plays an arbitrary vertex instead of it.) During his first k∆−k moves, Dominator
plays (k−1)k∆−k vertices. This way, there remain at least k∆−k vertices in A that were played by Staller
and their neighborhoods contain no vertex played by Dominator. These vertices satisfy Staller’s aim S(1).

In the continuation of the game, Staller’s goal in Part (i) is the following.

S(i) Staller aims to finish Part (i) with either winning during this part or having ri ≥ k∆−k+1−i ver-
tices si1, . . . , s

i
ri such that N [si1], . . . , N [siri ] are pairwise disjoint, Staller played i vertices from each

closed neighborhood, and Dominator played no vertex from
⋃ri

j=1 N [sij ]. (Note that {si1, . . . , siri} ⊆
{si−1

1 , . . . , si−1
ri−1

}.)

By induction on i, we prove that Staller can achieve her goal for every i ∈ [∆ − k + 1]. We have
already seen that it is possible for i = 1. Suppose that 2 ≤ i ≤ ∆ − k + 1 and Staller does not win in
Part (i). By our hypothesis, at the end of Part (i − 1) there are ri−1 ≥ r′i−1 = k∆−k+2−i vertices that
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satisfy the properties in S(i − 1). Among these, arbitrarily select vertices si−1
1 , . . . , si−1

r′i−1
. Then, during

her k∆−k+1−i moves in Part (i), Staller plays one vertex from each neighborhood N [si−1
1 ], . . . , N [si−1

r′i−1
]

(if there is an unplayed vertex). In the meantime, Dominator plays only (k − 1)k∆−k+1−i vertices that
leave at least k∆−k+1−i disjoint neighborhoods unplayed by Dominator such that Staller played i vertices
from each of them. It shows that Staller can achieve her goal.

At the end of Part (∆ − k + 1), if Staller did not win earlier, S(∆ − k + 1) is satisfied and we have
r∆−k+1 ≥ 1 vertices with the prescribed property. For such a vertex x = s∆−k+1

1 , the neighborhood N [x]
already contains ∆ − k + 1 vertices played by Staller and no vertex from N [x] is played by Dominator.
Therefore, Staller can win the game by choosing the remaining |N [x]| − (∆− k + 1) ≤ k vertices from
N [x] in her next move.

It proves W ′(G, k− 1, k) = S that in turn implies a′k(G) ≥ k and b′k−1(G) ≤ k by Proposition 2 (iv).

(b) If ∆ ≥ k and n(G) ≥ (k∆−k+1 + 1)(∆2 + 1), the proof for the D-game is analogous to the proof
of part (a). We remark that if Dominator’s first move is playing d1, . . . dk−1, then Staller may consider
the graph G′ = G−

⋃k−1
j=1 N [dj ] and apply the strategy from the proof of part (a) for G′. As

n(G′) ≥ n(G)− (k − 1)(∆ + 1) ≥ n(G)− (∆2 − 1) > k∆−k+1(∆2 + 1),

Staller can win the game, and the statement follows by Proposition 2 (iii).

(c) As n(G) > (k−1)(∆+1), the (k−1) vertices played by Dominator in his first move are not enough
to dominate G. On the other hand, ∆ < k ensures that Staller can choose an undominated vertex v after
Dominator’s move and can play all vertices from N [v]. This way, Staller wins and W (G, k − 1, k) = S
implies the statement.

Remark 6. We note that Staller’s winning strategy in the proof of Theorem 5 also works if G is an infinite
graph with a finite maximum degree ∆. Hence, the lower and upper bounds on the thresholds stated in
Theorem 5 remain true for infinite graphs with finite maximum degrees.

Remark 7. Corollary 14 in Section 5 will show that Theorem 5 is sharp for infinitely many graphs.

4 Local domination and an upper bound on a′ℓ(G)
In this section, we study the S-game where Staller’s bias equals ℓ, and prove an upper bound on Domina-
tor’s threshold a′ℓ(G). Since aℓ(G) ≤ a′ℓ(G) holds for every graph G, the established upper bound is also
valid for aℓ(G).

We introduce a parameter called the ℓ-local domination number of a graph G. Let G be a graph with
δ(G) ≥ ℓ. For S ⊆ V (G) with |S| = ℓ, let γ̃ℓ(G,S) be the minimum number of vertices in V (G)\S that
can dominate N(S) ∪ {v ∈ S : deg(v) = ℓ}, where N(S) =

⋃
v∈S N(v). Then, the ℓ-local domination

number, γ̃ℓ(G), of G is defined as

γ̃ℓ(G) = max
S⊆V (G),|S|=ℓ

{γ̃ℓ(G,S)}.

To illustrate the definition, note that γ̃1(Cn) = 2 when n ≥ 5 and γ̃2(Cn) = 4 when n ≥ 10. As an
additional example, consider the graph G depicted on Fig. 2. If S = {z} or S = {y1} or S = {y2}, then
γ̃1(G,S) = 2. If S = {xi} for some i ∈ [4], then γ̃1(G,S) = 1. Hence γ̃1(G) = 2.
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z

x1 x2 x3 x4

y1 y2

Fig. 2: A graph G.

Theorem 8. If G is a graph with minimum degree at least ℓ, then a′ℓ(G) ≤ γ̃ℓ(G).

