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Endowing the set of functional digraphs with the sum (disjoint union of digraphs) and product (standard direct product
on digraphs) operations induces on FDs a structure of a commutative semiring . The operations on R can be
naturally extended to the set of univariate polynomials R[X ] over R. This paper provides a polynomial time algorithm
for deciding if equations of the type AX = B have solutions when A is just a single cycle and B a set of cycles of
identical size. We also prove a similar complexity result for some variants of the previous equation.
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1 Introduction

A functional digraph (FD) is the digraph of a function with finite domain i.e., a digraph with outgoing
degree 1. Endowing the set of functional digraphs FGs with the sum (disjoint union of digraphs) and
product (standard direct product on digraphs) operations provides FGs with the structure of a commutative
semiring R in which the empty digraph (resp., the single loop) is the neutral element of addition (resp., of
product) Dennunzio et al.|(2018). This semiring can be naturally extended to the semiring of multivariate
polynomials R[ X1, Xo, ..., Xk].

A polynomial in R[X1, X, ..., X] represents a (infinite) set of functions which have a common sub-
structure provided by the coefficients (modulo isomorphism). The factorization is an interesting inverse
problem in this context. Indeed, assume to have a functional digraph G. Can G be factorized i.e., decom-
posed into the product or the sum (or a combination of the two) of functional digraphs with smaller vertex
selm? If this question has been largely investigated for general graphs (see, for instance, [Weichsel (1962);
Abay-Asmerom et al.|(2010); Hammack et al.|(2011))), little is known for functional digraphs.

Let us consider another version of the factorization problem. Assume that we have partial information
(or partial assumptions) on the factorization of G. This partial information is represented by a sequence

@ We stress that factorization here is meant in the context of abstract algebra which has nothing to do with the notion of factor graph
often used in graph theory.
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of functional digraphs A1, As, ..., Ay and the question of factorization can be reformulated as “does the
following equation
A - X1+ Ay - Xo+ ...+ A X, =G

admit a solution?” And more generally, one can ask for solutions of the following
A - X"+ A X527+ A XJF =G (D

where X", as usual, is the multiplication of X with itself w times. Figure [I] provides an example of
equation between two multivariate polynomials and one of its solutions.

In |Dennunzio et al|(2018), it is shown that the problem of deciding if there exist solutions to Equa-
tion (I) is in NP. However, we do not know if the problem is NP-complete. Our current conjecture is
that it might be in P. In|Dennunzio et al.|(2023), an algorithmic pipeline is provided for finding the solu-
tions of (1)) when all the digraphs involved are the digraph of a permutation (i.e., they are unions of loops
and cycles). The software pipeline essentially relies on the solution of a finite (potentially exponential)
number of basic equations of the type

AX =B 2)

where A is a single cycle of size p and B is a union of cycles of size ¢ (of course, it might be p # ¢). In
this paper, we prove that deciding if equations of type (2) have solutions or not is in P.

The interest in this result is manyfold. Without a doubt, it will significantly improve the performance
of the software pipeline in |Dennunzio et al.|(2023) for the case in which one is interested in the existence
of solutions and not in their enumeration. It will shed some light on some connected important questions
concerning the cancellation problem for functional digraphs i.e., the problem of establishing if G - F' ~
G - H implies F' =~ H where F,G and H are FDs and = is the relation of graph isomorphism|Dor¢ et al.
(20244); |[Emile Naquin and Gadouleau| (2024). We refer the reader to the classical book of Hammack
et al.|(2011) for the factorization and cancelation problems for more general graphs.

2 Background and basic facts

In |Dennunzio et al.| (2018)), an abstract algebraic setting for studying finite discrete dynamical systems
was introduced. This setting, can be adapted in a straightforward way to FDs. In this section, we recall
just the minimal concepts to understand the problem we want to solve.

Definition 1 (Sum of FDs). For any pair of FGs F = (Vp,Er) and G = (Vg, Eg), the sum H =
(Vi, Ex) of F and G is defined as

Vg =VruVg

Eyg ={((a,0),(b,0)) s.t. (a,b) € Er}U{((a,1),(b,1)) s.t. (a,b) € Eg}
where A Ll B is the disjoint union of A and B defined as AL B = (A x {0}) U (B x {1}).

