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We prove an Erdés—Szekeres type result for finite words over N with repeated values. Specifically, we define a repeat
in a word to be an occurrence of a value which is not its first occurrence. We define an occurrence of a pattern
7 in a word w to be a (not necessarily consecutive) subword of w that is order isomorphic to 7. In this note, we
show that every word with kn® 4 1 repeats contains one of the following patterns: 0**2, 0011 - - - nn, nn - - - 1100,
012---n012---n,012---nn---210,n---210012---n,n---210n - - - 210. Moreover, when k£ = 1, we show that
this is best possible by constructing a word with n® repeats that does not contain any of these patterns.

Keywords: Combinatorics

1 Introduction

Let N={0,1,2,...}. A word of length n is an element w = wyws - - - w,, € N™. For example, 376885
is a word of length 6. A word w € N™ can also be represented on a grid with points at (¢, w;) for every
i € [n], where [n] = {1,2,...,n}. For example, the word 13043134 is shown in Figure[l}

We define a subword w' of a word w to be a word obtained by taking a subsequence of letters in
w which are not necessarily consecutive, for example 3313 is a subword of the word 13043134. The
standardization of a word w € N" is defined to be the word obtained by replacing every occurrence
of the smallest value in w by 0, the next smallest by 1, and so on. The standardization of a word is
called a patterrm For example, the standardization of the word 296893 is the pattern 042341. A word w
contains a pattern 7 if there exists a subword of w which standardizes to 7, otherwise w avoids m. As the
standardization of 3313 is 1101, the word 13043134 contains the pattern 1101. This definition of pattern
containment is a generalisation of classical pattern avoidance in permutations, and has also been used to
study pattern containment in words, see for example |Burstein et al.| (2003) on counting the number of
occurrences of patterns in words.

@ These are also called Cayley permutations; see Mor and Fraenkell (1984
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Fig. 1: The word 13043134.
proof

A word w = wiws - - - wy, is called non-decreasing if w; < w; forall1 < ¢ < j < n, and is called
strictly increasing if w; < wj forall 1 <4 < j < n. For example, 00122 is non-decreasing and 0123 is
strictly increasing. Non-increasing and strictly decreasing words are defined similarly.

The Erd6s—Szekeres Theorem, stated below in Theorem|1.1] is a landmark result in combinatorics with
many variants and generalisations, and wide-ranging applications in areas like discrete geometry, graph
theory, and computer science.

Theorem 1.1 (Erd6s—Szekeres Theorem, Erdds and Szekeres|(1935)). Let r, s € N. Every word of length
rs + 1 contains a non-decreasing subword of length r + 1 or a non-increasing subword of length s + 1
(or both).

For permutations, the Erd6s—Szekeres Theorem implies that any permutation of size n? + 1 contains
a strictly increasing or decreasing pattern of size n + 1, or equivalently either the pattern 01---n or
n---10. For general words that can have repeated values, this is no longer true. There have been many
variations of the Erd6s—Szekeres Theorem such as the containment of unimodal and more generally k-
modal sequences in permutations by [Chung| (1980), Xu| (2024) and |Gong| (2025); finding words with
non-decreasing or strictly increasing subwords of a given length by Schensted (1961) and [Itskovich and
Levit (2019); or the containment of convex and concave patterns by [Erdos and Szekeres|(1935) and [Suk
(2017) for example.

This project began at the 2025 Permutation Patterns Pre-Conference Workshop, where we aimed to find
an Erd6s—Szekeres type result for inversion sequences, specifically taking into account their structure and
the number of repeated values. For a positive integer n, we define a length n inversion sequence to be a
word wiws -+ - w, € N"™ where w; < i for each ¢ € [n], or equivalently wjws - - - w, is an element of
{0} x{0,1} x -+ x{0,1,...,n— 1}. For example, the inversion sequence 002135 is shown in Figure[2]
Due to the restriction on values in an inversion sequence, all of the points in an inversion sequence must
be below the dashed line in Figure

In this note, we prove Theorem which identifies a collection of unavoidable patterns in any word
with a given number of repeated values. This result can be applied to inversion sequences and will be
used in an upcoming work which outlines an algorithm for enumerating sets of inversion sequences using
generating trees. In the paper, this result is used to prove conditions for when the algorithm will terminate.

We define the number of repeats in a word to be the total number of occurrences of values which are
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Fig. 2: The inversion sequence 002135.

not the first occurrence of that value. Equivalently, for a word w = w; - - - w,,, the number of repeats is
number of ¢ € [n] such that there exists j < ¢ with w; = w;,. For example, 0000 has 3 repeats, and 00110
has 3 repeats as O is repeated twice and 1 is repeated once.

