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We develop a circular-street argument, in the style of Pollak, to obtain a new proof that there are Cn = 1
n+1

(
2n
n

)
weakly increasing parking functions of length n ≥ 1, where Cn is the nth Catalan number.
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1 Introduction
Consider a one-way street with n ∈ N := {1, 2, 3, . . .} numbered parking spots. A sequence of n cars
arrive to park on the street one at a time. When car i ∈ [n] := {1, 2, . . . , n} arrives, it immediately
drives to its preferred spot ai ∈ [n]. If the spot is empty, then the car parks there. Otherwise, the
car continues driving down the street and parks in the first unoccupied spot it finds after its preference,
if any. If the car does not find any unoccupied spots, then it exits the street unable to park. Let the
tuple α = (a1, a2, . . . , an) ∈ [n]n summarize the cars’ parking preferences; we refer to it as a parking
preference tuple. If all cars are able to park given the parking preferences in α, then α is said to be a
parking function of length n. Let PFn ⊆ [n]n denote the set of parking functions of length n ≥ 1.

Parking functions were first studied by Pyke (1959) and by Konheim and Weiss (1966); they inde-
pendently showed that |PFn| = (n + 1)n−1 for all n ≥ 1 (OEIS Foundation Inc., A000169). Riordan
(1969) credits Pollak with a different and particularly elegant proof of this result based on a circular-street
argument; refer to (Martı́nez Mori, 2024) for an expository description of Pollak’s technique.

Parking functions are also closely related to Catalan combinatorics; refer to Stanley (2015) for a com-
prehensive survey of this area. In particular, a parking function α = (a1, a2, . . . , an) ∈ PFn is said to be
weakly increasing if a1 ≤ a2 ≤ · · · ≤ an. Let PF↑

n ⊆ PFn denote the set of weakly increasing parking
functions of length n ≥ 1. Then, it is well-known that |PF↑

n| = Cn = 1
n+1

(
2n
n

)
, where Cn is the nth

Catalan number (OEIS Foundation Inc., A000108). This result can be established in various ways, most
notably directly through the recursive relation Cn =

∑n
i=1 CiCn−i for n ≥ 1 with C0 = 1 or bijectively

through another known Catalan object (most typically Dyck paths, as in (Armstrong et al., 2016, Section
2.2)).
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It is also well-known that, for any α = (a1, a2, . . . , an) ∈ [n]n with n ≥ 1, we have that

α ∈ PFn if and only if |{i ∈ [n] : ai ≥ j}| ≤ n− j + 1, for all j ∈ [n]. (1)

This inequality-based characterization implies that parking functions are invariant under the action of the
symmetric group, which permutes the entries of a preference tuple: we leverage this property later in this
note. Lastly, as a notational convention, let [n]0 := [n] ∪ {0} and N0 := N ∪ {0}.

Another way of establishing the count of a set of Catalan objects is through a cyclic shift argument.
For example, Raney (1960) developed this kind of proof to count ballot sequences. In fact, this is part of
a long tradition of proofs that partition combinatorial objects into equivalence classes through a rotation
action; the cycle lemma of Dvoretzky and Motzkin (1947) and Golomb (1956)’s proof of Fermat’s little
theorem are two additional examples. Pollak’s proof that |PFn| = (n + 1)n−1 is another example of a
cyclic shift argument; one that makes specific use of the combinatorial interpretation of parking functions.
However, to the best of our knowledge, no proof in the style of Pollak has been given for the count of
weakly increasing parking functions, i.e., for |PF↑

n| = Cn = 1
n+1

(
2n
n

)
. In Theorem 3 we provide such a

proof, along with an illustration of its main ideas in Theorem 4 and its accompanying Figure 1. Although
our proof is a cyclic shift proof, we distinguish it from other cyclic shift proofs for the enumeration of
Catalan objects in that we only employ self-contained parking-related arguments. In other words, not only
is it based on a cyclic shift argument, but more specifically it is based on a circular-street argument.

Our proof makes use of the content of a parking preference tuple, i.e., a tuple that records the number of
cars that prefer each spot. Whereas (Riordan, 1969) proved that the number of contents (and therefore the
number of weakly increasing preference tuples) that meet (1) satisfies the recurrence relation of the ballot
numbers, we instead use a cyclic shift argument to partition this set into equivalence classes each leading
to a unique weakly increasing parking function. The main difficulty lies in that a direct application of
Pollak’s preference rotations breaks the weakly increasing condition: we correct for this by mapping back
into the set of weakly increasing preferences while preserving the decision property of being a parking
function.

