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Locating-dominating codes have been studied widely since their introduction in the 1980s by Slater and Rall. In this
paper, we concentrate on vertices that must belong to all minimum locating-dominating codes in a graph. We call
them min-forced vertices. We show that the number of min-forced vertices in a connected nontrivial graph of order
n is bounded above by 2 (n — AP (G)), where P (@) denotes the cardinality of a minimum locating-dominating
code. This implies that the maximum ratio between the number of min-forced vertices and the order of a connected
nontrivial graph is at most % Moreover, both of these bounds can be attained. In particular, the ratio % is obtained
by paths of order 5m having a unique minimum locating-dominating code of size 2m. Furthermore, as a natural
extension, we determine the number of different minimum locating-dominating codes in paths of all orders. In
addition, we show that deciding whether a vertex is min-forced is co-NP-hard.
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1 Introduction

Let G = (V(G), E(Q)) be a simple, finite and undirected graph. We often denote the order of a graph
|V (G)| by n and the set of vertices V(G) = {v1,va,...,v,}. A graph is nontrivial if n > 2. A nonempty
subset S C V(@) is called a code. Elements of a code are called codewords. An edge between u,v €
V(G) is denoted by {u,v} = uv. We denote by N (v) the open neighbourhood of a vertex v which is
defined as N(v) = {u € V | vu € E(G)}. The closed neighbourhood of a vertex v € V is N[v] =
N (v)U{v}. If we wish to emphasize the underlying graph, we denote N¢ (v) and N¢[v]. Distinct vertices
u and v are called closed twins if N[u] = NJv], and open twins if N(u) = N(v). Furthermore, vertices
are twins if they are either closed or open twins. By the notation G — S = G[V(G) \ 5] (respectively,
G — v for a single vertex v) we mean the graph induced by the vertices of G not including S (resp. v).
We use the following shorthand notation: S[u < v] = (S \ {u}) U {v} for the code where the codeword
u is swapped for v. For a subset E’ C E(G), we also use the notation G[E’] to denote the graph induced
by the edge set E’, that is, the graph with the edges of E’ and their endpoints.

Definition 1.1. Let G be a graph and let S C V(G) be a code. The identifying set, or I-set, of a vertex v
is the set of codewords in the closed neighbourhood of v. Denote

I(S;v) = SN Nglv).
ISSN 1365-8050 © 2026 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License


http://dmtcs.episciences.org/
https://doi.org/10.46298/dmtcs.16459
https://arxiv.org/abs/2509.01473v3

2 Ville Junnila et al.

We may omit the graph or the code in the notation if they are clear from the context, that is, I (S;v) =
Ic(v) = I(S;v) = I(v).

Definition 1.2. A code S C V(G) is a locating-dominating code, or LD-code, if for all distinct non-
codewords z,y € V(G) \ S their I-sets are nonempty and I(z) # I(y). The cardinality of the minimum
locating-dominating codes in a graph G is denoted by v2P (@) and it is called the locating-dominating
number of G.

Slater and Rall originally introduced locating-dominating codes in the 1980s, see for example, [[10,
11, [12]. A lot of research has been done (see the numerous articles in [9]]) considering the minimum
possible cardinality of a locating-dominating code in graphs. In this paper, we continue this work. In
particular, we are interested in certain critical vertices of a graph, which belong to all or no minimum
locating-dominating codes.

Definition 1.3. A minimum-forced vertex, or min-forced vertex, is a vertex v € V(G) such that it is in
every minimum locating-dominating code in G'. In other words, v € (g is 4 minimum LD-code -

Similarly to the min-forced vertices, we define the following related concept.

Definition 1.4. A minimum-void vertex, or min-void vertex, is a vertex v € V(@) such that it is in no
minimum locating-dominating code in G. In other words, v & (g i a minimum LD-code -

These vertices have been considered in the case of trees, for example, in Blidia and Lounes [[L]. Similar
concepts for more general graphs have been considered in other contexts as well, see, for example, [2]]
for stable sets and [[6] for metric bases. Notice also the resemblance of the min-forced vertices to the core
vertices of a dominating set in [3]].

In this paper, we first show a characterization of min-forced vertices that reduces the problem to LD-
codes in smaller subgraphs. In Section [3| we provide, for example, the maximum ratio between the
number of min-forced vertices and the order of a graph. We show that the maximum ratio is % The ratio
% is attained by paths of order 5k having a unique locating-dominating code of size 2k. In Section
we further determine the exact number of different minimum locating-dominating codes in paths of all
orders. In the final section, we also show that it is computationally challenging to decide whether or not a
vertex is min-forced in a graph. Notice that algorithmic complexity in the case where all the codewords

are min-forced, i.e., the LD-code is unique, is discussed in [8].

2 A characterization of min-forced vertices

In the following theorem, we give a characterization of a min-forced vertex.

Theorem 2.1. Let G be a graph. A vertex v € V(G) is min-forced if and only if either

(i) v is isolated,

(i) vEP (G —v) > ’yLD( ), or
(iii) 7 DG —v) = (@), and for the graph G — v there exists no minimum LD-code S such that
I (S;v) # 0 an dlg(S v) # Ig(S;w) forallw € V(G) \ (S U {v}).

Proof: First, we assume that one of the conditions (i)—(iii) holds and show that then v is min-forced.
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(i) If v is isolated, then it is min-forced.

(i) If the graph G — v cannot be locating-dominated using v/ (G) vertices, then clearly the graph

G cannot be locating-dominated using 7% (G) vertices without using the vertex v, therefore v is
min-forced in G.

(iii)) Assume that for all minimum LD-codes S in the graph G — v we have either I5(S;v) = 0 or

I(S;v) = Ig(S;w) for some w € V(G) \ (S U {v}). If there is an LD-code S’ in G of order
P (@) such that v ¢ S’, then S’ is also a minimum LD-code in G' — v. This is a contradiction:
we assumed that no minimum LD-code in G — v both distinguishes and dominates v. Therefore, the

graph G cannot have minimum LD-codes S’ that do not contain v, in other words, v is min-forced
inG.

Next, we assume that v is min-forced and we show that one of the conditions (i)—(iii) follows. When
the vertex v is removed from G, the locating-dominating number of the graph may increase, decrease or
remain the same. We consider each case separately.

(a) Suppose first that Y22 (G — v) < vEP(G). We will show that the vertex v is isolated, meeting the

(b)
()

condition (i).

Let S be an LD-code in G — v such that S| = vLP(G) — 1. Notice that such a code always exists. If
the vertex v has no neighbours in S (in other words, I5(S;v) = ), then there are two possible cases:

(1) If Ng(v) = 0, then v is isolated.

(2) There exists a vertex u € Ng(v). We know that u ¢ S, because the I-set of v under S is empty.
The set S U {u} is an LD-code in G, because the I-sets of all vertices not contained in S'U {u}
are distinct and nonempty: no vertex w € V(G) \ {v} has I(S U {u};w) = {u}, because then
I(S;w) = 0, a contradiction. The I-sets that are distinct under the code S are distinct under
S U {u}. This contradicts the fact that v is min-forced.

