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Let T" be a tree. A vertex of degree one is a leaf of 1" and a vertex of degree at least three is a branch vertex of T'. A
graph is said to be claw-free if it does not contain K 3 as an induced subgraph. In this paper, we study the spanning
trees with a bounded number of leaves and branch vertices of claw-free graphs. Applying the main results, we also
give some improvements of previous results on the spanning trees with few branch vertices for the case of claw-free
graphs.
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1 Introduction

Let G be a finite, simple graph with no loops. The set of vertices and the set of edges of GG are denoted
by V(G) and E(G), respectively. For each vertex v of V(G), we denote the set of vertices which are
adjacent to v in G by N¢(v) and the degree of v in G by deg(v). We define G — uv and G + uv to
be the graphs obtained by subtracting and adding the edge uv to G, respectively. For every subset X of
V(G), the subgraph of G induced by X is denoted by G[X]. A graph is called K ,-free if it does not
have K , as an induced subgraph. A K s3-free graph is also called a claw-free graph.

For a graph G, X C V(G) is an independent set of G if no two vertices of X are adjacent in G. We
denote the largest size of independent sets of G by «(G). For k > 1, we define

(@) = +oo if a(G) < k,
T\ = min{ZfIl dege(v;)|{v1,. .., vk} is an independent set of G} if a(G) > k.

Let T" be a spanning tree of G. A vertex is called a leaf of 7" if it has degree one in 7. A vertex is
called a branch vertex of 7' if it has degree strictly greater than two in 7'. The set of leaves and the set of
branch vertices of 7" are denoted by L(T") and B(T'), respectively. For each positive integer k, let By (T")
(B<k(T)) be the set of branch vertices in T" with degree k (at most k, respectively).

There are many conditions for a graph G to have a spanning tree 7" with a bounded number of leaves
or branch vertices. We refer the readers to [[1], [7]], [10]], [23] for examples.

For claw-free graphs, Gargano et al. [8] proved the following theorem.
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Theorem 1.1 (Gargano et al. [8]) Ler k > 0 be an integer and let G be a connected claw-free graph. If
ok+3(G) > |G| — k — 2, then there exists a spanning tree T of G such that |B(T)| < k.

In 2020, Gould and Shull [9] proved a conjecture on the spanning tree of a claw-free graph with few
branch vertices proposed by Matsuda et al. [20]].

Theorem 1.2 (Gould and Shull [9]) Let k > 0 be an integer and let G be a connected claw-free graph.
If 09k +3(G) > |G| — 2, then there exists a spanning tree T of G such that |B(T)| < k.

Moreover, many researchers studied the case of K ,-free graphs (r > 4) , see [2]], [3]], [4].[14], [15], [17],
[L8] for examples.

Regarding the conditions for a graph to have a bounded number of leaves and branch vertices, Nikoghosyan
[21]], Saito and Sano [22] independently proved the following.

Theorem 1.3 (Nikoghosyan [21], Saito and Sano [22]) Ler k > 2 be an integer. If a connected graph G
satisfies 09(G) > |G| —k+1, then there exists a spanning tree T of G such that |L(T)|+|B(T)| < k+1.
In 2019, Maezawa et al. [19] gave an improvement of the above result. They proved the following
theorem.

Theorem 1.4 (Maezawa et al. [19]) Let k > 2 be an integer and let G be a connected graph. Suppose
Gl—k+1
that G satisfies max{degg(x),degs(y)} > IGl—k+1 for every two vertices x,y such that vy ¢

E(G), then there exists a spanning tree T of G such that |L(T)| + |B(T)| < k + 1.
For the case of claw-free graphs, Hanh [[13]] proved the following theorem.

Theorem 1.5 (Hanh [13]) Let G be a connected claw-free graph. If o5(G) > |G| — 2, then G has a
spanning tree with at most 5 leaves and branch vertices.

In the case of K 4-free, Ha [11] stated the following result.

