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Given a digraph, an ordering of its vertices defines a backedge graph, namely the undirected graph whose edges
correspond to the arcs pointing backwards with respect to the order. The degreewidth of a digraph is the minimum
over all ordering of the maximum degree of the backedge graph. We answer an open question by Keeney and
Lokshtanov [WG 2024], proving that it is NP-hard to determine whether an oriented graph has degreewidth at most
1, which settles the last open case for oriented graphs. We complement this result with a general discussion on
parameters defined using backedge graphs and their relations to classical parameters.
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1 Introduction
In this work, we consider digraphs D which, unless specified otherwise, will always be simple, namely
they have no loops and for distinct vertices u, v ∈ V (D) there is at most one arc from u to v (but D may
contain an arc from u to v and an arc from v to u). A multi-digraph may have loops and multiple arcs
sharing the same source and target. An edge always refers to an undirected graph whereas an arc always
refers to a digraph.

An oriented graph (respectively tournament, semi-complete digraph) is a digraph in which there is at
most (respectively exactly, at least) one arc between each pair of vertices. A symmetric graph is a directed
graph obtained by replacing every edge of an undirected graph by a digon (a pair of arcs of opposite
orientation). We write

←→
G the symmetric graph obtained from G. A complete symmetric digraph is a

symmetric graph obtained from a complete graph.
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Given a digraph D and a total ordering ≺ on V (D), we define the associated backedge graph as the
undirected graph D≺ on the vertex set V (D) whose edges correspond to the arcs uv ∈ A(D) such that
v ≺ u.

A classical parameter of an undirected graph G is the maximum degree of its vertices, denoted ∆(G).
For a digraph D, its degreewidth

−→
∆(D) has recently been introduced in Davot et al. (2023) as:

−→
∆(D) = min

{
∆(D≺) | ≺ is a total ordering of V (D)

}
Definition 1 (k-DEGREEWIDTH). For an integer k ∈ N, we define the problem k-DEGREEWIDTH as
follows:

Input: a digraph D = (V,A).
Question: is

−→
∆(D) at most k?

Observe that 0-DEGREEWIDTH is the problem of deciding whether a given digraph is an acyclic di-
graph, and it is clearly in P since acyclic digraphs are recognisable in linear time using for example a
depth first search.

Let us briefly survey the recent work on the complexity of k-DEGREEWIDTH.
First, for tournaments with n vertices, it is proved in Davot et al. (2023) that it is NP-hard to compute

DEGREEWIDTH, that sorting by in-degree gives a 3-approximation, and that one can decide if an n-vertex
tournament has degreewidth ≤ 1 in O(n3) steps.

Then, for semi-complete digraphs D with n vertices, it is proved in Keeney and Lokshtanov (2024)
that the degreewidth can be computed in

−→
∆(D)O(

−→
∆(D))n + O(n2), and that FEEDBACK ARC SET and

CUTWIDTH are FPT parameterized by the degreewidth on semi-complete digraphs.
Finally, it is proved in Keeney and Lokshtanov (2024) that deciding if a digraph has degreewidth ≤ 2

is NP-complete and the complexity of deciding if a digraph has degreewidth 1 is left as an open question.
We solve this question by proving that it is NP-complete.

Theorem 1.1 (1-DEGREEWIDTH is NP-complete). For every integer k ≥ 1, the problem k-DEGREEWIDTH
is NP-complete.

The proof will appear in Section 2. In Section 3, we explain that the definition of
−→
∆ is not ad hoc: it

follows a general recipe that we argue should be viewed as a standard way to turn an undirected graph
parameter into a directed one (via backedge graphs and minimisation over orderings). We show where
this construction already appears and how it provides a unified perspective on several directed parameters.
The goal of the section is not to develop new results, but to highlight this unifying viewpoint, which seems
to be largely overlooked.

2 Computing
−→
∆ is NP-complete

2.1 Preliminary lemmas
For a digraph D, a feedback arc set (FAS) is a subset of arcs F ⊆ A(D) such that D − F has no directed
cycles. Given a digraph D and a subset of arcs F ⊆ A(D), we define the undirected graph D[F ] with the
same vertex set V (D[F ]) = V (D) and such that for all u, v ∈ V (D[F ]), we have uv ∈ E(D[F ]) if and
only if (u, v) ∈ F or (v, u) ∈ F .
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Lemma 2.1. Let k ∈ N and D be a digraph. We have
−→
∆(D) ≤ k if and only if D has a FAS F such that

D[F ] has maximum degree ∆(D[F ]) ≤ k.