If the vertex v has neighbours in S, then I (S;v) # (. Furthermore, I (S;v) = I¢(S;w) for at
least one vertex w € V(G) \ (S U {v}), since otherwise S would be an LD-code in G, leading to a
contradiction as |S| < vXP(G). If there were two or more such vertices with the same I-set, then
S would not be locating-dominating in G — v (a contradiction). Hence, we may assume that there is
exactly one such vertex w. Now, SU{w} is a minimum LD-code in G. Therefore, v is not min-forced,
which is a contradiction.

If 2P (G — v) > 4P (@G), the condition (ii) holds.

Assume finally that 722 (G — v) = 4P (G).
If there exists a minimum LD-code S for G — v such that I (S;v) # 0 and I(S;v) # Ig(S;w)
forallw € V(G) \ (S U {v}), then S is also an LD-code in G. The vertex v does not belong to all

minimum LD-codes in G, in particular, v does not belong to S. This contradicts the assumption that
v is min-forced. O

In the next example, we demonstrate how Theorem@]can be used to show that a vertex is min-forced.
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Figure 1: The black vertices are shown to be min-forced in their respective graphs.

Example 2.2. Consider the graph G illustrated in Figure [[(a). The location-domination number of G is
3; the set {v2, v3,v7} is an LD-code in G, and two codewords are not enough to distinguish the remaining
5 vertices, since only three nonempty I-sets can be formed using two codewords. We claim that the vertex
v7 is min-forced in G. Let us examine the graph G' — vz, illustrated in Figure [T(b), and its minimum
LD-codes.

The vertex v is min-forced in G — v;7 by Theorem ii). Indeed, the graph G — {v7, v } is composed
of an isolated vertex and the star graph K 3, thus 727 (G —{v7,v2}) = 1+3 > 3. By the same argument,
the vertex vs is min-forced in G — v as well. Therefore, all minimum LD-codes S in G — v7 must contain
both vy and vs.

The vertices v3 and v4 are twins, so to distinguish them, at least one of them must be in each LD-code
in G — vy. Together with the two min-forced vertices, this gives us 7P (G — v7) > 3. It is easy to verify
that the sets {v2, v3,v5} and {va, v4, v5 } are LD-codes of order 3 in G — vy, and by the reasoning above,
they are the only minimum LD-codes in G — v7. Additionally, we see that v/P (G — v7) = 4P (G), and
to show that v7 is min-forced in GG, we use Theorem @kiii).

Now we consider the minimum LD-codes of G — v7 in the graph G. For the code S1 = {v2,v3,v5},
we observe that I (S1;v7) = {va,v5} = Ig(S1;v4). Similarly, for So = {vs,vs,vs}, we see that
Ic(Sa;v7) = {va,v5} = I(S2;v3). We conclude that there are no minimum LD-codes in G — vy that
distinguish the vertex v7 in G; the condition (iii) of Theoremis met and therefore, v; is min-forced in
G.

As we saw above, determining whether a vertex v € V(G) is min-forced, can involve the computation
of the location-domination number of a graph of order |V (G)| — 1, which can be tedious in general. In
Section [5} we prove that determining whether a vertex is min-forced is actually a co-NP-hard problem.
Therefore, a simple method regarding a min-forced vertex in general can be hard to find. However, for
trees, a characterization of min-forced vertices and an efficient algorithm for determining them is given in
Lemma 3 and Theorem 3 of [[1]].

3 Atight bound for the maximum number of min-forced vertices

A natural question regarding the min-forced and min-void vertices is the following. What is the maximum
ratio of such vertices in a graph with respect to the order n? For min-void vertices this is easily answered.
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Indeed, for any h > 2, take the graph G}, of order n = 2k _ 1 + h, where h vertices form an independent
set and the rest of the vertices have the 2" — 1 different and nonempty subsets of the independent set as
their neighbourhoods. It is well known (and also easy to check) that the independent set is a minimum LD-
code giving X (G}) = h. By [8, Lemma 7], the LD-code is unique, and hence, the graph has as many
min-void vertices as there are non-codewords (that is, the maximum amount n — vLP(G},) = 2 — 1).
Notice that here v*?(G},) is as small as possible with respect to n since for any graph it holds that
n<olsl—1+ |S]if S is a locating-dominating code. Thus, the maximum number k of min-void vertices
satisfies
2h — 1

p—_ 2 -
o 14 h"

where the ratio k/n approaches 1 as h grows.

However, the question for min-forced vertices is a harder problem. This question will be answered
in Corollary [3.14] To that end, inspired by [7] (and to some extent also by [6] for resolving sets), we
introduce the concept of the colour graph associated with a locating-dominating code. Our colour graph
is different in essential ways from the the so-called S-associated graph defined in [7]] (and the colour graph
of [6]), for example, it contains the codewords (as vertices) as well as their edges between non-codewords
and also has a crucial auxiliary vertex, which is not a vertex in the original graph. The extension of the
S-associated graph of [[7]] to our colour graph is needed in order to prove the optimal result in Theorem|[3.9]

Definition 3.1. Let G be a graph and let S C V(G) be a locating-dominating code in G. The vertices of G
are denoted V(G) = {v1,...,v,}. We define the colour graph G g as follows: V(Gg) = V(G)U{v_1}
and

pGs) = {trpe (V§V) lues e g (5 () g 16(5\ fuhin) = Fo(5\ (uhi) |

where we interpret that I (S’;v_1) = () for all codes S’ C V(G). We call vertices in V (G) frue vertices
and the vertex v_; an auxiliary vertex. Associating a colour with each codeword u € S, we assign the
colour u to the edge xy € E(Gg) if I¢(S\ {u};z) = Io(S\ {u};v).

An example of a colour graph is given in Figure 2] Notice that G is a simple graph, not a multigraph,
and that each edge has exactly one colour. The idea behind the colour graph is that if there is an edge
xy € E(Gg) with colour u, then u is the only codeword that distinguishes x and y. If either x or y is the
auxiliary vertex v_1, say, y = v_1, then u is the only codeword that dominates z. For edges ux € E(Gg),
where u € S, the interpretation is that if the vertex u was removed from S, then the I-sets of u and x
under the code S\ {u} would be equal. Finally, the edge uv_; € F(Gg) means that v has no codeword
neighbours in G. These observations immediately imply the following result.

Lemma 3.2. Let G be a graph and let S be a minimal locating-dominating code in G. Then for each
codeword u there is an edge in GGg with the colour w.

Despite the differences between the colour graph given here and the graphs considered in [7]] and [6],
they share many similar properties like the ones stated in Proposition 5 of [[7] and Lemma 25 of [6], as we
shall see in the next lemma.

