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Let (X, E) be a hypergraph. A support is a graph Q on X such that for each E ∈ E , the subgraph of Q induced on the
elements in E is connected. We consider hypergraphs defined by connected subgraphs of a host graph. For a graph
G = (V,E), let b(V ) ⊆ V denote a set of terminals. Given a collection H of connected subgraphs of G, we define
a hypergraph on b(V ), where each H ∈ H defines a hyperedge V (H) ∩ b(V ). Our goal is to construct a graph Q
on b(V ) so that for each H ∈ H, V (H) ∩ b(V ) induces a connected subgraph of Q.

We also consider the problem of constructing a support for the dual hypergraph - a hypergraph on H where each
v ∈ b(V ) defines a hyperedge consisting of the subgraphs in H containing v. In fact, we construct supports for a
common generalization of the primal and dual settings called the intersection hypergraph.

As our main result, we show that if the host graph G has genus g and the subgraphs in H satisfy a condition of being
cross-free, then there exists a support that also has genus at most g.

Our results are a generalization of the results of Raman and Ray (Rajiv Raman, Saurabh Ray: Constructing Planar
Support for Non-Piercing Regions. Discret. Comput. Geom. 64(3): 1098-1122 (2020)) and our techniques extend
their results from the planar setting to graphs on surfaces. In particular, our techniques imply a unified analysis for
packing and covering problems for hypergraphs defined on surfaces of bounded genus. We also describe applications
of our results for hypergraph colorings.

Keywords: hypergraph supports, bounded genus, packing and covering, PTAS

1 Introduction
A hypergraph (X, E) consists of a set X and a collection E of subsets of X called hyperedges. Hy-
pergraphs generalize graphs (where E consists only of 2-element subsets of X). We are interested in
questions of representing hypergraphs by sparse graphs that capture some of its structure. The notion of
structure we want to preserve is that of connectedness of the hyperedges.

Consider a hypergraph (X, E). A graph Q on X is a support for the hypergraph if for each E ∈ E ,
the induced graph Q[E] of Q is connected. If we ignore the sparsity, we can trivially construct a support
by taking a complete graph on X . The problems become non-trivial if we impose sparsity. For example,
if we require the support graph to be planar, then even deciding if a hypergraph admits such a support is
NP-hard due to a result of Johnson and Pollak (1987).

∗A preliminary version of these results appeared in EUROCOMB’23 Raman and Singh (2023).
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The notion of a support was introduced by Voloshina and Feinberg (1984) in the context of VLSI cir-
cuits (see Feinberg et al. (1997a) for an English version), and has since been rediscovered by several
communities. For example, the existence and construction of sparse supports arises naturally in the prob-
lem of visualizing hypergraphs, see Bereg et al. (2015, 2011); Brandes et al. (2011, 2012); Buchin et al.
(2011); Havet et al. (2022); Hurtado et al. (2018), and in the design of networks, see Chen et al. (2015);
Hosoda et al. (2012); Korach and Stern (2003); Onus and Richa (2011).

Since it is already NP-hard to decide if a hypergraph admits a support that is a planar graph, it is
natural to consider restricted settings that ensure the existence of a sparse support. Raman and Ray (2020)
considered hypergraphs defined by non-piercing regions1 in the plane (see Section 7.2 for a definition of
these hypergraphs). The authors showed the existence of planar primal, dual and intersection supports for
these hypergraphs.

In Raman and Ray (2020), the authors were motivated by the analysis of algorithms for Packing and
Covering problems for hypergraphs defined by geometric regions in the plane. Several such problems
admit PTAS via algorithms from a basic local-search framework. To show that the algorithms in this
framework are a PTAS requires showing the existence of a local-search graph. The existence of a support
in many cases directly implies the existence of such a local-search graph (though in some cases, some
extra work is required).

We introduce the notion of hypergraphs defined by connected subgraphs of a host graph. This yields
a cleaner combinatorial model to study the geometric hypergraphs considered in Raman and Ray (2020).
To see this, consider an arrangement of disks in the plane. The dual arrangement graph G corresponding
to the disks is a plane graph that has a vertex for each cell of the arrangement, and two vertices in G
are adjacent if and only if the corresponding cells are separated by the boundary of a disk. Each disk
then defines a connected subgraph of G - the subgraph induced on the cells contained in that disk. The
subgraphs defined by any pair of disks are non-piercing in the graph-theoretic sense. That is, if G is
the dual arrangement graph of a set of disks, and A and B are two subgraphs of G corresponding to
disks RA and RB respectively, then the induced subgraphs on V (A) \ V (B) and V (B) \ V (A) are
connected subgraphs of G. If we are given a set P of points and a set D of disks, this defines a hypergraph
(P,D) on P where each D ∈ D defines a hyperedge D ∩ P . For each cell containing a point of P , we
choose a representative point of P from this cell as its representative vertex, and assign it a color blue.
Otherwise, the vertex corresponding to the cell is colored red. A planar support for the hypergraph defined
by blue vertices and disks then easily yields a planar support for the hypergraph (P,D). See Fig. 1 for the
construction of a graph and a support. This approach enables the study of geometric hypergraphs entirely
within a graph-theoretic framework.

To extend the results from the plane to other surfaces, we introduce the notion of cross-free subgraphs
of a graph embedded on a surface of genus g. We show that if the subgraphs of a host graph are cross-free,
then the primal, dual and intersection hypergraphs admit a support of genus at most g.

Our results on the existence of supports of bounded genus implies, via the local-search framework,
PTAS for the problems studied by Raman and Ray (2020) generalized to surfaces of bounded genus. We
also show that the non-piercing condition is not sufficient to guarantee PTAS for hypergraphs on surfaces
of bounded genus by showing an APX-hardness result for a covering problem defined by non-piercing
regions on a torus.

1 A slightly imprecise definition is the following: a family R of path connected regions in the plane or on an oriented surface such
that for any two regions R,R′ ∈ R, the regions R \ R′ and R′ \ R are also connected are called non-piercing regions. They
include disks, pseudodisks, unit height-axis parallel rectangles, etc. See Def. 17.
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Fig. 1: Support for hypergraph defined by disks and points in the plane.

Besides the applications mentioned above, the existence of supports are also useful for some coloring
problems on hypergraphs. Finally, one can view the existence of a sparse support as a notion of sparsity
for hypergraphs. Thus, we could say that a given hypergraph is planar if it admits a planar support, and
has bounded genus if it admits a support of bounded genus. While it may be hard to characterize exactly
the class of hypergraphs that are planar in our sense, it is still interesting to identify a large class of
naturally defined hypergraphs that are indeed planar or have bounded genus. We can then view our result
as identifying a class of naturally defined bounded genus hypergraphs.

1.1 Problems studied
The general class of problems we study are the following. Let G = (V,E) be a graph of genus g, with
a set b(V ) ⊆ V of terminals. The remaining vertices, denoted r(V ) are the non-terminals. Let H be a
collection of connected subgraphs of G. We denote by (b(V ),H), the hypergraph on b(V ) defined by H,
where each H ∈ H defines a hyperedge b(V )∩ V (H). The question we study is whether the hypergraph
(b(V ),H) admits a support Q on b(V ) so that Q also has genus at most g. We call this problem the
primal support problem to distinguish it from the other notions of support we study.

Primal Support
Input: A graph G = (V,E) of genus g, c : V → {r,b}, and a collection H of connected

subgraphs of G.
Question: Is there a support Q on b(V ) of genus g, i.e., for each H ∈ H, H ∩ b(V ) induces a

connected subgraph in Q.
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We also study the question of construction of a support for the dual hypergraph defined on the same
input. The dual hypergraph (H, {Hb}b∈b(V )) is the hypergraph on H, where each b ∈ b(V ) defines a
hyperedge Hb = {H ∈ H : b ∈ V (H)} consisting of all H ∈ H containing b. A support for the dual
hypergraph is called a dual support. For the dual support, observe that we can assume b(V ) = V , as such
a support is also a support when b(V ) is a proper subset of V .

Dual Support
Input: A graph G = (V,E) of genus g, and a collection H of connected subgraphs of G.
Question: Is there a dual support Q∗ of genus g on H, i.e., for each v ∈ V (G), Hv = {H ∈ H :

v ∈ H} induces a connected subgraph of Q∗.

We now define intersection hypergraphs that are a common generalization of primal and dual hyper-
graphs. Let G = (V,E) be a graph and let H and K be two families of connected subgraphs of G. An
intersection hypergraph is the hypergraph (H, {HK}K∈K), i.e., a hypergraph on H such that each K ∈ K
defines a hyperedge HK consisting of the subgraphs in H intersecting a vertex of K. As in the dual set-
ting, choosing a subset of H as terminals does not add any additional complication, and hence we define
the intersection hypergraph on all of H. Setting either H or K as singleton vertices yields respectively,
the primal and dual hypergraphs. An intersection support is a support for the intersection hypergraph.

Intersection Support
Input: A graph G = (V,E) of genus g, and two collections H and K of connected subgraphs

of G.
Question: Is there an intersection support Q̃ on H of genus g, i.e., for each K ∈ K, the set HK =

{H ∈ H : V (H) ∩ V (K) ̸= ∅} induces a connected subgraph of Q̃.

Our main result is the following: We show that if the host graph has genus g and the subgraphs in H
and K are cross-free, then there is an intersection support of genus g. This implies an equivalent result for
the primal and dual hypergraphs. Fig. 2 shows examples of primal, dual and intersection supports.

1.2 Related Work
The notion of a planar analogue of a hypergraph was first suggested by Zykov (1974), who defined a
hypergraph to be planar if there is a plane graph on the vertices of the hypergraph such that for each
hyperedge, there is a bounded face of the embedding containing only the elements of this hyperedge.
Equivalently, a hypergraph is Zykov-planar iff its incidence bipartite graph is planar. Voloshina and Fein-
berg (1984) introduced the notion of hypergraph planarity in the context of planarizing VLSI circuits (see
the monograph Feinberg et al. (1997b) and references therein). The notion is now called a planar sup-
port. Johnson and Pollak (1987) showed that the problem of deciding if a hypergraph has a planar support
is NP-hard.

Since then, several authors have studied the question of deciding if a hypergraph admits a support from
a restricted family of graphs. Tarjan and Yannakakis (1984) showed that we can decide in linear time if
a hypergraph admits a tree support. Buchin et al. (2011) showed polynomial time algorithms to decide if
a hypergraph admits a support that is a path, a cycle, or a tree with bounded maximum degree. Further,
the authors sharpen the result of Johnson and Pollak (1987) by showing that deciding if a hypergraph
admits a support that is a 2-outerplanar2 graph is NP-hard. The problems of constructing a support with

2 A graph is 2-outerplanar if the graph can be embedded in the plane such that the vertices are on two concentric circles and removing
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Fig. 2: (a) and (b): Primal and Dual hypergraphs on the graph system (G,H) where G is the graph on vertices
{a, b . . . , f}, and H = {H1, . . . H4} with H1 = {a, b, c, d}, H2 = {c, d, e}, H3 = {a, b, f, e}, H4 = {a, b, c, e};
(c): Intersection hypergraph for (G,H′,K) with H′ = {H ′

1, . . . , H
′
4} and K = {K1, . . . ,K3}, where H ′

1 =
{a, b, c}, H ′

2 = {b, c, e}, H ′
3 = {c, e, f}, H ′

4 = {b, e, d}, and K1 = {c, d}, K2 = {a, f}, K3 = {d, e}. Figures
(d)-(f) show the respective support graphs. Note: in (f), the pair of subgraphs H ′

3, H
′
4 is not cross-free at vertex e (see

Definition 5).

the fewest number of edges, or with minimum maximum degree have also been studied in Baldoni et al.
(2007); Onus and Richa (2011).

As stated earlier, the existence of supports and related notions have been used in the analysis of
algorithms under a local-search framework for packing and covering problems on geometric hyper-
graphs. Chan and Har-Peled (2012) gave a PTAS for the Independent Set problem for an arrangement
of pseudodisks in the plane. Mustafa and Ray (2010) gave a PTAS for the Hitting Set problem for a
set of points and pseudodisks in the plane (both results apply more generally to k-admissible regions 3

Whitesides and Zhao (1990)). The results of Chan and Har-Peled (2012); Mustafa and Ray (2010) were
extended by Basu Roy et al. (2018) who used the same framework to design a PTAS for the Set Cover
and Dominating Set problems for the intersection graph of pseudodisks. Raman and Ray (2020) showed
the existence of a planar support for intersection hypergraphs of non-piercing regions (see Section 7 for
the definition), and their result gave a unified analysis for all packing and covering problems described
above. The local-search framework has also found applications in variants of the art gallery/terrain guard-
ing problem, where the geometric objects are defined implicitly as the visibility region of a guard, and the
regions to be guarded are continuous regions, see for example Krohn et al. (2014); Bandyapadhyay and

all vertices of outer face results in an outerplanar graph.
3 A set of connected bounded regions R in the plane, each of whose boundary is a simple Jordan curve is k-admissible (for even k)

if for any R,R′ ∈ R, R \R′ and R′ \R are connected, their boundaries are in general position, and intersect each other at most
k times. If k = 2, the regions are called pseudodisks.