2 A Circular-Street Argument for Weakly Increasing Parking Func-
tions

Consider a sequence of n cars parking on a circular one-way street with n + 1 parking spots, numbered
1, 2, . . . , n, n+ 1. Let PPn := [n+ 1]n be the set of all possible parking preference tuples for the n cars.
Similarly, let

PP↑
n := {α = (a1, a2, . . . , an) ∈ PPn : a1 ≤ a2 ≤ · · · ≤ an}

be the set of all possible weakly increasing parking preference tuples for the n cars. Before we present
our main result, we present two standalone lemmas that highlight its main ingredients.

Lemma 1. For any n ≥ 1, |PP↑
n| =

(
2n
n

)
.

Proof: This follows as a direct application of the balls and bars method. Specifically, consider the place-
ment of n bars and n balls on a straight line from left to right. In this order, the ith ball corresponds to the
ith car, whose preference is 1 plus the total number of bars to its left. Therefore, the choice of n places for
the bars from the total of 2n different places fully determines the cars’ weakly increasing preferences.
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Lemma 2. Let α = (a1, a2, . . . , an) ∈ PPn and α′ = (a′1, a
′
2, . . . , a

′
n) be any rearrangement of α. Then,

under either preference tuple α or α′, all cars park and ultimately leave the same, single spot unoccupied.

Proof: Since there are n + 1 spots but only n cars, regardless of the preference tuple, all cars park and
ultimately leave one spot unoccupied. Let i∗ ∈ [n + 1] be the spot ultimately left unoccupied if the cars
arrive under α. We claim that this is the same spot ultimately left unoccupied if the cars arrive under α′.
To show this, consider the bijective map σ : [n+ 1] → [n+ 1] where

σ(j) :=


j + (n+ 1− i∗), if 1 ≤ j < i∗,

n+ 1, if j = i∗, and
j − i∗, if i∗ < j ≤ n+ 1,

for all j ∈ [n + 1]. Essentially, σ relabels the spots so that spot i∗ + 1 becomes the new first spot, spot
i∗ + 2 becomes the new second spot, and so on. Let σ(α) = (σ(a1), σ(a2), . . . , σ(an)) and note that,
based on the assumption that i∗ is the spot ultimately left unoccupied under α, n+1 is the spot ultimately
left unoccupied under σ(α). It follows that σ(α) ∈ PFn. Next, consider σ(α′). Since σ is bijective and
α′ is a rearrangement of α, σ(α′) is a rearrangement of σ(α). In particular, the fact that σ(α) ∈ PFn

and the permutation invariance property of parking functions from (1) together imply that σ(α′) ∈ PFn.
Therefore, n + 1 is the spot ultimately left unoccupied under σ(α′), which means that i∗ is the spot
ultimately left unoccupied under α′.

We are now ready to present our main result.

Theorem 3. For any n ≥ 1, |PF↑
n| = Cn = 1

n+1

(
2n
n

)
.

Proof: By Lemma 1 we have that |PP↑
n| =

(
2n
n

)
. Note that PF↑

n ⊆ PP↑
n. Therefore, in the remainder of

this proof we partition PP↑
n into equivalence classes, each of size n+1 and with a single element in PF↑

n.
First, let π : PPn → PPn be Pollak’s rotation. That is, for any α = (a1, a2, . . . , an) ∈ PPn, we have

π(α) = (r1(α), r2(α), . . . , rn(α)) ∈ PPn where

ri(α) :=

{
n+ 1, if ai + 1 mod (n+ 1) ≡ 0, and
ai + 1 mod (n+ 1), otherwise,

for all i ∈ [n]. By convention, let π(0) = id be the identity map and π(s) be the s-iterate of π.
For each parking preference tuple α ∈ PPn, let

κ(α) = (k1(α), k2(α), . . . , kn(α), kn+1(α)) ∈ [n]n+1
0

be its content, where
kj(α) := |{i ∈ [n] : ai = j}|

for all j ∈ [n+ 1]. In other words, kj(α) is the multiplicity (or number of occurrences) of j in α.
Let κ(PP↑

n) = {κ(α) : α ∈ PP↑
n} ⊆ [n]n+1

0 be the set of contents of weakly increasing parking
preference tuples for the n cars. In fact, |κ(PP↑

n)| = |PP↑
n| as any weakly increasing parking preference

tuple is uniquely identified by its content. Any content k = (k1, k2, . . . , kn, kn+1) ∈ κ(PP↑
n) has n + 1

(non-negative integer) entries and satisfies
∑n+1

j=1 ki = n, so there always exists at least one pair j, j′ ∈
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[n + 1] with kj ̸= 0 and kj′ = 0. Therefore, the circular shift ω : κ(PP↑
n) → κ(PP↑

n), which moves
the final entry of a tuple to the first position and shifts all other entries to the next position on the right,
partitions the set κ(PP↑

n) into equivalence classes, each of size n + 1; let K denote this collection of
equivalence classes. By convention, let ω(0) = id be the identity map and ω(s) be the s-iterate of ω.