The product of FDs is the standard direct product of graphs that we recall here for completeness sake.
Definition 2 (Product of FDs). For any pair of FGs F = (Vr,Er) and G = (Vg, Eg), the product
H = (Vy,Eg) of F and G is defined as

Vi =V x Vg
Eyg ={((a,c),(b,d)) € Vg x Vy s.t (a,b) € Er and (c,d) € Eg}
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Fig. 1: An example of polynomial equation over FDs (above) and a solution (below).

When no misunderstanding is possible, we will denote with + (resp., -) the sum (resp., the product) of
FDs.

As already informally stated in the introduction, we have the following algebraic characterisation of the
class of FDs.

Theorem 1 (Dennunzio et al.[(2018)). The class of FDs (modulo isomorphisms) equipped with the oper-
ations of + and - is a commutative semiring.

We also recall the following important result on the complexity of solving polynomial equations.

Theorem 2 (Dennunzio et al.|(2018)). The problem of deciding if there are solutions to
* polynomial equations over R[X1, X, .. .| is undecidable;
* polynomial equations over R[ X1, Xo, ...] with constant right-hand side is in NP.

We remark that the problem of finding solutions for polynomial equations with a constant right-hand
term has some similarities with other well-known NP-complete problems (knapsack, change-making,
for instance). However, we do not know if it is complete or not. This further motivates the quest for
simpler equations which admit solution algorithms with lower complexity. These algorithms will be very
convenient for use in practical applications. Indeed, in biology, when analyzing the behavior of a gene
regulation network,for example, one can ask if the observed behavior is produced by the network at hand
or if it is the result of the cooperation of simpler systems. These questions can be easily translated in
terms of equations over FDs. However, gene regulation networks may contain hundreds of genes and
hence effective methods are necessary to solve those equations.

3 Solving basic equations on permutations

From now on, we will focus on a subclass of functional digraphs, namely, the digraphs of permutations.
For this reason, we introduce a convenient notation called C-notation inspired from Dennunzio et al.
(2023). We note C), the graph made by a single cycle of size p. Similarly, n - C), (or simply nC),) denotes
a graph that is the sum of n graphs C),. According to this notation, it is clear that aC}, + bC), = (a +b)C),
and a - bC}, = abC), for any natural a,b. With this notation, the classical result that the graph G of a



4 Alberto Dennunzio et al.

[ ] LR e e
’\ M ~
e e —_—
= ( l o | oo = o& f. +
° e e e_°
Fig. 2: Example of operations on FDs of permutations. Using the C-notation, we have - (C3 4+ Cr) = Oy 4+

- Cy = Cg + 2C5.

permutation is a union of disjoint cycles translates into

l
G=> niCy,
i=1

for suitable positive integers p1,...,p; and ny,...,n;. Figure ] provides an example of operations on
permutation digraphs and their expression through the C-notation.
The following proposition provides an explicit expression for the product of unions of cycles.

Proposition 1. For any natural | > 1 and any positive naturals ny, . .. ,ny, p1, - - ., Py, it holds

- l - l
where \; = lem(p1,...,p1), b = [[;_q pi and 7y = [[;_; 1.
Proof: We proceed by induction over [. First of all, we prove that the statement is true for [ = 2, i.e.,

nin
Gy, 12y, = 7@11)2);21 e, ©

Consider the case n; = ny = 1. Since C,, and C),, can be viewed as finite cyclic groups of order p;
and po, respectively, each element of the product of such cyclic groups has order Ay = lem(p1, p2) or, in
other words, each element of C,, - C), belongs to some cycle of length A2. So, C,, - Cp, consists only of
(p1 - p2)/ A2 cycles, all of length Ay, and therefore

Cp, - Cp, = 19/1\71:20)\2 :

In the case n; # 1 or no # 1, since the product is distributive over the sum, we get

ny N2 ny N2

1 Cy, - 12Cy, = icpl : icm =SNG G =Y p”?% _ (mpa)lmna) o, -
i=1 j=1

— < L~ ) A2
=1 j=1 =1 j5=1

Assume now that the equality holds for any [ > 2. Then, we get

I+1

. Dy DIDI+1TU N 41 Di+1M+1
E : ni _ _ _
Cp7 C)\l . nl+1Cp = Clcm(AL-,mH) = C)\
=1

P /\l e ICIH()\l,pH_l) )‘l+1 10
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Fig. 3: Example of functional digraph having multiple factorizations. Using the C-notation, we have . =
(Cl+C1)~ = 2C5.

where A1 = lem(A;, pry1), Diyr = Dipig1 and g1 = ynggq. O

In the sequel, we will also make use of the following notation. Let n be any integer strictly greater
than 1. We note factors (n) the set of prime factors of n i.e., if n = n7" -ny"*, then factors (n) =
{ni1,...,n:} where ny, ..., n; are distinct primes.

