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The rank (also known as protection number or leaf-height) of a vertex in a rooted tree is the minimum distance between
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In addition, extremal results relating to the maximum rank among all vertices in families of trees are discussed

Keywords: Protection number, binary trees, rank, security

1 Introduction

A large body of research in graph theory is devoted to distance in graphs. Some such examples are the
diameter (greatest distance between any pair of vertices), domination (restriction of distance from a set of
vertices), and independence (restriction of distance between elements of a set of vertices). A particular
distance parameter and centrality measure, the eccentricity of a vertex v, is defined to be the maximum
distance between v and any other vertex in the graph. Among all vertices, one with minimum eccentricity
is called the center of the graph. Formally, given a graph G = (V, E)) and a vertex v € V, the eccentricity
of v is given by
ecc(v) = max d(u,v).

When vertices and edges in G, for example, represent customers and road networks, respectively, a vertex
with minimum eccentricity (center) would be an ideal location to place a store or warehouse aiming to
service the customers. Therefore, eccentricity has applications, among others, in supply chain management.

We now consider a version of “anti-eccentricity” of a vertex, taking the minimum instead of maximum.
However, in the context of graphs, the minimum distance among all vertices is trivially 0. We therefore
consider the graph family of trees, and the minimum distance to a leaf. This measure of “anti-eccentricity”

*This work is an output of the American Mathematical Society’s Mathematics Research Community (MRC): Trees in Many Con-
texts.
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is known as rank, protection number, or leaf-height and usually studied in rooted trees. The history and
formal definitions of this parameter are given below.

A vertex in a rooted tree is called protected if it is neither a leaf nor the neighbour of a leaf. This concept
was first studied in/Cheon and Shapiro (2008), and later the number of protected vertices in families of trees
including k-ary trees, digital and binary search trees, tries, and suffix trees was determined |[Devroye and
Janson| (2014)); |Du and Prodinger| (2012)); |Gaither et al.[(2012); Holmgren and Janson|(2015a); Mahmoud,
and Ward| (2015| 2012)); [Mansour| (2011)). The definition of protected vertices was then generalized to /-
protected vertices: vertices at a distance of at least £ away from any leaf descendant. With this terminology,
a protected vertex is equivalent to a 2-protected vertex. The number of ¢-protected vertices has also been
studied in a wide range of trees|Bonal(2014); Bona and Pittel (2022); |Copenhaver|(2017); Devroye and Jan-
son| (2014); [Heuberger and Prodinger| (2017). This leads to the formal definition of the protection number,
examples of which can be seen in Figure[l]

Definition 1 (Protection number). Ler T' be a rooted tree, v be a vertex in T, T'(v) the subtree induced by
v and its descendants, and L(T (v)) its set of leaves. The protection number Ry (v) of v is given by

Ryp(v) = uegleI}v)) d(u,v).

Fig. 1: A binary tree with the protection number of each vertex marked on the vertex.

Studies on the protection number of the root of a tree in specific families of trees as well as the general
context of simply generated trees were completed in |Gittenberger et al.| (2023); |Gotebiewski and Klimczak
(2019); Heuberger and Prodinger| (2017). Most recently, extremal parameters such as the maximum protec-
tion number of a tree have been studied using powerful probabilistic and analytic techniques |Devroye et al.
(2023); Heuberger et al.|(2024). This work serves to further continue this trend, by providing constructive
solutions to extremal problems of this variety.

It is easy to imagine a range of applications for extremal parameters relating to the protection number.
Depending on what the leaves represent, one may wish to leave as many vertices unprotected (if leaves
represent customers that need to be easily contacted, for instance) or to have as many vertices protected as
possible (if leaves represent points of entry for hackers, for instance). Trees with degree constraints, binary
trees, in particular, have been shown to play a significant role in such applications.

From this point onwards, we will mainly use the term “rank” instead of “protection number”, since it
reduces the phrase length and, thus, the ease of parsing phrases in several instance

With current literature in mind, we consider the rank from a constructive perspective:

1. find trees with a given number of vertices that maximize or minimize the number of ¢-protected
vertices for a given ¢; or

2. find trees with a maximum or minimum sum of ranks of its vertices, given the number of vertices.

@ We have predominantly used “protection number” until now to ensure that this work connects to the other bodies of work on this
topic.
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As may be expected, the solutions to these two questions are in general identical. For general rooted trees
itis not hard to see (as shown in Sectiond) that the path is the “most protected” among trees of order n while
the star S, is the “least protected”. This may not be surprising as the path and the star are, respectively,
the sparsest and densest tree among general trees of the same order, and they have been shown to be the
extremal trees with respect to many different graph invariants. We aim to extend the study of the least and
most protected trees to rooted proper k-ary trees of given order and trees with a given outdegree sequence.

Our main contribution is the classification of proper binary trees which achieve (2)), and thus also (T).
For this, we introduce the following terminology and notation.

Definition 2 (Security). Let T' be a rooted tree. The security of T, denoted R(T), is given by

R(T)= Y Rr(v).

veV(T)

Additionally, the number of {-protected vertices in T is denoted by ng(T).

For the binary tree 7" in Figure[l] the security is given by R(T") = 0-8+1-5+2-2 = 9. We seek trees
that maximize or minimize R(T") and n,(T") for any .