Proof: Assume first that
−→
∆(D) ≤ k. There exists an ordering ≺ such that D≺ has maximum degree

k. Hence the set of arcs F ⊆ A(D) corresponding to the edges of D≺ is a feedback arc set such that
∆(D[F ]) ≤ k.

Assume now that D has a feedback arc set F such that ∆(D[F ]) ≤ k. The digraph D − F is acyclic
and thus admits a topological ordering ≺. Hence E(D≺) ⊆ F and thus ∆(D≺) ≤ k.

A digraph D′ is a 1-subdivision of D if D′ can be obtained from D by adding a vertex va for every
arc a = (x, y) of D, and by replacing a by the two arcs (x, va) and (va, y). An undirected graph is
2-degenerate if all its subgraphs have a vertex of degree at most 2. The underlying graph of a digraph D,
is the undirected graph with the same vertices as D and whose edges are obtained from the arcs of D by
removing their orientations and ignoring parallel edges.

Remark 2.2. For a digraph D, if D′ is a 1-subdivision of D, then the underlying graph G of D′ is
bipartite and 2-degenerate.

2.2 Proof of Theorem 1.1
Let’s prove the main result:

Theorem 1.1 (1-DEGREEWIDTH is NP-complete). For every integer k ≥ 1, the problem k-DEGREEWIDTH
is NP-complete (even restricted to 1-subdivisions of multi-digraphs).

Let k ≥ 1. The problem k-DEGREEWIDTH is in NP, as for a digraph D, any given vertex ordering ≺
achieving ∆(D≺) ≤ k can be provided as a certificate.

We prove the NP-hardness of k-DEGREEWIDTH by reducing from 3-SAT.
Before starting the reduction, we define for any integer p the transfer digraph of size p from s to t as

Tp = (V T
p , ET

p ) with V T
p = {s, v1, . . . , vp, t} and ET

p = {(s, vi) : 1 ≤ i ≤ t} ∪ {(vi, t) : 1 ≤ i ≤ t}.
Informally, this digraph consists of p disjoint paths of length 2 from the source s to the sink t, as depicted
in Fig. 1.

s tTp ⇔ s

v1

v2

...

vp−1

vp

t

Fig. 1: Transfer digraph.
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The next claim follows from the pigeonhole principle.

Claim 2.3. Let T2k = (V,E) be a transfer digraph of size 2k from s to t and let F ⊂ E. If F disconnects
s from t, then ∆(D[F ]) ≥ k, with equality if and only if d(s) = d(t) = k in D[F ].

Let T2k+1 = (V,E) be a transfer digraph of size 2k + 1 from s to t and let F ⊂ E. If F disconnects s
from t, then ∆(D[F ]) ≥ k + 1.

Construction of the reduction
To avoid any confusion, when we write 1 ≤ i ̸= i′ ≤ m, both the pairs (i, i′) and (i′, i) are considered.

On a set of boolean variables X = {x1, . . . xn}, consider a 3-SAT formula φ =
∧

1≤j≤m Kj , where
for 1 ≤ j ≤ m the clause Kj = (λ1

j ∨ λ2
j ∨ λ3

j ) is a disjunction of literals λi
j for 1 ≤ i ≤ 3. To the

formula φ, we associate a digraph D as follows.
First to every clause Kj = (λ1

j ∨ λ2
j ∨ λ3

j ) we associate a digraph Dj constructed as follows (see
Figure 2).

• For 1 ≤ i ≤ 3, we add the vertices ℓij and ℓ̃ij in Dj .

• For 1 ≤ i ≤ 3, we add a transfer digraph of size 2k from ℓij to ℓ̃ij .

• For 1 ≤ i ̸= i′ ≤ 3, we add a transfer digraph of size 2k + 1 from ℓ̃ij to ℓi
′

j .

• We finally add three vertices c1j , c2j , c3j and create a directed cycle Cj = (ℓ̃1j , c
1
j , ℓ̃

2
j , c

2
j , ℓ̃

3
j , c

3
j , ℓ̃

1
j ).