According to the C-notation, basic equations will have the following form
Cp, X =nC, , “)

where X is the unknown and p, n and ¢ are positive integers. We stress that the numbers p, ¢ and n are
just positive integers. They should not be thought of as prime integers unless explicitly mentioned. One
of the issues of basic equations is that they might admit several distinct solutions. This is because some
digraphs admit several distinct factorizations. Figure [3|provides an easy example of this fact.

As we already stressed in the introduction, in many cases, we are not interested in knowing the exact
solutions of a basic equation over permutations but we are interested in deciding if an equation admits a
solution or not. More formally, in this paper, we are interested in the computational complexity of the
following decision problem.

Problem (DEEP, DEciding basic Equations on Permutations).
Instance: p,q,n € N\ {0}.
Question: Does the equation C, - X = nCy admit any solution?

DEEP is in NP. In fact, the number of nodes in the solution X must be a divisor of ng. Hence,
one can simply compute the products with C,, of the disjoint cycles that make up X (using the previous
proposition, for example) and verify that n copies of C, are obtained. All this can be clearly done in
polynomial time in the size of n, p and q.

However, we are going to show that the problem can be solved in polynomial time in Theorem [4]
Remark that this results is stronger than expected. Indeed, as we already said in the introduction, the
generic case AX = B is in NP when the input is given in unary (i.e., the size of a cycle C), is p). Even
if this problem would have been proven in P, this does not imply that DEEP in P, because the input of
DEEP are integers and hence it has logarithmic size (i.e., a cycle C), is represented using log, p bits).

The proof of Theorem |4]is based on the following characterization of the solutions of basic equations

on the digraphs of permutations. In the sequel, we denote factors (p) = {pi,...,pr} the set of primes
appearing in the prime factor decomposition p}f1 -...-plr of the integer p.
Theorem 3. Let p, q,n be positive integers and let pi“ .- phr (resp., qfl e qf‘) be the prime factor

decomposition of p (resp., q). The equation C, - 22:1 C., = nCy has solutions (the values z; are the
unknowns and need not to be distinct) if and only if the two following conditions hold:
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1. pdivides q;
2. edivides n,

where e = [[,cpv with E = {qu | 3is.t. p; = q; and h; < kj}.

Proof: The left part of equation can be rewritten as 22:1 Cp - C,. Hence, by Proposition (1} p must
divide ¢. This means that factors (p) C factors (¢) and that for any p/ there exists j € {1,...,t} such
that ¢; € factors (¢) and h; < k;.

(<) Given the factorization of ¢ and Proposition E], we can rewrite nCy, as follows.

Qs

nCy = Cy-nCy = quflw g -nCq = Cq’fl s qut -nCq

Suppose now that, for some i € {1,...,r}, pf is not contained in {qfl sy qf‘ } Then, there exists
j€{1,...,s} such that p; = ¢; and h; < k;. Now, if p]* divides n, we have

n
Ok-,1~...~th nC’l Ckl-..kas-Ch,i-iCl,
a1 ds s P;

hi
(v")
Repeating the same operation for all pi‘ not included in {q]fl e qf ¢ } we find a solution since 22:1 C.,

will contain a cycle C,, (with z; equal to qu ) for any pé” not included, and the set of self-loops.
(=) Let us suppose that the equation C), - 22:1 C'., = nCy holds for some 21, 22, . .., ;. Let us assume

that there exists ¢ such that pfb ¢ {q’fl, ceey qft } Then, pf” will be equal to a certain q;’ with y < kj.