The layout of this paper is as follows. In Section 2] we provide, among other things, a proof that a family
of binary trees obtains maximum security. This is done via “switching lemmata” which show that certain
“switching” operations do not decrease the security of a tree. As a consequence, we also provide a formula
for the maximum R(T"). Then, in Section [3|we provide an additional classification of a family of trees that
obtain maximum security. This is done by showing that these trees have equal security to those already
proved to have maximum security in Section [2] It is interesting to note that this additional family of trees
has appeared in many studies of other extremal problems on binary trees. To conclude, we provide some
extremal results relating to the maximum rank in different families of trees in Section[d}

2 Most protected binary trees: From binary representation

Proper binary trees, which in our context refer to unordered rooted trees where each internal vertex has
exactly two children, are one of the most commonly studied structures when studying ranks. We start by
considering trees that maximize the security, max R(T'), among all proper binary trees on £ leaves. Note
that the trees achieving the maximum for the total rank need not be unique, as seen in Figure[2] Indeed, for
certain values of /, the tree attaining the maximum security is unique, while for other values of /, it is not.
In this section, we will give a characterization of one of the optimal proper binary trees.

B &

Fig. 2: All four non-isomorphic proper binary trees which achieve the maximum total rank of 8 among all proper binary
trees with 7 leaves.

Let L := (n1,no,...,ny) correspond to the binary power representation of
k
-y
i=1

with ny > ng > -+ > ny > 0. We will show that T, defined below, is a tree for which the value of R(T')
is maximized. Intuitively, 77, is the binary caterpillar tree on k leaves w1, . . . , ux, with u; being the deepest
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leaf and uy, the leaf incident to the root, with each leaf u; identified with the root of a complete binary tree
of height n;. Formally, this is described below.

Definition 3. For a fixed integer { > 2 with binary power representation L = (nq,na, ..., ng), the binary
tree T, is rooted at a vertex vy, and constructed by:

* identifying the root of a complete binary tree on 2™ leaves with one end vy of a path P = v1vs . .. vg;

* using an edge to join the root u; of a complete binary tree on 2™ leaves with vertex v; (for2 < i < k).

As an example, for £ = 11 = 23 + 2! + 20 the binary power representation is L = (3,1,0), and T}, is
shown in Figure where the vertices v; and u; are labelled.

U3

(%] Ng

Uy =0 U2

Fig. 3: A proper binary tree Tr, on £ = 11 leaves that maximizes R(T").

The main result of this section states that T, is one of the optimal proper binary trees that maximizes
R(T).

Theorem 4. Given a proper binary tree T with £ leaves, where £ has a binary power representation of L,
it holds that R(T) < R(TL).

The proof of this theorem will depend on several other results which will be proved throughout the
remainder of this section.

2.1 Partition of a proper binary tree

Before we can prove the optimality of T, we first introduce a “partition” of any given proper binary tree
on { leaves that would allow us to compare them.

Definition 5. Given a proper binary tree T, we say a vertex v is saturated if T'(v) is a complete binary tree
but T'(u) is not complete for any of v’s ancestors u. Let vy, ..., vj be the saturated vertices in T. Recording
|L(T(v;))| = 2™ for 1 < i < j, we have that the number of leaves { in T, is given by

J

0= 2m,

i=1

where without loss of generality, m1 > mg > --- > m; > 0. We call M = (mq,ma,...,m;) the
corresponding partition vector.

Note that the proper binary tree corresponding to a given M is not necessarily unique, as shown in
Figure [ where the saturated vertices are highlighted.
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Fig. 4: Two different proper binary trees corresponding to M = (2,2, 1, 0) with security 15 and 14, respectively.

When a non-root vertex v is saturated, we denote its parent by vg and its sibling by v; unless otherwise
noted. Furthermore, in the tree T, all saturated vertices have different ranks (corresponding to the different
2.2 *“Switching” Lemmata

In order to compare T (corresponding to M) and Ty, we introduce some useful operations that allow us
to transform from 7" to T, without ever decreasing security R(-), ultimately switching M (which may
have repeated entries) to L, where L has no repeated entries. These operations involve the application of
lemmata that will be proved in this section.

Lemma 6. Let T be a proper binary tree with saturated vertices v and w such that Ry (u) = Rp(w). Let
u and w’s respective siblings be u1, w1, parents be ug, wo, with neither ug or wgy an ancestor of the other.
If Rr(wy) > Rr(uy) and T* = T — uug — wiwg + uwo + wiug (see Figure, then R(T*) > R(T).

T T*

Fig. 5: The trees T (on the left) and T (on the right) from Lemma@

Proof: We consider three cases depending on the ranks of the vertices u, w, uy, ws.
o If RT(ul) < RT(wl) < RT<U) = RT(’U)), then
RT(U()) =1 + RT(ul) = RT* (UO)

and
Rr(wo) = 14 Rr(wy) < 14 Rp(w) = Ry« (wo).

o If RT(Ul) S RT(U) = RT(’LU) S RT(wl), then
Rr(ug) =14 Rr(w1) = Ry-(uo)

and
Rr(wo) =1+ Rp(w) = R+ (wo).
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o If RT(U) = RT(U)) < RT(Ul) < RT(wl), then

RT(U()) =1+ RT(U) <1+ RT(’LLl) = Rp-« (UQ)

and

Rr(wp) =1+ Ry(w) = Ry (wy).