We connect the digraphs Dj by adding transfer digraphs as follow: For each 1 ≤ j ̸= j′ ≤ m, and
each pair 1 ≤ i, i′ ≤ 3, such that λi

j = ¬λi′

j′ , we add a transfer digraph of size 2k + 1 from ℓ̃ij to ℓi
′

j′ .
The resulting digraph D has O(km2) vertices, so the reduction is polynomial. Note that D belongs

to the desired class of digraphs: it is a 1-subdivision of the multi-digraph obtained by replacing every
transfer digraph of size p by p parallel arcs and every directed path (ℓ̃ij , c

i
j , ℓ̃

i′

j ) by an arc (ℓ̃ij , ℓ̃
i′

j ).
We now prove that φ is satisfiable if and only if D has a feedback arc set F with ∆(D[F ]) ≤ k. Dealing

with valuation, we use ⊤ (⊥ resp.) to specify that a literal is set to 1 (0 resp.). We also identify, the truth
value of a literal and its valuation.

Intuition behind the reduction
1. During the construction of the digraph D, we ensure that every cycle of D either (1) contains all the

arcs of Cj (i.e. arcs of the form (ℓ̃, c)), or (2) goes through a transfer digraph of a literal not chosen
to satisfy a clause, which will necessarily be used in the feedback arc set.

2. The cycle Cj associated to the clause Kj guarantees that for every FAS F , at least one path joining
some ℓij to the associated ℓ̃ij must not intersect F , and this index i corresponds to a literal λi

j that
must be satisfied (by setting ν(x) = ⊤ if λi

j = x and ν(x) = ⊥ if λi
j = ¬x).

3. The gadget linking literals that are negation of one another ensures that the correspondence in the
previous point only provides sound valuations (so that ν(λ) = ⊤ ⇐⇒ ν(¬λ) = ⊥ for every
literal λ).
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ℓ1j

ℓ2j ℓ3j

T2k

T2k T2k

T2k+1

T2k+1 T2k+1

T2k+1

T2k+1 T2k+1

ℓ̃1j

ℓ̃2j ℓ̃3j

c1i

c2i

c3i

Fig. 2: Representation of a clause gadget.

Proof of the equivalence
( =⇒ ) Suppose first that φ is satisfiable. To a valuation ν satisfying φ we associate a feedback arc sets
F such that ∆(D[F ]) = k.

We construct the set F as follows:

• For each 1 ≤ j ≤ m, we choose one index ij such that ν(λij
j ) = ⊤ and we add the arc (ℓ̃

ij
j , c

ij
j ) to

F . Denote by F⊤ the set of arcs added to F during this step.

• For each 1 ≤ j ≤ m, for each 1 ≤ i ≤ 3 with i ̸= ij , we add to F 2k arcs of the transfer digraph
from ℓij to ℓ̃ij so that these vertices are disconnected.

By construction, we have ∆(D[F ]) = k. We now prove that F is indeed a feedback arc set. Note that
for 1 ≤ j ≤ m and 1 ≤ i ≤ 3, a directed cycle going through a vertex ℓij must also go through ℓ̃ij . Let C
be a directed cycle of D.

• Suppose first that C ⊂ Dj for some 1 ≤ j ≤ m. If C = Cj then A(C) ∩ F ̸= ∅ since one arc of
Cj is in F⊤. Otherwise, C must contain at least one vertex ℓij , and we distinguish two cases.

– If i ̸= ij then C intersects F because all the out-arcs from ℓij are in the transfer digraph from
ℓij to ℓ̃ij , and these have been disconnected by construction of F .
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– If i = ij , then all out-arcs from ℓ
ij
j lead to ℓ̃

ij
j . Hence every path from ℓ̃

ij
j either contains

(ℓ̃
ij
j , c

ij
j ) which is in F⊤ ⊆ F , or leads to ℓij for some i ̸= ij , and we are back to the previous

point. In any case we proved that that A(C) ∩ F ̸= ∅.

• Now suppose that C is not contained in some Dj . In particular, C must go through a transfer
digraph from some ℓ̃i1j1 to some ℓi2j2 with j1 ̸= j2.