Proof: It suffices to prove that Dominator has a strategy to win the (γ̃ℓ(G), ℓ)-biased S-game on G. Let
us consider the following strategy for Dominator to follow:

(⋆) After each move of Staller selecting vertices from S, where S ⊂ V (G), |S| = ℓ, Dominator makes
sure that every vertex in N(S)∪ {v ∈ S : deg(v) = ℓ} is dominated after Dominator’s next move.

As δ(G) ≥ ℓ, Staller cannot win the game with her first move S1 = {s11, . . . , s1ℓ}. According to strategy
(⋆), Dominator replies by playing γ̃ℓ(G) vertices that dominate N(S1) ∪ {v ∈ S1 : deg(v) = ℓ}. It is
possible as γ̃ℓ(G,S1) ≤ γ̃ℓ(G). (In case of strict inequality, Dominator selects some additional vertices
arbitrarily.) Now, we proceed by induction.

Suppose that Dominator could play according to strategy (⋆) during his first i moves, and the game is
not yet over. Via three claims, we prove that Staller is not able to win with her (i + 1)st move and that
Dominator can choose his (i+ 1)st move complying with (⋆).

Claim 8.A. Assume that no vertex from N [v] was played by Dominator during his first i moves. If
deg(v) = ℓ, then all vertices in N [v] are unplayed, and otherwise all vertices from the open neighborhood
N(v) are unplayed after Dominator’s ith move.
Proof. First, let deg(v) = ℓ and suppose for a contradiction that Staller has already played a vertex from
N [v]. In this case, let u be the first vertex from N [v] played by Staller, say in Staller’s jth move, where
j ≤ i. If u = v, then, according to the hypothesis and since deg(v) = ℓ, Dominator replied by playing a
neighbor v′ of v (and maybe some further vertices) as his jth move. If u ̸= v, then Dominator dominated
v ∈ N(u) after Staller’s move u. In either case, we get a contradiction with the assumption that Dominator
has not played any vertex in N [v] during his first i moves.

If deg(v) > ℓ, suppose that Staller played earlier a neighbor u of vertex v. As Dominator followed
strategy (⋆), in the next turn, he dominated the entire N(u). It included dominating v itself that is playing
a vertex from N [v]. This again contradicts the assumption in Claim 8.A and finishes the proof of the
statement. (□)
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Claim 8.B. Staller cannot win the game with her (i+ 1)st move.
Proof. Suppose to the contrary that Staller wins in her (i + 1)st move Si+1 = {si+1

1 , . . . , si+1
ℓ } by

achieving that all vertices in N [u] are played by her. Since |N [u]| > ℓ, at least one vertex v ∈ N [u] was
chosen by Staller during her first i moves. Since no vertex from N [u] was played by Dominator, it follows
by Claim 8.A that deg(u) > ℓ and u is the only vertex in N [u] played by Staller in her first i moves. This
is a contradiction since Staller cannot claim the whole N(u) in his (i + 1)st move because |N(u)| > ℓ.
(□)

Claim 8.C. Dominator can play according to strategy (⋆) in his (i+ 1)st move.
Proof. Let Si+1 = {si+1

1 , . . . , si+1
ℓ } be Staller’s (i + 1)st move. Let R ⊆ V (G) \ Si+1 be a set with

|R| ≤ γ̃ℓ(G) such that R dominates the entire N(Si+1) ∪ {v ∈ Si+1 : deg(v) = ℓ}. If all vertices in R
are unplayed, then Dominator plays these vertices in his (i + 1)st move. If a vertex x ∈ R was played
earlier by Dominator, then he does not have to play it in the (i + 1)st move (he may replace it with an
arbitrary vertex). If a vertex y ∈ R was played by Staller in her jth move, where j < i+ 1, we have two
cases.

• First, suppose that y /∈ N(Si+1). Since j < i+1, the induction hypothesis implies that Dominator
dominated all neighbors of y with his jth move. Hence, in his (i+1)st move, vertex y is not needed
in R to dominate N(y).

• In the other case, let y ∈ N(Si+1). Then all vertices in N(y) are dominated by Dominator after his
jth move due to (⋆). However, it might happen that y itself is not dominated by the earlier moves
of Dominator. By Claim 8.A, either Dominator has already played a vertex from N [y] and then y
is dominated, or all vertices in N(y) were unplayed before the move Si+1 and deg(y) > ℓ. In this
case, Dominator can choose an arbitrary vertex from N(y)\Si+1 to play instead of y in his (i+1)st
move. Note that only the vertices in Si+1 ∩ N(y) are played from N(y) and, as |N(y)| ≥ ℓ + 1,
Dominator can choose an unplayed vertex z ∈ N(y) \Si+1 and plays z instead of y in his (i+1)st
move. (□)

Claims 8.B and 8.C prove that Dominator can follow strategy (⋆) throughout the (γ̃ℓ(G), ℓ)-biased S-
game on G, and that Staller is never able to claim a closed neighborhood to win the game. This implies
a′ℓ(G) ≤ γ̃ℓ(G) as stated in the theorem.