6 R. Raman and K. Singh

Roy (2017).
Raman and Ray (2022), showed that LP-rounding can be combined with a local-search framework to

obtain (2+ϵ)-approximations for the problem of Hitting Set and Set Cover with demands for hypergraphs
defined on points and pseudodisks.

Cabello and Gajser (2015) showed that Independent Set and Vertex Cover admit a PTAS on graphs
excluding a fixed minor, and Aschner et al. (2013) studied some packing and covering problems involving
geometric non-planar graphs. Unlike their results, for the problems we study, we require additional work
to show the existence of an appropriate local-search graph and this, in some cases requires the construction
of a support graph.

Besides packing and covering problems, we also consider coloring problems on hypergraphs. Keller
and Smorodinsky (2018) considered intersection hypergraphs of two families of disks, and showed that
such hypergraphs admit a conflict-free coloring4 with O(log n) colors. Keszegh (2020) generalized their
result to intersection hypergraphs of two families of pseudodisks and showed that these hypergraphs admit
a conflict-free coloring with O(log n) colors. The result holds for any hereditary family of hypergraphs if
each hypergraph in the family admits a proper coloring using a constant number of colors, see Even et al.
(2003). Therefore, for certain geometric hypergraphs defined on a surface of constant genus, our result in
Section 7.3 generalize the previous work of Even et al. (2003); Keller and Smorodinsky (2018); Keszegh
(2020); Raman and Ray (2020).

2 Preliminaries
A graph G = (V,E) and a collection of subgraphs H of G naturally defines a hypergraph (V (G), {V (H) :
H ∈ H}), where V (H) = {v ∈ V : v ∈ H}. We call the tuple (G,H) a graph system which we use
while considering primal and dual hypergraphs. Similarly, given two collections H and K of connected
subgraphs of G, we call (G,H,K) an intersection system, and we use it while considering an intersection
hypergraph. We implicitly make the assumption that G is a connected graph. We assume throughout that
the subgraphs of the host graph are connected, induced subgraphs. Note that assuming that the subgraphs
are induced is without loss of generality as the hypergraphs are defined on the vertices of G. We also
assume that the graph G is given along with a 2-cell embedding in an oriented surface. Below, we define
these notions.

Definition 1 (Embedding of a graph). A graph G is said to be embedded on a surface Σ if the vertices of
G are distinct points on Σ and each edge of G is a simple arc lying on Σ whose endpoints are the vertices
of the edge, and such that its interior is disjoint from other edges and vertices. A 2-cell embedding is an
embedding of a graph on a surface, where each face is homeomorphic to a disk in the plane.

We say that a graph G has an embedding on a surface Σ if there is a graph G′ embedded on Σ such
that G′ is isomorphic to G. An orientable surface has genus g if it is obtained from a sphere by adding g
handles (See Mohar and Thomassen (2001), Chapter 3).

Definition 2 (Genus). The genus g of a graph G is the minimum genus of an oriented surface Σ so that
G has an embedding on Σ.

We say that a graph has bounded genus if it can be embedded on a surface whose genus is bounded. It
should be noted that contracting any edge of a graph does not increase the genus of the resulting graph
and we will use this fact throughout the paper.
4 In a conflict-free coloring, we want to color the vertices of the hypergraph such that each hyperedge has a uniquely colored vertex.
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For a graph G = (V,E) a set S ⊂ V is a separator if G \ S consists of two disjoint components A
and B. A separator is said to have sub-linear size if |S| = O(nδ) for a constant δ < 1. A separator is
said to be balanced if |A|, |B| ≤ α|V | for some constant α < 1. We also need the notion of a weighted
separator. Let w : V → R≥0 be a weight function on the vertices. A separator S is said to be balanced if
w(A), w(B) ≤ αw(V ), where w(X) =

∑
v∈X w(v). For the separator S, its size is still its cardinality.

The key property of graphs of bounded genus we use is that they have sub-linear sized balanced separators.
In the rest of the paper, since we only deal with sub-linear balanced separators, we will just use the term
separator to mean a sub-linear sized, balanced separator.

Theorem 3 (Gilbert et al. (1984)). Let G = (V,E) be an n-vertex graph of genus g. Let w : V → R≥0 be
a weight function. Then, G has a balanced separator of size O(

√
gn) such that w(A), w(B) ≤ 1

2w(V ).

For a vertex v ∈ V (G), we use NG(v) to denote the neighbors of v in G (or just N(v) if G is clear
from context). We use u ∼ v or e ∼ v to denote respectively, if u and v are adjacent in G, or an edge e
incident to vertex v. For S ⊆ V , we use G[S] to denote the subgraph of G induced on S. We use Hv =
{H ∈ H : v ∈ H}. Similarly, let He = {H ∈ H : e ∈ H}. We let DEPTH(v) = |{H ∈ H : v ∈ H}|.
Similarly, let DEPTH(e) = |{H ∈ H : e ∈ H}|. We also use the notations H ∩K, H \K, and H ⊆ K
to mean V (H)∩ V (K), V (H) \ V (K), and V (H) ⊆ V (K) respectively for any two subgraphs H,K of
a graph G.

Our goal is to consider restrictions on the subgraphs so that the support is guaranteed to have bounded
genus. To that end, we introduce a notion of cross-free hypergraphs and non-piercing hypergraphs.

Definition 4 (Reduced graph). Let (G,H) be a graph system. For two subgraphs H,H ′ ∈ H, the
reduced graph RG(H,H ′) (or just R(H,H ′) if G is clear from context) is the graph obtained from G by
contracting all edges, both of whose end-points are in H ∩H ′.

Note that if G is embedded on a surface Σ, then this induces an embedding of RG(H,H ′) on Σ.

Definition 5 (Cross-free at v). Let (G,H) be an embedded graph system. Two subgraphs H,H ′ ∈ H
are said to be cross-free at a vertex v ∈ V (H) ∩ V (H ′) if the following holds: Consider the induced
embedding of the reduced graph R(H,H ′). Let ṽ be the image of v in R(H,H ′). There are no 4 edges
ei = {ṽ, vi} in R(H,H ′), i = 1, . . . , 4 incident to ṽ in cyclic order around ṽ, such that v1, v3 ∈ H \H ′,
and v2, v4 ∈ H ′ \H .

For an embedded graph system (G,H), if every pair H,H ′ ∈ Hv is cross-free at v, then (G,H) is said
to be cross-free at v. For two subgraphs H,H ′ if v is not contained in both H and H ′, then H and H ′

are assumed to be cross-free at v. The embedded graph system (G,H) is cross-free if it is cross-free at all
v ∈ V (G). Finally, a graph system (G,H) is cross-free if there exists an embedding of G such that the
embedded graph system (G,H) is cross-free with respect to H. If there exist H,H ′ ∈ H such that H and
H ′ are not cross-free at v, we say that H and H ′ are crossing at v. Throughout the paper, when we say
that G is embedded on a surface, we assume without loss of generality that the embedding is cross-free
with respect to H.

An intersection hypergraph (G,H,K) is cross-free if there is an embedding of G such that the em-
bedded graph systems (G,H) and (G,K) are simultaneously cross-free. Note that we can have H ∈ H,
K ∈ K that are crossing. Finally, we use the term (G,H) is a cross-free system of genus g or the term
(G,H,K) is a cross-free intersection system of genus g to mean that the host graph G has genus g.
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Definition 6 (Non-piercing subgraphs). A graph system (G,H) with H a collection of subgraphs of G
is non-piercing if each H ∈ H is connected and for any two subgraphs H,H ′ ∈ H, H \ H ′ induces a
connected subgraph of G.

Note that non-piercing is a purely combinatorial notion, and unlike the cross-free property above, it
does not require an embedding of the graph. If ∃ H,H ′ ∈ H such that either the induced subgraph
H \H ′ or the induced subgraph H ′ \H is not connected, then we say that H and H ′ are piercing.

3 Contribution
The main result we show in this paper is that if (G,H,K) is a cross-free intersection system of genus g,
then there is an intersection support Q̃ of genus at most g. In order to show that Q̃ exists, we show that
primal and dual supports of genus at most g exist for cross-free graph systems of genus g. These results
are a generalization of the results of Raman and Ray (2020), who showed similar results for non-piercing
regions in the plane. While some of the techniques in the two papers are similar, several new ideas are
required for the results to go through. Besides generalization to surfaces, our results have the advantage
that they use basic graph operations and do not require delicate topological arguments as in Raman and
Ray (2020). We also give applications of our results to several packing, covering problems and coloring
problems.

3.1 Existence of Supports
We obtain the following results for the construction of primal, dual, and intersection supports for cross-
free systems.

Theorem 7. Let (G,H) be a cross-free graph system of genus g. For any coloring c : V (G) → {r,b},
there exists a primal support Q of genus at most g on b(V ).

Theorem 8. Let (G,H) be a cross-free graph system of genus g. Then, there exists a dual support Q∗ on
H of genus at most g.

Theorem 9. Let (G,H,K) be a cross-free intersection system of genus g. Then, there exists an intersec-
tion support Q̃ on H of genus at most g.

While the three results above are algorithmic, we are unable at this point to prove that the algorithms to
construct the supports run in polynomial time, and we leave this as an open problem.

3.2 Algorithms for Packing and Covering Problems
As stated earlier, our motivation for constructing supports comes from the analysis of local-search algo-
rithms for a family of packing and covering problems. The fact that the graph we construct is a support,
satisfies one of the requirements for the analysis of the algorithms. The second requirement is that the
graph should belong to a hereditary family with sublinear sized separators. Since graphs of bounded genus
have sublinear sized separators as shown by Alon et al. (1990); Gilbert et al. (1984), our results above,
combined with the framework in Chan and Har-Peled (2012); Mustafa and Ray (2010); Raman and Ray
(2020) directly imply the following results generalizing the results of Raman and Ray (2020) in the plane
to higher genus surfaces.
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In the generalized capacitated packing problem, the input is an intersection system (G,H,K) with a
capacity function cap : K → N. The goal is to find a largest sub-collection H′ ⊆ H so that |H′

K | ≤
cap(K) for all K ∈ K. We prove the following.

Theorem 10. Let (G,H,K) be a cross-free intersection system of genus g for some constant g, and let
cap : K → N be a capacity function. Let ∆ > 0 be an absolute constant. If cap(K) ≤ ∆ for all K ∈ K,
then the Generalized Capacitated Packing Problem admits a PTAS via the local-search framework.

For a graph system (G,H), let cap : V (G) → N be a capacity function on V (G). The Capacitated
H-packing problem is to find a maximum cardinality collection H′ ⊆ H such that for each v ∈ V (G),
|H′

v| ≤ cap(v).
Let cap : H → N be a capacity function on H. Then the Capacitated Vertex Packing problem is to

find the largest cardinality subset V ′ ⊆ V (G) s.t. |H ∩ V ′| ≤ cap(H) for all H ∈ H.

Corollary 11. Let (G,H) be a cross-free graph system of genus g for some constant g, and let ∆ > 0 be
an absolute constant.

1. Given a capacity function cap : V (G) → N such that cap(v) ≤ ∆ for all v ∈ V . Then, there is a
PTAS for the Capacitated H-Packing problem via the local-search framework.

2. Given a capacity function cap : H → N such that cap(H) ≤ ∆ for all H ∈ H. Then there is a
PTAS for the Capacitated Vertex Packing problem via the local-search framework.

Theorem 12. Let (G,H,K) be a cross-free intersection system of genus g where g is bounded above by a
constant. Then, there is a PTAS for the Generalized Covering Problem via the local-search framework.

For a graph system (G,H), an intersection graph is the graph D = (H, E), where {H,H ′} ∈ E(D) if
and only if V (H) and V (H ′) intersect at a vertex of G.

Corollary 13. Let (G,H) be a cross-free graph system of genus g for some constant g, and D denote
the intersection graph. Then, the following problems on D admit a PTAS: (a) Independent Set, (b) Vertex
Cover, and (c) Dominating Set.

We show a natural class of geometric graphs and hypergraphs that can be modeled as cross-free graph
systems. Hence, the results on Packing and Covering problems above hold for such hypergraphs.

A set D of connected regions in the plane is said to be weakly non-piercing if D \ D′ or D′ \ D is
connected for all D,D′ ∈ D. This is weaker than the non-piercing condition considered in Raman and
Ray (2020), which requires that both D \D′ and D′ \D are connected.