Lemma 3.3. Let GG be a graph and let .S be a locating-dominating code in G.

(i) There are no edges uv € E(Gg) such that u,v € S.
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Figure 2: The vertex vg is min-forced as can be verified using Theorem ii).

(i) Edges uv of Gg with u € S have the colour u.
(iii) Two edges of G'g between non-codewords that share an endpoint have distinct colours.

(iv) If there is an edge vy € E(Gg) with the colour u, where x,y ¢ S, then exactly one of = and y is a
neighbour of » in G. This holds regardless of whether x and y are both true vertices or not.

(v) Letwube acodeword and z,y € V(Gg) \ S. If there exists two of the three edges uz, uy and zy in
E(Gyg) with the colour u, then the remaining edge exists and has the colour w.

(vi) There can be at most two edges incident with u € S'in Gg.

(vii) Every cycle in Gg — S has an even number of edges with the colour « for each u appearing on the
cycle. The graph Gg — S is bipartite.

(viii) Let W = wjws - - - wy, be a walk with no repeated edges in Gg — S. If W has an even number of
edges with the colour u for each u appearing in the walk, then it is a closed walk.

Proof: (i) This claim trivially follows from the definition.

(ii) This follows from the definition, because for any other codeword w € S, the condition u,v ¢
(S'\ {w}) does not hold.

(iii)—(iv) Assume that there is an edge zy € E(Gg) with the colour u, where 2,y ¢ S. Then the I-sets
of z and y differ only by u. Without loss of generality, denote I(z) = X U {u} and I(y) = X, where
u ¢ X and X C S. By the definition of I-sets, © € Ng(u) and y ¢ Ng(u) if y is a true vertex. If
y = v_1, then X = (). In that case z € Ng(u). This proves the claim (iv).

Suppose there is a vertex z ¢ S with a u-coloured edge zx in Gg. Its I-set differs from that of x only
by the vertex u, thatis, I(z) = X = I(y), a contradiction with S being a locating-dominating code, as y
and z are not codewords. If y = v_1, then I(z) = {), also a contradiction.

Similarly, if there is an edge zy € E(Gg) with the colour u, then I(z) = I(y) U {u} = I(x), a
contradiction. This proves the claim (iii).



New Results on Vertices that Belong to Every Minimum Locating-Dominating Code 7

(v) Any two of the u-coloured edges ux, uy and zy in E(Gg) imply two of the following equalities:

I(S\ {u};u) = I(S\ {u}; 2)
I(S\A{u};u) = I(S\ {u};y)
IS\ {u};2) = I(S\ {u};y),

where I(S\ {u};z) = Dor I(S\ {u};y) = Dif x = v_y or y = v_1, respectively. The third equality
follows from transitivity and in turn, implies the existence of the corresponding edge in G's with the colour
u.

(vi) Suppose there are three edges ux, uy and uz in Gg. Due to (i), we can assume that z,y,z ¢ S.
Moreover, by (ii), each edge has the colour u. By (v), there are edges xy and zz in E(Gg) with the colour
u, contradicting (iii).

(vii) Let C' = wyws - - - wrwy be acyclein Gg — S. Each edge w;w; 1 in C corresponds to the removal
(or addition) of a codeword « from (or to) I(w;) to get I(w;1). Each such removal (addition) has to be
undone by adding (removing) the vertex u somewhere along the cycle to get back to I(w;). Thus, each
colour u appears on the cycle C' an even number of times, and by the well-known result by Kénig, Gg — S
is bipartite.

(viii) Each appearance of a colour u along the walk W = wjws - - - wy, adds or removes the codeword
u from the I-set of a vertex on the walk. Starting from I (w1 ), the additions and removals of codewords
cancel each other out and we get I(wy) = I(wy). If I(wy) = I(wg), then w; = wy by S being a
locating-dominating code. Thus, W is a closed walk. O

In the following definition, we introduce a weaker version of min-forced vertices in order to show a
stronger result in Lemma3.5]

Definition 3.4. Let G be a graph and let S be a locating-dominating code in G. The vertex v € S is
non-swappable with respect to S, if S[v < u] is not a locating-dominating code for any u # v.

Lemma 3.5. Let GG be a connected nontrivial graph and let S be a minimal locating-dominating code in
G. If v € S is non-swappable with respect to .S, then there are at least 2 edges with the colour v in the
graph Gg — S.

Proof: We shall show that a codeword u with fewer than two edges of colour v in Gg — S can be swapped
for another vertex while maintaining the locating-dominating properties of the code. We analyse cases
based on how many u-coloured edges there are in the entire colour graph Gg.

(0) If there are no edges in Gg with the colour u, then S\ {u} is an LD-code in G, contradicting the
minimality of S.

(1) Suppose then that there exists exactly one edge with the colour u in Gg. If the only edge with the
colour u in Gg is of type zy, where z,y ¢ S and z € Ng(u) (by Lemma iv)), then Sfu + z]
is an LD-code. Indeed, the only pair of vertices that can violate the location-domination property in
S\ {u} is the pair 2 and y. Therefore, the code S[u < z] is locating-dominating since x is now a
codeword. This holds regardless of whether y is the auxiliary vertex or a true vertex in G. It follows
that u is not non-swappable.

If the only edge is of type uxz, where « ¢ S and « # v_1, then the set S[u + z] is an LD-code. If
x = v_1, then let w be any vertex in Ng(u). (Indeed, such a vertex w exists because there are no



@

3)

Ville Junnila et al.

isolated vertices in G, and none of the neighbours of u are in S because v_; is a neighbour of u in
Gg.) The set S[u + w] is an LD-code and thus, the vertex u is not non-swappable.

Let there be exactly two edges with the colour v in Gg. If all four endpoints of the two edges are in
Gg — S, we are done; the vertex u may or may not be non-swappable. Now, let at least one of the
edges be incident with a vertex in S, and by Lemma @kii), the codeword in S must be wu.

If there are two edges ux and uy (or uz and zy) with the colour u, then by Lemma [3.3|v) there is a
third edge xy (respectively, uy) with the colour u, contradicting the assumption that there are exactly
two such edges.

Next, we consider the case where the edges are of type zy and uz, where x,y, 2z ¢ S and z ¢ {z,y}.
Let one of x or y be the auxiliary vertex, say, y = v_1. Now I(S; ) = {u}, and therefore z € Ng(u).
If ¢ Ng(z), then the code S[u <+ z] is still an LD-code, because z is dominated by codewords
other than w (there is no edge zv_; = zy with the colour v in Gg) and « distinguishes z and w. On
the other hand, if z € Ng(z), then S[u < z] is an LD-code. Now I(S[u < z];x) = {z}, which is
a unique [-set with respect to S[u < z|. The vertex u is dominated by some codeword (there is no
edge uv_1 in Gg), and finally, u is distinguished (notice that z is now a codeword).