Theorem 1.6 (Ha [11]]) Let G be a connected K 4-free graph and k,m be two non-negative integers
withm < k+ 1. If 0,12(G) > |G| — k, then there exists a spanning tree T of G such that |L(T)| +
[B(T)| <k+m+2

In the case of K 5-free graphs, two results were introduced as the followings.

Theorem 1.7 (Ha and Trang [12]) Let G be a connected K1 s5-free graph. If 04(G) > |G| — 1, then
there exists a spanning tree T of G such that |L(T)| + |B(T)| < 5.

Theorem 1.8 (Diep et al. [5]) Let G be a connected K1 s-free graph. If o5(G) > |G| — 2, then G
contains a spanning tree with |L(T)| + |B(T)| < 7.

In this paper, we continue to study some sufficient conditions for a connected claw-free graph to have a

spanning tree with few leaves and branch vertices. The main purpose of this paper is to prove the following

theorem.

Theorem 1.9 Let m,n be two positive integers (n > 2). Let G be a connected claw-free graph. If
2n

om+1(G) > |G| —n+m —1and m < [—1, then G has a spanning tree with at most n leaves and

branch vertices. Here, the notation |r| stands for the smallest integer not less than the real number r.
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It is easy to see that we directly gain the above result of Hanh [13]] by Theorem [I.9] with m = 4 and
n =>5.

Using Theorem with m = 1 and n = k + 1 for a positive integer k, then we have the following
corollary.

Corollary 1.10 Let k be a positive integer and let G be a connected claw-free graph. If o2(G) > |G| —
k — 1, then G has a spanning tree with at most k + 1 leaves and branch vertices.

This is an improvement of Theorem [I.3]in the case of claw-free graphs.

On the other hand, since |L(T")| > |B(T')| + 2 for each tree T', we obtain that if a tree T has at most
2k + 3 leaves and branch vertices, then |B(T')| < k. By motivating this fact, we give some sufficient
conditions for a claw-free graph to have a spanning tree with few branch vertices.

Let k be an arbitrary positive integer and n = 2k + 3. Using the same technique of proof of Theorem
[I.9] we gain the following result.

k—1
Theorem 1.11 Let k, m be two positive integers such thatk +3 < m < k + 5 + 3 and let G be a

connected claw-free graph. If om11(G) > |G| — 2k + m — 4, then G has a spanning tree with at most
2k + 3 leaves and branch vertices.

In Theorem[I.T1] consider the case m = k + 3, we obtain a stronger result of Gargano et al. [g]].

Corollary 1.12 Let k be a positive integer and let G be a connected claw-free graph. If ox14(G) >
|G| — k — 1, then G has a spanning tree with at most k branch vertices.

2 Definitions and Notations

In this section, we recall some definitions in [9] which are needed for the proof of main results. We
refer to [6] for terminology and notation not defined here.

Definition 2.1 ([9]) Let T be a tree and let e be an edge of T. For any two vertices of T, say u and v, are
Jjoined by a unique path, denoted by Pr[u,v]. We also denote u,, = V (Pr[u,v]) N Np(u) and e, as the
vertex incident to e in the direction toward v.

Definition 2.2 ([9]) Ler T be a spanning tree of a graph G and let v € V(G) and e € E(T). Denote
g(e, v) as the vertex incident to e farthest away from v in T. We say v is an oblique neighbor of e with
respect to T if vg(e,v) € E(G). Let X C V(G). The edge e has an oblique neighbor in the set X if there
exists a vertex of X which is an oblique neighbor of e with respect to T'.

Definition 2.3 ([9]) Let T be a spanning tree of a graph G. Two vertices are pseudoadjacent with respect
to T if there is some e € E(T) which has them both as oblique neighbors. Similarly, a vertex set is
pseudoindependent with respect to T if no two vertices in the set are pseudoadjacent with respect to T.