For a word w = wyws - - - wy, let wi® = w, and let W™’ = w,, - - - wow; be the reverse of w, e.g.
(2341) = 1432. We show that the types of unavoidable patterns are the constant patterns, patterns
of the form 001122 - --nn and their reverses, and patterns of the form u® u®? where v = 01---n and
e; € {id,rev}. These three types are defined as types and|[c)|in Theorem [1.2] respectively.

Theorem 1.2. Let k,n € N. Every word with kn® + 1 repeats contains one of the following patterns.
a) 0k+2.
b) (0011---nn)¢ fore € {id,rev}.
¢) (012---n)1(012---n) for ey, eq € {id, rev}.

When k = 1, Theorem [I.2] is best possible as shown by the following result. See Section [] for a
discussion when k£ > 1.

Proposition 1.3. There exists a word with n® repeats that does not contain any of the following patterns.
a) 03
b) (0011---nn)° fore € {id,rev}.
c) (012---n)®1(012---n)° for ey, e € {id, rev}.

The asymmetric versions of both Theorem [I:2] and Proposition [I.3] where the lengths of the patterns
in[b)|and[c)| are allowed to differ like in Theorem [I.1] can also be easily obtained by modifying our proof
(see Theorem [4.2).

We will prove Theorem [I.2) and Proposition [I.3]in Section 2] and Section 3] respectively. In Section 4]
we will discuss some related problems and future research directions.
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2 Unavoidable patterns

In this section, we prove Theorem [1.2] which states that any word with kn® + 1 repeats must contain one

of the patterns in[a)| [b)] and

Proof of Theorem Let w be a word with knS + 1 repeats. If w contains a value that occurs k + 2
times, then it contains the pattern 02, so holds. Now supppose that every value appears at most k + 1
times. Then, there are at least n% + 1 distinct values in w each with at least one repeat. Fix any n% + 1
distinct values in w with repeats, and let w’ be the subword of w consisting of the first two occurrences of
each of these values in w. In particular, w’ has length 2n% + 2.

Let aga - - - a,s be the subword of w’ consisting of the first occurrence of each of the n® + 1 distinct
values in w’. By Theorem (Erd6s—Szekeres), there is a subword aga’ - - - al 5 of agay - - - aye that is
monotone.

We first attempt to find a pattern in [c)] using Claim [2.1] below.

Claim 2.1. Ifthere exists an index 0 < j < n3 —n?, such that the second occurrences in w' of the values

!/ !/ / / ! . .
Wy Ao qy- s Gy AFE all after the first occurrence of the value Ay p2s then w' contains a pattern in

Proof of Cla Suppose the repeats of a,a’ ;... ,a;. 42 form the subword boby - - - b2 in w',
By Theorem [I.1] (ErdGs—Szekeres), by - - - b,z contains a monotone subword b, - - - b,. Let af ---all be
the subword of aja, , ---a}, . consisting of the values in b, - - - bj,, and note that it is also monotone.
Therefore, afy - - - allbf, - - - b, is a subword of w’ forming a pattern in D

If the hypothesis in Claim [2.1]holds for any j of the form j = (t — 1)n? with ¢ € [n], then we are done,
so let us assume the opposite. Hence, for each t € [n], there exists some (t — 1)n? < i; < tn? — 1, such
that both occurrences of a;, appear before the first occurrence of ay,, in w’ (see Figure . Therefore,
aj aj ---a; a; asal 5 is a subword of w'. Moreover, this forms a pattern inbecause ag, - a; alsis

a subword of aga’ - - - a5, and hence monotone.

we=l% 1 ¢ % p % o

I
%

—

<o~ ——
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=
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3

Fig. 3: An occurrence of a pattern typein w'.

3 Extremal construction

In this section, we construct an example proving Proposition [1.3] which shows that when & = 1, Theo-
rem @]is best possible. In order to describe our construction, we first need the following definitions. For
convenience, all words in this section do not contain the value 0.

Let m = 7y - - - m,, be a word with length n and maximum value h = max{x; | ¢ € [n]}. In the same
way, let 0 = 071 - - - 0y, be a word with length m and maximum value ¢ = max{o; | j € [m]}.
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¢ The concatenation of m and o, denoted 7 - o, is the word

T TR0l Om-

e The direct sum of w and o, denoted 7 &@ o, is the word
Ty - Tpbibg - - by,

such that b; = o; + h for every j € [m]. Using the graphical representation in Figure|l| this can be
viewed as a grid where the bottom left corner of the grid represents m, the top right corner represents
o, and the other two corners are empty, as shown in Figure fal For example, 31422 @ 4132 =
314228576 and 21 @ 21 @ 21 = 214365.