Recall that by construction of F , in D−F , for every j, there exists a single ij such that there exists
a path between ℓ

ij
j and ℓ̃

ij
j , and for that ij , we know that ν(λij

j ) = ⊤ and (ℓ̃
ij
j , c

ij
j ) ∈ F⊤ ⊂ F .

By contradiction, suppose that C ∩F = ∅, i.e. C is a cycle of D−F . We deduce that i2 = ij2 and
therefore (ℓ̃i2j2 , c

i2
j2
) /∈ E(C) and ν(λi2

j2
) = ⊤. Therefore C must go through the transfer digraph

between ℓ̃i2j2 and ℓi3j3 . Consider the two following cases:

– If j2 = j3, we know that i2 ̸= i3, and there is no path between ℓi3j3 and ℓ̃i3j3 , which is a
contradiction.

– If j2 ̸= j3, then we know that λi3
j3

= ¬λi2
j2

, hence ν(λi3
j3
) = ⊥. In particular (ℓ̃i3j3 , c

i3
j3
) /∈ F ,

therefore all the paths between ℓi3j3 and ℓ̃i3j3 are intersected by F , which is a contradiction.

( ⇐= ) Suppose that D has a feedback arc set F with ∆(D[F ]) ≤ k. We construct a valuation ν
that satisfies φ as follows. For each directed cycle Cj , at least one arc needs to be in F and this arc is
necessarily incident to exactly one ℓ̃ij . We define ν such that ν(λi

j) = ⊤ if an arc from A(Cj) incident to
ℓ̃ij is in F . After this operation, if some variables xi have not been assigned a truth value, then we assign
them arbitrarily. This construction ensures that for every clause, at least one of its literals is assigned to⊤.
It remains to prove that this valuation is well-defined, namely that there is no literal λ such that ν(λ) = ⊤
and ν(¬λ) = ⊤. Suppose by contradiction that there exists some λ such that ν(λ) = ⊤ and ν(¬λ) = ⊤.
By definition of ν, there exist two pairs (j1, i1) and (j2, i2) with λi1

j1
= ¬λi2

j2
such that an arc containing

ℓ̃i1j1 in Cj1 and an arc containing ℓ̃i2j2 in Cj2 are in F . By construction of the transfer digraph, since one
arc of Cj1 incident to ℓ̃i1j1 (respectively an arc of Cj2 incident to ℓ̃i2j2 ) is in F , there exists a path in the
transfer digraph from ℓi1j1 to ℓ̃i1j1 (respectively from ℓi2j2 to ℓ̃i2j2 ) that does not intersect F , otherwise, one of
these vertices would have degree at least k + 1 according to Claim 2.3. Therefore, since there is at least
one path from ℓ̃i1j1 to ℓi2j2 and one path from ℓ̃i2j2 to ℓi1j1 , there is a directed cycle that does not intersect F ,
contradicting the fact that F is a feedback arc set. Consequently, ν is well-defined and φ is satisfiable.
This concludes the proof of Theorem 1.1.

3 A Unifying Viewpoint
While the definition of

−→
∆ may seem unusual, it actually follows a general rule which, we believe, should

be considered standard for deriving directed graph parameters from undirected graph parameters.
Given an (undirected) graph parameter γ, we define its directed version as:

−→γ (D) = min
{
γ(D≺) | ≺ is a total ordering of V (D)

}
. (1)

We say that an ordering ≺ of a digraph D is a −→γ -ordering when ≺ witnesses −→γ (D), that is −→γ (D) =
γ(D≺).
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As for the degreewidth, several digraph parameters are derived by applying (1) to an undirected graph
parameter γ. Notably, for certain digraph parameters γ′, there exists a related undirected parameter γ
such that −→γ retrieves γ′; examples include the dichromatic number and the Feedback Vertex Number, as
detailed below. We believe that exploring the perspective given by the backedge graphs can provide new
insights into these parameters and potentially uncover novel digraph parameters of interest.