Now we may assume that = and y are true vertices. By Lemma [3.3](iv), we may assume without loss
of generality that © € Ng(u) and y ¢ Ng(u). Let us first assume that z # v_;. Since there are
exactly two edges with the colour v in G'g, we know that all the pairs of vertices except {z, y} and
{u, z} are distinguished and all vertices are dominated by codewords in .S \ {u}. There are three
different cases depending on whether the vertex z is adjacent to « or y in G:

(a) If |[Ng(z) n{x,y}| = 1, then S[u + z] is an LD-code. Indeed, now the codeword z distin-
guishes the pair {z, y}, and the pair {u, z} does not need to be considered since z is a codeword
in the LD-code S{u + z].

(b) If Ng(z) Nn{z,y} = {x,y}, then S[u + y] is an LD-code. Now the codeword y distinguishes
the pair {u, z} and the pair {x, y} does not need to be considered as y € S[u + y].

(©) If Ng(z) N {z,y} = 0, then S[u < z] is an LD-code. Now the codeword x distinguishes the
pair {u, z} and the pair {z, y} does not need to be considered as x € S[u + z].

If z = v_y, then S[u < ] is an LD-code.

Assume finally that there are at least three edges of colour u. By Lemma [3.3{ii), if a u-coloured edge
is incident with a codeword, the codeword must be u. According to Lemma vi), there cannot be
three edges uxz, uy and uz. Thus, there must be at least one u-coloured edge in Gg — S. If two
u-coloured edges have both their endpoints in Gg — S, we are done. Hence, we may assume that
there is exactly one such edge. There are at least two other edges with the colour u, so they must be
uzx and uy for some z,y ¢ S. By Lemma V), the edge xy is in E(Gg) and it has the colour w.
Therefore, the only u-coloured edge in G — S is the edge xy. Lemma [3.3iv) lets us assume that
x € Ng(u). If zy € E(G), then S[u < y] is an LD-code. Otherwise S[u < z] is an LD-code,
regardless of whether y is a true vertex or not. In any case, the vertex u is not non-swappable.

Any other choice of three or more edges with the colour w results in at least two edges with the colour
u between non-codewords in Gg.
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In conclusion, codewords with fewer than 2 edges in Gg — .S can be swapped for another vertex to get an
LD-code, therefore, non-swappable vertices in a code S have at least 2 edges in their colourin Gg—S. [

The converse of the claim in the previous lemma does not hold in general as will be seen next. There
are graphs G with locating-dominating codes .S such that there are “swappable vertices” that have at least
two colour edges between non-codewords in G's. For example, the colour graph in Figure 2[b) has two
edges with the colour v; between non-codewords, but the codeword v7 is not non-swappable. Indeed,
the vertices vg and vy can be freely swapped in any LD-code containing one but not the other as they are
twins, that is, they have the same closed neighbourhood in G.

Corollary 3.6. Let G be a connected nontrivial graph and let .S be a minimum locating-dominating code
in G. If v € S is min-forced, then there are at least 2 edges with the colour v in the graph Gg — S.

Proof: Minimum LD-codes are minimal. Min-forced vertices are non-swappable with respect to every
minimum LD-code in G. Therefore, by Lemma [3.5] there are at least 2 edges with the colour v in the
graph G'g — S for each min-forced v € S. O

Notice that our new (extended) colour graph always has at least two edges of the same colour in Gg — S
for every min-forced vertex. This allows us to utilise a fruitful approach discussed in [7]]. Although our
graph G is different from the one in [7], we can use, due to the similar properties in Gg — S of our
colour graph, the same reasoning as in Lemma 1 of [[7]] to prove the analogous result below in Lemma|[3.7]
Indeed, it is straightforward to check that the arguments to prove Lemma 1 in [7]] relies on the properties
(see Proposition 5 in [7]]) of their colour graph that hold in our colour graph as well (due to (iii), (vii) and
(viii) stated in Lemma [3.3). For the following lemma, we define that a cactus is a graph such that no two
cycles share an edge.

Lemma 3.7. Let S be a locating-dominating code in a nontrivial graph G and let S’ C S. Consider a
subgraph H of G — S induced by a set of edges containing exactly two edges with colour u for each
u € S’. Then all the connected components of H are cacti.

To illustrate the previous lemma, see Figure [3(a) for an example of a graph with four min-forced
vertices. The cactus graph in Figure [3[b) is the induced subgraph of the colour graph with two edges of
each colour.

Lemma 3.8 (Lemma 2 in [[7]). Let H be a bipartite graph such that |V (H)| > 4 and all its connected
components are cacti. Then |V(H)| > 2 |E(H)| + cc(H), where cc(H) is the number of connected
components in H.

The graph in Figure 3[b) reaches the bound of Lemma [3.8] The next theorem gives us upper bounds
for the number of min-forced vertices. In particular, it shows that the maximum ratio between the number
of min-forced vertices and the order of a nontrivial graph is 2/5, which is also shown to be optimal in

Example[3.13]

Theorem 3.9. If (7 is a connected nontrivial graph with £ > 1 min-forced vertices, then
2 LD
k< 3 (n - (G))

and, in particular, k£ < %n Furthermore, for all nontrivial graphs G with min-forced vertices, we have
yEP(G) <n - 3.
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V1 V10 U1 V10
Vg Vg ﬂ
Vg U2 Vg v7
U3 Vg U3 V-1 vUg
V2 Uy V7 Vo
Vs Vg Us Vg
(a) The graph Pjo and its unique minimum LD-code (b) (Pio)g — S.

S = {1)2, V4, V7, 1)9}.

Figure 3: The illustration using the path Pjg.

Proof: Let S C V(@) be a minimum locating-dominating code in a graph G with & > 1 min-forced
vertices. Denote the non-codewords U = V(G) \ S. By Lemma there are at least 2 edges with
the colour v in Gg[U U {v_1}] = Gs — S for each min-forced vertex v € S. Let E' C E(Gg — 5)
be a set of edges consisting of exactly 2 edges of colour v for each min-forced v. Since k& > 1 and the
edges with the same colour do not share an endpoint by Lemma [3.3[iii), there are at least 4 vertices in
Gs|E']. Having 4 vertices in Gg[E'] implies that v£P(G) < (n + 1) — 4 = n — 3. By Lemmas
and Vii), the connected components of G g[E’] are bipartite cacti. Therefore, by Lemma we have
|U|+1>|V(Gs[E'])| > 2 |E(Gs[E"])| + cc(Gs[E']) > 2k + 1. Then, using k < 7P (G) we get

k<l =n—7"P(@) <k,

from which we get the bounds k& < 2 (n — v*P(G)) and k < 2n. O

In what follows, we show that the upper bound k < % (n — v“"(G)) can be attained for all even posi-

tive integers k. For this purpose, we need some auxiliary results. We first recall the minimum cardinality
of LD-codes in paths, which is known due to Slater [[11]].

Lemma 3.10 ([T1]). We have 2P (P,) = [22].