For each equivalence class K ∈ K, fix an arbitrary element as its canonical representative and denote
it k̂ ∈ K. Moreover, for each content k ∈ K, let

τ(k) = (t1(k), t2(k), . . . , tn(k)) ∈ PP↑
n

be its corresponding weakly increasing parking preference tuple. Note that the collection of sets {τ(k) :
k ∈ K} for K ∈ K, each of size n+ 1, in turn partition the set PP↑

n.
Now, consider any equivalence class K ∈ K, its canonical representative k̂ ∈ K, and its corresponding

weakly increasing parking preference tuple τ(k̂) ∈ PP↑
n. For any s ∈ N0, the content of the sth Pollak

rotation of τ(k̂), i.e., κ(π(s)(τ(k̂))), is equivalently obtained as the sth circular shift of k̂, i.e., ω(s)(k̂).
Therefore, the sets {π(s)(τ(k̂)) : s ∈ N0} and K are in bijection. By transitivity, the sets {π(s)(τ(k̂)) :

s ∈ N0} and {τ(k) : k ∈ K} are also in bijection, and each of them is of size n+1. Let ϕ : {π(s)(τ(k̂)) :
s ∈ N0} → {τ(k) : k ∈ K} be the bijective map ϕ = τ ◦ κ, i.e., ϕ(α) = τ(κ(α)) for all α ∈
{π(s)(τ(k̂)) : s ∈ N0}. In effect, ϕ(α) is the weakly increasing rearrangement of α.

Lastly, consider the sequence of n cars parking on the circular one-way street with n + 1 numbered
parking spots under any parking preference tuple α ∈ {π(s)(τ(k̂)) : s ∈ N0} ⊆ PPn (note that, in
general, α need not be weakly increasing). Since there are n + 1 spots but only n cars, all cars park
and ultimately leave exactly one spot unoccupied. By Lemma 2, this is the same spot ultimately left
unoccupied if the cars arrive under the weakly increasing parking preference tuple ϕ(α). Moreover,
exactly one preference tuple α ∈ {π(s)(τ(k̂)) : s ∈ N0} results in spot n+ 1 ultimately left unoccupied:
the successive elements in {π(s)(τ(k̂)) : s ∈ N0} rotate the unoccupied spot clockwise around the circular
street one spot at a time. Therefore, by our previous claim, exactly one weakly increasing preference tuple
α ∈ {τ(k) : k ∈ K} results in spot n+ 1 ultimately left unoccupied. Since the sets {τ(k) : k ∈ K} for
K ∈ K are each of size n+ 1 and partition PP↑

n, which is of size
(
2n
n

)
, there are

1

n+ 1

(
2n

n

)
weakly increasing parking preference tuples that result in spot n + 1 ultimately left unoccupied. These
preference tuples form the set PF↑

n, which establishes the desired count |PF↑
n| = Cn = 1

n+1

(
2n
n

)
.

To summarize:

1. Lemma 1 establishes the
(
2n
n

)
count for the broader set of weakly increasing parking preferences.

2. Given this broader set, we would like to use Pollak’s rotation π to partition it into equivalence
classes, each of size n+ 1 and with a single weakly increasing parking function. However, π need
not preserve the weakly increasing property, so it is not immediately clear how to form these. To do
so, we start with any weakly increasing parking preference and:

• Send its Pollak rotations to their weakly increasing rearrangements via the map ϕ. The content
map κ and the weakly increasing tuple map τ make this precise: κ links the Pollak rotations
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to circular shifts ω of the initial content, while τ in turn links these contents to the weakly
increasing rearrangements. That is, ϕ = τ ◦ κ.

• Among these Pollak rotations, there is a single parking function (not necessarily weakly in-
creasing). Lemma 2 implies that the weakly increasing rearrangement of this unique parking
function is the unique weakly increasing parking function in its equivalence class.