This implies that all z1, 2o, . .., 2; must contain exactly q;" asa factor, since the lem with p must be q.
Thus we can write:

l l
C.,=Cr -S> C_=
2 > @)

which leads us to the following

l l
cp.2czi:cp.cqu-2c<£j)

C

l
2 ~qu -C ki * C Zi
R AR Z, e

o 4O - Zc 5

|
Q
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Then, according to Proposition 1} p"

i (i.e., ¢f) must divide n. O

Theorem [3] provides a condition to decide whether a solution to a basic equation can exist. However,
we are not going to exploit it directly, since it requires the prime factorization of the integers p and g
which would imply unnecessarily high complexity. In fact, the algorithms we are going to conceive
will essentially use simple arithmetical operations or basic functions on the integers. In this regard, we
consider that the worst-case time complexity of the addition (resp., multiplication) between two integers
is O(n) (resp., O(n?)), where n is the input size in bits. The division between two integers is assumed
to have the same complexity as the multiplication. Concerning gcd, we consider the classical Euclidean
GCD algorithm which has worst-case time complexity O(n?). In the conclusions, we succinctly discuss
how the choices in the implementations impacts the final complexity of our algorithm.

To determine the complexity of DEEP, we need two important lemmas. We emphasize that they will
be applied to the peculiar case that we are studying but they are valid for any pair of positive integers.

Lemma 1. Let p, q be two positive integers. Let p}fl ..o phroand qfl c qft be the prime factor
decompositions of p and q, respectively. Finally, let F be the set of all q?j such that g; € factors (q) \
tactors (p). Algorithm|l|computes Ilgy = [ [, g f without using the factorizations of p and q. Moreover,
the worst-case time complexity of Algorithm|l|is O(s®), where s is the size of the input in bits.

Proof: Denote P = factors (p) and Q = factors (q). If ¢ = ged(p,q) = 1 (Line 2), then PN Q = 0
and IIg = ¢. Hence, the algorithm returns ¢ (Line 4). If g # 1, then taking ¢/g keeps unchanged the
qu belonging to @) \ P and at the same time decreases of at least 1 the exponents of the ¢; belonging to
P N Q. Therefore, calling recursively (Line 6) IIg with (¢ = ¢/g, g) keeps decreasing the exponents of
g; belonging to P N @ until they become 0. At that point, gcd(g, g) = 1 and the algorithm exits returning
IIr. Remark that at each call of I, we compute a ged (Line 2) plus a division (Line 6) which cost 0(52)
in total. Since the depth of the recursion is O(s), the worst-case time complexity for the algorithm is

O(s%). O

Algorithm 1:

1 Function Compute-IlIr (p, q)
Input : p and g positive integers
Output: [T

2 g« ged(p,q);

3 if g == 1 then

4 return g;

5 else

6 return Ilg (g, 1);

7 end

Lemma 2. Let p and q be two positive integers such that plq. Let 10}{1 s p’r“ and qfl C qft

be the prime factor decompositions of p and q, respectively. Finally, let E be the set of all p; = q; €
factors (p) N factors (q) such that h; < kj. Then, Algorithm 2| computes 1lg = [] g € without using
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the factorizations of p and q. The worst-case time complexity of Algorithmis O(s?log s), where s is the
size of the input in bits.

Proof: By executing Lines 2 and 3 of Algorithm we save in g the product of the factors q;j such that
g; € factors(p) N factors (¢). However, the exponents of the factors ¢; in g are those of ¢ while to
compute ITg we need those of p. This is the purpose of the while loop (Lines 5-9). Indeed, by recursively
squaring d, it will make the exponents of the factors of ¢ selected in g grow bigger than those in p and
hence the ged of line 8 will select the factors and the corresponding exponents that we were looking for.
Concerning the complexity, it is enough to remark that initialisation part of the algorithm (Lines 2 to 4)
costs O(s?2) and that the number of iterations of the while loop is O(log s) in the worst-case with a cost
of O(s?) per each iteration. O

Algorithm 2:

1 Function Compute-IIg (p, q)
Input : p and g integers s.t. p|q

Output: [[ .z e

2 d + %;

3 g < ged(d, p);

4 g + ged(d xd,p);
5 while g #~ ¢’ do

6 Rl

7 d <+ dx*d;

8 g« ged(d, p);
9 end

10 return g;

Theorem 4. For any positive integers p, ¢ and n, DEEP has worst-case time complexity O(s3), where s
is the size of the input in bits.