Furthermore, we define a weakened version of LD-codes in paths, which turns out to be useful also in
Section @]

Definition 3.11. A code S C V(P,) is an LD*-code, if for all distinct non-codewords v;,v; € V(P,) \
(S U {vy,}) their I-sets are nonempty and I(v;) # I(v;). In other words, S is a code for which the
locating-dominating property is satisfied for all but the last vertex v,,. The cardinality of a minimum
LD*-code in P, is denoted by v (P,).

The cardinality v“P" (P,) is determined in the following theorem.

Theorem 3.12. We have v*P"(P,) = [@—‘ :
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Proof: Since all LD-codes in P, _; are LD*-codes in P,,, we have y=P” (P,) <~EP(P,_1) = [%—‘ .

Let S* be an LD*-code in P,. If v, ¢ S*, then S* is an LD-code in P,_;. If v, € S*, then
S*[vp 4 vn—1] is an LD-code in P,_; with the same or smaller cardinality as S*. It follows that

'YLD* (Pn) > AP (Pyy) = [@—‘ O

Now we are ready to present in the following example a family of graphs attaining the upper bound
k < 2 (n—~"P(G)) for all even positive integers k. It should be noted that the presented graphs G
are trees and, hence, their min-forced vertices could be determined based on the characterization given
by Blidia and Lounes [[1]. However, as their characterization of min-forced vertices in trees is somewhat
technical, we have decided to present a simple independent proof based on Theorem 2.1}

Example 3.13. Assume that s and ¢ are positive integers. Let G, ; be a graph formed by a path P, the
vertices of which are denoted by vy, vo, ..., vs, and pendant vertices ui, us, . . . , ¢, Which are attached to
vs; occasionally, G + has been called the broom graph (due to an apparent visual resemblance). In what
follows, we first give a lower bound on fyLD(GS,t). For this purpose, let s > 4 and S be an LD-code in
G.+. Now we can make the following observations:

e If v, ¢ S, then the vertices u1,us, ..., u; belong to S since otherwise I(u;) = () for some i €
{1,...,t}, and furthermore, {vs_1,vs_2} NS # (), since otherwise I(vs_1) = 0.

o If vy € S, then at least ¢ — 1 of the (open) twins u; belong to S, say {uy,uz,...,us—1} C S.
Furthermore, if u; ¢ S, then vs_; € S orvs_o € S as otherwise I (vs—1) = I(uy).

Thus, in conclusion, |S N {vs_2,vs_1, Vs, U1, U2, ..., ut }| >t + 1. Moreover, S N {vy,va,...,vs_3} is
an LD*-code in P,_3. Hence, we have

YEP(Gyy) > AFP (Py_s) 4+t + 1. (1)

s it

Consider then the graph G's,,, 14 + for a nonnegative integer m. It is straightforward to verify that the set
{vseq2 | £=0,1,....,m}U{vspqa | £ =0,1,...,m}U{uq,uz,...,us—1} with 2m + ¢ + 1 vertices is
locating-dominating in G5y, 14 ¢. Therefore, by (I) and Theorem we have yP (Gsmgar) =2m +
t+ 1. In what follows, we show that the vertices of {vsp12 | £ =0,1,...,m}U{vse44 | £ =0,1,...,m}
are min-forced in G54 +:

* For/ =0,1,...,m — 1, the vertex vs¢1» is min-forced by Theorem [2.1{ii) since

VP (Gomepa — vser2) = V7P (Pses1) + Y2 (Gsmya—(se42).0)
2(50 +1 "
> {( 5 )-‘ + 7" (Pym—p—1) +t+1
2(5(m — £) — 2)
5
=204 2(m—0) +t+2

> (Gsman),

2t | | #1242

where we apply Theorem to compute y-P” (Ps(m—e)-1)-
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* Similarly, for £ = 0,1,...,m — 1, the vertex vss44 can be shown to be min-forced by Theo-
rem 2.1Jii).
* The vertex vsy, 42 is min-forced by Theorem [2.1[ii) since
2(5m+1
YEP (Gsmian — vsmaa) = VP (Psmar) + AP (Ko 41) = {(5)

=2m+t+2> VLD(G5m+4,t)'

W+t+1

Indeed, it is well-known that for the star K7 441, we have 2P (Kq 411) =t + 1.

* The vertex vs,,+4 is min-forced by Theorem @ii) since G'sy14,t — Usm-a consists of a path
Ps,.4+3 and ¢ isolated vertices implying that

2(5m + 3)

LD
( )

¥ —‘+t=2m—|—t—|—2.

G57n+4,t - U5m+4) = ’7

Thus, in conclusion, we have n = |V (Gspmiat)| = 5m +t + 4, YEP (Gsmiar) = 2m +t + 1 and
there are 2m + 2 min-forced vertices in Gs,,44,¢. Hence, the graph G's,, 14, attains the upper bound of
Theorem[3.9] as

2 2
3 (n =P (Gsmyan)) = 3 (Gm+t+4)—2m+t+1)) =2m+2.

Notice that if ¢ = 1 in the previous example, then G544,1 = Ps5(;41) and the number of min-forced
vertices is equal to v“P (P5(,;,41)) = 2+ 5(m + 1)/5 = 2m + 2. In other words, the minimum locating-
dominating code in Ps(;;, 1 1) is unique. The number of minimum LD-codes in paths is further discussed
in the following section in Theorem [T} where another approach is given for the uniqueness of the code
in Ps(yn41). In conclusion, Theorem@ and Example @ are combined in the following corollary.

Corollary 3.14. If G is a connected nontrivial graph with k£ > 1 min-forced vertices, then
2 2
k< 3 (n—~*P(G)) and k< £

Moreover, there exist graphs for which the equalities hold. In particular, the maximum ratio between the
number of min-forced vertices and the order of a connected nontrivial graph is 2/5.

4 The number of different minimum locating-dominating codes in
paths

In the previous section, we noticed that the LD-code formed by the min-forced vertices is unique in Ps.
A natural extension of this observation is the question of how many minimum locating-dominating codes
there are in the path P, in general. To address this question, we denote the number of minimum locating-
dominating codes in P,, by C'(n) and the number of LD*-codes in P,, with cardinality k by A(n, k). In
the following theorem, we calculate the number of different minimum locating-dominating codes for all
paths, that is, we determine C'(n) for lengths n > 5. For completeness, we mention that the following
first values of C'(n) are straightforward to verify:

C(1)=1, C(2) =2, C(3) =3, and C(4) = 4.



New Results on Vertices that Belong to Every Minimum Locating-Dominating Code 13

Theorem 4.1. The number of minimum locating-dominating codes in the path Ps,,., for each r €
{0,...,4} and m > 1 are the following:

(My) C(5m) =1

(My) C(5m+1) = gm® +2m* + Pm +1

(M) C(bm+2)=m+2

(Ms) C(5m +3) = Zym* + Hm? + Bm? + Wm 4 3

(My) C(5m +4) = gm? + Im + 4.