Theorem 14. Let H and K be two families of simply connected weakly non-piercing regions on an ori-
ented surface Σ of genus g. Then, we can define an embedded cross-free intersection system (G,H′,K′)
of genus g and a bijection between H and H′, and between K and K′ so that the intersection hypergraph
defined by H and K is isomorphic to that defined by H′ and K′.

We also show that covering problems involving non-piercing subgraphs of a bounded genus graph are
APX-hard. For non-piercing regions in the plane, these problems admit a PTAS.

Theorem 15. There exist crossing non-piercing graph systems (G,H) with G embedded on the torus
such that the Set Cover problem is APX-hard. Similarly, the Hitting Set problem on such a set system is
APX-hard.
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3.3 Hypergraph Coloring
We obtain the following results for the hypergraph coloring problem, generalizing the results of Keller
and Smorodinsky (2018), Keszegh (2020) and Raman and Ray (2020). Our results in combination with
previous results also imply a conflict-free coloring with O(logn) colors.

Theorem 16. Let H and K be two families of simply connected weakly non-piercing regions on an ori-
ented surface of genus g. Then the intersection hypergraph has a proper coloring with at most 7+

√
1+24g
2

colors i.e., H can be colored with at most 7+
√
1+24g
2 colors such that for any K ∈ K, no hyperedge HK

is monochromatic.

A guide to the reader: In Section 4, we contrast non-piercing graph systems with cross-free graph
systems. In Section 5, we introduce the notion of Vertex Bypassing, a basic tool used in the construction
of supports. In Section 6, we show how the primal, dual and intersection supports can be constructed.
We describe applications of our results on the existence and construction of supports in Section 7. We
conclude in Section 8 with open questions.

4 Non-piercing and Cross-free Systems
In this section, we relate the geometric notion of non-piercing regions to the graph-theoretic notion of
being cross-free. We show that the non-piercing condition implies the cross-free condition in the plane,
but they are incomparable in higher genus surfaces. Below, we define non-piercing regions and the dual
arrangement graph of regions.

Definition 17 (Non-piercing regions). Let R be a set of compact, path connected regions in general
position in R2 such that boundary of each R ∈ R consists of a finite set of disjoint simple Jordan curves.
Then R is said to be non-piercing if for all R,R′ ∈ R, the regions R \R′ and R′ \R are connected.

By general position above, we mean that the boundaries of any two regions intersect at only a finite
number of points where they cross, and that there are no three regions whose boundaries contain a common
point. See Fig. 5 for an example.
Let R be an arrangement of connected and bounded regions in the plane, and ∂(R) defines the boundary
of R ∈ R. Then R\

⋃
R∈R ∂(R) splits the plane into a set C of connected components, each called a cell

in the arrangement R. Then the dual arrangement graph G = (C, E) of R is a plane graph with vertex
set C where two vertices are adjacent if and only if their corresponding cells are separated by boundary of
some region in R.

Each region R ∈ R induces a connected subgraph GR of G - consisting of vertices corresponding
to cells in R. Moreover, it is easy to see that if R is non-piercing, and RG is the collection of induced
subgraphs of G each corresponding to a region in R, then the subgraphs in RG are non-piercing subgraphs
of G.

We start with the following result, which shows that if a graph system is non-piercing in the plane, it is
cross-free.

Theorem 18. Let (G,H) be a planar non-piercing system, then, (G,H) is cross-free.

Proof: We show that if (G,H) is crossing, then it cannot be non-piercing. Consider an embedding of G
in the plane. Abusing notation, let G also denote the embedding of G in the plane, which we also refer to
as G, abusing notation slightly. If (G,H) is crossing, there are two subgraphs H,H ′ ∈ H and a vertex



On Supports for Graphs of Bounded Genus 11

x ∈ H ∩H ′ in the reduced graph RG(H,H ′) that has four neighbors x1, . . . , x4 in cyclic order around x
such that x1, x3 ∈ H \H ′ and x2, x4 ∈ H ′ \H . It cannot be that both x1 = x3, and x2 = x4 without
violating planarity. So assume without loss of generality that x2 ̸= x4.

Since H is non-piercing, H is connected and H \H ′ induces a connected subgraph of G. Further, note
that H and H ′ are non-piercing in G, then they remain non-piercing in RG(H,H ′). Therefore, there is
an x1-x3 path P in RG(H,H ′) that lies in H \ H ′. Again, since H is non-piercing, H ′ \ H induces a
connected subgraph of G. Therefore, there is a path P ′ between x2 and x4 that lies in H ′ \H . Observe
that P ∪ {x1, x} ∪ {x, x3} induces a Jordan curve with x2 and x4 on either side of it. Thus P and P ′

intersect at a vertex that lies in H ∩ H ′, which is not possible since P and P ′ are disjoint. Therefore,
there is no path P ′ between x2 and x4 in H ′ \H which implies H ′ \H is not connected and thus H is
piercing.

Note that the reverse implication does not hold. It is easy to construct examples of graph systems in the
plane that are cross-free, but are not non-piercing. Consider the graph system consisting of a graph K1,4

embedded in the plane, with central vertex v, and leaves a, b, c, d in cyclic order. Let H and H ′ be two
subgraphs where H is the graph induced on {v, a, b} and H ′ is the graph induced on {v, c, d}. Then, H
and H ′ are cross-free, but neither H \H ′ nor H ′ \H is connected.

The proof of Theorem 18 relies on the Jordan curve theorem (see Ch. 2 in Mohar and Thomassen
(2001)), and the corresponding statement need not hold for surfaces of higher genus. For example, let
G be the torus grid graph Tn,n = Cn2Cn, see Weisstein (2016). The subgraphs H are the n non-
contractible cycles perpendicular to the hole, and the n non-contractible cycles parallel to the hole. Note
that the system (Tn,n,H) is non-piercing but not cross-free. Any pair of parallel and perpendicular cycles
intersect at a unique vertex, and therefore in the dual support, the vertices corresponding to these two
cycles must be adjacent. Therefore, the dual support is Kn,n which is not embeddable on the torus for
large enough n.

5 Vertex Bypassing
The basic tool we use in the construction of supports is the Vertex Bypassing (VB(.)) operation. Given a
cross-free embedding of G with respect to H and a vertex v ∈ V (G), VB(v) removes v and modifies the
neighborhood around v so that the resulting system remains cross-free and is in some sense simpler than
the original system.

Definition 19 (VB(v)). Let (G,H) be a cross-free system with a cross-free embedding of G with respect
to H on an oriented surface Σ. Let N(v) = (v0, . . . , vk−1, v0) be the cyclic order of neighbors of v in the
embedding. The Vertex Bypassing operation involves the following sequence of operations:

1. Subdivide each edge {v, vi} by a vertex ui. Remove the vertex v and connect consecutive vertices
ui, ui+1 (with indices taken mod k) with a simple arc not intersecting the edges of G to construct
a cycle C = (u0, . . . , uk−1, u0) so that the resulting graph G′′ remains embedded on Σ.

2. For each H ∈ Hv , let H ′ denote the subgraph of G′′ induced by (V (H)\{v})∪{ui : {v, vi} ∈ H}.
Let H′

v = {H ′ : H ∈ Hv}. Let H′ = (H \ Hv) ∪ H′
v (Note that the subgraphs in H′

v may not be
connected).

3. Add a set D of internally non-intersecting chords in C so that ∀H ∈ H′, H induces a connected
subgraph in C ∪D, and the resulting graph system (G′,H′) remains cross-free.
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Fig. 3: Vertex Bypassing.

Fig. 3 shows vertex bypassing at vertex v. It is easy to see that the graph G′ obtained from G is also
embedded on Σ as each operation preserves the embedding. Since we remove the vertex v, at the end of
Step 2, the subgraphs H′

v in G′′ may be disconnected. The main challenge is to add additional edges to the
graph G′′ so that subgraphs H′ of G′ remain connected and the graph system (G′,H′) remains cross-free.

In order to do so, we introduce the notion of abab-free hypergraphs. An equivalent notion, namely
ABAB-free hypergraphs was studied by Ackerman et al. (2020), where the elements of the hypergraph
are placed in a linear order instead of a cyclic order.

Definition 20 (abab-free). An abstract hypergraph (X,H) is said to be abab-free if the elements of X can
be arranged on a cycle C such that for any H,H ′ ∈ H there does not exist distinct x1, x2, x3, x4 ∈ X in
this cyclic order around C such that x1, x3 ∈ H \H ′, and x2, x4 ∈ H ′ \H .

The relation between cross-free graph systems and abab-free systems is the following: If G is embedded
so that it is cross-free with respect to H, then for any vertex v, on applying VB(v), the system (C,H′

v) is
abab-free, where C is the cycle on the vertices u0, . . . , udeg(v)−1 subdividing the edges {v, vi}.

Proposition 21. Let (G,H) be a cross-free graph system with a cross-free embedding with respect to H.
For any vertex v ∈ V (G), on applying VB(v), (C,H′

v) is abab-free.

Proof: Since the subgraphs in H are induced subgraphs, He ⊆ Hv . Let C = (u0, . . . , udeg(v)−1) be the
cycle on the subdivided vertices added on applying VB(v). By construction Hui = He where e = {v, vi},
and He ⊆ Hv . If (C,H′

v) is not abab-free, let H1, H2 be subgraphs in H′
v that are not abab-free. This

implies that H1 and H2 are crossing at v.

By Proposition 21 therefore, the problem of adding a set of non-intersecting chords D in Step 3 of
Vertex Bypassing reduces to the following: Given an abab-free embedding of an abab-free hypergraph,
can we add a set of non-intersecting chords in C such that each subgraph is connected? We show in the
following lemma, whose proof is in Section 5.1 that we can always add such chords.

Lemma 22. Let C be a cycle embedded in the plane, and let K be a set of abab-free subgraphs of C.
Then, we can add a set D of non-intersecting chords in C such that each K ∈ K induces a connected
subgraph of C∪D. Further, the set D of non-intersecting chords to add can be computed in time O(mn4)
where m = |K|, and n = |C|.
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With Lemma 22 at hand, we can obtain the desired system (G′,H′).

Lemma 23. Let (G,H) be a cross-free system with a cross-free embedding of G with respect to H.
Suppose we apply VB(v) to a vertex v ∈ V (G). Then, each subgraph H in (G′,H′) is connected.
Further, VB(v) can be done in time O(|H||V (G)|4).

Proof: Let C be the cycle added on the subdividing vertices around vertex v. Since (G,H) is cross-free,
by Proposition 21, the subgraphs {H ∩ C : H ∈ H′

v} satisfy the abab-free property on C. Therefore,
by Lemma 22, there is a collection D of non-intersecting chords such that each subgraph in H′

v induces
a connected subgraph of C ∪ D. Hence, each subgraph H ∈ H′ is a connected subgraph of G′ since
each H ∈ Hv is modified only in the vertices of subdivision. Since Lemma 22 guarantees that the set D
of non-intersecting chords to add can be computed in time O(|H||V (G)|4), it follows that VB(v) can be
done in O(|H||V (G)|4) time.

In the following, we argue that if (G,H) is cross-free, then the resulting system (G′,H′) obtained on
applying VB(v) at a vertex v ∈ V (G) is cross-free.

Lemma 24. Let (G,H) be a cross-free system and let v ∈ V (G). Let (G′,H′) be the system obtained on
applying VB(v). Then, (G′,H′) is cross-free.

Proof: By Lemma 23, the subgraphs in H′ are connected subgraphs of G′. We argue that (G′,H′) is
cross-free. Let the cyclic sequence of the neighbors of v be (v0, . . . , vk−1). Similarly, let (u0, . . . , uk−1)
denote the cyclic sequence of the vertices in G′ where ui is the vertex subdividing the edge {v, vi} in
VB(v).

Consider two subgraphs H1, H2 ∈ H. We will show that H ′
1 and H ′

2 are cross-free, where H ′
1 and H ′

2

are respectively, the subgraphs in H′ corresponding to H1 and H2 in H. For a vertex x ∈ V (G), let x′

denote its copy in V (G′). We let x̃ denote its corresponding vertex in the reduced graph RG(H1, H2),
and x̃′, the vertex in RG′(H ′

1, H
′
2) corresponding to vertex x′ ∈ V (G′).

For x̃ ∈ V (RG(H1, H2)), let (A0, . . . , Aℓ−1) be the cyclic-pattern around x̃ where each Ai is a subset
of {H1, H2}, i.e., if z̃0, . . . , z̃ℓ−1 are the neighbors of x̃ in cyclic order, then Ai corresponds to the subset
of {H1, H2} containing z̃i. We use an identical notation for RG′(H ′

1, H
′
2).