* Similarly, the skew sum of 7 and o, denoted ™ © o, is the word
102 @01+ O,

such that a; = 7; + ¢ for every ¢ € [n]. A graphical representation is given in Figure For
example, 2413 © 121 = 4635121 and 12 © 12 © 12 = 563412.

o v

v o

(a) The direct sum 7 @ o. (b) The skew sum 7 © 0.

Fig. 4: The direct sum and skew sum of two words.

Note that both direct sums and skew sums are associative operations. We will also use w®" = w @
w®d - Dwand w®" = wOwO -+ S w to denote taking the direct sums or skew sums of n copies of
w. With these definitions, we can now construct the word we use to prove Proposition[I.3] This is done
in several steps. Throughout, let n be a fixed positive integer.

Let p denote the word 12 - - - n? of length 2 and let ¢ denote the word 12 - - - n of length n. Furthermore,
let r denote the word t©™ of length n? formed by taking the skew sums of n copies of ¢ (see also Figure/5)).
Since t = 19", we may also write r as (197)°™. For example, forn = 3 we have r = 12361236123 =
789456123. Observe that any monotone subword of  has length at most n.

With these words p and r, we create a word ¢ of length 2n* which is the main building block of our
construction in Proposition First, take the skew sums of n copies of r to create the length n® word

Pt =roroe---or.
Then, take the direct sums of n copies of this word to create the length n* word

r/:(ren)®n:((T@~~~@7‘)@“'EB(T@'”@T)),
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/

Fig. 5: The word r formed by taking the skew sums of n copies of the word ¢t = 12-- - n.

Fig. 6: The word ' = (r®")®n,

which is represented in Figure [6]
The word g is obtained by concatenating ' to the end of the skew sums of n? copies of p, as follows.

2

6’n2 . ’f‘/ n® . (Te'rb)@n

q=p =p°
:(p@~~@p)'((T@~~~@T)@~~@(7“@~~@7’))

For example, for n = 2 we have
g=@epopop)-(rere(rer),

and ¢ is depicted in Figure[7} with the grid arranged so that copies of p and r are in the same rows if and
only if they are words on the same set of values.

Note that the restriction of the word ¢ to any of the rows shown in Figure|/|is a concatenation of p and
r. A pictorial representation of p - r when n = 4 is shown in Figure[§]

We now prove a key property of the word ¢ in Lemma[3.1]

Lemma 3.1. The word q does not contain any of the following patterns:



An Erdds—Szekeres type result for words with repeats 7

Fig. 7: The arrangement of p’s and ’s in ¢ when n = 2.

Fig. 8: A representation of p - » when n = 4.

a) 03,
b) 0011, 1100,

¢) (012---n)e*(012---n)® for ey, eq € {id, rev}.

Proof: We rule out these patterns one by one.

For[a)| every number appears exactly twice in g, so the pattern 0* does not appear.

For M let a,b € [n?] be distinct. Then, a and b each appears exactly once in p9712 and once in
(re™)®m . Since g is formed by concatenating these two words, the second occurrence of a in ¢ is after
the first occurrence of b, and vice versa. Therefore, neither 0011 nor 1100 can appear as a pattern.

For [c)} if any such pattern exists in g, then the (012---n)°! must appear entirely within p9"2, and
(012 - - - n)®2 must appear entirely within (r©™)®™. We split into two cases depending on whether e is
id or rev.

Case 1. If e; = id then (012---n)¢* = 012---n is increasing, so it must be within a single copy of
p, as across skew sums the entries are decreasing by definition. Thus, the occurrence of (012---7n)¢2 in
(r®™)®™ must be entirely within the copy of r corresponding to this p. In Figure this copy of r is the
one located in the same row as the corresponding copy of p. However, this would imply that this copy of
r contains a monotone subword of length n 4 1, which is a contradiction.

Case 2. If e; = rev then (012---n)°* = n---210 is decreasing, so the n + 1 numbers forming this
pattern must appear in pairwise distinct copies of p, as p itself is increasing. Then, the n+ 1 numbers in the
occurrence of (012 --n)2 in (r©™)®™ must also each come from different copies of r. Taking one value
from each copy of 7 in ¢ creates a subword which standardizes to (1°7)®" (see Figure@, taking one value
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from each copy of ), which is the reverse of the word r. As the longest monotone subword in 7 has length
n, the longest monotone subword in (19™)®™ also has length n. Hence, there is no monotone subword of
length n + 1 in (r®™)®" whose entries all come from different copies of r, which is a contradiction. [

Finally, we can define the word s we use to prove Proposition This is obtained by first taking the
direct sum of n copies of the word g to obtain the length 2n° word

" =qoq®-- oy,
and then taking the skew sums of n copies of this word to create the length 2n® word
s = (q@”)en =(@®qP---29S---0(@DqD---Bq).