Proof: First of all, let us prove that Algorithm [3|solves DEEP. Indeed, choose three positive integers p, ¢
and n and assume that p}f1 -...-ph and qfl Caat qf" are the prime number factorizations of p and g,
respectively. Line 2 checks if p divides ¢ which is the first condition of Theorem 3] Let us focus on Line
5. Computing IIg(p, q), we get the product of all those factors qu such that ¢; € factors (¢) \ factors (p).
Hence, dividing ¢ by IIg(p, ¢) we get the product of all the prime factors of ¢ such that ¢; € factors (p) N
factors (¢). However, in order to check the second condition of Theorem [3| we need this quantity but
the exponents of ¢; must be the corresponding ones in the prime factorization of p. This is computed by
calling TIg at Line 5. Then, Line 6 checks if the product of the factors p/* € factors (p) N factors (¢) for
which qu is such that h; < k; divides n. We stress that if the product divides n, then each single factor
of the product divides n. Hence, Algorithm[3]answers ‘yes’ if and only if the conditions of Theorem [3]are
verified.

Concerning the complexity, we have that the divisibility test in Line 2 can be computed in O(s?). By
Lemmata and we know that computing e takes O(max(s3, s> log s, s?)) that is O(s%). Remark that
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the size in bits of the quantities involved in the calculation of e is bounded by s. Indeed, both I and Il g
return a divisor of q.

Finally, the checks in Lines 2 and 6 have complexity O(s?) since e is a divisor of p and, in its turn, p is
a divisor of . We conclude that the time complexity is O(s®). O

Algorithm 3:

1 Function DEEP (p, ¢, n)
Input : p, g and n positive integers
Output: true if Cp, - X = nC, has solutions, false otherwise

2 if p does not divide q then
3 return false;
4 else // pdivides g
5 e + g(p, ﬁm);
6 if e divides n then
7 return true;
8 else
9 return false;
10 end
1 end

We show how the previous algorithms interact to produce the expected results by the following numer-
ical example.

Example 1. Consider the following equation
Csa00 - X = 6000Cs316000

where p = 8400, ¢ = 8316000 and n = 6000. Let us first see how by means of the presented algorithms
that we can verify the conditions of Theorem[3|without knowing the factorizations of the numbers involved.
Later, we will see how the method acts at the level of the factorizations.

Since p divides q, we want to calculate HE(%, 8400). Let us begin by considering

ITx (8316000 , 8400). Since 8316000 and 8400 are not coprime, the method is iterated, i.e.,

8316000

I
w( gcd (8316000, 8400)

, 2cd (8316000, 8400)) = ITx (990, 8400).

Again, 990 and 8400 are not coprime, we call recursively the function HF(W, gcd(990, 8400)) =
I1x (33, 30) which brings us to Hp(m, gcd(33,30)) = Ig(11,3). Since 11 and 3 are coprime,
the method returns 11.

Let us therefore study Ilg (3328090 8400) = IIg(756000,8400). With i = 1, d = 38000 — 9,

8400
g = gcd(90,8400) = 30 and g’ = ged(902,8400) = ged(8100,8400) = 300. Since g # ¢', i becomes
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2, g takes value 300 and g’ becomes ged(903,8400) = ged (729000, 8400) = 600. Hence, since g and g'
are still not equal, the method continues as follows.

i=3,9=0600,¢g = gcd(90%,8400) = ged (65610000, 8400) = 1200

i=4,g=1200,¢ = gcd(90°,8400) = gcd (5904900000, 8400) = 1200
At this point, since g = ¢', the method returns 1200. Finally, since 1200 divides n = 6000 we know that
the equation admits a solution.
Let us now see what happens, from the point of view of the factorizations, by applying the previous
method. Considering the values in input of this example, the factorizations are:

p=21.3.52.7 ¢q=2°.33.53.7.11, n=2*.3.53

so we have factors (p) = {2, 3,5, 7} and factors (¢) = {2,3,5,7,11}. The goal of Il is to compute the
product of all qu such that q; € factors (¢) \factors (p), and, in fact, the method calculates the following.

Mg(2°-3%-5%.7-11,2*.3.52.7) =
25.33.5%.7.11
= g ( 5.23.r3 1 2
ged(25-33.53.7-11,24-3.52.7)
=TIp(2-3%-5-11,2*.3.52.7)

,ged(2°-3%.5%.7.11,24.3.52. 7))

Mp(2-3%-5-11,21.3.52.7) =
2.32.5.11
= g ( 2 1 2
ged(2-32-5-11,24-3-52.7)
=TIp(3-11,2-3-5)

,ged(2-3%-5-11,2%-3-5%.7))

Mg(3-11,2-3-5) =
3.11
=TI
F(gcd(?) 11,2-3-5)
=g (11,3) = 11.