The 1-local domination number of a graph G is also called local domination number and denoted by
γ̃(G). If v is a leaf in G, then both N(v) and N [v] can be dominated with only one vertex from V (G)\{v}.
Therefore, the definition of γ̃(G) can be simplified as follows. Let G be a graph without isolated vertices.
For a vertex v ∈ V (G), let γ̃(G, v) be the minimum number of vertices that can dominate N(v) in the
graph G− v. Then, the local domination number is defined as

γ̃(G) = max
v∈V (G)

{γ̃(G, v)}.

Theorem 8 with ℓ = 1 gives the upper bound a′1(G) ≤ γ̃(G) for every graph with δ(G) ≥ 1. For
a claw-free graph G (i.e., when no induced subgraph of G is a star K1,3), it holds by definition that
α(G[N(v)]) ≤ 2 for every v ∈ V (G). Consequently, the local domination number of a claw-free graph
G is at most 2. Similarly, if G does not contain any induced star subgraph K1,k, then γ̃(G) ≤ k−1. Thus
Theorem 8 directly implies the following statements.
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Corollary 9. If G is an induced K1,k-free graph with δ(G) ≥ 1, then a′1(G) ≤ k−1 holds. In particular,
if G is a claw-free graph, then a′1(G) ≤ 2.

For claw-free graphs, the upper bound a′1(G) ≤ 2 is sharp. For example, it was shown in Duchêne
et al. (2020) that W ′(P2k+1, 1, 1) = S holds for every positive integer k that implies a′1(P2k+1) = 2
by Corollary 9. Another claw-free graph P+

2k+1 can be obtained from the odd path P2k+1 : v1 . . . v2k+1

if we add the edges between v2i and v2i+2 for every i ∈ [k − 1]. The strategy described in the proof
of (Bujtás and Dokyeesun, 2024, Theorem 5.2) for Staller’s speedy win on P2k+1 can be applied to the
extended graph P+

2k+1. It shows that W ′(P+
2k+1, 1, 1) = S, and then a′1(P

+
2k+1) = 2 holds for every

positive integer k.

5 Thresholds for line graphs
As every line graph is a claw-free graph, Corollary 9 implies a′1(G) ≤ 2 for each line graph G. We show
that, in most of the cases, the exact value for a′1(G) is 1. Further, we prove that ak(G) = a′k(G) = k and
bk(G) = b′k(G) = k + 1 holds for a large subclass of line graphs.

Consider a collection F = {F1, . . . , Fn} of sets. A set of distinct t-representatives (SDRt) for F
is a set {rji : i ∈ [n], j ∈ [t]} of nt different elements such that rji ∈ Fi holds for every pair (i, j)
with i ∈ [n] and j ∈ [t]. Note that SDR1 gives exactly the well known concept of the set of distinct
representatives. For larger values of t, SDRt is obtained by selecting t elements from each set in F so
that all selected elements are distinct. Using Hall’s celebrated theorem from Hall (1935), the following
generalized version holds; see Mirsky (1967).

Theorem 10. A family F = {F1, . . . , Fn} has a set of distinct t-representatives if and only if, for every
subfamily F ′ ⊆ F , the union

⋃
Fi∈F ′ Fi contains at least t |F ′| elements.

Theorem 11. If G is the line graph of a graph H with δ(H) ≥ 2t and k ≤ 2t−1, then ak(G) ≤ a′k(G) ≤
k and bk(G) ≥ b′k(G) ≥ k + 1.

Proof: It is enough to prove that, under the conditions in the theorem, Dominator wins in the (k, k)-
biased S-game on G = L(H). In the proof, we consider a set of cliques S = {Q1, . . . , Qn} in G such
that n = n(H) and, for every i ∈ [n], clique Qi corresponds to the set of edges incident with vertex
ui ∈ V (H). By the condition δ(H) ≥ 2t, we have |Qi| ≥ 2t for every Qi ∈ S. By definition, every
vertex v ∈ V (G) is contained in exactly two cliques from S.

We first show that there is a set of distinct t-representatives for the set system S. By Theorem 10,
it is enough to prove that |

⋃
Q∈S′ Q| ≥ t |S ′| holds for every subfamily S ′ ⊆ S. Consider the sum

x =
∑

Q∈S′ |Q|. As every clique Q ∈ S contains at least 2t vertices, we have x ≥ 2t |S ′|. On the other
hand, every vertex from

⋃
Q∈S′ Q is covered by at most two cliques from S ′ and hence, 2|

⋃
Q∈S′ Q| ≥ x

holds. This implies |
⋃

Q∈S′ Q| ≥ t|S ′| for every S ′ ⊆ S, and we may conclude that S admits an SDRt.

Fixing an SDRt in S, for every i ∈ [n], let Ri = {r1i , . . . , rti} be the set of the t representative vertices
assigned to the clique Qi. Consider the following strategy of Dominator in the (k, k)-biased S-game on
G. If Staller played vertices x1, . . . , xk in a move, then Dominator replies by choosing vertices y1, . . . , yk
(one by one) such that the following is true for every i ∈ [k].
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• If xi ∈ Rj , and there is an unplayed vertex yi ∈ Qj , then Domination plays yi. If there no such
vertex in Qj , Dominator selects a neighbor of xi if possible. Finally, if all neighbors of xi have
already been played, then he selects a vertex randomly.