Proof: Let S be an LD-code in P,,, where n > 5. Anticipating the recursion formula in Equation @, the
code S is classified into the following three categories based on the pattern of codewords in the final few
vertices of the path:

e v, €8,
v, ¢ Sand v,_1,v,-2 €S, 0r
* Uy, Up_2 & Sandv,_1,v,_3 €S.

These patterns are illustrated in Figure ] In what follows, we discuss the minimum LD-codes in each
category.

* Suppose first that v, € S. Clearly, the set S N {v1,...,v,_1} is an LD*-code in P,_; with cardi-
nality y2P(P,) — 1. On the other hand, if A is an LD*-code in P,,_; with cardinality v%?(P,) -1,
then A U {v,,} is a minimum LD-code in P,,. This is clear if v,,_1 € A, so assume that v,,_1 ¢ A.
Now the vertex v,,_1 is dominated and has a unique /-set due to v,. Moreover, each A gives a
different LD-code for P,,.

* If v, ¢ S, then necessarily v,,_; € S. Now either v,,_o € Sorv,_o ¢ S.

— Let us first suppose that v,,_5 € S. Now the set S N {vy,...,v,_3} is an LD*-code in P,,_3
with cardinality v*P(P,) — 2. Conversely, if A is an LD*-code in P,_3 with cardinality
P (P,) — 2, then A U {v,,_2,v,_1} is a minimum LD-code in P,. Indeed if v,,_3 € A,
then we are immediately done, and otherwise (v,—3 ¢ A) the vertex v,,_5 is dominated by
v, —o and its I-set contains v,,_o, which no other non-codeword does.

— Suppose next that v,,_o ¢ S. To distinguish the non-codewords v,, and v,,_2, we need to have
Un_3 € S. The set SN {vy,...,v,_4} is an LD*-code in P, _4 with cardinality v~ (P,) —
2. On the other hand, if A is an LD*-code in P,_, with cardinality v/ (P,) — 2, then
AU {v,_3,Up—1} is a minimum LD-code in P,, since (if v,—4 ¢ A) the vertex v,,_4 is
dominated by v,,_3 and distinguished from other I-sets of v; (¢ < n — 5) by v,,_3.
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e
- —@—@——0O
- —@—O0O—@——0

Un—3 Up—2 Un-1 Un

Figure 4: The different categories of LD-codes illustrated. The black and white vertices represent the
codewords and non-codewords, respectively.

As seen above, the three categories described above partition the set of minimum LD-codes in P,,, and
hence each LD-code is counted exactly once by counting the number of appropriate LD*-codes in shorter
paths. Thus, recalling Lemma [3.10} we get the following formula for the number of minimum LD-codes
in P, (based on the patterns illustrated in Figure [):

C(n)

A(n—1,[2n/5] — 1)
+ A(n —3,[2n/5] — 2) 2)
+ A(n —4,[2n/5] — 2).

For the values of A(n, k), we get the following recurrence relation:

A(n,k)=An—-1,k—1)
+An—-2,k—1)
+An—4,k—2) ®)
+An—5,k—2).

We now reason why the recurrence relation holds. Each LD*-code S in P,, (where n > 6) with |S| = k
is, as will be seen, in exactly one of the following four categories, illustrated in Figure [5}

i) v, €8,

(ii) v, ¢ Sandv,_1 € S,
(iil) vp,vp—1 ¢ Sand v,_o,v,_3 € S, or
(iv) Vp,Vp—1,Un—3 ¢ S and v,_o,v,_4 € S.

Next, we consider each type of LD*-code. First we notice that S N {vy,..., v, j} is an LD*-code
of cardinality kK — 1 in P,,_; where j = 1 in the category (i) and j = 2 in the category (ii). Similarly,
S Nn{vi,...,vn_;} is an LD*-code of cardinality kK — 2 in P,_; where j = 4 in the category (iii) and
jJ = b in the category (iv). Next we consider different endings of LD*-codes in P,, and show that a
suitable LD*-code in a shorter path provides an LD*-code in P,.

* Letfirstv, € S. If Ais an LD*-code with cardinality k¥ — 1 in P,,_1, then AU{v,, } is an LD*-code
of cardinality k in P, as the I-set of v,,_1 is nonempty and unique (the reasoning is needed only if

Un—1 ¢ A)
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e
. —@—0
@ —@—0—0
- —@—O0O—@—0O——=0

Un—4 Un—3 Un—-2 Up—1 Un,

Figure 5: The four categories of LD*-codes illustrated.

* Suppose then that v,, ¢ S and v,_; € S. If A is an LD*-code with cardinality k¥ — 1 in P, _o,
then A U {v,_1} is an LD*-code of cardinality k in P,. Indeed, if v,,_o € A, we are done, and if
Un—2 ¢ A, the set I(v,_2) contains at least v,,_1, so it is nonempty and necessarily distinct from
I-sets other than possibly I(v,, ), which is allowed in an LD*-code of P,,.

e Ifv,,v,—1 ¢ S, then we must have v,,_o € S in order for v,,_; to be dominated. (Recall that the
final vertex need not be dominated in an LD*-code.) Then, in order to have distinct /-sets for the
vertices v; ¢ S where i € {n — 3,n — 1}, either v,_3 € Sorv,_3 ¢ Sandv,_4 € S.

— Letfirstv,_3 € S. If Ais an LD*-code with cardinality k—2 in P, _4, then AU{v,_3,v,_2}
is an LD*-code of cardinality k in P, since (if v,,—4 ¢ A) the codeword v,,_3 dominates and
distinguishes v,, 4.

— Finally, letv,,_3 ¢ S and v,,_4 € S. If A is an LD*-code with cardinality k — 2 in P,_j, then
AU{vp—4,v,—_2} is an LD*-code of cardinality k in P, since (if v,—5 ¢ A) the vertex v,,_5
is dominated and distinguished by v,,_4.

As we see above, the four categories (i)—(iv) are the only possible patterns of codewords in an LD*-code
at the end of the path P,, and they are mutually exclusive, so each LD*-code in P,, with cardinality k is
counted exactly once in the recursion formula (3).