,ged(3-11,2-3-5))

Once g has been calculated, through ﬁ we obtain the product of all qu such that g; € factors (¢)N
factors (p), i.e., 25 - 3% - 53 . 7. Then, the goal of Ilg is to calculate the product of all qu such that
q; = p; € factors (p) N factors (q) such that h; < k;. Note that 90 = 2 - 32 - 5.
i=1g=gcd(2-3%>-52.3.52.7)=2-3.5,¢ =gcd(2%-3*-52,21.3.52.7) =22.3.52,
i=29=2%-3-5%¢ =gcd(2®-3°.5%,24.3.52.7) =2%.3.52,
i=3,g=2-3-5%¢ =gcd(2*-3%.5%2*.3.52.7) =2*.3.5%,
i=4,g=2.3-5% ¢ =gcd(2°-310.5%24.3.52.7) =21.3 .52
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3.1 Some special cases

In this section we provide some special cases of equations with constant right-hand side which are more
general than basic equations and have quadratic complexity but they provide either they only sufficient cri-
teria for the existence of of solutions or necessary and sufficient criteria but have quite limited application
scope.

The proof of the following proposition is trivial since it boils down to remark the the number of the
vertices of the digraphs involved in the left part of the equation must equal the number of vertices of
digraphs in the right part. However, we shall provide an alternative proof to explicit some relations that
are discussed right after the end of the proof.

Proposition 2. Given r + 1 positive integers p1,...,p,,q and r + 1 integers my, ..., m, and n. If the
following equation
T
Z m;Cp, - X =nC, 4)
i=1

has solutions then Z;Zl m;p; must divide ngq.

Proof: Denote d(q) the set of divisors of g. A generic solution to Equation (3)) (if it exists) has the form

X = led:(f )l 5;Ct,, where t; is the ¢-th divisor of ¢ (divisors are considered ordered by the standard order
on integers) and s; is an integer (possibly 0). We have

ld(q)] r o |d(g)] r|d(g)l

nCy =Y mpCp - Y 5iC,=> > mpCp - 5:Cry =Y > mysi ged(pr, ti)Crem(py.ts) (6)

k=1 i=1 k=1 i=1 k=1 i=1

Since X is a solution it must be either ¢ = lem(py, t;) or s; = 0. Hence, from pyt; = ged(py, t;) lem(py, t;)
and the previous consideration, we get ged(pg, t;) = piti/q. If we replace this last quantity in Equa-
tion (6) we get

rld(q)]
iDkli
nC, = Z Z Mcq (7)
k=1 i=1 q
which holds iff
r|d(q)|

mEprsiti/q =n

k=1 =1

that is to say iff
r ld(q)]
(zmkpk> 3" st | = g ®
k=1 i=1

We deduce that if Equation (8) has solutions then >, _, mypy, divides ng. O

ng
1 MEDE

Let us make some remarks concerning the proof of the previous result. Assume that H = ST is
k=
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an integer. Then, the Diophantine equation

ld(a)

i=1

has solutions iff gcd(1, ... ,%j4(g)) divides H, which is always true if >y mipk divides n. With
standard techniques (see for instance (Niven et al., 1991} Theorem 5.1, page 213)), one can recursively
find the solutions in linear time in the size of ¢ in bits. We point out that it might happen that all the
solutions are non admissible i.e., every solution contains at least one s; < 0 for i € {1,...,r}. This
issue can also be settled in linear time in the size of ¢ in bits (see the considerations following Theorem
5.1 in (Niven et al., [1991| pages 213-214)). However, the big problem that we have is that we need to
compute the divisors of ¢ and, as far as we know, the best algorithms for computing them have worst-case
time complexity which is sub-exponential in the size of ¢ (see Buhler et al.|(1993) for details).

In a similar manner as in Proposition[2] one can derive another necessary condition for Equation (3)) as
provided in the following proposition.

Proposition 3. Given r + 1 positive integers p1,...,pr,q and 7 + 1 integers my,...,m, and n. If
Equation () has solutions then gcd(ma, . .., my) divides n.