In each case, it is easy to see that the ranks of all other vertices either stay the same or increase from 7'
to T*. Thus, R(T*) > R(T). O

Lemma 7. Let T be a proper binary tree with saturated vertices u and w such that Ry (u) = Rp(w). Let
u and w’s respective siblings be uy, w1, parents be ugy, wy, and assume that ug is an ancestor of wy. If
Rr(wi) > Ry(u) = Ry(w) and T* = T —uug—wiwo+uwy+wi ug (see Figure[6), then R(T*) > R(T).

T T*

Fig. 6: The trees T (on the left) and T (on the right) from Lemma

Proof: As was done in the proof of Lemmal[6] note that
RT(wo) =1+ RT(’LU) = Ry~ (U}o) ,
and since Rp(w1) > Rr(u) and Ry« (u1) = Rr(uy), we obtain

Ry« (UO) = min{l + RT(wl), 1+ Ry~ (’U,l)}
> min{l + Rr(u), 1+ Ry« (u1)} = min{l + Ry (u),1 + Rr(u1)} = Rr(ug) .

Since the ranks of all other vertices stay the same or increase from 7" to 7%, we conclude that R(T™*) >
R(T). O

Lemma 8. Let T be a proper binary tree with saturated vertices u and w such that Ry (u) = Ry (w). Letu
and w’s respective siblings be uy, wy, parents be ug, wo, and assume that ug is an ancestor of wg. Suppose
that Ryp(w1) < Rp(u) — 1 = Ryp(w) — 1. Further suppose that either v is the root, or its parent vy
satisfies Rr(v1) < 2+ Ryp(wy). Let T* = T — wug — wiwg + uwy + wiug (see Figures@and@. Then
we have R(T*) > R(T).
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Fig. 7: The tree T with root v, with ug an ancestor of wo from Lemma|g]

Note that a difference between this case and that of Lemma([7]is that the rank of uy may decrease from 7'
to T, which is compensated for by increasing the rank of wy.

Proof: Assume wuy is not the root of 7. We prove the lemma through a series of claims.

Claim 1: If Rp«(v1) < Rp(v1), then Ry« (ug) < Rp(ug).

Proof 1: Letv] be the sibling of ug. By Ry(v1) = min{1 + Rr(v}),1 4+ Ryr(uo)} and Ry« (v1) =
min{l 4+ Ry (v}),1 + Rr-(ug)}, the assumption R+ (v1) < Ryp(v1) implies that Ry« (ug) < Ry (uo).

Claim 2: RT(ul) < Ry~ (ul)

Proof 2: SinceT* is obtained from T by “exchanging” the subtrees T'(v) and T'(w; ), the assumptions
Rr(u) = Rr(w) and Rp(wy) < Ryr(u) imply that Ry (uy1) < Rp=(uy).

Claim 3: If Rp«(ug) < Rp(uog), then Rp~(ug) # 1 + Rp«(u1). In particular, Ry~ (ug) = 1 +
RT (wl)

Proof 3: We have Rr(up) = min{l + Rr(u),1 + Rr(u1)}, Rr«(up) = min{l + Ry(w;1),1+
Ry« (u1)}. Assume R%(up) < Rr(up) and suppose (for contradiction) that Ry« (ug) = 1 + Ry« (uq).
Then Rps(u1) < Rp(w;). Using Claim 2 together with our assumption Ry (wq) < Rp(u), we de-
duce that Rp(u1) < Rp«(u1) < Rp(u). Therefore, Ry« (up) < Rr(ug) implies that Ry« (uq) <
min{Rr(u), Rr(u1)} = Rr(u1) < Rp«(u1), which is a contradiction. Hence Ry~ (ug) # 1 + Ry« (u1).
In particular, R+ (up) = 1+ Ry (wy).

Claim 4: Let v} be the sibling of ug. If Rr«(v1) < Rp(v1), then Rr(v)) > 2+ Rr(w;). and
Ry(ug) > 2 + Ry(wr).

Proof 4: Assume Ry« (v1) < Ry (v1) and suppose to the contrary that Ry (v}) < 1+ Rr(w1). Since
Ry (w1) < Rp(u), we deduce that Ry (v]) < 1+ Ry (u). Thus, the minimum distance in 7" from v; to a
leaf descendant cannot be attained by a vertex of 7'(u), while the minimum distance in 7* from v; to a leaf
descendant can be attained at a vertex not belonging to 7'(wy ). It follows from Ry (w;1) < Rr(u) = Rr(w)
and the constructive definition of 7 that Ry (v1) < R’.(v1), a contradiction. The second part of the claim
can be proved in a similar way, since v] and wg are siblings.

Claim 5: If RT(Ul) <2+ RT(’Ll)l), then Ry~ (1)1) > RT(Ul).

Proof 5: Assume Rp(vi) < 2+ Rp(w;) and suppose to the contrary that Rp«(vy) < Rp(v1).
Claim 4 implies both Rr(v}) > 2 + Rr(w;) and Rr(up) > 2 + Ry(wi), which in turn, implies that
Ry(v1) > 3+ Rp(wn), a contradiction.