Consider an x′ ∈ V (G′) and its corresponding vertex in RG′(H ′
1, H

′
2). First, suppose v ̸∈ V (H1) ∩

V (H2). If x′ ̸∈ {u0, . . . , uk−1}, then the cyclic-pattern at x̃′ in RG′(H ′
1, H

′
2) is isomorphic to the cyclic-

pattern at x̃ (replacing H ′
j by Hj , j = 1, 2), where x is the vertex in G corresponding to x′. Since H1 and

H2 are cross-free at x, so are H ′
1 and H ′

2 at x′. Since the subgraphs at ui are a subset of the subgraphs at
v, it implies that no ui is contained in both H1 and H2. Hence, H1 and H2 are cross-free at each ui.

Now, if v ∈ V (H1) ∩ V (H2), then for any vertex y′ in G′ so that its copy y in G is not connected to v
via a path that lies in V (H1) ∩ V (H2), the cyclic-pattern at ỹ′ and ỹ are isomorphic. If y lies on a path
in V (H1) ∩ V (H2) to v, then ỹ = ṽ in RG(H1, H2). In this case, observe that the cyclic pattern at ỹ′ is
a sub-sequence of the cyclic pattern at ỹ since ỹ′ = ũi for some ui ∈ H ′

1 ∩ H ′
2. Since H1 and H2 are

non-crossing at v, it implies that H ′
1 and H ′

2 are non-crossing at y′.
Since H ′

1 and H ′
2 are non-crossing at all vertices of G′, and H1, H2 ∈ H were arbitrary, it implies

(G′,H′) is cross-free.



14 R. Raman and K. Singh

5.1 Non-blocking Chords in abab-free Hypergraphs
In this section, we prove Lemma 22. Let C = (x0, . . . , xk−1, x0) be a cycle embedded in the plane
with vertices labeled in clockwise order and let K be a collection of abab-free subgraphs on C. Since the
subgraphs in K may not be connected, each K ∈ K induces a collection of runs on C, where a run is a
consecutive sequence of vertices on C that are contained in K.

For i, j ∈ {0, . . . , k − 1}, let [xi, xj ] denote the vertices on the arc from i to j in clockwise order, with
indices taken mod k. Similarly, we use (xi, xj) to denote the open arc, i.e., consisting of the vertices on
the arc from i to j except xi and xj . We use (xi, xj ] to denote the semi-open arc consisting of sequence
of vertices from i to j, but excluding the vertex i.

The addition of a chord d = {xi, xj} divides C into two open arcs - (xi, xj) and (xj , xi). The chord
d blocks a subgraph K ∈ K if both open arcs contain a run of K, and neither xi nor xj are in K. Such
a chord d is called a blocking chord. If d does not block any subgraph in K, it is called a non-blocking
chord. We show in Lemma 25 that there always exists a non-blocking chord d that connects two disjoint
runs of some subgraph K ∈ K.

Lemma 25. Let C be a cycle embedded in the plane, and let K be a collection of abab-free subgraphs in
the embedding of C. Then, for some disconnected K ∈ K, there exists a non-blocking chord joining two
disjoint runs of K. Further, such a chord can be computed in time O(mn3) where m = |K| and n = |C|.

Proof: Assume wlog that each subgraph K ∈ K induces at least two runs in C, and no two subgraphs
contain the same subset of vertices of C. Define a partial order ≺C on K, where for K,K ′ ∈ K, K ≺C K ′

iff K ⊂ K ′. Let K0 ∈ K be a minimal subgraph with respect to the order ≺C .
Let K0

0 , . . . ,K
q
0 denote the runs of K0. We let A denote the run K0

0 and let B = ∪q
i=1K

i
0. For ease

of exposition, we assume C is drawn such that A lies in the lower semi-circle of C and that B lies in
the upper semi-circle of C, where the runs K1

0 , . . . ,K
q
0 appear in counter-clockwise order. Let a0, . . . , ar

denote the vertices of A in clockwise order and let b0, . . . , bs denote the vertices of B in counter-clockwise
order. See Fig. 4 (a).

We show that there is a chord d from a vertex in A to a vertex in B that is non-blocking. In order
to do so, we start with the chord d0 = a0b0, and construct a sequence of chords until we either find a
non-blocking chord, or we end up with the chord dk = arbs, which will turn out to be non-blocking.
Having constructed chords d0, . . . , di−1, where di−1 = aℓbj , di will be either the chord aℓbj′ or aℓ′bj ,
where j′ > j and ℓ′ > ℓ.

Next, we describe the construction of the chords. Each chord d we construct satisfies the following
invariant: If K is a subgraph blocked by a chord d = aℓbj , then

(i) The vertices of K are contained in the vertices of K0 in the arc (aℓ, bj), and

(ii) There is a vertex k ∈ K \K0 in the arc (bj , aℓ).

Let d0 denote the chord a0b0. If d0 is non-blocking, we are done. Otherwise, if any K1 ∈ K is blocked
by d0, there is a vertex k ∈ K1 that lies in (b0, a0). Since (b0, a0) does not contain a vertex of K0,
this implies k ∈ K1 \ K0, and hence d0 satisfies condition (ii) of the invariant. Since we assumed the
subgraphs K are abab-free, this implies that any vertex of K1 in arc (a0, b0) is contained in K0. This
ensures that condition (i) of the invariant is satisfied by d0.

Having constructed d0 = a0b0, . . . , di−1 = aℓbj , each of which satisfy conditions (i) and (ii) of the
invariant, we construct di as follows: We simultaneously scan the vertices of B in counter-clockwise order
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from bj , and the vertices of A in clockwise order from aℓ until we find the first vertex x that belongs to a
subgraph blocked by di−1. Let Ki denote this subgraph. If x = bj′ ∈ B, we set di = aℓbj′ . Otherwise,
x = aℓ′ ∈ A, and we set di = aℓ′bj . Assume without loss of generality that di = aℓbj′ (the other case is
similar).

(a) Ordering the vertices of K0 in sets A and
B. Here, A = {a0, . . . , ar} and

B = {b0, . . . , bs}

u

di

di−1

w

bj

v

bj′

aℓ′
aℓ

Ki+1 \Ki

Ki+1 \Ki

Ki \Ki+1

Ki \Ki+1

(b) Adding chords between A and B. If
Ki+1 \K0 ̸= ∅ in (aℓ, bj′), vertices u, bj′ , v, w

form abab in Ki+1 and Ki

Fig. 4: Finding a non-blocking chord to join two disjoint runs of K0.

If di is a non-blocking chord, we are done. Otherwise, let Ki+1 denote a subgraph blocked by di. Then,
both the arcs (aℓ, bj′) and (bj′ , aℓ) contain a run of Ki+1, and aℓ, bj′ ∈ K0 \Ki+1. We now show that di
satisfies the invariant. Most of the work will go in showing that di satisfies condition (i) of the invariant.
We show this by contradiction - If di does not satisfy invariant (i), we will exhibit a pair of subgraphs
violating the abab-free property.

Suppose di does not satisfy condition (i) of the invariant, that is, there is a vertex u ∈ Ki+1 \K0 that
lies in (aℓ, bj′). Since di−1 satisfies both the conditions of the invariant, the subgraph Ki blocked by di−1

is contained in K0 in (aℓ, bj). Since (aℓ, bj′) ⊂ (aℓ, bj), it implies u ̸∈ Ki, and thus u ∈ Ki+1 \Ki. By
construction of di, the vertex bj′ ∈ Ki, and since di blocks Ki+1, bj′ ̸∈ Ki+1. Thus, bj′ ∈ Ki \Ki+1.

Now, we claim that Ki+1 is not blocked by di−1. To see this, since di−1 satisfies condition (i) of the
invariant, for any subgraph K ′ blocked by di−1, we have that K ′ ⊆ K0 in (aℓ, bj). Since (aℓ, bj′) ⊂
(aℓ, bj), combined with the facts that u ∈ Ki+1 \K0 and that u lies in (aℓ, bj′) implies that Ki+1 is not
blocked by di−1. But Ki+1 is blocked by di, it follows that there is a vertex v of Ki+1 in the arc (bj′ , bj ].
Note that v need not lie in K0. However, no vertex in the arc (bj′ , bj ] lies in Ki, since bj′ was the first
vertex encountered that was contained in a subgraph blocked by di−1 when traversing the vertices of B
in counter-clockwise order from bj . Therefore, v ∈ Ki+1 \Ki.

Finally, since di−1 satisfies condition (ii) of the invariant, it implies that there is a vertex w ∈ Ki \K0

that lies in (bj , aℓ). Note that u ∈ Ki+1 \ K0, aℓ, bj′ ∈ K0 \ Ki+1, and u lies in (aℓ, bj′). There is no
vertex x ∈ Ki+1 \K0 that lies in (bj′ , aℓ), since otherwise we have an abab-pattern among Ki+1 and K0
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given by the cyclic sequence of the vertices u, bj′ , x, aℓ. So, we have Ki+1 ⊆ K0 in (bj′ , aℓ) since the
arrangement is abab-free. However, since (bj , aℓ) ⊂ (bj′ , aℓ) and w ∈ Ki \K0 lies in (bj , aℓ), it follows
that w ̸∈ Ki+1. Therefore, w ∈ Ki \Ki+1. See Fig. 4 (b).

From the above arguments, it follows that the subgraphs Ki+1 and Ki are not abab-free, as witnessed
by the sequence of vertices u, bj′ , v and w, a contradiction. Thus, di satisfies condition (i) of the invariant.
The fact that di satisfies condition (ii) of the invariant follows from the fact that K0 is minimal. Otherwise,
Ki+1 ⊆ K0 in (aℓ, bj′) and in (bj′ , aℓ), and therefore Ki+1 ⊂ K0.

Since the set of chords is finite, the sequence of chords constructed either ends in a non-blocking chord,
or we end up with the chord d = arbs. We claim that d must be a non-blocking chord. Suppose d blocks
a subgraph K. Then, (ar, bs) contains a vertex u ∈ K ∩K0, as d satisfies invariant (i) and (ii). However,
(ar, bs) does not contain a vertex in K0. Therefore, d must be a non-blocking chord.

For any chord d0 joining two disjoint runs of some K0, it can be tested in O(mn) if d0 is a non-blocking
chord since any K ∈ K has at most n vertices. We scan over at most

(
n
2

)
chords, and the lemma ensures

one of these chords must be non-blocking. Hence, a non-blocking chord can be computed in O(mn3)
time.

We are now ready to prove Lemma 22. We do this by using Lemma 25 to add a non-blocking chord
connecting two disconnected components of a subgraph, and then recursively apply Lemma 25 to the two
resulting cycles and their induced subgraphs.

Lemma 22. Let C be a cycle embedded in the plane, and let K be a set of abab-free subgraphs of C.
Then, we can add a set D of non-intersecting chords in C such that each K ∈ K induces a connected
subgraph of C∪D. Further, the set D of non-intersecting chords to add can be computed in time O(mn4)
where m = |K|, and n = |C|.

Proof: For any subgraph K ∈ K, let nK denote the number of disjoint runs of K on C. Let

cost(C,K) =
∑
K∈K

(nK − 1)

If cost(C,K) = 0, then every subgraph K ∈ K consists of one run, and therefore C ∩K is connected for
each K ∈ K, and D = ∅ suffices.

Suppose the lemma holds for all (C ′,K′) with cost(C ′,K′) < N . Now, consider an instance with an
embedded cycle C and a set K of abab-free subgraphs of C such that cost(C,K) = N . By Lemma 25,
there is a non-blocking chord d = {x, y} joining two disjoint runs of some subgraph K0 ∈ K.

The chord d = {x, y} divides the cycle C into two arcs, [x, y], and [y, x]. We construct two disjoint
sub-problems on the cycles Cℓ and Cr obtained from C, where Cℓ is obtained by adding the edge {x, y}
to the arc [y, x], and Cr is obtained by adding the edge {x, y} to the arc [x, y]. The subgraphs in Cℓ and
Cr are respectively those induced by K, namely Kℓ = {K∩Cℓ : K ∈ K}, and Kr = {K∩Cr : K ∈ K}.
Note that Kℓ and Kr are abab-free on Cℓ and Cr, respectively. Let nℓ

K and nr
K denote respectively,

the number of runs of K ∈ K in Cℓ and in Cr. Clearly, nℓ
K0

< nK0 and nr
K0

< nK0 . Also, for all
other subgraphs K ′ ∈ K, nℓ

K′ ≤ nK′ and nr
K′ ≤ nK′ , it follows that cost(Cr,Kr) < cost(C,K) and

cost(Cℓ,Kℓ) < cost(C,K).
Hence, by the inductive hypothesis on the pair (Cℓ,Kℓ), there exists a set of non-intersecting chords

Dℓ such that each K ∈ Kℓ induces a connected subgraph of Cℓ ∪ Dℓ. Similarly, there exists a set of
non-intersecting chords Dr such that each K ∈ Kr, induces a connected subgraph of Cr ∪ Dr. Let
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D = Dℓ ∪ Dr ∪ d. If there is a subgraph K ∈ K such that K induces connected subgraphs on both
Cr ∪Dr and Cℓ∪Dℓ but K is not connected on C ∪D, then K ∩{x, y} = ∅. It follows that K is blocked
by d; a contradiction that d is a non-blocking chord. Hence, D is a set of non-intersecting chords such
that each K ∈ K induces a connected subgraph of (C ∪D).