Definition 2.4 ([9]) Let T be a spanning tree of a graph G with |B(T)| > 0 and let r € B(T) be a root
of T. Then, each branch vertex b has a distance d(b,r) and a degree degy(b). We define a sequence,
denoted by (T, ), on the set B(T), which contains the distance-degree pairs of all vertices of B(T) to r
in lexicographically increasing order. That is, shortest distance first, and smallest degree first given the
same distance.

Definition 2.5 ([9]) Given two sequences (Ty,71) and (Ta,r2). We define (T1,71) to be smaller than
(Ty, ro) if the distance-degree pair of (T1,r1) is smaller than that of (T, r2) at the first different entry
between two sequences.
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3 Proof of Theorem

We prove the theorem by contradiction. Suppose that G has no spanning trees with at most total n
leaves and branch vertices. Then, for all spanning trees 7' of G, we have |L(T)| + |B(T)| > n + 1.
If |B(T)| = 0, then |L(T)| = 2. So |L(T)| + |B(T)| = 2 < n + 1. This is a contradiction. Hence,
|B(T)| > 1. Choose a spanning tree 7" of G such that:

(C1) |B(T)| is as small as possible.

We consider two cases as follows.

Case 1. | B3(T")| = 0 for all spanning trees T satisfying the condition (C1).

In this case, we choose a spanning tree 1" of G such that:
(C2) |L(T)| is as small as possible, subject to (C1).
We have

LT[ =2+ Y (degp(b) —2) >2+2[B(T)|.
beB(T)
So
3|L(T)| > 2+ 2|L(T)| +2|B(T)| >2+2(n+1) =2n+ 4.

2 4
Hence, |L(T)| > nt

that |L(T)| > m + 1.

. Since |L(T')| is an integer and the assumptions of Theorem [1.9] we conclude

Let r € B(T) be the root of T'.

Claim 3.1 Forb € B(T), if bibs € E(G) and by, bs are children of b, then bby and bby have no oblique
neighbors in L(T).

Proof. Suppose the assertion of the claim is false. Then, there exists z € L(T) such that z is pseudoadja-
cent to bby. If by € V(Pr[b, z]), then T/ = T — {bby, bba } + {bz, b1 b2} violates the assumption of Case 1
if b € B4(T) or condition (C2) otherwise. If b € V(Pr[by, 2]), then T" = T — {bb; } + {zb, } violates the
assumption of Case 1 if b € B4(T) or condition (C2) otherwise. The case for bbs is done by symmetry.
This completes the proof of Claim [3.1] d

Claim 3.2 L(T) is an independent set.

Proof. Suppose that there are two leaves u,v of T' such that uv € E(G). Let ¢ be the nearest branch
vertice of u. Then T" = T — {tt,,} + {uv} violates either the assumption of Case 1 if t € B4(T') or the
condition (C2) for otherwise. Therefore, Claimis proved. Il

Claim 3.3 L(T) is a pseudoindependent set.

Proof. Suppose to the contrary that there exists {u,v} C L(T) and an edge e of T such that ug(e,u) €
E(G) and vg(e,v) € E(G).

If g(e,u) = g(e,v) = a. Denote {t} = V(Prlu,a]) NV (Prla,v]) N V(Pr[v, u]). Since Gla, e;, u,v] is
not a claw and uv ¢ E(G), we obtain either ue, € E(G) or ve, € E(G). Without loss of generality, we
may assume that ue; € E(G). Then the spanning tree 77 = T — {e, tt,,} + {uet, va} contradicts either
the assumption of Case 1 if t € B4(T") or the condition (C2) if not.
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If g(e,u) = e, and g(e,v) = ey, then e € Prlu,v]. Denote {s} = V(Prlu,r]) N V(Pr[r,v]) N
V(Prlv,u]). Without loss of generality, we may assume that s € V(Prley,u]). Then TV = T —
{e, 884} + {uey, ve, } violates the assumption of Case 1 if s € By (T) or the condition (C2) otherwise.
We conclude that L(T) is a pseudoindependent set. O

Let @ be a subset of L(7T') such that |)] = m + 1. Let s be the number of edges in 7" which have no
oblique neighbors in Q.