We continue with the proof of the lemma. By Claim 5, Ry« (v1) > Ry (v1) and this also implies that
Ry« (v;) > Ry (v;) foralli € {1,2,...,t}. Note that

RT(’LU()) =1 + RT(U}1),
Rr(ug) = min{l + Rp(u), 1+ Rp(u1)},

and

Ry-(wo) = 1+ Ry (u),
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Ry« (uo) = min{1 + Ry (w1), 1+ Rr-(u1)}-

We can see that the rank of wg increases from T to 7™ with an amount of Rr(u) — Rp(wy). On the
other hand, the rank of uy may decrease with an amount of min{1 + Rp(u),1 + Rp(u1)} — min{l +
Rp(w1),1 + Rp«(u1)}. However, following the same argument as in the previous lemmata, we have
14+ Rr(u1) <1+ Rp«(uq). Since Rp(w1) < Rr(u), this implies that

min{1 + Ry (u),1 + Rr(u1)} — min{l + Rr(w1),1 4+ Rr-(u1)}
< min{l + Ry(u),1 + Ry« (u1)} — min{1l + Ry(w1),1 + Rr«(u1)}
S RT(U) — RT(wl).

Hence, the decrease of the rank of ug from 7" to T is compensated by the increase of the rank of wy. [

We denote by ugvivs . . . vy the path from ug to the root, provided g is not the root. With the assumptions
in Lemma Rr(v1) < 2 + Rp(w) implies that the rank of each of the vertices vy, v, - - , v either
increases or stays the same from 7" to T (if such vertices exist, i.e. if ug is not the root of T"). It remains to
rule out the case where Ry (v1) > 2 4+ Rp(wq). This will be done as a special case in the next lemma.

Lemma 9. Let T be a proper binary tree with saturated vertices u and w such that Ry (u) = Ry (w). Let
u and w's respective siblings be u1, wy, parents be ug, wy, and assume that ug is an ancestor of wy. Let
wy, be the parent of wg. Suppose that Ry(w1) < Ryp(u) = Rr(w) and that g is not the root of T, while
U1V - - - Vg, t € N, is the path in T from ug to the root v of T. Also, suppose that Rp(v1) > Ry (w1).

(1) If Rp(v;) > Ryp(wq) does not hold forall 1 <i <t lets+ 1€ {2,3,--- ,t} be minimal such that
Ry (vsy1) < Rp(wi). Then R(T*) > R(T), where T* = T — wow — Wpwo — Vs4+1Vs + Vs11Wo +
vswo + wyw (see FigureS).

(2) If Rr(v;) > Ry(wy) forall1 < i < t, then R(T*) > R(T), where T* = T — wow — wpwp +
WVt + WpW.

V¢ Ut
[}
».»’.\'Us-&-l “Us+1
Wo
Vs
Vs w1

Fig. 8: The tree T on the left, and the tree it generates, 7™, on the right from Lemma@

Proof: Note that the ranks of w, w; and also wq (since Rp(v1) > Ry (wq)) stay the same from 7" to T*.
Since Rr(wy) < Rr(u) —1 = Rp(w) — 1, using a similar argument as in the previous lemmata, the
ranks of vertices on the path (1) from v to w or (2) from v; to w stay the same or increase from 7" to T™.
Moreover, since in (1) we have that Ry (vsy1) < Ry (w;), the ranks of vertices on the path from vy to vs 1
in this case remain unchanged. Finally, the ranks of all other vertices are unchanged from 7" to T™. O

These lemmata can be summarized as follows:
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* Lemma[6} For pairs of saturated vertices of equal rank with neither parent of one vertex being an
ancestor of the other vertex, the vertex whose sibling has a lower (or equal) rank can be swapped with
the sibling of higher rank without decreasing the security of the tree.

* Lemmal(7} For pairs of saturated vertices of equal rank, where the parent of one vertex is an ancestor
of the other vertex, if the vertex with the ancestor-parent has lower (or equal) rank than the sibling of
the vertex with the descendant-parent, then this sibling and the vertex with the ancestor-parent can
be swapped without decreasing the security of the tree.

* Lemmal8} For pairs of saturated vertices of equal rank with one parent being an ancestor of the other,
if the vertex with the descendant-parent has strictly higher rank than its sibling, and the neighbor of
the ancestor-parent (if it exists) on the path from it to the root has at most two more rank than the
sibling of the vertex with the descendant-parent, then this sibling and the vertex with the ancestor-
parent can be swapped without decreasing the security of the tree.

» Lemma [9} For pairs of saturated vertices of equal rank with one’s parent an ancestor of the other,
if the vertex with the descendant-parent has strictly higher rank than its sibling, and this sibling has
strictly lower rank than the neighbor of the ancestor-parent (assumed it exists) on the path P from it
to the root, then depending on whether this sibling also has strictly lower rank than all other vertices
on P or not, this sibling can be moved to just above the “appropriate” consecutive vertices of P (see
Figure[§) without decreasing the security of the tree.