By Lemma 25, a non-blocking chord can be computed in O(mn3) time. Since C ∪D gives an outer-
planar graph, |D| ≤ n− 3. Hence, the total running time to compute D is O(mn4).

6 Construction of Supports
In this section, we show that for cross-free systems on a graph of genus g, there exist primal, dual and
intersection supports of genus at most g. While the existence of an intersection support implies the
existence of the primal and dual supports, the construction of the intersection support uses the construction
of both the primal and dual supports, and hence, we start with their description first.

If a subgraph H ∈ H contains an edge e, then it contains both the end-points of e. Hence, He ⊆ Hv for
any v ∈ V and e ∼ v where e ∼ v denotes that the edge e is incident to v. We say that a vertex v ∈ V (G)
is maximal if DEPTH(v) > DEPTH(e) for all e ∼ v. We need the following basic result that follows from
vertex bypassing and will be used for inductive arguments for the construction of a supports.

Lemma 26. Let (G,H) be a cross-free graph system and let v ∈ V (G) be maximal. Let (G′,H′) be
the graph system obtained on applying VB(v). Then, DEPTH(ui) < DEPTH(v) and ui is not a maximal
vertex for all ui sub-dividing the edge {v, vi} for vi ∈ N(v).

Proof: Let ei = {v, vi} be the edge subdivided by the vertex ui. Since v is maximal, Hei ⊂ Hv i.e.,
DEPTH(ei) < DEPTH(v). Also, note that by construction, DEPTH(ui) = DEPTH(ei). It follows that
DEPTH(ui) < DEPTH(v) and that ui is not a maximal vertex. Since ui was chosen arbitrarily, we have
DEPTH(ui) < DEPTH(v) for all i = 1, 2, . . . , deg(v).

6.1 Primal Support

Let (G,H) be a cross-free graph system of genus g and let c : V (G) → {r,b} be any 2-coloring of the
vertices of G. In this section, we show that we can construct a primal support Q for (G,H) such that the
genus of Q is at most g.

We start by showing that if no red vertex is maximal and the subgraphs in H are connected (and not
necessarily cross-free), then it is easy to construct a support.

Our construction of a support in the general case follows by repeated application of the Vertex By-
passing operation to a maximal red vertex. We show that each Vertex Bypassing operation decreases the
number of maximal red vertices, and hence we eventually obtain a system with no maximal red vertices.
While the lemma below is stated for bounded genus graphs, it works for any hereditary family closed
under edge-contractions.

Before stating the lemma, we introduce the following terminology. A pair of vertices u, v ∈ V (G) are
said to be twins if Hu = Hv . We say that u and v are adjacent twins if in addition u and v are adjacent
vertices in G. If c : V (G) → {r,b} is a 2-coloring of V (G) and u, v ∈ r(V (G)) are twins, we say that u
and v are red twins.
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Lemma 27. Let (G,H) be a graph system of genus g such that each H ∈ H is a connected subgraph of
G. Let c : V (G) → {r,b} be any 2-coloring of V (G) such that no vertex in r(V (G)) is maximal and
there are no adjacent twins u, v ∈ r(V (G)). Then there is a primal support of genus at most g.

Proof: We prove by induction on |r(V (G))|. If |r(V (G))| = 0, then Q = G is the desired support.
Suppose the statement holds for any graph system satisfying the conditions in the lemma with less than k
red vertices.

Let (G,H) be a graph system with a 2-coloring c : V (G) → {r,b} satisfying the conditions of the
lemma such that |r(V (G))| = k.

For each vertex u ∈ r(V (G)), we do the following: Since u is not maximal, by definition, there is
an edge e = {u, v} ∈ E(G) such that He = Hu. We choose one such edge e incident to u, breaking
ties arbitrarily. Since He ⊆ Hv , it follows that Hu ⊆ Hv . We orient this edge from u to v. Further, if
v ∈ r(V (G)), then Hu ⊂ Hv since there are no adjacent twins in r(V (G)).

It follows that the set of oriented edges induces a directed acyclic subgraph. Further, since there are
no twins in r(V (G)), this directed acyclic graph is an oriented forest. Since no red vertex is maximal,
it implies that each tree in the forest has its edges oriented towards the root, and the root must be a blue
vertex. Choose an arbitrary tree in the forest and choose an edge {u, v} within the tree, where v is the
root of the tree. Let G′ = G/{u, v}, i.e., the graph obtained by contracting the edge {u, v} with the
new vertex taking the color c(v) = b, since v, the root of the tree is colored b. Let H′ be the resulting
family of subgraphs, where for each H ∈ H, we have a subgraph H ′ ∈ H′ of G′ induced on the vertices
V (H) ∩ V (G′).

Note that no red vertex is maximal in G′ since each red vertex in G′ has an outgoing edge incident on it.
Further, there are no adjacent twins in G′ among the red vertices as the edge contraction did not introduce
new adjacencies between the red vertices. To see this note that the vertex obtained by contracting the edge
{u, v} is colored b, and hence, the adjacency among the red vertices is unchanged. Since there are no
adjacent red twins in G it implies that there are no adjacent twins in G′. Finally, note that G′ has genus at
most g since contracting an edge in G preserves the embedding of the resulting graph on the same surface
as that of G.

Since G′ has k − 1 red vertices, by the inductive hypothesis, there is a primal support Q on the blue
vertices of G′. The graph Q is also a support for (G,H) since the set of blue vertices in H remains
unchanged in (G′,H′) for each H ∈ H.

Now we prove that given a cross-free graph system (G,H) of genus g and a 2-coloring c : V (G) →
{r,b}, there is a primal support of genus at most g. To establish the result, we repeatedly apply edge
contractions for adjacent red twins, and use an induction argument on the maximum depth of a maximal
red vertex via the applications of the vertex bypassing operation in combination with Lemma 26.

Theorem 7. Let (G,H) be a cross-free graph system of genus g. For any coloring c : V (G) → {r,b},
there exists a primal support Q of genus at most g on b(V ).

Proof: If there are adjacent red twins u and v, we contract the edge {u, v} to a single vertex and assign it
color r. This preserves the cross-freeness among subgraphs in H. Since for any H ∈ H, the set of vertices
in b(V (G)) ∩ V (H) remains unchanged, a primal support for the modified system is also a support for
the given system (G,H). So, we assume wlog that there is no adjacent red twin.

We prove the result by induction on the maximum depth of a maximal red vertex. Let d be the maximum
depth of a maximal red vertex. Note that a non-maximal red vertex can have depth more than d. For
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i ∈ {1, 2, . . . , d}, let Si ⊆ r(V (G)) be the set of maximal red vertices of depth i. Let d = 1. It follows
from the definition of a maximal vertex that for each v ∈ Sd the subgraph containing v consists of a single
vertex v. We remove all such subgraphs from H, since they do not contain any blue vertex and thus the
conditions of support are trivially satisfied for them. Let H1 = H \ S1. Then, the graph system (G,H1)
satisfies the conditions of Lemma 27, and thus admits a primal support.

Assume the statement holds for any cross-free graph system of genus g with d < k, for some positive
integer k ≥ 2. Let (G,H) be a cross-free graph system of genus g and c : V (G) → {r,b} a 2-coloring
such that d = k, i.e., the maximum depth of a maximal red vertex is k. We apply the process below to
obtain a cross-free system (G′,H′) such that the maximum depth of a maximal red vertex is at most k−1,
and there are no adjacent twins among the red vertices. We do this in two steps.

In the first step, we apply vertex bypassing to all the vertices in Sk, and we assign color r to all the
newly added vertices during the vertex bypassing process. Note that if v ∈ Sk, then by Lemma 26 none of
the newly added vertices is maximal. By Lemma 24, the resulting graph system remains cross-free. In the
second step, we repeatedly contract all the adjacent red twins and color the contracted vertex r. Clearly,
the resulting graph system (G′,H′) remains cross-free and does not contain any adjacent red twin.

In (G′,H′), we have d ≤ k − 1. To see this, note that all the vertices of G in Sk have been bypassed.
It is possible that during the edge contractions in the second step above, two non-maximal adjacent red
twins x and y may result in a maximal red vertex z. However, at least one of x and y must be added during
the vertex bypassing operation since we assumed that G does not contain adjacent red twins. By Lemma
26, DEPTH(z) ≤ k − 1.

Therefore, (G′,H′) is a cross-free graph system of genus g such that the maximum depth of a maximal
red vertex is at most k − 1, and there are no adjacent red twins. By the induction hypothesis, (G′,H′)
admits a primal support Q of genus at most g, which is also a primal support for (G,H) since the set of
blue vertices remains unchanged for each subgraph in H.

6.2 Dual Support
In this section, we show that for a cross-free system on a graph of genus g, there is a dual support of
genus at most g. First, we show that for constructing a dual support, we can assume that there are no two
H,H ′ ∈ H such that V (H) ⊆ V (H ′).
Proposition 28. Let (G,H) be a graph system. Let H′ ⊆ H be maximal such that ∀ H,H ′ ∈ H′,
H \ H ′ ̸= ∅, and that for each H ∈ H \ H′, H ⊆ H ′ for some H ′ ∈ H′. If Q′ is a dual support for
(G,H′) then, there is a dual support Q∗ for (G,H) such that if Q′ has genus g, then Q∗ has genus g.

Proof: Consider the containment order P = (H,⪯) where for H,H ′ ∈ H, H ⪯ H ′ iff V (H) ⊆ V (H ′).
Then P is a partial ordered set. Let ℓ(P) be the maximum length of a chain in P , and c(P) be the
number of chains of length ℓ(P). We prove by induction on (ℓ(P), c(P)), that a dual support Q′ for a
lexicographically smaller system can be extended to a dual support Q∗ of a larger system so that Q∗ has
the same genus as Q′. If we show this, then we can remove all containments, construct a support, and
extend it to obtain a dual support for the original system without increasing the genus.

If ℓ(P) = 1, then the elements in H are pairwise incomparable. Therefore, Q′ = Q∗ is a dual support
for (G,H).

Suppose for any (G′′,H′′), and containment order P ′′ = (H′′,⪯), such that (ℓ(P ′′), c(P ′′)) is lexi-
cographically smaller than the corresponding pair for the containment order P = (H,⪯) on (G,H), the
statement of the proposition holds.
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Consider a longest chain C in P , and let H be the minimum element in C. Let H′ = H \ {H}. Then,
for containment order P ′ on H′, (ℓ(P ′), c(P ′)) is lexicographically smaller than (ℓ(P), c(P)). Therefore,
by the inductive hypothesis, the statement of the proposition holds for (G,H′), and let Q′ denote its dual
support. To obtain a dual support Q∗ for (G,H), we add a vertex corresponding to H . Let H ′ be an
immediate successor of H in P arbitrarily chosen. Connect H to H ′. Since we added a new vertex of
degree 1, it follows that if Q′ has genus g, then Q∗ has genus g.

To show that Q∗ is the desired dual support, let v be a vertex in G. If v ̸∈ V (H), then the fact that
subgraphs Hv correspond to a connected subgraph in Q∗ follows from the fact that Q′ is a dual support
for (G,H′). So, consider a vertex v ∈ V (H). Since Q′ is a dual support for (G,H′), the subgraphs H′

v

induce a connected subgraph in Q′. Since H ′ is an immediate successor of H in P , V (H) ⊆ V (H ′), i.e.,
Hv = H′

v ∪ {H}. Since H is adjacent to H ′ in Q∗ it follows that the subgraphs Hv induce a connected
subgraph in Q∗. Hence, Q∗ is the desired dual support for (G,H).

We start with a special case of the problem where it is easy to obtain a dual support, and we obtain a
support for the general instance by reducing it to this special case by repeatedly applying Vertex Bypassing
to a vertex of maximum depth.

An edge e = {u, v} ∈ E(G) is said to be a special edge if He = ∅, but both Hu ̸= ∅ and Hv ̸= ∅.
Since H is a collection of induced subgraphs of G, an equivalent condition for an edge e = {u, v} to be a
special edge is that Hu ̸= ∅, Hv ̸= ∅, and Hu∩Hv = ∅. Let SplH(E) be the set of special edges in E(G).
A dual support Q∗ for (G,H) satisfies the special edge property if for each e = {u, v} ∈ SplH(E), there
is an edge in Q∗ between some H ∈ Hu and H ′ ∈ Hv .

Lemma 29. Let (G,H) be a graph system of genus g such that DEPTH(v) ≤ 1 for each v ∈ V (G). Then,
there is a dual support Q∗ of genus g on H with the special edge property.