By Claim we deduce that for each leaf [ € L(T) \ @, ll,- has no oblique neighbors in Q. Let A be
the set of all such edges /1, in T'.

On the other hand, for each b € B(T'), deg(b) > 4 and the fact that G is claw-free, we obtain that
there exist two children by, by of b such that b1by € E(G). Then bb; and bby have no oblique neighbors in
Q from the fact of Claim[3.1} We denote by B the set of all such edges bby, bby in T'.

We will prove that A and B are disjoint. Suppose that there exists an edge e of 7" such thate € AN B.
We deduce that e, € B(T), g(e,r) € L(T) and g(e,r) is adjacent to a child z # g(e,r) of e,. Then
T =T—{e.z}+{zg(e,r)} violates the assumption of Case 1 if e, € B4(T) or condition (C2) otherwise.
We conclude that A and B are disjoint sets.

Therefore, we have

s = [Al+|B| = [L(T)| — |Q| +2[B(T) \ {r}| + 2 = [L(T)| — (m + 1) + 2|B(T)|
>n+1—m.

On the other hand, for any x,y € V(T), we have xy € E(G) if and only if x is an oblique neighbor
of yy,. Therefore, the number of edges of 7" with = as an oblique neighbor equals the degree of x in G.
Therefore, combining with Claim [3.3] we obtain that

omi1(G) <Y degg(t) < [B(T)|—s < (|G| =1) = (n—=m+1) = |G| —n+m—2.
teQ

This contradicts with the assumption of Theorem 1.9

Case 2. There exists at least one spanning tree 7' of G such that |B3(T")| > 0.

Let r € Bs(T) be aroot of T

In this case, in all spanning trees satisfying the condition (C1) and having at least one branch vertex of
degree 3, we choose a spanning tree 7' with the root r such that:
(C3) >, ep., (1) (degp(v) — 4) is as small as possible.
(C4) (T, r) is lexicographically as small as possible, subject to (C3).
Thus deg(r) = 3.
We have

IL(T)[ =2+ ) (degy(b) —2) > 2+ [Bs(T)| + 2[Bxa(T)|.
beB(T)

So

[L(T)[ + [B3(T)| = 2+ 2|B3(T)| + 2|Bz4(T)| = 2(1 + [B(T)]) = 2(1 + n + 1 — [L(T)]).
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This implies
3|L(T)| + 3|B3(T)| > 2n+ 4+ 2|B3(T)| > 2n +6.

Therefore, we obtain
|L(T)| + |B3(T)| =

2 6
nt >m+ 2.
3
Since |L(T')| + | Bs(T)| is an integer and the assumptions of Theorem|[1.9} we obtain |L(T)| + |B3(T)| >
m+2.Let H = L(T) U B3(T) \ {r}. Then |H| > m + 1. We now have the following claims.

Claim 3.4 Ifu € B(T) \ {r} and a is a child of u, then o is adjacent to at least one neighbor of u.

Proof. Assume that ab ¢ E(G) for all b € Np(u) \ {a}. Then let ¢ be a child of « which is different
from a. Since Glu, a,c,u,] is claw-free and au,,ac ¢ E(G), we have cu, € E(G). This concludes
that bu, € E(G) for every b € Nr(u) \ {a, u,}. Then the spanning tree 77 = T — {ublb € Np(u) \
{a,u,s}} + {u,blb € Np(u) \ {a,u,}} violates either the condition (C1) if u,, € B(T) or the condition
(C4) if u, ¢ B(T). So the claim holds. O

Claim 3.5 Ifu € B3(T) \ {r} and a,b are two children of u, then ab € E(Q).