Proof: Denote d(q) the set of divisors of g. From Equation (6) in the proof of Proposition[2] it is easy to
check that X = Zi‘i(‘f)‘ $;C4, is a solution if and only if

rld(g)|

Z Z mgs; ged(pr, ti) =n . (10)

k=1 i=1

Now, set S, = Zldz(f)l s; ged(pg, t;) we have
Z mkSk =n , (1 ])
k=1

where the Sy, are the unknowns. This last equation has solutions iff gcd(my, . . ., m,) divides n. However,
this last condition is only necessary since solutions might be non-admissible (i.e., one or more of the Sy
might be negative). [0 Again, we would like to stress that solutions to Equation (1)) can be found in

quadratic time in the size of the input giving raise to r equations

l[d(q)|
Sk = Z si ged(pr, ti)

=1

which can be also solved in quadratic time provided that the divisors ¢; of q are known. Hence, once again
the problem of finding solutions to Equation (3)) can be solved in polynomial time in the size of ¢ in bits
(of course, always knowing the divisors of ¢). However, for some particular values of ¢, Equation (3)) can
be solved in a more effective way. An example is shown by the following proposition.
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Proposition 4. Given r + 1 positive integers p1,...,pr,q and r + 2 integers mq, ..., m,,t and n. Let
R = {1,...,r}. Assume q is prime and that for every i € R we have p; # q'. Then, the following
equation

T
Z m;Cp, - X = nCy (12)
i=1
has solutions i]ffzzzl m;p; divides n and for every i € R, p; = q'i for some integer t; < t. Moreover, if
a solution exists, then it is unique.

Proof:
(=) Assume that Zi:l Cyrk is a solution for the equation. Then, we have

r l

r l l r
Z m;Cp, - Z upCh, = Z Z m;Cyp, - upCl,, = Z Z mgug ged (i, Vi) Clem(p; o) = MCqt
i=1 k=1

i=1 k=1 i=1 k=1

which implies lem(p;, vi) = ¢*. Since q is prime, we deduce that either p; = ¢' or v = ¢'. Using the
hypothesis we have that v, = ¢* forall k € {1,...,1}. Hence, the solution can be written as uCly:. Now,
for every i € R, we have ged(p;, ¢*) = p;. Hence, uCl is a solution iff the following holds

r r T
Zmicpi ~uCye = Zmiupith = (Z miupi> Cqt =nCyt
i=1 i=1 i=1

which holds iff Y7, mup; =u- .., m;p; = n.
(<) Itis not difficult to see that if Y _;_, m;p; divides n, then mC’qt is a solution provided that p;
divides ¢* which implies that p; = q*i for some ¢; < t.

Concerning the uniqueness of the solution, it is enough to remark that the question is equivalent to
asking for solutions of a Diophantine equation on a single variable. O

Clearly, the complexity of the algorithm verifying the conditions of Propositions [2| and |3|is quadratic
in the size of the input but they are only necessary conditions. On the other hand, Proposition []is both a
necessary and sufficient condition, still having a quadratic complexity in the size of the input, but it has a
limited applicability because it requires quite specific relations between the coefficients.

4 (Conclusions

This paper is concerned with DEEP i.e., the problem of deciding if a basic equation on permutations has a
solution or not. We show that DEEP has cubic complexity. However, it is clear that with more care in the
choice of the implementation of some of the components of the decision algorithm, we could obtain a time
complexity located between O(s2+¢log" s) with optimised arithmetic operations and O(s3) with naive
implementation of arithmetic operations. Our purpose was essentially to prove that the problem could be
solved in polynomial time with a polynomial of reasonable degree, but it is clear that when the instances
have large sizes, like in some practical applications, then the shift towards more complex implementations
of the components should be taken into account.

For some other variants of DEEP, we were able to prove only some necessary conditions which are
testable in quadratic time. However, they have some interest of their own as they might also be of help
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in pruning the search space for software that aims to solve general polynomial equations on functional
digraphs such as the software pipeline proposed in|Dennunzio et al.| (2023)).

Several extensions to our results are possible. The most natural one consists of moving from functional
digraphs of permutations to larger classes of functional digraphs taking into account the new recent results
of Doré€ et al.| (2024alb) and Emile Naquin and Gadouleau|(2024).

Another quite interesting extension would consider general digraphs and not just functional digraphs.
From the work of |Calderoni et al.| (2021)), we know that the compositeness testing problem (i.e., answering
‘yes’ if the graph in input is the direct product of two other graphs) for general graphs is Gl-hard. Since a
basic equation on general graphs can be seen as a variant of the compositeness problem, the computational
complexity of solving basic equations for general graphs is expected to be comparable to Gl or even harder.
This motivates the search for further digraphs/graphs classes for which there exist efficient algorithms for
solving basic equations. One starting point could be the class of digraphs with out-degree 2.
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