Proof: Each vertex of G has depth at most 1 and therefore, no two subgraphs in H share a vertex. We
repeatedly contract each edge e = {u, v} such that Hu ⊆ Hv until no such edge remains, breaking ties
arbitrarily. Note that this allow to contract edges incident to vertex that is not contained in any subgraph
in H. Remove multi edges if any, from the graph thus obtained. The resulting graph Q∗ has genus g. We
show that Q∗ is a desired support.

For each vertex v ∈ V (G), the subgraphs containing v trivially induce a connected subgraph in Q∗

since DEPTH(v) ≤ 1 for all v ∈ V (G). Consider a special edge e = {u, v} ∈ E(G). Since each
of the two endpoints belong to a subgraph in H, and Hu ∩ Hv = ∅, it implies that Hu ̸⊆ Hv and
Hv ̸⊆ Hu. In the construction of Q∗ therefore, e is not contracted. Further, u and v are contracted to
vertices corresponding to the unique subgraph containing u and v, respectively. Therefore, Q∗ satisfies
the special edge property.

Now we are ready to prove the main result of this section.

Theorem 8. Let (G,H) be a cross-free graph system of genus g. Then, there exists a dual support Q∗ on
H of genus at most g.

Proof: By Proposition 28, we can assume that there are no containments in H. Since (G,H) is cross-free,
there exists a cross-free embedding of G on a surface of genus g. Consider such an embedding of G. We
abuse notation and also refer to the embedded graph by G.
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For the graph system (G,H), let d be the maximum depth of a vertex, and let nd denote the number of
vertices in G of depth d. The tuple (d, nd) induces a lexicographic order: (d, nd) ≺ (d′, nd′) if d < d′ or
d = d′ and nd < nd′ .

We prove by induction on the lexicographic order ≺. However, we require a stronger inductive hypoth-
esis that there is a dual support with the special edge property.

If d = 1, then Lemma 29 guarantees a dual support satisfying the special edge property. So suppose
d > 1. Let v be a vertex of maximum depth in G. We can assume that v is maximal, i.e., He ⊂ Hv for
all e ∼ v. Otherwise, if He = Hv for some edge e = {u, v}, since He ⊆ Hu, it follows that Hv ⊆ Hu.
Since v has maximum depth, it implies Hv = Hu. Contracting e, we obtain a lexicographically smaller
system (G/e,H). Observe that (G/e,H) remains cross-free since both end-points of the contracted edge
e are contained in the same set of subgraphs of H. By the inductive hypothesis, there is a dual support
Q∗ with the special edge property for (G/e,H). Q∗ is also a dual-support for (G,H) since Hu = Hv .
Moreover, Q∗ satisfies the special edge property since the contracted edge e is not a special edge, and all
special edges in G survive in G/e.

Therefore, we can assume that for a maximum depth vertex v and each e ∼ v, He ⊂ Hv . We apply
VB(v) to obtain the system (G′,H′). By Lemma 26, the new vertices u0, . . . , udeg(v)−1 in G′ obtained
on applying Vertex Bypassing to v have depth at most d−1. Hence, (d′, nd′) ≺ (d, nd), where d′ and nd′

are respectively, the depth of a maximum depth vertex, and the number of vertices of maximum depth in
(G′,H′). We can assume that H′

ui
̸= ∅ for each i ∈ {0, . . . , deg(v)− 1}. Otherwise, we can contract the

edge {ui, ui+1} (with indices taken mod deg(v)) as this does not violate the cross-free condition on H′.
Further, there is an injective correspondence between the special edges in G and the special edges in G′:
For i = 0, . . . , deg(v) − 1, if {v, vi} in G is a special edge, the corresponding edge {ui, vi} is a special
edge in G′.

By Lemma 23, each subgraph H ∈ H′ is connected in G′, and by Lemma 24, (G′,H′) is cross-free.
By the inductive hypothesis, there is a dual support Q∗ for (G′,H′) satisfying the special edge property.
We show that Q∗ is also a support for (G,H).

For each u ̸= v ∈ V (G), it follows from the inductive hypothesis that Hu induces a connected sub-
graph of Q∗. It remains to show that Hv induces a connected subgraph of Q∗. Let C denote the cycle
(u0, . . . , udeg(v)−1, u0) added in VB(v). Since we assumed (by Proposition 28) that H has no contain-
ments, it follows that ∪deg(v)−1

i=0 H′
ui

= Hv as there is no subgraph containing only the vertex v. If none
of the edges of C are in SplH′(E), then Hv is connected since adjacent vertices of C share at least one
subgraph and by our assumption on applying VB(v), H′

ui
̸= ∅ for any i = {0, . . . , deg(v) − 1}. On the

other hand, if an edge e = {ui, ui+1} (where indices are taken moddeg(v)) of C is in SplH′(E), by the
inductive hypothesis, since Q∗ satisfies the special edge property, at least one subgraph from H′

ui
and one

subgraph from H′
ui+1

are adjacent in Q∗. Since ∪deg(v)−1
i=0 H′

ui
= Hv , and C is a cycle, it follows that

Hv is connected and thus Q∗, is the desired dual support for (G,H) that also satisfies the special edge
property.

By the special edge property of a dual support, we make use of the following observation for the
construction of an intersection support in the following section.

Observation 30. Given a graph system (G,H), let Q∗ be a dual support with the special edge property.
Let Hu = {u} and Hv = {v} be subgraphs in H for some depth 1 vertices u, v ∈ V (G). Then we can
assume wlog that u and v are adjacent in G if and only if Hu and Hv are adjacent in Q∗. Indeed, if u, v
are adjacent in G, then Hu, Hv should be adjacent in Q∗ by the special edge property. If u, v are not
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adjacent in G but Hu, Hv are adjacent in Q∗, then removing the edge {Hu, Hv} from Q∗ does not violate
the conditions of a dual support with the special edge property.

6.3 Intersection Support
In this section, we show how we can construct an intersection support for a cross-free intersection system
(G,H,K). A vertex v ∈ V (G) s.t. Hv = ∅, but Kv ̸= ∅ is called a K-vertex, i.e., a vertex of G that is
contained in one or more subgraphs in K but none of the subgraphs in H.

Our proof proceeds in three steps: First, we show that if there are no K-vertices in G, then a dual
support for the graph system (G,H) is also an intersection support for (G,H,K). Secondly, if there are
K-vertices in G, then we apply vertex bypassing so that none of the K-vertices are maximal w.r.t. K. We
can then add a set of dummy subgraphs F so that there are no K-vertices in H∪F . Now, a dual support Q∗

for (G,H∪F) is an intersection support for (G,H∪F ,K). Finally, since Q∗ is an intersection support,
each K ∈ K induces a connected subgraph HK of Q∗ (though not necessarily cross-free). However,
since no K-vertex was maximal, we can show that no F vertex in Q∗ is maximal. Hence, we can color
the vertices of Q∗: vertices corresponding to F get colored r, and those corresponding to H get colored
b. By appealing to Lemma 27, we obtain the desired intersection support Q̃.

In the lemma below, observe that we only require that the subgraphs in K are connected and not neces-
sarily cross-free.

Lemma 31. Let (G,H) be a cross-free system of genus g and let K be a set of connected subgraphs of
G. If G does not contain a K-vertex, then a dual support Q∗ for (G,H) of genus g satisfying the special
edge property, is also an intersection support for (G,H,K).

Proof: By Theorem 8, there is a dual support Q∗ of genus at most g for the graph system (G,H) with the
special edge property. That is, for any vertex v ∈ V (G), the subgraphs Hv induce a connected subgraph
of Q∗, and for any edge {u, v} ∈ E(G) such that Hu ̸= ∅, Hv ̸= ∅, and H{u,v} = ∅, there is a subgraph
H ∈ Hu and a subgraph H ′ ∈ Hv such that H and H ′ are adjacent in Q∗.

For any K ∈ K, let H,H ′ ∈ HK . We show that there is a path in Q∗ between H and H ′ such that each
vertex of this path corresponds to a subgraph in HK . Let u ∈ H ∩K and v ∈ H ′ ∩K.

Since K is connected, there is a path P = (u = u0, u1, . . . , uk = v) that lies in K. By assumption,
none of the vertices of P is a K-vertex. Since Q∗ is a dual support for (G,H), for any i ∈ {0, . . . , k}, the
subgraphs in Hui

induce a connected subgraph in Q∗. For any edge {ui, ui+1}, i = 0, . . . , k, either there
is a subgraph H ∈ H that contains the edge {ui, ui+1}, or by the special edge property, there is a subgraph
in Hui

that is adjacent to a subgraph in Hui+1
in Q∗. Since Hui

⊆ HK for each i = 0, . . . , k, there is a
path in Q∗ between H and H ′ consisting only of subgraphs in HK . Since K was chosen arbitrarily, Q∗

is an intersection support for (G,H,K).

Now, we apply vertex bypassing to obtain a graph system where none of the K-vertices are maximal.
For a K-vertex v, if an edge e ∼ v is such that Kv = Ke, we say that e is full for v. If a K-vertex does not
have a full edge incident on it, then we say that it is maximal w.r.t. K subgraphs. In this case, Ke ⊂ Kv

for all e ∼ v. Note that a maximum depth K-vertex need not be maximal. In the following, we repeatedly
apply vertex bypassing to a maximal K-vertex of maximum depth until no K-vertex is maximal. However,
we require an additional property like in the construction of the primal support, that there are no adjacent
twins. We recall the definition of twins and adjacent twins here. If two K-vertices u, v of G are contained
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in the same set of subgraphs of K, they are said to be twins. If, in addition, u and v are adjacent, then they
are said to be adjacent twins.

The proof of the lemma below follows from arguments similar to those of Theorem 7.

Lemma 32. Let (G,H,K) be a cross-free intersection system of genus g. Then, we can modify the
arrangement to a cross-free arrangement (G′,H,K′) such that (i) G′ has genus g, (ii) no K-vertex in
(G′,H,K′) is maximal, (iii) no two K-vertices are adjacent twins, and (iv) an intersection support for
(G′,H,K′) is also an intersection support for (G,H,K).

Proof: We assume that a cross-free embedding of (G,H,K) is given, and with a slight abuse of notation,
we use G to also refer to the embedded graph. We will modify the cross-free graph system (G,H,K) to
a cross-free graph system (G′,H,K′) such that G′ has an embedding on the same surface as G does, and
that the intersection hypergraph defined by (G,H,K) is isomorphic to that defined by (G′,H,K′). This
will prove (i) and (iv). Also, in the process of obtaining (G′,H,K′), as long as there are adjacent twins
among K-vertices, we contract them to a single vertex. Thus, we will be done with condition (iii) as well.
So, in the rest of the proof, we claim to establish condition (ii) of the lemma.

Let d denote the maximum depth of a maximal K-vertex in G. We prove the argument by induction
on d. For i = 1, 2, . . . , d, let Si denote the set of maximal K-vertices of depth i. Suppose d = 1, and
consider any v ∈ S1. By the definition of a maximal vertex w.r.t. K, the subgraph K ∈ K containing v,
does not contain any other vertex of G. Thus HK = ∅. Let K1 ⊆ K denote the collection of all subgraphs
consisting of single vertices in S1, and let K′ = K \ K1. Then (G′,H,K′) is the required graph system,
where G′ = G.

Let our claim be true for d < k for some positive integer k ≥ 2. Consider a cross-free graph system
(G,H,K) and a 2-coloring c : V (G) → {r,b} such that d = k. We apply vertex bypassing to all the
vertices in Sk. Note that this does not modify any subgraph in H. For any pair of adjacent twins created
among the K-vertices, we contract them to a single K-vertex until there is no such twin. Let (G′′,H,K′′)
denote the resulting graph system. By Lemma 24 and the contraction among the adjacent K-twins, it
follows that (G′′,K′′) remains cross-free. Since for any vertex v ∈ V (G) that lies in a subgraph H ∈ H,
the cyclic order of its neighbours is preserved in G′′, the graph system (G′′,H) is cross-free. Therefore,
(G′′,H,K′′) is a cross-free intersection system. By the construction of G′′, note that a subgraph H ∈ H
intersects a subgraph K ∈ K in G if and only if H intersects in G′′ with the representative K ′′ of K. It
follows that the intersection hypergraphs defined by the two intersection systems are isomorphic.

By an argument similar to that in the proof of Theorem 7, the maximum depth of a maximal K-vertex
in (G′′,H,K′′) is at most k − 1. By the induction hypothesis, (G′′,H,K′′) can be modified to a graph
system (G′,H,K′) satisfying properties (i)-(iv) of the lemma. (G′,H,K′) is the required cross-free
intersection system since the intersection hypergraph defined by (G′,H,K′) is isomorphic to that defined
by (G′′,H,K′′), which itself is isomorphic to the intersection hypergraph defined by (G,H,K).