Proof. Suppose for a contradiction that ab ¢ E(G), since Glu, a, b, u,] is not a claw and ab ¢ E(G), we
obtain either au, € E(G) or bu, € E(G). Without loss of generality, we may assume that au, € E(G).
Then the spanning tree 7" = T — {au} + {au, } contradicts either the condition (C1) if u, € B(T) or
the condition (C4) if u,, ¢ B(T'). This completes the proof of Claim O

Claim 3.6 H is an independent set.

Proof. Suppose this is false. Then there exists {u,v} C H such that uv € E(G). If u € V(Pr[r,v]),
then degy(u) = 3. We denote {u*} = Np(u) \ {u,,u,}. By Claim[3.5] we obtain that u*u, € E(G).
Then 77 = T — {uu*, uuy } + {u*u,, uv} violates the condition (C1). The case v € V(Pr[r, u]) is done
by symmetry. Otherwise, we have {w} = V(Pr[r,u]) NV (Pr[u,v]) N V(Pr[v,r]) ¢ {u,v}. Consider
the spanning tree 7" = T — {ww, } + {uv}. This contradicts either the condition (C1) if w € B3(T),
or the condition (C3) if w € B>5(T") or the condition (C4) if w € B4(T'). So we conclude that H is an
independent set. g

Claim 3.7 H is a pseudoindependent set.

Proof. Assume that there exists {u,v} C H and an edge e € E(T) such that ug(e,u) € E(G) and
vg(e,v) € E(G). Let x be a leaf or branch vertex which is nearest to e in the direction away from r.
Denote {w} = V(Pr[u,v]) NV (Pr[v,r]) NV (Prlr,ul).

If e € Prlu,v], then g(e,u) # g(e,v). Now if u € V(Pr[r,v]), then degp(u) = 3 and we
denote {u*} = Nr(u) \ {uy,u,}. By Claim we may obtain that u*u, € E(G). Then TV =
T — {uuy, uu*, e} + {ug(e, u),vg(e,v), u*u, } violates the condition (C1). The case v € V (Pr|r,u]) is
done by symmetry. If w ¢ {u, v}, we consider the spanning tree

o [ T—{eww,} + fugle.w).vgle.v),  ife#
T T —{e} + {vwy,} if e = ww,.

Then T violates either the condition (C1) if w € B3(T), or the condition (C3) if w € B>5(T) or the
condition (C4) if w € By(T).
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If e ¢ Prlu,v], denote {p} = V(Pr[z,u]) N V(Prlu,r]) N V(Prlr,z]) and {¢} = V(Prlz,v])
NV (Pr[v,r]) NV (Prr,z]). We consider four cases as follows.

Case[3.7}1: Suppose r € V(Pr[w,e,]), then p = r or ¢ = r. Without loss of generality, we may
assume that p = r, thus g(e,u) = g(e,v) = e,. Since Gley, e, u,v] is claw-free, we obtain either
ue, € E(G) orve, € E(G).

If ue, € E(G), we consider the spanning tree

T T —{e,rry} + {ueq,ve,}, ife#rry,
T T —{e} + {ves}, ife =rr,.

Then 7" violates the condition (C1).

If ve, € E(G), we will prove that e,, # . Assume thate, = z, then T’ = T — {rr, } + {ue, } violates
the condition (C1), thus e, exists. Since Gle,, €.z, u,v] is claw-free, we obtain either ue,, € E(G)
or ve,, € E(G). Ifvey, € E(G), then T = T — {ezeyz, 17y} + {uey, vey, } violates the condition
(C1). Ifuey, € E(G), thenT' =T — {ez€s2,qq: } + {vey, ues, } violates either the condition (C1) if
g € B3(T), or the condition (C3) if ¢ € B>5(T") or the condition (C4) if ¢ € B4(T).