Theorem [3.12] gives the boundary condition

A(n,k) =0, when k < P(ng)l)—‘ . “4)

We will first prove the following values of A(n, k) in this order and refer back to them as needed:

A(bm +1,2m) =1, )

ABm+3,2m+1)=m+2, (6)
1 5

A(5m,2m) = §m2 +om+ 1, (7)

1 29
ABBm +2,2m+1) = 6m3+2m?+ Em+2, (8)
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1 1 . 131 115
A(Bm +4,2m +2) = ﬂm‘l + Em3 + ﬂm2 + 5 m 5. )

In what follows, we prove Equations (3)—(©).
Equation (3): First, we calculate A(5m + 1,2m) = 1. By (3),

ABm+1,2m) =AbGm+1-1,2m—1)+ A(bm+1—-2,2m — 1)
+AGBM+1—-4,2m—2)+ A(bm +1—5,2m — 2),

where the first three terms are eliminated by the bound (E[), because 2m — 1 < {@—‘ ,2m—1 <
[ww ,and 2m — 2 < [w—‘ We are left with
A(bm+1,2m) = A(b(m — 1)+ 1,2(m — 1)),

where through iteration we get the base case A(1,0), that is, the number of LD*-codes in P; with no
vertices. There is one such code, namely (). Therefore,

A(5bm +1,2m) = A(1,0) = 1.
Equation (6): Next, we calculate A(5m + 3,2m + 1) = m + 2. By (3),

ABm+3,2m+1)=AGm+3-1,2m+1-1)+ AGm+3—-2,2m+1-1)
FAGM+3—4,2m+1-2)+ ABm+3—52m+1—2),

where the first and third terms are eliminated by (@) and the value of the second term is known by Equa-
tion (3). We are left with the recurrence relation

A(Bm+3,2m+1) =1+ A(5(m — 1)+ 3,2(m — 1) + 1),

where after m iterations we arrive at A(3, 1), the number of LD*-codes in P3 with one vertex. There are
two such codes, namely {v; } and {vs}. Thus, we obtain

ABm+3,2m+1)=m- -1+ A(3,1) =m+2.
Equation (7): Let us prove that A(5m, 2m) = m? 4+ 3m + 1. By (3),

A(5m,2m) = A(bm — 1,2m — 1) + A(5m — 2,2m — 1)
+ A(5m —4,2m — 2) + A(bm — 5,2m — 2),

where the first term is eliminated by the bound (@) and the values of the second and third terms are known
by Equations (6) and (5). We are left with the recurrence relation

A(bm,2m) = (m+ 1)+ 1+ A(B(m —1),2(m — 1)),
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where, after m — 1 iterations, we arrive at A(5, 2), the number of LD*-codes in P; with two elements.
There are 4 such codes: {v1,v3}, {v1,v4}, {va,v3} and {va, v4}. Thus, we obtain

A(Bm,2m) = (m+1)+ 1+ A(5(m —1),2(m — 1))

m

= (i+2)+A(5,2)

i=2
:%m2+gm—|—1.
Equation (8): Let us show that A(5m + 2,2m + 1) = t¢m® + 2m? + 22m + 2. By (3),
ABm+22m+1)=AbGm+2-1,2m+1-1)+ A(5m+2—-2,2m+1—-1)
+AGBM+2—-42m+1-2)+ABGm+2-5,2m+1—-2),

where the first three terms are known by Equations (3], (7) and (6). We get the recurrence relation

2 2

where after m iterations we get the base case A(2, 1), the number of one-vertex LD*-codes in P». There
are two such codes, namely {v; } and {vs}. Thus, we obtain

1 5
A(Bm+2,2m+1) =1+ <m2—|—m—I—l)+(m+1)+A(5(m—1)+2,2(m—1)+1),

1
A(Bm +2,2m + 1) = §m2+gm+3+A(5(m—1)+2,2(m—1)+1)

= ; (;F + gz +3) + A(2,1)
= %m3+2m2+%m+2.
Equation (@): Let us verify that A(5m + 4, 2m + 2) = 5;m* + 5m?® 4+ 2Im? + Lm + 5. By (3),
ABm+4,2m+2)=AbGm+4-1,2m+2—-1)+ AGm+4—-2,2m+2—1)
+AGM+4—-4,2m+2-2)+ AGm+4—-5,2m+2—2),
where the first three terms are known by Equations (6), (8) and (7). We get the recurrence relation

6 2 2
+AB(m—1)+4,2(m—1)+2)

1 29 1 5
A(5m+4,2m—|—2):(m+2)+(6m3+2m2+m+2)+ (m2+m+1)

where after m iterations we get A(4, 2), the number of two-vertex LD*-codes in P,. There are 5 such
codes, namely all two-vertex subsets of V'(Py) except {vs, v4}. Thus, we obtain

1 2
A(5m +4,2m +2) = 6m3+ gm2+ §5m+5+A(5(mf 1) +4,2(m—1)+2)
/1 5 25
=> <i3 + =i+ it 5) + A(4,2)
~\6 2 3
1, 11 131 , 115

3
— — —_— —_— 5.
24m +12m + 24m + 12m+
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Now we have solved all the necessary values of A(n,k), so let us calculate C'(n), the number of
different minimum locating-dominating codes in P, for all n > 5. In what follows, Cases My—M, of the
claim are shown.

Case My: To warm up, we calculate C'(5m) with our new method (although we already know from
previous section that C'(5m) = 1). Now Equation (2)) gives us

C(5m) = A(5m —1,2m — 1) + A(bm — 3,2m — 2) + A(5m — 4,2m — 2).
The first two terms are eliminated by the bound (@). We apply Equation (3) and obtain that C'(5m) =
A(bm —4,2m —2) = 1.
Case M : Next, we calculate C'(5m + 1). Equation (2) gives us
C(bm+1) = A(bm,2m) + A(5m — 2,2m — 1) + A(5m — 3,2m — 1).

Now we respectively apply Equations (7), (6) and (8], and we obtain

C(5m +1) = <;m2+gm+1>+(m—l+2)+ (é(m—1)3+2(m—1)2+269(m—1)+2>

1 29
= 6m3+2m2+gm—|—1.

Case M,: Let us next calculate C'(5m + 2). Equation (2) gives us
Cbm+2)=AbBm+1,2m)+ A(bm —1,2m — 1) + A(5m — 2,2m — 1).

After eliminating the middle term by (@) and applying Equations (5) and () to the other two terms, we
get
Chbm+2)=1+(m—1+2)=m+2.

Case M3: Let us calculate C'(5m + 3). Equation (2) gives us
C(5m+3) = A(5m +2,2m + 1) + A(5bm,2m) + A(5m — 1,2m).

By applying Equations (), (7) and (9), we obtain

1, 11, 131, 103
C’(5m—|—3)—24m +12m + Tk + 12m+3.

Case M: Finally, let us compute C'(5m + 4). Equation (2)) gives us
Cbm+4) = A(bm +3,2m+ 1) + A(bm + 1,2m) + A(5m, 2m).

We apply Equations (6), (3) and (7) to get

1
C(5m+4):§m2+gm+4. O
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5 Computational complexity of determining min-forced and min-
void vertices

In this section, we show that the problems “given a graph G and a vertex u € V(G), is u min-forced?” and
“given a graph G and a vertex u € V(G), is u min-void?” are co-NP-hard problems. Similar questions
have been studied in the context of resolving sets and basis forced vertices in [6].