In this section, we give an overview of existing digraph parameters defined using (1). First, we explain
how this construction generalises undirected graph parameters to digraph parameters (via symmetric di-
graphs) and preserves basic inequalities. Then, we show that it recovers classical parameters such as the
dichromatic number and the feedback vertex number, and we explore degreewidth a bit further by con-
sidering it as a maximum degree concept, rather than merely a parameter for obtaining FPT algorithms.
Next, we formulate a decision problem that captures the decision problem associated with any digraph
parameter defined by (1). Finally, we briefly contrast this framework with layout parameters (optimal lin-
ear arrangement, cutwidth and bandwidth), whose standard directed versions are not obtained by applying
the same recipe.

3.1 Generalisation from graphs to digraphs via symmetric digraphs

For an undirected graph G, the digraph
←→
G is obtained from G by replacing each edge with a digon

consisting of two opposite arcs. The adjacency relation of
←→
G is symmetric, and the map G 7→

←→
G

naturally injects graphs into digraphs. Observe that every ordering ≺ of
←→
G satisfies

←→
G

≺
= G, hence for

any graph parameter γ we have γ(G) = −→γ (
←→
G ). Consequently, −→γ generalises γ: any property satisfied

by γ on undirected graphs will also be satisfied by −→γ in restriction to symmetric digraphs, and one can
wonder how this property extends to all other digraphs. This line of research has been very successful
for the dichromatic number (see for example Mohar (2010); Harutyunyan and Mohar (2011); Aboulker
and Aubian (2023); Kawarabayashi and Picasarri-Arrieta (2025)), but has received much less attention for
other parameters.

This generalisation of an undirected graph parameter γ to a digraph parameter −→γ also preserves in-
equalities. Indeed, if graph parameters γ1, γ2 are such that for every graph G we have γ1(G) ≤ γ2(G),
then for every digraph D and every ordering ≺ of D we have γ1(D

≺) ≤ γ2(D
≺) and thus −→γ 1(D) ≤

−→γ 1(D). Moreover, since γ 7→ −→γ is defined by a minimum, for a non-decreasing function f : N → R
we have

−−−→
f ◦ γ ≤ f ◦−→γ . Hence monotone inequalities are also preserved: if there exists a non-decreasing

function f : R → R such that for every graph G we have γ1(G) ≤ f(γ2(G)), then for every digraph
D we have −→γ 1(D) ≤

−−−→
f ◦ γ2(D) ≤ f(−→γ 2(D)). Hence, the hierarchy among undirected parameters is

preserved. For example, any tractability (FPT or XP) result for γ2 ensures a similar tractability result for
γ1, and any hardness (W[k] or para-NP-hardness) result for γ1 implies a similar hardness result for γ2.

Finally, note that −→γ is invariant under reversing the direction of every arc. For every undirected graph
parameter γ and digraph D we have −→γ (D) = −→γ (DR), where DR is obtained from D by reversing
the direction of every arc. Indeed, if ≺ is a −→γ -ordering of D then the opposite ordering ≺′ defined by
v ≺′ w ⇐⇒ w ≺ v satisfies D≺ = (DR)≺

′
hence −→γ (D) ≥ −→γ (DR) and the other inequality follows

by symmetry.
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3.2 Digraph parameters

3.2.1 Dichromatic Number and Directed Clique Number
We now explain why the directed generalisation−→χ of χ (obtained by applying (1) to the chromatic number
χ) corresponds to the dichromatic number χa Neumann-Lara (1982), traditionally defined for a digraph
D as the minimum k such that D can be partitioned into k sets, each inducing an acyclic subdigraph.

On the one hand, for every ordering ≺, a stable set of D≺ induces an acyclic subdigraph in D, so a
colouring of D≺ is a dicolouring of D and we have χa(D) ≤ χ(D≺) for every≺. On the other hand, it is
enough to provide an ordering≺ such that χ(D≺) ≤ χa(D). This can be done by taking an ordering built
from a dicolouring, choosing an ordering on the colour classes, and ordering the vertices of each colour
class with a topological order.

This point of view on the dichromatic number has been used several times, for example in Berger et al.
(2013); Nguyen et al. (2025); Aboulker et al. (2025), but we believe it deserves more attention.

A recent development in this direction is the study of the directed clique number−→ω defined by applying
(1) to the clique number ω. It was first introduced in Aboulker et al. (2023) (see also Nguyen et al. (2025);
Aubian (2024)). This provides a notion of clique number for digraphs leading to a notion of −→χ -bounded
classes of digraphs, which we believe deserve further exploration.