Case[3.7]2: Suppose e, € V (Pr[r,w]), then g(e,u) = g(e,v) = e,. Since G[e, €5, u, v] is claw-free,
we obtain either ue, € E(G) orve, € E(G). If u € V(Pr[r,v]), then T’ = T — {uu, } + {ve, } violates
either the condition (C1) if e, € B(T) or the condition (C4) otherwise. The case v € V(Pr[r,u]) is done
by symmetry. Now we consider the case w ¢ {u,v}. Without loss of generality, we may assume that
ue, € E(GQ). fw € B3(T), then T = T — {ww, } + {ue,} violates the condition (C1) if e,, € B(T)
or condition (C4) if not. If w € B4(T), then T’ = T — {ww,,, ww, } + {ue,, ve,} violates the condition
(C1) if e, € B(T) or condition (C4) if not. If w € B>5(T), then T7 = T — {e,ww,} + {uey,ve,}
violates the condition (C3).

Case[3.7}3: Suppose w € V(Pr[r,e,]) \ {r} and e ¢ Pr[u,v], then p = w or ¢ = w. Without loss of
generality, we may assume that p = w, thus g(e, u) = g(e,v) = e,. We consider two cases as follows.

Subcase 1: w € {u,v}. By symmetry, we also assume that w = w. This implies u € V(Pr[r,v]). We
will prove that e, # z. Denote {u*} = Np(u) \ {u,,u;}. By Claim[3.5] we obtain that u*u, € E(G).
Ife, =z, then T/ = T — {uwu*,uu, } + {u*u,,ux} violates the condition (C1), so e, exists. Since
Gles, €z, u, v] is not a claw graph and uv ¢ E(G), we may obtain either ue,, € E(G) or ve, € E(G).
Ifve,, € E(G),then T =T — {eyesq, utiy, uu*} + {uu*, vey,, ue, } violates the condition (C1). If
uez, € E(G), we now consider the degree and position of g.

If ¢ = v, denote {v*} = Np(v) \ {vs,v,}. By Claim [3.5 we obtain that v*v, € E(G). Then
T =T — {uu*, g, v0*, v, } + {u*uz, v* v, uey, ve, + violates the condition (C1).

If ¢ = u, since Gu, Uy, Uy, €x,] is claw-free and u,u, ¢ E(G), we obtain either u,e,, € E(G)
or Uzezr € E(G). If urey, € E(G), then T = T — {ezeyn, uu*} + {ureyq, ve, } violates either
the condition (C1) if w, € B(T) or the condition (C4) if u, ¢ B(T). If uze,, € E(G), then TV =
T — {exeps, utiy } + {ugess, ve, } violates the condition (C1).

Now if ¢ ¢ {u,v}. Then T = T — {qqy, €x€zsz } + {u€ss,ve,} violates either the condition (C1) if
g € Bs(T) or the condition (C3) if ¢ € B>5(T). So we only have to consider the case ¢ € B4(T'). By
Claim[3.4] ¢, is adjacent to a vertex in N7(q) \ {g,}. Denote {¢*} = N7(¢) \ {¢z qv, ¢ }. We consider
the spanning tree

T - {exexaw 44y, qu} + {QU(]ra veég, Ue:c:c}; if ¢yqr € E(G),
T' =< T —{esrn, 40,042} + {Qule, ves, v},  if quq. € E(G),
T — {exeon: 990, 90" } + {qua*, ver, uean },  if qug* € E(G).
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Then T” violates the condition (C1).

Subcase 2: w ¢ {u,v}. Since G|e,, e, u, v] is claw-free, we obtain either ue,. € E(G) orve, € E(G).

If p = ¢ = w, without loss of generality, we may assume that ue,, € E(G). We consider the spanning
tree

T { T —{e,wwy} + {ue,,ve,}, ife# wwy,
T —{e} + {ve, }, if e = ww,.
Then T” violates the condition (C1) if w € B3(T), the condition (C3) if w € B>5(T') or the condition
(C4)if w € By(T).