Note that the four lemmas cover all possible cases. Firstly, given a pair of saturated vertices with equal
rank, there is the dichotomy that neither parent of one vertex is an ancestor of the other (Lemma @ as
opposed to one being an ancestor of the other in the other lemmata. Secondly, the case where the vertex
with the ancestor-parent has lower (or equal) rank than the sibling of the vertex with the descendant-parent
(Lemma [7) or when this does not occur (Lemmata [§] and 0). The final case involves whether or not the
ranks of vertices in the path between the ancestor-parent vertex and the root are lower (Lemma|8) or higher
(Lemma [9) than the relevant sibling vertex.

2.3 Proof of Theorem

We are now ready to establish the optimality of T7,. To do this, we firstly mention the maximality of M
with unique entries.

Claim 10. For any proper binary tree T with { leaves that corresponds to the partition vector M, if M is
not equal to L, there must be repeated entries in M.

Proof: It is well known that every positive integer ¢ can be uniquely represented as a sum of distinct binary
powers. Therefore, any other representation of the binary powers of [ must have repeated entries. O

Let h be the minimum ¢ such that m; = m;1, and let v and w be the corresponding saturated vertices
with |L(T'(u))| = 2™ and |L(T(w))| = 2™»+!. Depending on the individual ranks of other vertices and
the relative locations of u and w in T', we may now apply Lemmata 6] [7} 8] or Lemma 9] and obtain a tree
T* that will satisfy R(T*) > R(T'). Two cases may occur:

* either the original m;, and mj, 4, get temporarily merged into a 1y, + 1 (in the cases of Lemmata [6]
the vertices u and w become siblings) — the number of saturated vertices decreases in this case;
or

* the distance between u and w, if still greater than 2, strictly decreases (in the case of Lemma @])

Note that every time we apply Lemmata [6] or Lemma 9] either the value & = min{i > 1|m; =
m;41} increases, or d(u, w) decreases while h stays the same. Consequently, this process must terminate
after finitely many steps. Therefore, since the binary power representation of any nonnegative integer is
unique, by definition, the partition vector M (after the required switches) is equal to the binary power
representation of ¢, L.

Let T be the resulting tree from performing the “switches” to 7" described in the above paragraph. Since
T, has partition vector L, every saturated vertex v has a different rank corresponding to the height of T} (v).
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Let u be the saturated vertex with the smallest height and T} (u) the corresponding subtree obtained from
u and its descendants. The height of w is then ny and the number of leaves in T} (u) is 2™* (recall that
L = (ny1,ng,...,ng), withny > ng > -+ > ng). The vertex u is the root of T} if and only if / is a binary
power. In this case, we are done. Otherwise, let the parent of u be ug, and its sibling be u;. Suppose that
uo is not the root of 77 . Let the parent of u( be u, and the root of T} be v (possibly v = u,,). So u is neither
the root nor a child of the root.

We consider a new tree 77" = T — ugu1 — uplg + upu1 + uov (see Figure E]), rooted at ug.

Uo

Q!

os

T Ty
Fig. 9: The trees T (on the left) and 775" (on the right).

Following similar arguments as before and making use of the fact that u has the smallest rank among all
saturated vertices, one can see that R(77) > R(T}). In this case, u becomes a child of the root of T*.

Now consider the case where uy is the root of 77. As long as k > 2, we may apply a similar operation to
w, the saturated vertex with 2""¢~1 leaves in T} (w), and insert wo between ug and v (Figure[10). For k = 1,
the sole saturated vertex u is the root, while for £ = 2, the vertex w is also a child of the root, just like wu.
The resulting tree 77" has a total rank at least as high as before.

Fig. 10: The tree 77"

Repeatedly applying the above operation, we may insert the saturated vertices in the “correct” order to
reach the tree T7,. Since any partition M of a proper binary tree 7' can have the security (weakly) increased
to the binary power representation L, and any tree with partition L can have security (weakly) increased to
the tree Tz, we conclude that 77, is indeed a tree which maximizes the security of a tree. ]

2.4 The maximum security in a proper binary tree

As a result of Theorem [4] we can now obtain a lower bound for the maximum security in proper binary
trees.
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Theorem 11. Among proper binary trees T on £ > 3 leaves,

max R(T) = 2(¢ — |logy £] — 1) + 2(¢),
where z({) is the number of zeros in the binary representation of ¢ (OEIS A023416)).

Proof: As a result of Theorem ] we know that for proper binary trees on /¢ leaves, T, is a tree which

maximizes the security. Thus, given that £ = Zf_l 2™, the maximum security is simply R(7r,). For each

1 <@ < k, the saturated vertex v whose T'(v) has_ 2™ leaves and its descendants give us the rank sum
Ix2mi b poax2m=2 .4 (n—1)x24+n;x1=2"%"—pn, —2

Therefore,
k

k
R(Tp) = (2" —n;—2)+ Y (i +1)=20—m —k— 1
=2

i=1

Since n; = [log,(¢)], which is equal to [log, £] — 1 for £ not a power of 2 and [log, £] otherwise, and
k = |log, £] + 1 — z(£), we can conclude the statement. O

Now that one maximal tree has been fully described, it is interesting to consider other trees that obtain
the maximal security, which will be done in Section As an intermezzo, we consider some additional
swapping lemmata on the maximal trees of Theorem 4]

Proposition 12. Consider a proper binary tree on { leaves Ty, with £ having binary power representation
L = (ni,no,...,nx). If n; =n;p1 + 1 for fixedi € {2,.. .,k —1}, then using the notation of Definition|3]
with c; the root of the complete binary tree on 2" leaves, it holds that:

1. R(TL) = R(T*), where T* =T, — viy1¢i41 — ViC; + Vip1¢; + vicit1, and
2. R(Tr) = R(T™), where T* =TL — vi11Ci+1 — UiVi—1 + 0;—1Vij+1 + ViCit1.