We use the following notation for the 3-satisfiability problem (3-SAT). Let X = {x1,...,2,} be the
set of variables and U = {z1,...,2,,%1,..., Ty} the set of literals, where T is the negation of x. Let
F = {€y,Cq,---,Cp,} be a 3-SAT instance over X, where each clause C; C U contains exactly three
literals. An assignment of truth values is a set A C U where either x; € A or T; € A for each x; € X.
The logical interpretation of these definitions is that F’ corresponds to the formula €; AC2 A--- A C,, and
the clause C; = {u;1,u;2,u;3} C U corresponds to the formula u; 1 V uj 2 V u; 3. In a truth assignment
A, the variable x; is set as true if x; € A and false if T; € A. The truth assignment A satisfies the instance
F'if each clause C; contain at least one true literal, in other words, C; N A # 0.

The proof presented here is inspired by the proof of Lemma 3.1 in [4]].

Theorem 5.1. Let G be a graph and u € V(G).
(i) Deciding whether u is a min-forced vertex of G is a co-NP-hard problem.

(ii) Deciding whether w is a min-void vertex of G is a co-NP-hard problem.

Proof:
We reduce the 3-SAT problem polynomially to each of the problems studied.
Let X = {z1,...,2,} be a set of variables and F' = {Cy,Ca, -, C;, } be a 3-SAT instance over X.
For each variable z; € X, we construct a graph G, in the following way:
V(GIL) = {J)i, Ty, A, bl})
E(Gz,) = {wiai, a;T;, Tib, by }.
For each clause C; € F', we construct a graph G'e; in the following way:
V(Ge,) =1, 85,7},
E(Ge,) ={a;8;, B}

We combine the variable graphs and clause graphs into G = (V, E) as follows:

V= JV(G.,) U] V(Ge,) U{w,},

C:=

E = UE(Gw)U E(Ge;)U{ajuluecC;,1<j<m}U{wa;|1<5<m}U{wv}.
i=1

=1
The graph G is illustrated in Figure[6] We see that |V (G)| = 4n + 3m + 2 and |E(G)| = 4n + 6m + 1.
Regardless of whether F' is satisfiable, there is an LD-code S in G with 2n + m + 1 vertices:

S={zi,a;[1<i<ntU{B;[1<j<m}uU{w}

The I-sets of vertices not belonging to S are nonempty and distinct:
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Figure 6: The vertex w is connected to all vertices «;, represented by the ellipsis. The vertex «; is
connected to three variable gadgets, two of which are drawn as diamonds for the sake of simplicity.

* Ic(v;) ={B;}
7;) = {a},
® IG bl) = {J)t}, and

o Ig(v) = {w}.

Therefore, vLP(G) < 2n +m + 1.

Next, we establish a lower bound for 2P (G). Each clause gadget G'e, necessarily contains at least one
codeword to dominate ~y;: either §8; or -y;, since Ng[v;] = {v;, 8;}. Each variable gadget G, needs to
contain at least two codewords: either a; or b;, as they are twins, and one more to dominate the other one.
Either w or v is in any LD-code in G, again, since Ng[v] = {v, w}. Therefore, v/P(G) = 2n + m + 1.

Let us consider some observations.

Fact 1. No minimum LD-code in G contains the vertex o; for any j. That is because an LD-code
containing «v; contains two codewords in the clause gadget Ge,, resulting in a code of at least 2n +m + 2
codewords.

Fact 2. Exactly one of z; and Z; is in a minimum LD-code S C V(G). It follows from Fact E] that if
%, T; ¢ S, then Ig(x;), I¢(Z;) C {ai,b;} in any minimum LD-code S C V(G). Hence, Ig(z;) =
I¢(z;) if ;,7; ¢ S. Including both z; and T; in .S would result in an LD-code of at least 2n + m + 2
codewords. Therefore, to distinguish the vertices x; and T;, exactly one of them is contained in every
minimum LD-code.

Fact 3. Exactly one of w and v is in a minimum LD-code S C V(G).

We claim that (i) the vertex w is min-forced if and only if the 3-SAT instance F' is not satisfiable and (ii)
the vertex v is min-void if and only if the 3-SAT instance F' is not satisfiable. We prove these statements
by contraposition.

First, we assume that F' is satisfiable, and we show that w is not min-forced and v is not min-void. If F
is satisfiable, then there exists a truth assignment A C U such that |€’j N A| > 1 for all clauses C; € F.
Now

S=AU{ag; [1<i<n}U{p;|1<j<m}uU{v}
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is a minimum LD-code of G with v € S and w ¢ S. The I-sets of vertices not belonging to S are
nonempty and distinct:
» Ig(a;) D {B;,u}, where u is (one of) the true literal(s) in C;,
Ia(v;) = {55}
e ifx; € S, then I¢(T;) = {a;}, otherwise T; € S and I (z;) = {a;},
o ifx; € S, then I(b;) = {x;}, otherwise T; € S and I (b;) = {Z;}, and
Ia(w) = {v}.

In this case, we see that w is not min-forced and v is not min-void.
Next, we separately assume that w is not min-forced and that v is not min-void, and in both cases it
follows that F’ is satisfiable. Here the proofs of claims (i) and (ii) briefly diverge.

(i) Assume that w is not min-forced, that is, there exists a minimum LD-code S C V(G) such that
w ¢ S. Recall Fact[I} the vertices a; are never in a minimum LD-code of G. Consider the I-set
of the vertex «; corresponding to the clause C; = {u;1,u;2,u;3}. If 8; € I(c;), then ~y; is not
a codeword and I(v;) = {B;}. For I(a;) to be distinct, there must be v, € I(a;) for some
ke {1,2,3}. If B; ¢ I(c;), then for I(c;) to be nonempty, there must be u; ; € I(a;) for some
ke {1,2,3}.

By Fact[2] either z; € S or Z; € .S, but not both. When we set the variable x; as true if x; € S and
as false if T; € S, we get a valid truth assignment for the variables of X. Under this assignment,
each clause C; in F' contains at least one true literal, namely, the literal u; ;, that is in the I-set of o;.
Therefore, F' is satisfiable.

(ii) Now we assume that v is not min-void, that is, there exists a minimum LD-code S C V(@) such
that v € S. By Fact v € S implies that w ¢ S, in other words, w is not min-forced.

Just like in the proof of claim (i), it follows that F is satisfiable.

We have shown that the vertex w is min-forced (respectively, v is min-void) if and only if the 3-SAT
instance F' is not satisfiable. Thus, there exists a polynomial-time reduction of the complement of the
3-SAT problem to the problem of deciding whether a given vertex is min-forced (resp. min-void). Hence,
the studied problems are co-NP-hard. O

Note that the graph G — {v,w} can be used to show that the decision problem “is there a locating-
dominating code S C V(G) of size at most k?” is NP-complete (see Lemma 3.1 in [4]). The graph
G — {v, w} has fewer vertices than the graph used in the proof in [4], which in turn needs fewer vertices
compared to the proof of Colbourn et al. [J5].
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