• If xi is not a representative vertex for any clique Qj , Dominator plays a neighbor yi of xi. If all
neighbors have been played before, Dominator chooses an arbitrary vertex.

Assuming that Dominator follows this strategy, we may observe the following:

Claim 11.A. If Staller plays a vertex xi in a move, then, after this move, there is a vertex z ∈ NG[xi]
that is either unplayed or played by Dominator.
Proof. Assume to the contrary that after Staller’s move, every vertex in NG[xi] is played by Staller.
The two cliques incident to xi, say Qp and Qq , together have 2t representatives. As k < 2t, one of
those representatives, say w, was played by Staller in an earlier move. Suppose that w ∈ Rp. After the
move when w was played, vertex xi ∈ Qp remained unplayed. By the supposed strategy of Dominator,
he played a vertex from Qp in his next move. As Qp ⊆ NG[xi], it contradicts our assumption. This
contradiction proves the claim. (□)

Claim 11.A shows that with a move x1, . . . , xk, Staller cannot claim an entire neighborhood NG[xi],
for i ∈ [k]. We observe that the same is true for each vertex x ∈ NG[xi] that was played in an earlier
move. Indeed, when x was played, its neighbor xi remained unplayed, and Dominator could reply by
choosing a neighbor of x. Therefore, Staller cannot claim the neighborhood NG[x] if Dominator follows
the described strategy.

The conclusion is that Dominator can prevent Staller from claiming a closed neighborhood of a vertex
in the game and equivalently, Dominator wins the (k, k)-biased S-game. By Proposition 2, we conclude
ak(G) ≤ a′k(G) ≤ k and bk(G) ≥ b′k(G) ≥ k + 1.

Remark 12. M. Hall proved that P. Hall’s theorem can be extended to infinite families of finite sets if the
vertex degrees are finite (Hall, 1986, Theorem 5.1.2). The same is true for the case of k-representatives.
Therefore, Theorem 11 remains true if G is an infinite line graph with finite vertex degrees.

By Theorem 11, we can get the exact values of a1(L(H)) and a′1(L(H)) if δ(H) ≥ 2.

Corollary 13. If G is the line graph of a graph H with δ(H) ≥ 2, then a1(G) = a′1(G) = 1.

Theorems 5 and 11 together imply the following exact values for the thresholds.

Corollary 14. Let H be a graph with δ(H) ≥ 2t and G = L(H) its line graph with ∆(G) = ∆. Then,
the following statements hold for every integer k with 2 ≤ k ≤ 2t− 1.

(a) If n(G) ≥ k∆−k+1(∆2 + 1), then a′k(G) = k and b′k−1(G) = k.

(b) If n(G) ≥ (k∆−k+1 + 1)(∆2 + 1), then ak(G) = k and bk−1(G) = k.

6 A summary of thresholds for grids
Concerning paths, we know that W (Pn, 1, 1) = D holds for a path Pn on n ≥ 1 vertices; see Duchêne
et al. (2020). If n ∈ [3], then γ(Pn) = 1 and Proposition 3 (iii) gives aℓ(Pn) = 1 for every positive integer
ℓ. It also implies bℓ(Pn) = ∞ for every ℓ ≥ 1. For any n ≥ 4, the two leaves of Pn cannot be dominated
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by one vertex. Thus W (Pn, 1, 2) = S holds for any n ≥ 4. We may infer that b1(Pn) = 2 for any n ≥ 4.
On the other hand W ′(Pn, 1, 1) = D holds if and only if Pn has a perfect matching; see Duchêne et al.
(2020). Since W ′(Pn, 1, 2) = S, it follows that b′1(Pn) = 2 if n is even and b′1(Pn) = 1 if n is odd.
Moreover, W ′(Pn, 2, 1) = D, since Dominator can even achieve that no two vertices played by Staller in
the (2, 1)-biased S-game are adjacent at the end of the game. Thus, we immediately get that a′1(Pn) = 2
if n is odd, and a′1(Pn) = 1 if n is even.

It is known that Dominator wins both the (1, 1)-biased S-game and D-game (see Dokyeesun (2025);
Forcan and Qi (2023)) on every finite grid Pm2Pn with m ≥ n ≥ 2. Consequently,

a1(Pm2Pn) = a′1(Pm2Pn) = 1,

and b1(Pm2Pn) ≥ b′1(Pm2Pn) ≥ 2. Next, we consider Staller’s thresholds for these grids. It is easy to
observe that b1(P22P2) = 3 and b′1(P22P2) = 2. For m ≥ 3 and n ≥ 2 the result is established in the
following proposition.

Proposition 15. If m ≥ 3 and n ≥ 2, then b1(Pm2Pn) = b′1(Pm2Pn) = 2.

Proof: Let m ≥ 3, n ≥ 2 and let V (Pm2Pn) = [m]× [n]. Consider the (1, 2)-biased D-game played on
Pm2Pn.

Case 1. Assume that n = 2 and Dominator selects vertex v in his first move.
If m = 3, then we may suppose, by symmetry, that v ∈ {(1, 1), (2, 1)}. If v = (1, 1), then Staller

replies by playing (3, 1) and (3, 2). She then wins the game in her second move by playing an unplayed
vertex in the middle P2-layer. If v = (2, 1), then Staller replies by choosing (1, 2) and (2, 2). Then
Dominator needs to play (1, 1) and Staller will win the game in her next move by claiming (3, 1) and
(3, 2).