3.2.2 Directed Vertex Cover is Feedback Vertex Set
The vertex cover number τ(G) of an undirected graph G is the minimum size of a vertex set S such that
G− S is edgeless. Its directed version is therefore:

−→τ (D) = min
{
τ(D≺) | ≺ is a total ordering of V (T )

}
The Feedback Vertex number fvn(D) of a digraph D is the size of a minimum set of vertices S such that
D − S is acyclic.

Interestingly, fvn coincides with −→τ , as we show now. Let D be a digraph and S be a feedback vertex
set of D. Then D − S is acyclic, so it has a topological ordering ≺′ and thus (D − S)≺

′
is edgeless.

Extending ≺′ to an ordering ≺ of V (D) by placing S first yields that S is a vertex cover of D≺, hence
−→τ (D) ≤ |S| = fvn(D). Conversely, let ≺ be an −→τ (D)-ordering and let S be a minimum vertex cover of
D≺. Since D≺ − S is edgeless, D − S is acyclic, so fvn(D) ≤ |S| = −→τ (D).

3.2.3 Back to the Degreewidth
The maximum degree of a graph has several directed analogues. Let v be a vertex of a digraph D. Recall
that for v ∈ V (D), d+(v) (resp. d−(v)) denotes the outdegree (resp. indegree) of v. We define the maxde-
gree of v as dmax(v) = max{d+(v), d−(v)} and the mindegree of v as dmin(v) = min{d+(v), d−(v)}.
We then define the corresponding maximum degrees of D: ∆max(D) = max{dmax(v) | v ∈ V (D)} and
∆min(G) = max{dmin(v) | v ∈ V (D)}. The degreewidth

−→
∆ can be seen as a third notion of maximum

degree. With this point of view, the degreewidth can be studied by drawing inspiration from results in-
volving the maximum degree in the undirected world. In this section, we first compare the three notions,
and then have a look to a potential generalisation of Brooks’ theorem, that relates the maximum degree
and the chromatic number of undirected graphs.

Note that
−→
∆,∆max,∆min coincide on symmetric digraphs.

Lemma 3.1. For every digraph D, we have
−→
∆(D) ≤ ∆min(D) ≤ ∆max(D).
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Proof: Let D be a digraph. It is clear that ∆min(D) ≤ ∆max(D). Let ≺ be an ordering of V (D) that
minimises the number of edges of D≺ and assume by contradiction that there exists u ∈ V (D) such that
dD≺(u) > ∆min(D). Let α (respectively β) be the number vertices x such that x ≺ u and (u, x) is an
arc of D (respectively u ≺ x and (x, u) is an arc of D). So dD≺(u) = α + β ≥ ∆min(D) + 1. Assume
first that d−(u) = dmin(u). Define the ordering ≺∗ from ≺ by keeping ≺ on V (D) \ {u} untouched and
placing u at the beginning. Then

|E(D≺∗
)| = |E(D≺)| − α+ (d−(u)− β)

Since d−(u) ≤ ∆min(D) < α + β, we have |E(D≺∗
)| < |E(D≺)|, contradicting the choice of ≺. The

case d+(u) = dmin(u) is treated similarly by placing u at the end of the ordering.

Corollary 3.2. If D is a k-regular digraph, that is d−(u) = d+(u) = k for every vertex u, then
−→
∆(D) =

∆min(D) = ∆max(D) = k.

Proof: Let D be a k-regular digraph. It is clear that ∆min(D) = ∆max(D) = k. By Lemma 3.1, we know
that
−→
∆(D) ≤ k. Moreover, for every ordering ≺, the smallest vertex u satisfies d−(u) = dD≺(u) = k,

so
−→
∆(D) ≥ k.

Let D be a digraph, and ≺ a
−→
∆-ordering of D. By greedily colouring D≺, we get that −→χ (D) ≤

−→
∆(D) + 1. Hence, for every digraph D, we have:

−→χ (D) ≤
−→
∆(D) + 1 ≤ ∆min(D) + 1 ≤ ∆max(D) + 1.

For k ∈ N, the k-DICOLOURABILITY decision problem takes as input a digraph D and decides if it is
k-dicolourable. It is known to be NP-complete as soon as k ≥ 2, see Bokal et al. (2004).