Note that in the enumeration of parking functions, each equivalence class is the set of all Pollak
rotations of a given preference tuple. Conversely, in our enumeration of weakly increasing parking
functions, each equivalence class is instead formed by circular shifts of the content of a given
weakly increasing preference tuple: its Pollak rotations are instead used to keep track of the empty
spot. For example, as seen in Example 4 and its accompanying Figure 1, (2,2,4,5) is not a Pollak
rotation of (1,2,4,4), yet (1,2,4,4) and (2,2,4,5) are in the same equivalence class.

(5,1,3,3)(2,3,5,5) (3,4,1,1) (4,5,2,2)

(0,1,1,0,2) (2,0,1,1,0) (0,2,0,1,1) (1,0,2,0,1)

(1,2,4,4)

̂k = (1,1,0,2,0)

s5s4s3s2s1

(1,2,4,4) (2,3,5,5) (1,1,3,4) (2,2,4,5) (1,3,3,5)

s5s4s3s2s1 s5s4s3s2s1 s5s4s3s2s1 s5s4s3s2s1

τ

π π π π

ω ω ω ω
κ κ κ κ

κ

κ τ

τ κ τ κ τ κ τ κ

Fig. 1: Illustrations accompanying Theorem 4.

In Theorem 4 and its accompanying Figure 1 we illustrate the main ideas in our proof of Theorem 3.

Example 4. Consider 4 cars parking on a circular one-way street with 5 spots, i.e., after spot 5, the street
loops back into spot 1. The weakly increasing preferences of length 4 are in bijection with the contents
of length 5 via the content map κ whose inverse is the weakly increasing word map τ . For example,
κ ((1, 1, 3, 4)) = (2, 0, 1, 1, 0) and τ ((2, 0, 1, 1, 0)) = (1, 1, 3, 4).

The circular shift operation on tuples, denoted by ω, partitions the set of contents into equivalence
classes of size 5. In particular, the elements of the orbit

(1, 1, 0, 2, 0)
ω→ (0, 1, 1, 0, 2)

ω→ (2, 0, 1, 1, 0)
ω→ (0, 2, 0, 1, 1)

ω→ (1, 0, 2, 0, 1)
ω→ (1, 1, 0, 2, 0)

are all in the same equivalence class: without loss of generality, let k̂ = (1, 1, 0, 2, 0) be its canonical
representative (shaded in grey in Figure 1). We also rotate its corresponding weakly increasing preference
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τ(k̂) = (1, 2, 4, 4) via the rotation map π, which increases all of its entries by one modulo n + 1, as in
Pollak’s original proof. This forms the orbit

(1, 2, 4, 4)
π→ (2, 3, 5, 5)

π→ (3, 4, 1, 1)
π→ (4, 5, 2, 2)

π→ (5, 1, 3, 3)
π→ (1, 2, 4, 4),

also of size 5, and with exactly one (not necessarily weakly increasing) parking function: (3, 4, 1, 1).
Through κ, these preference rotations are in bijection with the equivalence class of contents. For example,

κ ((3, 4, 1, 1)) = (2, 0, 1, 1, 0).

Moreover, the composition ϕ = τ ◦ κ bijectively maps these preference rotations to weakly increasing
preferences. For example,

ϕ ((3, 4, 1, 1)) = τ ((2, 0, 1, 1, 0)) = (1, 1, 3, 4).

Finally, the spot ultimately left unoccupied is invariant under ϕ, as noted by the dashed arrows and the
unlabeled parking outcomes. For example, the spot ultimately left unoccupied under both (3, 4, 1, 1) and
(1, 1, 3, 4) is spot 5. Since (3, 4, 1, 1) is the unique parking function in its equivalence class of prefer-
ence rotations, (1, 1, 3, 4) is the unique parking function in its equivalence class of weakly increasing
preferences (shaded in golden in Figure 1).

3 Discussion
Circular-street arguments have been useful in combinatorics specific to parking-related objects. Durmić
et al. (2023) used a circular-street argument to show that, under a coin-flipping parking protocol in which
each car moves forward or backward depending on its coin-flipping outcome, the probability that a park-
ing preference tuple sampled uniformly at random is a parking function is independent of the coin bias
parameter 0 ≤ p ≤ 1. More recently, Rubey and Yin (2025) developed circular-street arguments to enu-
merate certain permutation-related discrete statistics of parking functions. In a similar spirit, our proof of
Theorem 3 further demonstrates the versatility of circular-street arguments as a general proof technique.
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