If ¢ = v, denote {v*} = Np(v) \ {vy,v,}. We will prove that e,, # x. Suppose that e, = x, by
Claim[3.5] we obtain that v*v, € E(G). Then T" = T — {vv,, vv*} + {ve,, v,v*} violates the condition
(Cl),s0 e, # x. Now T" = T — {ww,, vug, vv*} + {v* vy, ue,, ve, } violates the condition (C1) if
w € Bs(T), the condition (C3) if w € B>5(T") or the condition (C4) if w € B4(T).

If ¢ # wand ¢ # v, we will prove that e, # x. Suppose that e, = x, by Claim [3.6] we deduce that
degp(x) > 4. Then T" = T — {qq,} + {ve,} violates either the condition (C1) if ¢ € Bs(T') or the
condition (C3) if ¢ € B>5(T). So we only have to consider the case ¢ € B4(T). By Claim[3.4] g, is
adjacent to a vertex in N7(q) \ {g, }. Denote {¢*} = N7(q) \ {¢=, ¢v, g~ }- We consider the spanning tree

T - {qCIva q(Ir} + {quTv 'Uex}a %f quvqr € E(G)7
T'=9q T—{990,99} + {9qz; ues},  if quge € E(G),
T —{qqv,9q*} +{avq*,ves},  if qug* € E(G).

Then T” violates the condition (C1). So e, # z, thus e, exists.

Since Gley, €4y, u, v] is claw-free and uv ¢ E(G), we may obtain either ue,, € E(G) or vey, €
E(G). fvey, € E(G),thenT' =T —{ezeyn, ww, } +{ue,, ve,, } contradicts either the condition (C1)
if w € B3(T) or the condition (C3) if w € B>5(T') or the condition (C4) if w € By(T). If ue,, € E(G),
then T’ = T —{ez€uu, qqy } +{vey, uey, } violates either the condition (C1) if ¢ € B3(T') or the condition
(C3) if ¢ € B>5(T). Now we consider the case ¢ € B4(T). By Claim[3.4] g, is adjacent to a vertex in
Nr(g) \ {gv}- Denote {¢*} = Nr(q) \ {¢z, qv, ¢- }- We consider the spanning tree

T — {6:cemc7 qqv, qCIr} + {QUqT‘a Vey, uexx}v if guq, € E(G)a
T = T — {ezemzv QQanqgc} + {Qquuezvuemz}v if guq. € E(G) and u € B3<T)’
T— {ezex:m qqv, qq*} + {qvq*v Vey, uem:}v if g,q* € E(G)

Then 7" violates the condition (C1). If ¢,q, € E(G) and u € L(T), then T’ = T — {ez€yz,q9q, } +
{vey, uey, } violates the condition (C1) if ¢, € Bs(T'), the condition (C3) if ¢, € B>5(T") or the condi-
tion (C4) otherwise.

Case4: If no vertex in the set {w, r, e, } is between the other two vertices, then ue, € E(G),ve, €
E(G) and p = q. Since Gley, e, u,v] is claw-free, we obtain either ue, € E(G) or ve, € E(QG).
Without loss of generality, we may assume that ue, € E(G). We consider the spanning tree

T = T—{e,qu}—i—{ue,.,vew}, if e # qqz,
T — {e} + {ue,}, if e = qq.

Then T" violates the condition (C1) if ¢ € B3(T'), the condition (C3) if ¢ € B>5(T') or the condition (C4)
if g € B4(T).
So we conclude that H is a pseudoindependent set. g
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Claim 3.8 Ifry,ry are adjacent to v in T and riro € E(QG), then rry and rro have no oblique neighbors
in H.

Proof. Suppose that there exists z € H and z is pseudoadjacent to 1. We consider the spanning tree

T T —{rri,rra} + {rz,mra}, ifry € V(Pr[r, 2]),
Tl T —A{rri}+{zr}, ifr € V(Pr[ry, 2]).