For example, for n = 2, the word s is depicted in Figure[9]

Fig. 9: The arrangement of subwords in s for n = 2.

Now we can prove Proposition[I.3]

Proof of Proposition Let s be the word of length 2n® constructed above. We will prove that s does
not contain any of the patterns stated in the proposition. Clearly, s does not contain a pattern of type|a)|as
each value appears exactly twice.
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If s = (¢®™)©" contains a pattern 0011 - - - nn, then the pattern must be entirely contained within a copy
of ¢®™, because across skew sums the entries are decreasing from definition. Then, by the pigeonhole
principle, one copy of ¢ in this ¢®” must contain two distinct values that are part of this 0011 ---nn
pattern, and thus this ¢ contains a pattern 0011. However, this is not possible by Lemma[3.1]

If s = (¢®™)°™ contains a pattern nn - - - 1100, then by the pigeonhole principle, one copy of ¢®" must
contribute two distinct entries to this pattern. However, these two distinct entries cannot come from two
distinct copies of ¢ in this ¢®", as they must be in decreasing order. Thus, they come from the same copy
of ¢, which then contains a pattern 1100. This is again impossible by Lemma which proves that no
pattern of type[b)|is contained in s.

Any patterns of type[c)]in s must be entirely contained within a single copy of ¢ that forms s because
for every number in s, both of its occurrences in s lie in the same copy of ¢. But this is not possible as ¢
contains none of the patterns infc)|by Lemma 3.1

This covers all possibilities, so none of the patterns in the statement of the proposition is contained in
s. O

4 Concluding remarks

In this paper, we proved in Theorem the patterns that must be contained in a word with kn® + 1
repeated values. We also showed in Proposition [I.3] that Theorem is best possible when k£ = 1. For
k > 1, by changing the word ¢ in the construction of Proposition Efrom 12---nto 1¥2% ... nF while
keeping everything else the same, essentially the same proof shows that the resulting word s consists of
exactly k + 1 occurrences of every number in [n], and thus knS repeats, but does not contains any of the
seven patterns 0%+2, (0F+11F+1 ... nkt1ye and (012---n)°1 (012 --n)°2, where e, ey, ez € {id, rev}.
This suggests that Theorem is likely not optimal when k£ > 1, and it remains open to determine the
minimum number of repeats needed to guarantee one of the seven patterns considered there.

Question 4.1. For integers n > 1 and k > 1, what is the smallest m = m(n, k) such that every word
with m repeats contain one of the following patterns?

a) 0k+2.
b) (0011---nn) fore € {id,rev}.
¢) (012---n)1(012---n)° for ey, ey € {id, rev}.

By adapting our proof of Theorem [I.2] and Proposition [I.3] we can easily obtain the following asym-
metric version.

Theorem 4.2. Let k,x1,2,Y1, Y2, 21, 22 be positive integers. Every word with kx1x2y1y22122 + 1 re-
peats contains one of the following patterns.

a) 0F+2,
b) 0011---z12q or 925 - -+ 1100.

) 01241012+ -y 0r 012+ yoys - - 210 0r 21 - - - 210012 - - 21 0F 25 - - - 21025 - - - 210.
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Moreover, this result is best possible when k = 1, as there is a word with x1x21y1Yy221 22 repeats avoiding
all of the patterns above.

While in this note we only considered unavoidable patterns for words with a given number of repeats,
it is also natural to consider the same problem for a more restricted family of words of length (k + 1) N
consisting of exactly k + 1 occurrences of each number in [N], and thus kN repeats. In this setting,
as mentioned above, we can easily adapt our proofs of Theorem [I.2] and Proposition [I.3] to show the
following.

Proposition 4.3. For every integer k > 1, any word consisting of exactly k + 1 occurrences of each
number in [n% + 1] must contain one of the following patterns.

a) (0FHI1F+L. ke for e € {id, rev}.
b) (012---n)1(012---n)®2 for e1,es € {id, rev}.

Moreover, the choice of n® + 1 is best possible for every k.

In both settings, it would also be interesting to find other families of unavoidable patterns.
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