If m ≥ 4, there is a corner such that its two neighbors are not dominated by v. Without loss of generality
we may assume that (1, 1), (1, 2) and (2, 1) are such undominated vertices. Then Staller plays (1, 1) and
(1, 2) in her first move, and she can win the game in her second move by selecting at least one of the
vertices (2, 1) and (2, 2).

Case 2. Assume that n ≥ 3 and Dominator selects vertex v in his first move.
If m ≥ 4, it remains true that after any move v of Dominator, there is a corner in Pm2Pn such that

its two neighbors are not dominated by v. We may assume again that (1, 1), (1, 2) and (2, 1) are such
undominated vertices. Staller selects vertices (1, 1) and (1, 2) in her first move. Dominator then needs to
reply by playing (2, 1). To win the game, Staller plays (1, 3) and (2, 2) in the next move.

Suppose now that m = n = 3. If v ̸= (2, 2), then Staller can apply the same strategy as for the case
of m ≥ 4. If Dominator plays v = (2, 2) in his first move, then Staller replies by choosing vertices (1, 1)
and (1, 2). It forces Dominator to play (2, 1). With her next move, Staller can win the game by playing
(1, 3) and (2, 3).

We have proved that Staller can win in the (1, 2)-biased D-game on Pm2Pn when m ≥ 3 and n ≥ 2.
Therefore, we have b′1(Pm2Pn) ≤ b1(Pm2Pn) ≤ 2. Since Staller cannot win in the (1, 1)-biased MBD
games, we may conclude b′1(Pm2Pn) = b1(Pm2Pn) = 2 as stated.

An infinite path is a path P∞ = (Z, E) where E = {{i, i + 1} | i ∈ Z}. We can always find a
perfect matching in P∞. This enables us to use the so-called pairing strategy, which is based on the idea
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that a player partitions a set of vertices into pairs, and follows the other player by selecting one vertex of
each pair; see Duchêne et al. (2020). Applying the pairing strategy, Dominator can win both the (1, 1)-
biased D-game and S-game on P∞ by playing a vertex from every edge in the matching. This implies
a1(P∞) = a′1(P∞) = 1. Note that W (P∞, ℓ, 3) = S for any ℓ, whereas W (P∞, ℓ, 2) = S only if ℓ ≤ 3.
Hence, the following thresholds for Staller hold.

Observation 16. Let ℓ be a positive integer. Then

bℓ(P∞) = b′ℓ(P∞) =

{
2; ℓ ≤ 3,

3; ℓ ≥ 4.

We now consider infinite grids Pn2P∞ and P∞2P∞. We remark that the vertex degrees are finite in
Pn2P∞ and P∞2P∞. Therefore, Staller can win the game if she can claim a closed neighborhood of a
vertex, and we may say that Dominator wins the game if he has a strategy to prevent Staller from claiming
a closed neighborhood. With this explanation, we may extend the definition of thresholds aℓ, a

′
ℓ, bℓ, b

′
ℓ

for infinite graphs with bounded maximum degree. For instance, if G is a graph and ℓ a positive integer,
the minimum a such that Dominator can prevent Staller from claiming an entire closed neighborhood of
a vertex throughout the game is denoted by aℓ when Dominator starts the game on G.

Proposition 17. If n ≥ 2, the following statements hold.

(i) a1(Pn2P∞) = a′1(Pn2P∞) = a1(P∞2P∞) = a′1(P∞2P∞) = 1,

(ii) b1(Pn2P∞) = b′1(Pn2P∞) = b1(P∞2P∞) = b′1(P∞2P∞) = 2.

Proof: We consider the grid Pn2P∞ with vertex set [n]× Z, while P∞2P∞ is defined on Z× Z.
(i) Observe that all infinite grids Pn2P∞ and P∞2P∞ have a perfect matching. Therefore, in the

(1,1)-biased MBD game, Dominator may follow the pairing strategy. For example, if Staller plays a
vertex (i, 2k), Dominator replies with vertex (i, 2k+1) and vice versa. By this strategy, Staller can never
claim a closed neighborhood and hence, Dominator wins the game.

(ii) For infinite grids, we have ∆(P22P∞) = 3, ∆(Pn2P∞) = 4 if n ≥ 3, and ∆(P∞2P∞) = 4.
Theorem 5 (b) and Remark 6 then imply b1(Pn2P∞) ≤ 2 and b1(P∞2P∞) ≤ 2. By part (i), we may
infer the equality b1(Pn2P∞) = b1(P∞2P∞) = 2. Since b′1(G) ≤ b1(G) holds for every graph G, we
have that b′1(Pn2P∞) = b′1(P∞2P∞) = 2 is also true.