Then T” violates condition (C1). Hence 77 has no oblique neighbors in H. By symmetry, rrs has no
oblique neighbors in H. O

Since |H| > m + 1, we choose a subset M of H such that |M| =m + 1.

Claim 3.9 Forb € B(T)\ (M U{r}), ifbiba € E(Q) and by, by are children of b, then bby or bby has
no oblique neighbors in M.

Proof. Suppose to the contrary that there exists some vertex b € B(T') \ (M U {r}) with two children
b1,bs and z,t € M such that bibs € E(G) and z,t are pseudoadjacent to bb, bby, respectively. We
consider two cases as follows.

Case[3.9]1: Suppose by € V(Pr[b,z]). Then T’ = T — {bby,bbs} + {bz,b1bs} violates either the
condition (C1) if b € B3(T'), or the condition (C3) if b € B>5(T") or the condition (C4) if b € B4(T').

Case 3.9]2: Suppose b € V(Pr[b1,z]). Then T" = T — {bby} + {zb1} violates either the con-
dition (C1) if b € Bs(T) or the condition (C3) if b € B>5(T). Now we consider the case b €
By(T) and b € V(Pr[b1,2]) N V(Prlbe,t]). If z # t, by ¢ V(Pr[t,b]) and be ¢ V(Pr[z,b]), then
T = T — {bby,bba} + {zb1,tby} violates the condition (Cl). Now if z # t and by € V(Pr[t,b]),
then 77 = T — {bba} + {tba} violates the condition (C4). If z = ¢ and d(b,r) > d(z,r), then
T = T — {bby,bba} + {zb1, zba} violates either the condition (C1) if z € Bs(T') or the condition
(C4)if z € L(T), as degy, (z) = 3 < 4 = degp(b) and d(b,r) > d(z,r). If z =t and d(b,r) < d(z,71),
then 7" = T — {bby } + {zb1 } violates the condition (C4). This completes the proof of Claim 3.9 O

Now we conclude that:

Ifu € B3(T)\ (M U{r}), combining with Claims[3.5|and 3.9} then there exists at least one child a of
u such that the edge aw has no oblique neighbors in M. If u = r, there exist at least two neighbors 71, 72
of r such that 71, 7, have no oblique neighbors in M by Claim[3.8] Let C be the set of all such edges
inT.

If b € B>4(T). Since G is claw-free, b has two children b1, by such that b1bs € E(G). Combining
with Claim [3.9] we obtain that there exists at least one child ¢ of b such that the edge bc has no oblique
neighbors in M and c is adjacent to at least one different child of b. Let D be the set of all such edges in
T.

By Claim [3.6) we deduce that for each leaf | € L(T") \ M, Il, has no oblique neighbors in M. Let £
be the set of all such edges in 7.

We will prove that C, D and F are disjoint sets. The fact that C N D = () is trivial, so suppose to the
contrary that there exists e € E(T),e € (C'UD) N E. So, we deduce that e, € B(T), g(e,r) € L(T)
and g(e,r) is adjacent to a child z # g(e,r) of e,. We consider the tree T/ = T — {e,z} + {zg(e,r)}.
This spanning tree violates either the condition (C1) if e, € B3(T'), or the condition (C3) if e, € B>5(T")
or the condition (C4) otherwise. Then we conclude that C, D and F are distinct.
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Therefore, if we set h to be the number of edges in 7" which have no oblique neighbors in M, then we
get
h > |C|+ |D| + |E|

> 2+ |(B(T)\ {r}) \ M)| + [L(T) \ M|

= [B(D)[+ 1+ [L(T)| = [M| = [L(T)| + [B(T)| —m

>n+1—m.
So, we obtain that

omi1(G) <Y degg(t) < |E(T)| = h < |G| —n+m —2.
teM

This gives a contradiction with the assumption of Theorem[[.9] The proof of Theorem[I.9]is completed.
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