Brooks’ theorem Brooks (1941) is a fundamental result in graph colouring, stating that every connected
graph G satisfies χ(G) ≤ ∆(G) + 1 with equality if and only if G is an odd cycle or a complete graph.
A directed version of Brooks’ theorem for ∆max, giving a full characterisation of digraphs D satisfying
−→χ (D) = ∆max(D) + 1, has been proved in Mohar (2010) and a polynomial time algorithm can be
deduced to decide if a given digraph D satisfies−→χ (D) = ∆max(D)+1. In Aboulker and Aubian (2023),
it is proved that it is NP-complete to decide if a given digraph D satisfies −→χ (D) = ∆min(D) + 1.

Theorem 3.3 (Aboulker and Aubian (2023)). For k ≥ 2, k-DICOLOURABILITY is NP-complete even
when restricted to digraphs D with ∆min(D) = k.

Using a very similar proof, we now show that the same holds after replacing ∆min by
−→
∆ , hence a

directed version of Brooks’ theorem using
−→
∆ is unfortunately very unlikely.

Given a digraph D and a vertex v of D, we denote by digD(v) the number of digons incident to v in D:

digD(v) = |{w ∈ V (D) | (v, w), (w, v) ∈ A(D)}| .

If the digraph D is clear, we omit the subscript and write dig(v).

Lemma 3.4. Every digraph D satisfies
−→
∆(D) ≥ max {dig(v) | v ∈ V (D)}.
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Proof: For every v ∈ V (D), let w1, . . . , wdig(v) be the “digon-neighbours” of v. Now fix any ordering ≺
of V (D) and observe that for every 1 ≤ i ≤ dig(v) either wi ≺ v, in which case (v, wi) ∈ E(D≺), or
v ≺ wi in which case (wi, v) ∈ E(D≺). Hence dD≺(v) ≥ digD(v) which proves the result.

Theorem 3.5. For k ≥ 2, k-DICOLOURABILITY is NP-complete even when restricted to digraphs D

with
−→
∆(D) = k.

Proof: Let k ≥ 2. In Aboulker and Aubian (2023) the proof of Theorem 3.3 associates to any digraph
D a digraph D′ satisfying ∆min(D

′) = k and −→χ (D) = k if and only −→χ (D′) = k. We prove that the
constructed D′ also satisfies

−→
∆(D) = k, implying the theorem. We start, for sake of completeness, by

giving the construction of D′.
Start with a given digraph D, and construct the digraph D′ as follows. For each vertex v, D′ has k + 1

vertices v−, v+, v1, . . . vk−1 (so D′ has |V (D)|(k + 1) vertices). For each vertex v of D, create arcs so
that D′[{v−, v1, . . . , vk−1}] and D′[{v+, v1, . . . , vk−1}] are complete symmetric digraphs, and then add
the arc (v−, v+). Finally, for every arc uv of D, add the arc (u+, v−) to D′.

As proved in Aboulker and Aubian (2023), we have ∆min(D
′) = k. Indeed, for every v ∈ V (D)

and 1 ≤ i < k, we have digD′(vi) = d+(vi) = d−(vi) = k, therefore ∆min(D
′) ≥ k. Moreover, for

every v ∈ V (D) we have d+(v−) = d−(v+) = k, so dmin(v
+) ≤ k and dmin(v

−) ≤ k. Therefore
∆min(D

′) = k.
We now prove that

−→
∆(D) = k. Combining Lemma 3.1 and Lemma 3.4, one gets:

k ≤ max
v∈V (D′)

dig(v) ≤
−→
∆(D′) ≤ ∆min(D

′) = k.

Finally, the proof concludes the same way as for Theorem 3.3 since D is k-dicolourable if and only if
D′ is.

Even though we cannot hope for a complete characterisation of digraphs D satisfying−→χ (D) =
−→
∆(D)+

1, we may still show the following partial result.

Observation 3.6. Let D be a digraph with
−→
∆(D) = k. If −→χ (D) = k + 1, then for every

−→
∆-ordering ≺

of D, the graph D≺ has a connected component equal to an odd cycle if k = 2 or to the clique Kk+1 if
k ̸= 2.