The (a, b)-biased games on grids may also be interesting when a, b ≥ 2. If G is a finite grid, then
Proposition 3 implies that b′a(G) ≤ 3 for any a ≥ 1, and a′b(G) = ∞ for any b ≥ 3. If G is an arbitrary
grid (finite or infinite), then Proposition 3 implies that ba(G) ≤ 5 holds for any a < γ(G). If G is an
infinite grid, then Theorem 5 and Remark 6 imply that a′k(G) ≥ ak(G) ≥ k and b′k(G) ≤ bk(G) ≤ k+1
for every positive integer k. Applying also the results from Theorem 8 and Proposition 17, we obtain the
following estimations for an infinite grid G:

2 ≤ a2(G) ≤ a′2(G) ≤ 4 and 2 ≤ b′2(G) ≤ b2(G) ≤ 3;

3 ≤ a3(G) ≤ a′3(G) ≤ 6 and 2 ≤ b′3(G) ≤ b3(G) ≤ 4.

Now, consider the finite grid G = Pm2Pn. Theorem 8 implies that a′2(G) ≤ 4. In the next result we
show that Dominator has to dominate at least three vertices per move to win the (a, 2)-biased S-game on
G, when m ≡ 1 (mod 4).
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Proposition 18. Let G = Pm2Pn, where m = 4k + 1 for some k ∈ N and n ∈ N. Then a′2(G) ≥ 3.

Proof: Let G = Pm2Pn, where m = 4k + 1 for some k ∈ N and let V (G) = [m] × [n]. We
describe Staller’s strategy to win the (2, 2)-biased S-game on G. In her first move Staller selects vertices
(2, 1), (4, 1). Then Dominator has to play one vertex from each of the sets {(1, 1), (1, 2)}, {(3, 1), (3, 2)}
to prevent Staller claiming all vertices of NG[(1, 1)] or NG[(3, 1)]. If k = 1, then Staller wins in her
next move selecting (5, 1) and (5, 2). Otherwise, in her ith move, for any i ∈ {2, . . . , k}, Staller selects
vertices (4i− 2, 1), (4i, 1). Note that to her ith move Dominator has to respond by a vertex from each of
the sets {(4i−3, 1), (4i−3, 2)}, {(4i−1, 1), (4i−1, 2)} to prevent Staller winning in her (i+1)st move.
Finally, unless the game finished earlier with Staller’s win, she claims all vertices from NG[(4k + 1, 1)]
in her kth move, and wins. Hence a′2(G) ≥ 3.

Since b′2(G) ≥ b′1(G) = 2 and as Dominator does not win the (2, 2)-biased S-game played on
P4k+12Pn, we get the following.

Corollary 19. If G = Pm2Pn, where m = 4k + 1 for some k ∈ N and n ∈ N, then b′2(G) = 2.

7 Star partition width and a′1(G)

In this section, we introduce the concept of star partition width and prove that it serves as an upper bound
for the threshold at which Dominator wins the biased games when Staller selects exactly one vertex per
move.

For a positive integer k, we say that a graph G has a k-star partition if there exists a partition {S1, . . . ,
Sm} of V (G) such that each Si satisfies |Si| ≥ 2 and G[Si] contains a spanning star of order at most
k+1. The star partition width of a graph G, σ(G), is the smallest integer k such that there exists a k-star
partition of G. Let S = {S1, . . . , Sℓ} be a k-star partition of G. For instance, σ(Kn) = 1 if n is even, and
σ(Kn) = 2 if n is odd, while σ(K1,r) = r. For any i ∈ [∆(G)], we denote by si the number of i-stars
in S. We say that a star partition S is lexicographically optimal if (s∆, s∆−1, . . . , s1) is lexicographically
the smallest sequence over all star partitions of G. Note that the largest index i such that si ̸= 0 in S is
σ(G).

We remark that the so-called star partitions were considered by Andreatta et al. (2019), although the
corresponding partitions do not restrict the size of the spanning stars as is the case with k-star partitions.
The concept of induced star partitions as studied by Shalu et al. (2022) is even further away from our
concept, since the stars in the corresponding partition are induced. On the other hand, there is a close
connection between k-star partitions and [1, k]-factors as studied by Heinrich et al. (1990).

A [1, k]-factor of a graph G is a spanning subgraph F of G such that 1 ≤ degF (x) ≤ k for every vertex
x in G. Thus, a graph G has a [1, k]-factor if and only if it has a k-star partition. Hence (Heinrich et al.,
1990, Corollary 3) implies the following.

Theorem 20. Let G be a graph and k ≥ 2. Then G has a k-star partition if and only if i(G−X) ≤ k|X|
for every X ⊆ V (G), where i(G−X) is the number of isolated vertices in G−X .

Note that the special case of Theorem 20 for k = 2 was proved by Lovász (1970). As an immediate
consequence of the above theorem, we derive the formula in Corollary 21. A nontrivial path cover of a
graph is a spanning subgraph whose components are paths of order at least two. Clearly, a graph has a
nontrivial path cover if and only if it admits a 2-star partition.
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Corollary 21. If G is a graph without a nontrivial path cover and without isolated vertices, then

σ(G) = max
∅⊂S⊂V (G)

{⌈ i(G− S)

|S|

⌉}
Proposition 22. (i) For every graph G, the maximum number of stars in a nontrivial star partition

equals ν(G).

(ii) For every tree T , each lexicographically optimal star partition contains ν(T ) stars.