By Lemma 32, it is sufficient to prove an intersection support for (G,H,K) when no K-vertex is
maximal, and there is no adjacent twin among K-vertices. At each K-vertex v, we add a dummy subgraph
Fv . Let F denote the set of dummy subgraphs thus added. For the intersection system (G,H ∪ F ,K),
we can obtain an intersection support Q by applying Lemma 31. We now show that we can obtain an
intersection support for (G,H,K) from Q using Lemma 27 and Observation 30.

Theorem 9. Let (G,H,K) be a cross-free intersection system of genus g. Then, there exists an intersec-
tion support Q̃ on H of genus at most g.
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Proof: If G does not contain any K-vertex, then by Lemma 31, we are done. So, suppose that there
are some K-vertices in G. By Lemma 32, we can assume without loss of generality that no K-vertex is
maximal, and that there are no adjacent twins among the K-vertices.

At each K-vertex v of G, we add a dummy subgraph Fv . Let F denote the set of dummy subgraphs
added. Let H′ = H ∪ F and consider the intersection system (G,H′,K). By Lemma 31, there is a dual
support Q for (G,H′) with the special edge property such that Q is an intersection support for (G,H′,K),
and Q has genus at most g. Since Q is an intersection support, each K ∈ K induces a connected subgraph
H′

K of Q. Abusing notation, we use the labels of the subgraphs in H ∪ F to denote their corresponding
vertices in Q. Consider a dummy subgraph Fu corresponding to a K-vertex u. Since u is not maximal in
G w.r.t. K, it has a full edge e = {u, v} incident to it, i.e., Ku = Ke. But, this implies Ku ⊆ Kv . Note
that for every edge incident to u in G, there is a corresponding edge in the dual support Q as a special edge
incident to the dummy subgraph Fu, since Fu consists of a single vertex u, and |H′

u| = 1. In particular,
let e′ be the copy of e incident to Fu in Q. If X ∈ H ∪ F is the other end of e′, then KFu

⊆ KX in the
graph system (Q,K) i.e., Fu is not a maximal vertex in (Q,K). Hence, none of the dummy subgraphs F
corresponds to a maximal vertex in (Q,K).

Now we assign a 2-coloring to the vertices of Q. Let c : V (Q) → {r,b} be such that c(F ) = r
for each F ∈ F , and c(H) = b for each H ∈ H. To complete the argument, we need to show that
there are no adjacent red twins in the graph system (Q,K). Consider any two red vertices Fu and Fv

of Q, corresponding to some pair of vertices u and v of G, respectively. Since |Hu| = 1 = |Hv|, by
Observation 30, we can assume that Fu and Fv are adjacent in Q if and only if u and v are adjacent in
G. If Fu and Fv are not adjacent, then trivially they are not adjacent red twins. So, suppose they are
adjacent. Then u and v are also adjacent in G. By assumption, G does not contain adjacent K-vertices
that are twins, thus Ku ̸= Kv . It follows that in the graph system (Q,K), we have KFu

̸= KFv
, and hence,

Fu and Fv are not twins in Q. Therefore, Q satisfies the conditions of Lemma 27 that no red vertex is
maximal and each K ∈ K induces a connected subgraph of Q. Therefore, the graph system (Q,K) admits
a support Q̃ on H of genus at most g. Since each K ∈ K induces a connected subgraph in Q̃, we have the
desired intersection support for (G,H,K).

7 Applications
In this section, we describe some applications of the existence of supports to Packing, Covering and
Coloring problems. For many of these applications, we only require the underlying graph to satisfy
conditions that are weaker than that for a support. To that end, define weak supports and weak bipartite
supports.
Weak (Bipartite) Supports. For a hypergraph (X, E), a weak support is a graph Q′ on X s.t. for each
hyperedge E ∈ E with at least two vertices, the induced subgraph of Q′ on the elements of E is non-
empty, i.e., it has an edge between some pair of vertices in E. Given a 2-coloring c : X → {r,b}, a weak
bipartite support is a graph Q′′ on X s.t. for each hyperedge E ∈ E with vertices of both colors, there is
an edge in Q′′ between a vertex in E ∩ b(X) and a vertex in E ∩ r(X).

It is easy to see that if Q is a support for a hypergraph, then it is also a weak bipartite support. Indeed,
for any edge E with vertices of two colors, since the induced graph is connected, there is an edge between
some E ∩ B(V ) and E ∩ R(V ). Further, a weak bipartite support is also a weak support. However, it is
not difficult to construct instances where a sparse weak bipartite support exists, but a sparse support does
not.
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For applications of Hypergraph coloring, we note that a weak support is sufficient, while for many
(though not all) of the Packing and Covering problems we consider, a weak bipartite support is sufficient.

7.1 Algorithms for Packing and Covering Problems
We start with definitions of the problems we consider. The input for the problems below is a set X along
with a collection of subsets S of X .

Definition 33 (Set Packing). Pick a largest sub-collection S ′ ⊆ S s.t. |{S ∈ S ′ : S ∋ x}| ≤ 1 for all
x ∈ X .

Definition 34 (Point Packing). Pick a largest set Y ⊆ X s.t. for all S ∈ S, |Y ∩ S| ≤ 1.

Definition 35 (Set Cover). Assuming ∪S∈SS = X , select a smallest sub-collection S ′ ⊆ S such that
∪S∈S′S = X .

Definition 36 (Hitting Set). Select a smallest cardinality set Y ⊆ X s.t. Y ∩ S ̸= ∅, ∀S ∈ S.

We also define a generalized version of packing and covering problems. Let X be a set, and let S and
T be two collections of subsets of X . This defines an intersection hypergraph (S, {ST }T∈T ), where for
T ∈ T , ST = {S ∈ S : S ∩ T ̸= ∅}.

Definition 37 (Generalized Packing). The Generalized Packing problem is the Set/Point Packing problem
on the intersection hypergraph (S, {ST }T∈T ).

Definition 38 (Generalized Covering). The Generalized Covering problem is the Set Cover/Hitting Set
problem on the intersection hypergraph (S, {ST }T∈T ).

We also consider capacitated variants of the packing problems.

Definition 39 (Generalized Capacitated Packing). Given an intersection system (G,H,K) and a capacity
function cap : K → N, the goal is to find a largest sub-collection H′ ⊆ H s.t. for each K ∈ K,
|H′

K | ≤ cap(K).

In the generalized version of the problems, taking either the set S, or the set T as singleton sets of X ,
we obtain the Set Cover/Set Packing, or Point Packing/Hitting Set problems. Hence, any result obtained
for the generalized version of the problem applies immediately to the classic versions of the problems.

We also study some graph problems on an intersection graph defined by a hypergraph. Let (X,S) be
a hypergraph. The intersection graph defined by S is the graph I(S) = (S, F ), where {S, S′} ∈ F ⇔
S ∩ S′ ̸= ∅.

Definition 40 (Dominating Set). Let (X,S) be a hypergraph. For the intersection graph I(S), a set
D ⊆ S is a Dominating Set if for each S ∈ S, either S ∈ D or S ∩ S′ ̸= ∅ for some S′ ∈ D. The goal is
to find a dominating set of minimum cardinality.

Definition 41 (Independent Set). Let (X,S) be a hypergraph. For the intersection graph I(S), a set
K ⊆ S is an Independent Set if the sets in K are pairwise non-adjacent. The goal is to find an independent
set of maximum cardinality.

Definition 42 (Vertex Cover). Let (X,S) be a hypergraph. For the intersection graph I(S), a set C ⊆ S
is a Vertex Cover if for each edge in I(S) at least one of its end-points is in C. The goal is to find a vertex
cover of minimum cardinality.
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In abstract set systems, there is essentially no difference between the dual pairs of problems Point
Packing/Set Packing, or Hitting Set/Set Cover. The Set Packing problem contains as a special case, the
Independent Set problem on graphs, and due to Håstad (1999), the problem is therefore hard to approx-
imate beyond n1−ϵ for any ϵ > 0 unless NP=ZPP. Further, the Set Cover problem admits an O(log n)-
approximation, see for example Chvatal (1979); Lovász (1975), and that this is tight due to Feige (1998).

In geometric settings however, a problem and its dual may be quite different. For example, Mustafa
et al. (2015) showed that there exists a QPTAS5 for the problem of covering a set of points in the plane
with disks, but such a result is not known for the Hitting Set variant of the problem.

Our results, in combination with previous work, imply PTAS for a general class of geometric hyper-
graphs in the plane, or on an oriented surface of bounded genus.

7.1.1 PTAS via local-search

We show that a simple local-search framework leads to PTAS for the packing and covering problems de-
fined above. We start with a brief description of this technique.
Local-search Framework: For a parameter k ∈ N, the algorithms in the framework have the following
form: We start with an arbitrary feasible solution. While there is a feasible solution of better value within
a k-neighborhood of the current solution, replace the current solution with this better solution. When
no such improvement is possible, return the current solution. The algorithms guarantee an approximation
factor of O(1±1/k) and have running time O(N1/k2

), where N is the input size. This basic framework is
a basis for several PTAS for geometric packing and covering problems. See the following references As-
chner et al. (2013); Chan and Har-Peled (2012); Mustafa and Ray (2010) for concrete algorithms and
analysis under this framework.

The key to proving that the local-search framework yields a PTAS is to show the existence of a graph
satisfying the local-search property. Such a graph is called a local-search graph.

Definition 43 (Local-Search Property). For a Packing/Covering problem, let L denote a solution returned
by the local-search framework and let O be an optimal solution. A graph G = (L∪O, E) is said to satisfy
the Local-Search Property if it satisfies the following local and global properties.

1. Local Property: Below N(.) refers to the neighborhood in G.

(a) (Maximization) For any O′ ⊆ O, (L ∪ O′) \N(O′) is a feasible solution.

(b) (Minimization) For any L′ ⊆ L, (L \ L′) ∪N(L′) is a feasible solution.

2. Global Property: G comes from a hereditary family of graphs that has sub-linear separators.

The local property captures a subset of the local moves, and the global property is used to bound
the approximation factor guaranteed by the algorithm. The argument is roughly as follows. Since the
local-search graph has sub-linear separators, we can recursively remove separators in the graph until each
component has size at most k, where k is the local-search parameter. At this point, since our solution is
locally optimal, within each component, the local solution is better than the optimal solution restricted to
this component, and the total number of elements in the separators is small enough that we can guarantee

5 A QPTAS is an algorithm whose approximation guarantee is the same as a PTAS, but whose running time is allowed to be a
quasi-polynomial in the input, i.e., of the form 2polylog(n).
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a PTAS. See Aschner et al. (2013); Chan and Har-Peled (2012); Mustafa and Ray (2010) for a detailed
analysis of the technique.

Consider the Set Packing problem for the cross-free system (G,H) of genus g. Let L denote the
solution returned by local-search, and let O denote an optimal solution. Assume for simplicity that L ∩
O = ∅. The local property that the local-search graph on L ∪ O must satisfy is that for any O′ ⊆ O,
(L ∪ O′) \N(O′) is a feasible solution. That is, for each v ∈ V , there is an edge between some L ∈ Lv

and some O ∈ Ov , in other words, a weak bipartite support for the dual hypergraph defined by the graph
system (G,L ∪ O) where L and O are the two colors. Similarly, for the Point Packing, Set Cover or
Hitting Set problems, a weak bipartite support of bounded genus yields is a local-search graph. For the
capacitated Packing/Covering problems however, we require a support in order to construct the desired
local-search graphs.

We now construct a local-search graph for the Generalized Capacitated Packing Problem for a cross-
free intersection system (G,H,K) of genus g. The existence of a PTAS follows the general framework
in Raman and Ray (2022). However, the existence of a suitable local-search graph requires more work.
Let L and O be respectively, the solution returned by the local-search algorithm and an optimal solution.
We can assume that L∩O = ∅. We require that for any O′ ⊆ O, (L∪O′) \N(O′) is a feasible solution.
The problem is that since each K ∈ K is a subgraph spanning many vertices, an L ∈ LK and an O ∈ OK

may not share a vertex. So, if we try to use a dual support for (G,K), then we lose the information that
L and O intersect the same K ∈ K. We can instead start with an intersection support Q̃ for (G,K,H).
Then, for each K ∈ K, then for any K ∈ K, an L ∈ LK and an O ∈ OK share a vertex in Q̃. We can
use Q̃ to construct a local-search graph Ξ on L∪O. To prove that the resulting graph has sub-linear sized
separators, we can use the fact that Q̃ has sub-linear sized separators. However, the size of the separator in
Q̃ is a function of |K|, while for Ξ, we require a separator whose size is a function of |L ∪O|. Therefore,
we first sparsify K to obtain a subset K′, and then construct an intersection support for (G,K′,L ∪ O).
We finally use this intersection support to construct the required local-search graph.