See Figure|l 1| for examples of these swaps.
(D Vi1, ° . Vi+1 .- . Vi+1 .- .

v; Cit1 vV Ci+1

2) Vit1 .- Vit1 - Vit1 . °

Fig. 11: The different swapping configurations described above.

Proof: Let T be the maximal tree T, with ny > ng > -+ > ny. Therefore, by construction, Ry (v;) =
Ry (c;) + 1 fori > 2. Note additionally that since n; = n;41 + 1, it holds that Ry (¢;) = Rr(ciy1) + 1.

Now, consider case (1). As mentioned, Rr(v;11) = Rr(ciy1) + 1 and Ry(v;) = Rr(c;) + 1. After
performing the swap, we have that R« (v;) = Rp(c;y+1) + 1, and

Ry« (vit1) = min{ Ry~ (v;), Ry« (c;)} + 1 = min{ Rr(ci+1) + 1, Rr(c;))} + 1 = Rr(e;) + 1.
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Therefore, this operation does not change the sum of ranks over all vertices (security).
Consider case (2). Note that Ry (v;—1) > Rr(c;) = Rr(ci+1) + 1. Now,

Rr-(v;) = min{Rr(c;), Rr(ci+1)} + 1 = Rr(ciy1) + 1,
and since Ry« (v;) < Rp(vi—1) = Ry« (vi—1), we get
Ry« (vi41) = min{ Ry« (v;), Ry« (v;—1)} + 1 = Rr«(v;) + 1 = Ryp(ciy1) + 2 = Rr(e) + 1.
Therefore, this operation also does not change the sum of ranks over all vertices (security). O

Remark 13. It is easy to see that Proposition |l 2| provides a general construction of another family of trees
with maximum security.

3 Most protected proper binary trees: Almost complete trees

We now prove a property of the maximum security trees discussed in the previous section, with the aim of
showing that another family of trees has the same property (and thus also achieves maximum security).

Definition 14. Let ¢ be a positive integer. Let F'(£) be a proper binary tree constructed as follows:
* Create a complete binary tree with 9 logs £] leaves, denoted (from left to right) z1, 22, ..., Zglloss 2]

e For1 < i < £ —2U°%:4] antach two children to each leaf vertex z;. We call each of these newly
attached children new leaves.

Note that if ¢ is a power of two, this process just generates a complete binary tree. If £ is not a power of
two, then some, but not all, leaves of the initial complete binary tree have children. An example of a tree

F(¢) is given in Figure

R A

Fig. 12: The tree F'(¢) corresponding to £ = 7 (left) and the T, tree corresponding to the same ¢ (right). Note that the
security, 8, is the same in both.

These “almost complete trees” were first introduced as “good trees” in |Székely and Wang| (2005), and
have been ever since shown to be an extremal structure with respect to many different graph invariants.

We give an alternative proof that R(F'(¢)) = R(Ty ), which shows constructively that the sums of ranks
are equal. In addition, this gives an algorithm for the construction of an F'(¢) tree from the binary power
representation of /.

Algorithm for constructing F'(¢)
Let ¢ = Zle 2™ withmy > ng > -+ > ny > 0. Suppose ny > 1.
Letd; =n;_1 —n; foreach 1 <i < k.
For any m € N, let ¢,,, be a complete binary tree with 2" leaves.

If ¢, is the root of a ¢, tree, let ; and r; be the left and right child of g;, respectively (if they exist).
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* Step 1: Construct the tree c,,, with root g;. This tree has a ¢,,, —; tree rooted at both ¢; and ;.

 Step i: For 2 < § < k, consider the ¢,,, , tree rooted at ¢;_; and reconsider the ¢,,, ,_; tree
rooted at ;7 as a cq, 1 tree with a ¢, tree rooted at each of its leaves. There are 2di—1 guch
cn, trees, accounting for 9di—19ni — gni—1=1 1f 4. > 1, consider the leftmost Cn, tree, and
call its root p;. If d; = 1, we have a ¢,,, tree rooted at ¢;_1, so relabel ¢;_ as p;. To each of the
leaf vertices of the ¢, tree rooted at p;, add two leaf children so that we now have a c,,, 11 tree
rooted at p;.
Note that p; has a sibling vertex (possibly r;_1, if p; = ¢;_1) and label this vertex g;. In both
cases, ¢; is the root of a ¢, tree. The tree at the end of step i is the tree F'(2™ + - - - 4 2™i).

q1

Fig. 13: F'({) for 2™ 4 272 + 273 leaves where n1 = na + d2, and na = ng + ds.