Proof: (i) Let S be a nontrivial star partition of G. By choosing one edge from each star Si ∈ S, we
obtain a matching of size |S| in G. Then, |S| ≤ ν(G). Now, we consider a maximum matching M in G
and prove that a star partition S exists with |S| = |M | = ν(G). By the maximality of M , for each edge
xy ∈ M , one of the following cases holds:

• Both x and y have exactly one unsaturated neighbor, and this unsaturated vertex is the common
neighbor of x and y. We may specify either x or y as a center in the star partition.

• Only one of x and y is adjacent to vertices unsaturated by M . If x is such a vertex with an unsatu-
rated neighbor, we specify x as a center in the star partition.

• Neither x nor y have unsaturated neighbors. Then we may choose any of them as a center.

With the set of central vertices in hand, we can easily build a star partition S of G with |S| = ν(G). This
proves that the maximum number of stars equals ν(G).

(ii) For a tree T , the inequality |S| ≤ ν(T ) remains true for any star partition S. Further, if S is
lexicographically optimal, the centers can be chosen such that the leaves of the stars form an independent
set in T . Then, the |S| centers yield a vertex cover, and we may conclude that

τ(T ) ≤ |S| ≤ ν(T )

holds. As T is a tree, this implies |S| = ν(T ) = τ(T ) for every lexicographically optimal S.

Corollary 23. For a nontrivial graph G, we have⌈n(G)

ν(G)

⌉
− 1 ≤ σ(G) ≤ ∆(G).

Proof: Since any star in a graph G can have at most ∆(G) leaves, the upper bound is clear. By Proposi-
tion 22(i), any nontrivial star partition of G contains at most ν(G) stars. Combining this with the fact that
the largest star in a lexicographically optimal star partition of G has at most σ(G) + 1 vertices, we infer
that (σ(G) + 1)ν(G) ≥ n(G). Since σ(G) is an integer, the result follows.

Next, we define the so-called star digraph, which applies to a graph G with a fixed k-star partition
S = {S1, . . . , Sm}. Notably, the digraph HG,S = (V,A) has V = S, while SiSj ∈ A if a leaf of Si is
adjacent in G to the center of Sj ; see Fig. 3 for an example illustrating this construction.

Lemma 24. Let G be a nontrivial graph and let S = {S1, . . . , Sℓ} be lexicographically optimal σ(G)-
star partition of G. Then the following statements hold for every x, y ∈ V (G).
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S1 S2 S3

A graph G and a star partition S = {S1, S2, S3} HG,S

S1

S2

S3

Fig. 3: A graph G with star partition S = {S1, S2, S3} and its star digraph HG,S

(i) If x, y are leaves of stars in S, then xy /∈ E(G), except possibly in the following special cases: (1)
x and y belong to one and the same Si of which x and y are the only leaves, (2) x and y belong to
distinct stars Si and Sj such that |Si|+ |Sj | ≤ 5.

(ii) Let x be a leaf of Si and y the center of Sj , where i, j ∈ [ℓ] and i ̸= j. If xy ∈ E(G), then
|Si| ≤ |Sj |+ 1.

(iii) Let Si1 be a σ(G)-star in S, and let Si1 , Si2 , . . . , Sir be a directed path in HG,S . Then |Sir | ≥ σ(G).

Proof: (i) Let x, y be the leaves of stars in S, which do not satisfy the special cases, as described in the
statement (i). We distinguish two cases. If x and y belong to the same star Si in S, then |Si| ≥ 4. If
xy ∈ E(G), then S ′ obtained from S by adding a new star S′ with S′ = {x, y} and removing x and y
from Si yields a contradicition to S being lexicographically optimal. Now, let x ∈ Si and y ∈ Sj , where
i ̸= j. Suppose xy ∈ E(G). Note that our initial assumption gives |Si| + |Sj | > 5. Let |Si| ≥ |Sj |.
Suppose first that |Sj | ≥ 3. Then, the star partition S ′ obtained from S by adding a new star S′ with
S′ = {x, y} and removing x from Si and y from Sj yields a contradicition to S being lexicographically
optimal. Finally, if |Sj | = 2, then the star partition S ′ obtained from S by removing x from Si and adding
it to Sj yields a contradicition to S being lexicographically optimal.

(ii) Suppose a leaf x of Si and the center y of Sj , where i ̸= j, are adjacent, and suppose to the contrary
that |Si| ≥ |Sj | + 2. Then the star partition S ′ obtained from S by removing x from Si and adding it to
Sj yields a contradiction to S being lexicographically optimal.

(iii) Let Si1 be a σ(G)-star in S, and let Si1 , Si2 , . . . , Sir be a directed path in HG,S . For every j ∈ [r],
denote by xj the center of the star Sij , and for every j ∈ [r−1] denote by yj a leaf of Sj , which is adjacent
to xj+1. Suppose to the contrary, |Sir | < σ(G). Then, the star partition S ′ obtained from S by removing
yj from Sij and adding it to Sij+1

for all j ∈ [r − 1] yields a contradiction to S being lexicographically
optimal.

We use the above lemma to prove that the star partition width of G is an upper bound for a′1(G) and get
the exact value of a′1(T ) for any tree T .
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Theorem 25. If G is a nontrivial graph, then a′1(G) ≤ σ(G). In particular, a′1(T ) = σ(T ) holds for
every nontrivial tree T .