Proof: Let ≺ be a
−→
∆-ordering. If no connected component of D≺ is one of Brooks’ exception, then

χ(D≺) ≤ ∆(D≺) =
−→
∆(D), and the result follows from −→χ (D) ≤ χ(D≺).

3.3 The decision problems associated with a parameter
The backedge graph perspective provided by (1) offers a unified approach to presenting the decision
problem related to a digraph parameter −→γ , that is deciding if a given digraph D satisfies −→γ (D) ≤ k.
Given a class of (undirected) graphs C, we say that a FAS is a (C,D)-FAS if the graph induced by the
edges of F (forgetting their orientation) belongs to C. Given a class of (undirected) graphs C, we say
that a FAS is a C-FAS if the graph induced by the edges of F (forgetting their orientation) belongs to C.
Given a class of undirected graphs C and a class of digraphs D, the (C,D)-FAS Problem is the problem
of deciding whether a digraph D ∈ D has a C-FAS.
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In this formalism, the main result of this paper proves that, for every k ≥ 1, the (C,D)-FAS problem
in oriented graphs (more precisely in 1-subdivision of oriented graphs) is NP-hard when C is the class of
graphs with maximum degree k.

More generally, for a graph parameter γ which is monotone (in the sense γ(H) ≤ γ(G) for any
subgraph H of G), deciding whether a digraph D satisfies −→γ (D) ≤ k is the same as the (C,D)-FAS
problem in D where C is the class of graphs G satisfying γ(G) ≤ k and D is the class of all digraphs.
This problem is often of particular interest when D is taken to be the class of all tournaments. For more
on this subject we refer to Aboulker et al. (2024) (in particular the last section).

3.4 Optimal Linear Arrangement, Cutwidth and Bandwidth
Given an ordered undirected graph (G,≺), the length of an edge uv such that u ≺ v is defined as 1 plus
the number of vertices x such that u ≺ x ≺ v. One can define three undirected parameters by minimising
certain functions of the lengths over all ordering of the graph: Optimal Linear Arrangement, cutwidth,
and bandwidth. Each of these parameters has a directed version defined similarly, but for a given digraph
D and an ordering ≺, only the edges of D≺ are considered. These directed versions differ from those
obtained by applying (1) to the undirected parameters. The sole purpose of this section is to highlight this
difference. The authors did not explore the relationship between these parameters.

Let us provide a detailed explanation for the Optimal Linear Arrangement. For an undirected graph G
with an ordering ≺, we denote by cost(G,≺) the sum of the lengths of its edges. An Optimal Linear
Arrangement of G is an ordering ≺ that minimises cost(G,≺), and its value is denoted OLA(G), thus:

OLA(G) = min {cost(G,≺) | ≺ is a total ordering of V (G)}.

The directed version diOLA of OLA is defined similarly (see Chinn et al. (1982); Fomin and Pilipczuk
(2019)), but only the length of backward arcs are summed. More precisely,

diOLA(D) = min {cost(D≺,≺) | ≺ is a total ordering of V (D)}.

This is not the same as
−−−→
OLA defined according to the formula (1) by:

−−−→
OLA(D) = min {OLA(D≺) | ≺ is a total ordering of V (D)}

= min {cost(D≺,≺′) | ≺,≺′ are total orderings of V (D)}.

Hence, in
−−−→
OLA, we can choose the Optimal Linear Arrangement over each backedge graph D≺, while

in diOLA we only consider the cost of (D≺,≺). Thus, for every digraph D, we have
−−−→
OLA(D) ≤

diOLA(D).
The bandwidth of an ordered graph (G,≺) is the maximum length of an edge, and the bandwidth of

a graph G is bw(G) = min{bw(G,≺) | ≺ is a total ordering of V (G)}. The cutwidth cw(G) of an
undirected graph G is the smallest integer k with the following property: there is an ordering of the
vertices of the graph, such that every cut obtained by partitioning the vertices into earlier and later subsets
of the ordering is crossed by at most k edges. As with OLA, the directed bandwidth Jain et al. (2019)
and directed cutwidth Chudnovsky et al. (2012) of a digraph D are defined similarly to their undirected
counterparts, but for each ordering ≺, only the edges of D≺ are considered. Therefore, as with OLA,
applying (1) to these parameters does not yield the same results.
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