See Figure [T3] for an illustration. Following the above algorithm, we can verify that the total number of
leaves added is, in fact, equal to £.

k k
Total leaves in F'(¢) = (Z 2"11“) L (Z 2m> —/

=2 =2

# of leaves at height ny+1 # of leaves at height n1
Proposition 15. Suppose { = Zle 2™ withny > ng > --- > ny > 0. Then

R(F(£)) = R(TL) -

Proof:
Note that the security of a c,,, tree is

R(cy,) =2 —n; — 2.

To verify the rank formula, let S; be the tree at the end of step 4 of the algorithm for constructing F'(¥).
Then Sy is a ¢, = F(2™), Sz is a F/(2™ + 272) tree, and so on. Then R(S;) = R(S;—1) + R(cn;+1) —
R(cy,) since at each step one removes a ¢,,, tree and replaces it with a ¢,,, 1 tree.

Clearly, this operation does not affect the ranks of the remaining vertices. Indeed, since at each step,
1 > 2, one splits a ¢,,, , tree into two or more c,,,, the removed root p; always has a sibling. Consequently,
p; always has the closest leaf within another c,,, tree (or was originally a leaf). As a result, removing the
root p; does not alter the ranks of any other nodes. Then

R(F(£)) = R(Sk)
= R(Sk-_1) + R(an+1) - R(C"k)
k

= R(cn,) + Y _(R(cn,41) — R(cn,))

1=2
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= R(cny) + ) [(2"42 = (ni+1) = 2) = (2% = n; — 2)]

s.
[ V)

= Rlea,) + (2" = 1)

=2
=2mtl 24200 —-2")—(k—2+1)
=20—ny —k—1=R(TyL).

4 The most protected vertex/root

First we point out the trivial, but still interesting, observation that in a tree 7" rooted at 7, the maximum
rank Rr(v) is not necessarily achieved at the root. This can be seen from the simple example in Figure
where the root r has rank 1 and the vertex v can have an arbitrarily large rank.

r

Fig. 14: A rooted tree with Rr(r) = 1 and Rr(v) > 1.

There do not seem to be any obvious characteristics of the most protected vertices in a tree. Let the set
of such vertices of T' be denoted by R, (7). It may contain only one vertex (as in Figure or multiple
vertices. When R,,,,..(T") contains multiple vertices, they may induce a subtree (i.e. they are all adjacent) as
in Figure(where all internal vertices in R, (7)); they may also form an independent set as in Flgure.

-

AN\

Fig. 15: A rooted proper binary caterpillar.

&

Fig. 16: A rooted tree with two most protected vertices w and v.

Given the motivation for vertex ranks and “protectedness”, it is natural to find, among a class of rooted
trees, the most protected vertex (among all possible tree structures) and its rank. That is, for a given class
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of rooted trees 7 we want to find
Ry :=max max Rr(v).
T TeT veV(T) T( )
Let Rp(r) denote the rank of the root  in T'. We first show a useful fact that among all trees of a given
order Ry can be achieved at a root.

4.1 General trees

First note the trivial fact that the rank of any vertex in a tree on n vertices cannot be possibly larger than
n—1.
Proposition 16. Let T, denote the set of trees with order n. Then R, = Rr(r) for some T' € Ty, with root

r. Moreover,
RT(T‘) <n-1

with equality if and only if T is a path and r is one of its end vertices.

Proof: To see this, we show that for any 7' € 7,, and v € V(T), there exists a 77 € 7T, with root 7’ such
that
RT/ (’I“/) Z RT(U).

If v is already the root of T, there is nothing to prove. Otherwise, let r be the root of T', u be the unique
parent of v in T', and w be one of the leaf descendants of v in T'. Consider the tree 7" = T — uv + rw as
in Figure[17] It is obvious that v = r’ is now the root of 7" € T,,.

u

Fig. 17: An example of the trees T (on the left), 7" (on the right) and the vertices u, v, w.

Note that from T to T”, the distance between v and any of its original leaf descendants (in 7', with the
exception of w, which is now not a leaf) remains the same. The distance between v and any of its new leaf
descendants (in T”) is greater than the distance between v and w. Hence

Rp(v) > Rp(v).

Since the rank of any vertex in a tree on n vertices cannot be possibly larger than n — 1, the second part of
the proposition follows. O

In the rest of the section we focus on finding the maximum rank of the root in various classes of trees.
In practice it is often of interest to fix the degree of the root, k. In this case the starlike tree S({1, la, . . . , {x)
is the tree obtained by identifying one end-vertex of each of the paths of length ¢4, (o, . . . , /) respectively.

Proposition 17. For a tree T of order n > 1, rooted at r with degree k > 3,

Rr(r) < |

with equality if T is a starlike tree S({1,4s, . .., L), rooted at the only branching vertex (vertex of degree

> 3) with
. n—1
11Sni1£1k{€¢} = { - J .
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Proof: Let the neighbourhood of 7 be {v1, ..., v, } and let the connected component containing v; in T — r
be T;, rooted at v;. Sincen — 1 = |V(T')| — 1 = Zle |V (T3)|, we have

VT = min (VT < |

and by Proposition

The conclusion then follows from the fact that
Rp(r)=1+ 121£k{RTi (vi)}.
O

Remark 18. The starlike tree in our statement is by no means the unique tree achieving the maximum root
rank. However, the S({1,{s, ..., {y) with the condition that |¢; — {;| < 1 forany 1 < i,j < k, which
certainly maximizes the root rank, has been shown to be extremal with respect to many graph invariants
and, in particular, to be the densest among trees with a given order and number of leaves.