Proof: Let G be a nontrivial graph and k = σ(G). Then there exists a k-star partition of G, say
{S1, . . . , Sℓ}, such that each Si contains a spanning star with at most k leaves. Assume that Staller
plays a vertex in a star Si for i ∈ [ℓ]. Then the strategy for Dominator is to select all the remaining ver-
tices in Si and arbitrary k−|Si|+1 vertices. By this strategy, Staller cannot claim a closed neighborhood
of a vertex in G, that is W ′(G, k, 1) = D. We may then conclude a′1(G) ≤ σ(G).

Assume next that T is a tree. If σ(T ) = 1, then a′1(T ) ≤ σ(T ) implies that equality holds.
If σ(T ) ≥ 2, we set a = σ(T ) − 1 and prove that W ′(T, a, 1) = S. We proceed by induction on

the matching number of T . If ν(T ) = 1, then T is a star, and the statement clearly holds (Staller plays
the center, Dominator selects a leaves, and Staller wins by selecting an unplayed leaf). Now, let T be
a tree with ν(T ) > 1. Let S = {S1, . . . , Sν} be a lexicographically optimal σ(G)-star partition of G.
Let Si0 ∈ S be a σ(G)-star in S. Let Si0 , . . . , Sit be a maximal directed path in the star digraph HT,S .
Therefore, since T is a tree, Sit has no out-edges in HT,S . By Lemma 24(iii), we have |Sij | ≥ σ(T ).

The strategy of Staller to win the game in T is as follows. In her first move, Staller selects the center
of Sit , after which Dominator needs to select all the leaves of Sit to avoid an immediate defeat in the
next move of Staller. (In particular, if |Sij | = σ(T ) + 1, the game is over.) Now, consider the tree T ′,
which is the connected component of T − Sit , which contains Si0 . Note that ν(T ′) < ν(T ), and that
σ(T ′) = σ(T ) (the latter holds, because S is a lexicographically optimal star partition of T ). Therefore,
by the induction hypothesis, Staller has a winning strategy in T ′. In the rest of the game, Staller plays
only in T ′ by using her winning strategy.

The inequality a′1(T ) ≤ σ(T ) and W ′(T, σ(T ) − 1, 1) = S together imply a′1(T ) = σ(T ) for every
tree with σ(T ) ≥ 2.

We show that there exist graphs G with a′1(G) < σ(G), and the difference can be arbitrarily large.
Consider a complete bipartite graph K2,2m, with u, v being the vertices of degree 2m. Dominator can
win the (1, 1)-biased S-game by playing u or v as his first move and an arbitrary vertex in his second
move. Hence a′1(K2,2m) = 1. As σ(K2,2m) = m, we deduce that for any n ∈ N there exists a graph G
with a′1(G) = σ(G)− n.

We remark that manuscript of Bagdas et al. (2024) characterizes trees with W ′(T, k, 1) = D. It can
be proved directly that the definition of a k-good tree in Bagdas et al. (2024) corresponds to the condition
σ(T ) ≤ k if T is a tree and therefore, (Bagdas et al., 2024, Theorem 5) directly implies our result on
trees. Anyway, we provided a different proof based on the star partition width, a concept that could be of
independent interest.

In Theorems 8 and 25 we established two upper bounds for a′1(G) that are incomparable. For a tree
G, γ̃(G) = ∆(G) while σ(G) may be much smaller than ∆(G). On the other hand, if G is the complete
bipartite graph K2,2m, then γ̃(G) = 1 and σ(G) = m.

8 Concluding remarks
Note that the tightness of the bound in Proposition 3(iv), namely, a′b(G) ≤ b ·∆(G) when b ≤ δ(G), was
provided only in the case b = 1, where already odd paths attain the bound. We do not know if for larger
values of b the bound is also tight and pose it as an open problem.
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Problem 1. Is it true that the bound a′b(G) ≤ b ·∆(G) is tight also when 1 < b ≤ δ.

From Proposition 18 and the earlier remark, we derive that 3 ≤ a′2(P4k+12Pn) ≤ 4, and it would
be interesting to determine which of the two bounds is the exact value. For grids Pm2Pn, where none
of the integers n and m is congruent to 1 modulo 4, the currently known bounds are further apart: 1 ≤
a′2(Pm2Pn) ≤ 4. (Remark that, by Theorem 5, the lower bound can be replaced with 2 when the order
of Pm2Pn is at least 136.) Based on the discussion, we pose the following problem.

Problem 2. Determine the values a′2(Pm2Pn) for all m,n ∈ N, and the values b′2(Pm2Pn) when none
of the integers m and n is congruent to 1 modulo 4.

Problem 2 can also be extended to infinite grids, which might be even more difficult. In addition,
determining the values of a2(Pm2Pn) and b2(Pm2Pn) for all m,n ∈ N is also a challenging problem.

In Section 4, we obtained as a corollary the bound a′1(G) ≤ k − 1, which holds for any induced K1,k-
free graph G with δ(G) ≥ 1, and proved its sharpness in the case when k = 3 (that is, in claw-free
graphs). We do not know if the sharpness holds for larger k.

Problem 3. Are there any K1,k-free graphs G, where k > 3 such that a′1(G) = k − 1?
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