4.2 k-ary trees

By k-ary trees, we mean rooted trees in which the outdegrees are bounded above by k, i.e. every vertex has
at most k children.

Let 7,* denote the set of k-ary trees of order n. First we show that Propositioncan be generalized to
Tk
Proposition 19. Let 7, denote the set of k-ary trees with order n. Then Ry = Ry (r) for some T € Tk
with root r.

Proof: Following the same idea as the proof of Proposition (16} let 7 € 7,* and v € V(T') be a non-root
vertex. Let C, denote the set of children of v in T', we use S; to denote the component containing v in
T —C, and let Sy = T — {S1 — v}. Let w be one of the leaf descendants of v. We now consider the tree
T’ resulted from identifying r (of S;) with w (of S3). See Figure

Fig. 18: The trees T (on the left), T’ (on the right) and the vertices 7, v, w.

It is easy to verify that 7’ € 7, and that
Rr(v) 2 Rr(v)
following the same reasoning as that of Proposition [16] O

Thus, again we only need to consider the root ranks. For our extremal structure, Figure[T9|shows a rooted
complete ternary tree, defined in general as the following.

Definition 20. A rooted complete k-ary tree is a proprer k-ary tree, all of whose leaves are at two consec-
utive levels (vertices at the same distance from the root are at the same level) and there is at most one vertex
that has both leaf and non-leaf children.
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LA

Fig. 19: A rooted complete ternary tree.

It is well known that the rooted complete k-ary tree is the densest among k-ary trees of given order,
analogous to the star among general trees. We will show that such a tree also maximizes the root rank
among k-ary trees of given order.

Proposition 21. For a proper k-ary tree T of order n and root r such that k > 1,
Ry (r) < |log,(n(k—1)4+1)] —1
with equality if T is a rooted complete k-ary tree.

Proof: First we claim that
kh+1 -1

RT(r)<hifn<1+l<:+k2+-~~+l<:h:ﬁ

Indeed, to have Rp(r) > h requires each leaf to be at distance at least h from r, implying that every vertex
within distance h — 1 of r has k children. Such a tree has at least 1 + k -+ - - - + k" vertices. On the other
hand, if n > 1+ k+ k> + - + k1 = k,::f, in the rooted complete k-ary tree every vertex within
distance h — 2 of r has k children, implying that Ry (r) > h — 1.

Consequently we have

max Rp(r) =h—1

if and only if

EM—1 Ehtl 1
< -
1 =" TR

which is equivalent to
h <log,(n(k—1)+1) < h+1.

O

The tree transformation from 7" to 7" in Proposition[19|preserves the entire outdegree sequence. Indeed,
the only change in the vertex outdegrees comes from vertices 7, v and w of 7T'. Back to the proof of Propo-
sition |19 relabel v as v; in the subtree Sy (rooted at ) of T', and v as v, in the subtree Sy (rooted at v) of
T. Since in the tree T”, vertices w and r are identified (say, as a new vertex v'), we deduce the following:

e wisaleafin T, and v; becomes a leaf in T";

* the outdegree of r in T" equals its outdegree in S1, and the outdegree of v’ in 7" equals its outdegree
in Sp (as a subtree of T");

* the outdegree of v in T equals its outdegree in Ss, and the outdegree of vy in T equals its outdegree
in S5 (as a subtree of T").
Thus, we obtain:

Proposition 22. Let Ts denote the set of all rooted trees with a given outdegree sequence S. Then Ry, =
Rr(r) for some T € Ts with root .

Further corollaries can follow, as eg. prescribing the number of leaves over the set of all rooted trees
having no vertex of outdegree 1 (a.k.a topological trees or series-reduced trees).
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5 Conclusions and future work

We have produced two different constructions of proper binary trees on a given number of leaves which
obtain maximum security. Certainly there are other maximal constructions, as indicated in Proposition [I2}
and it remains an open problem to classify all structures. In addition, counting the number of maximal
configurations would result in an answer to the following question.

Question 1. Among all proper binary trees of order n, what is the probability that a uniformly chosen tree
has maximum security?

Our study has largely been restricted to proper binary trees. The history and development of studies
on the protection number also began on specific families of trees, only recently handling cases related to
general families of trees. This leads to the question below.

Question 2. Let X be your favourite family of rooted trees. Classify trees of type X for which security is
maximized.

Question 3. Considering Proposition can the statement be generalized to other classes of trees, such
as rooted k-ary trees, and trees with a given segment sequence.

Finally, from a stochastic perspective, we present the following problem.

Question 4. Given a tree that obtains maximum security on { > 2 leaves, we label the { leaves with index
proportional to the height of the leaf (each leaf is numbered uniquely xo,x1,...,x¢—1 with lower index
allocated to lower height). “Grow” each x; into a complete tree of height i. We claim that this is often also
a maximal tree. When is this tree maximal, when is it not?

As far as we are aware, the security of trees is a new approach to studying the protection number or rank
of trees. Therefore, it opens up a number of future directions yet to be explored, and we hope that our results
in this direction are just the tip of the research iceberg!
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