In particular, we do the following: first, we show that there is a set K′ ⊆ K of size O(|L ∪ O|) that
witness the intersection of an L ∈ L and an O ∈ O with a K ∈ K. This follows from the fact that there
is an intersection support of bounded genus, combined with the Clarkson-Shor technique of Clarkson and
Shor (1989); Sharir (2003). We next use these witness subgraphs to define a new intersection system and
construct an intersection support for this system. Notably, in this new intersection system, the roles of
H and K are reversed. Using the intersection support thus created, we are finally able to construct the
local-search graph on L ∪ O, and hence a PTAS follows via the local-search framework. We start by
showing that there is a small witness set K′ for L ∪ O.

Lemma 44. Let (G,H,K) be a cross-free intersection system of genus g such that for all K ∈ K,
2 ≤ |HK | ≤ Θ for some Θ ≥ 2. Then, there is a set K′ ⊆ K with |K′| = O(Θ · (g + |H|)) and s.t. for
any pair H,H ′ ∈ HK for some K ∈ K, there is a K ′ ∈ K′ s.t. H,H ′ ∈ HK′ .

Proof: Let K′ ⊆ K be a minimal subset such that for any H,H ′ ∈ HK for some K ∈ K, there is a
K ′ ∈ K′ s.t. H,H ′ ∈ HK′ . By minimality of K′, for any K ′ ∈ K′, there is a pair H,H ′ ∈ H that appear
together only in HK′ .

By Theorem 9, there is an intersection support Q̃ of genus at most g for (G,H,K′). The construction
in Theorem 9 also produces an embedding of Q̃ on the surface. We can assume wlog that Q̃ is simple and
is 2-cell embedded. Since Q̃ has genus at most g, by Euler’s formula |E(Q̃)| ≤ 3(g + |H|). If a pair of
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subgraphs H,H ′ ∈ HK′ s.t. |HK′ | = 2, then H and H ′ are adjacent in Q̃ since Q̃ is a support. Therefore,
the number of K ′ ∈ K′ s.t. |HK′ | = 2 is at most 3(g + |H|).

Let H′ be a random subset of H where each H ∈ H is chosen independently with probability p = 1/Θ.
Consider a K ′ ∈ K′. Since |HK′ | ≤ Θ, the probability that H,H ′ ∈ HK′ are the only subgraphs
of HK′ chosen in H′ p2(1 − p)Θ−2, which is at least 1/(eΘ)2. The expected number of subgraphs
K ′ ∈ K′ for which this happens is |K′|/(eΘ)2. Since E[|H′|] = |H|/Θ, and there are at most 3(g + |H|)
pairs H,H ′ ∈ H′ s.t. HK′ = {H,H ′} for some K ′ ∈ K′, by the minimality of K′ it follows that
|K′|/(eΘ)2 ≤ 3(g + |H|)/Θ. This implies |K′| ≤ 3e2Θ · (g + |H|) = O(Θ · (g + |H|)).

Theorem 10. Let (G,H,K) be a cross-free intersection system of genus g for some constant g, and let
cap : K → N be a capacity function. Let ∆ > 0 be an absolute constant. If cap(K) ≤ ∆ for all K ∈ K,
then the Generalized Capacitated Packing Problem admits a PTAS via the local-search framework.

Proof: Let L ⊆ H be a solution returned by the local-search algorithm and let O ⊆ H be an optimal
solution. Since we are interested in bounding |L| by |O|, we remove the subgraphs in L ∩ O and replace
the capacity of each K ∈ K by its residual capacity: cap′(K) = cap(K) − |{X : X ∩K ̸= ∅ and X ∈
L ∩ O}|. We also remove the subgraphs in K whose residual capacity is 0. Let L′ = L \ (L ∩ O) and
O′ = O \ (L ∩ O). If we prove |L′| ≤ (1 + ϵ)|O′|, then it implies that |L| ≤ (1 + ϵ)|O|. Hence, we
assume below that L ∩ O = ∅, and each K ∈ K has positive capacity bounded above by ∆.

Consider the intersection system (G,L ∪ O,K). By Lemma 44, there is a collection K′ ⊆ K with
|K′| = O(∆ · (g+ |L ∪O|)) s.t. for any H,H ′ ∈ L∪O that belong to (L∪O)K for some K ∈ K, there
is a K ′ ∈ K′ s.t. H,H ′ ∈ (L ∪ O)K′ .

Now, consider the intersection system (G,K′,L ∪ O). By Theorem 9, there is an intersection support
Q̃ on K′ of genus at most g. Abusing notation, we use K ′ to also denote the vertex in Q̃ corresponding
to K ′ ∈ K′. For each H ∈ L ∪ O, we use H to also denote the induced subgraph of Q̃ defined by the
vertices corresponding to subgraphs K ′ ∈ K′ s.t. K ′ ∩H ̸= ∅.

Let Ξ = (L ∪ O, E) denote the bipartite intersection graph of L and O defined by Q̃. That is, there is
an edge between an L ∈ L and an O ∈ O iff there is a K ′ ∈ K′ that intersects both L and O. In other
words, if L and O intersect at a vertex of Q̃.

We claim that Ξ satisfies the local-search condition for maximization: That is, for any O′ ⊆ O, the
modified solution (L∪O′) \N(O′) is feasible, where N(O′) = ∪O∈O′NΞ(O) is the union of neighbors
of each O ∈ O′ in the graph Ξ. To see this, consider a K ∈ K. If there is an L ∈ LK and an O ∈ OK ,
then there is a K ′ ∈ K′ s.t. L,O ∈ (L ∪ O)K′ . This implies that L and O are adjacent in Ξ. Since L and
O are feasible, |LK | ≤ cap(K) and |OK | ≤ cap(K). Hence, we added at most |OK | subgraphs for K,
but removed all the subgraphs in LK . Therefore, (L ∪ O′) \N(O′) is feasible.

The graph Ξ may not have bounded genus. Nevertheless, we show that Ξ has a sub-linear separator.
Each subgraph H ∈ L ∪ O assigns a weight of 1/|H| to the vertices of H in the intersection support
Q̃. The weight of a vertex in Q̃ is the sum of the contributions it receives from the subgraphs containing
it. Let w(K) denote the weight of a vertex K ∈ Q̃ and let W = |L ∪ O| denote the total weight of the
vertices in Q̃. Since Q̃ has bounded genus, by Theorem 3, it has a weighted separator of size O(

√
g|K′|).

That is, a set S ⊆ V (Q̃) of size O(
√
g|K′|) s.t. V (Q̃) \S separates Q̃ into disconnected components that

can be partitioned into two groups A and B with no edges between them, and that w(A), w(B) ≤ αW ,
for some constant 0 < α < 1.
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Since Q̃ is an intersection support, each L ∈ L and O ∈ O induce a connected subgraph of Q̃.
Therefore, S yields a separator S′ of Ξ consisting of the subgraphs in L ∪ O that intersect the subgraphs
corresponding to vertices in S.

Now, we bound |S′|. Consider an arbitrary subgraph K ′ ∈ K′. Since both L and O are feasible
solutions, 1 ≤ |LK′ | ≤ cap(K ′) and 1 ≤ |OK′ | ≤ cap(K ′). Hence, |LK′ ∪ OK′ | ≤ 2cap(K ′) ≤
2∆. Therefore, any vertex K ′ ∈ Q̃ is contained in at most 2∆ subgraphs of L ∪ O. Hence, |S′| =
O(∆

√
g|K′|). Since |K′| = O(∆(g + |L ∪ O|)), this implies that |S′| = O(∆3/2

√
g(g + |L ∪ O|)).

We finally show that S′ is a balanced separator. Since each component of Q̃ \ S corresponds to a
connected component of Ξ \ S′, it follows that S′ is a balanced separator since S is a balanced separator.

Since Ξ satisfies both the local-search property and the sub-linear separator property, it follows that
there is a PTAS via the local-search framework and the framework in Chan and Har-Peled (2012); Mustafa
and Ray (2010).

Corollary 11. Let (G,H) be a cross-free graph system of genus g for some constant g, and let ∆ > 0 be
an absolute constant.

1. Given a capacity function cap : V (G) → N such that cap(v) ≤ ∆ for all v ∈ V . Then, there is a
PTAS for the Capacitated H-Packing problem via the local-search framework.

2. Given a capacity function cap : H → N such that cap(H) ≤ ∆ for all H ∈ H. Then there is a
PTAS for the Capacitated Vertex Packing problem via the local-search framework.

Proof:

1. Construct an intersection system (G,H,K), where K consists of singleton subgraphs {v} for each
v ∈ V (G), with capacity cap(v). The subgraphs in K are trivially cross-free. Therefore, by The-
orem 10, there is a PTAS for the Capacitated H-Packing problem for a cross-free system (G,H)
of genus g.

2. Construct an intersection system (G,V,H), where V consists of singleton subgraphs {v} for each
v ∈ V (G), and each H ∈ H has capacity cap(H). Again, the intersection system thus defined is
cross-free and has genus g. Therefore, by Theorem 10, there is a PTAS for the Capacitated Vertex
Packing problem for (G,H).

Theorem 12. Let (G,H,K) be a cross-free intersection system of genus g where g is bounded above by a
constant. Then, there is a PTAS for the Generalized Covering Problem via the local-search framework.

Proof: Let L ⊆ H be a solution returned by local-search and let O ⊆ H be an optimal solution. We can
assume that L ∩ O = ∅. Otherwise, we can remove the subgraphs in L ∩ O, and argue instead about the
subgraphs in L′ = L \ (L ∩ O) and O′ = O \ (L ∩ O).

Consider the intersection system (G,L ∪ O,K). By Theorem 9, there is an intersection support Q̃ on
L ∪ O of genus at most g. From Q̃, extract the bipartite graph Ξ on L ∪ O. We show that Ξ satisfies the
local-search property.
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Since Q̃ is a support, for each K ∈ K, there is an L ∈ LK adjacent to an O ∈ OK in Q̃, and hence L
and O are adjacent in Ξ. Therefore, for any L′ ⊆ L, (L \ L′) ∪N(L′) is again a feasible solution, where
N(L′) refers to the neighborhood of L′ in Ξ. By Theorem 3, Q̃ has a separator of size O(

√
g|L ∪ O|),

and hence such a separator for Ξ. It follows that Ξ satisfies the local-search Property. Therefore, there is
a PTAS for the Generalized Covering problem via the local-search framework.

For the Independent Set and Dominating Set problems, the algorithm follows directly via local-search.
Notably, for the Dominating Set problem, we require an intersection support. For the Vertex Cover prob-
lem, we use the well-known half-integrality due to Nemhauser and Trotter Jr (1975) of the standard
LP-relaxation for Vertex Cover. That is, there is an optimal solution to the LP min{

∑
xv : xu + xv ≥

1 ∀{u, v} ∈ E, xu ≥ 0} where the xu take values in {0, 1/2, 1}. The vertices whose values are either
1 or 1/2 is a feasible vertex cover. We remove the vertices of weight 0, take all vertices of weight 1,
and in the graph induced on the vertices of weight 1/2, it follows that any vertex cover requires at least
1/2 the vertices. Therefore, a (1 − ϵ)-approximation to the Independent Set problem on this induced
subgraph implies a (1 + ϵ)-approximation to the Vertex Cover problem. These ideas have been observed
previously by Bar-Yehuda et al. (2011) to obtain a 3/2-approximation for the Vertex Cover problem on
the intersection graph of axis-aligned rectangles.

Corollary 13. Let (G,H) be a cross-free graph system of genus g for some constant g, and D denote
the intersection graph. Then, the following problems on D admit a PTAS: (a) Independent Set, (b) Vertex
Cover, and (c) Dominating Set.

Proof:

(a) The Independent Set problem is equivalent to the Set Packing problem with cap(v) = 1 for all
v ∈ V (G) and hence a PTAS follows by Corollary 11.

(b) For the Vertex Cover problem, we know from the Nemhauser-Trotter theorem as in Nemhauser
and Trotter Jr (1975) that the standard LP is 1/2-integral. We only need to find the subgraphs
whose LP-weight is 1/2. Let H′ be the subgraphs of weight 1/2. For H′ a vertex cover has
size at least |H′|/2, since assigning 1/2 is an optimal solution for the LP-relaxation on the graph
induced on the vertices in H′. Since the complement of a vertex cover is an independent set,
using (a) we compute a (1 − ϵ)-approximation to the Independent Set problem on H′ and take its
complement. This immediately implies a (1 + ϵ)-approximation to the Vertex Cover problem as
the solution V C on H′ that is the complement of the (1 − ϵ)-approximation to the independent
set computed satisfies |V C| ≤ |H′| − (1 − ϵ)|I| ≤ |H′| − (1 − ϵ)|H′|/2. This implies that
|V C| ≤ (1 + ϵ)|H′|/2 ≤ (1 + ϵ)|V C∗|.
where |V C∗| denotes the size of an optimal vertex cover for the graph induced on the vertices of
weight 1/2.

(c) Consider the cross-free intersection system (G,H,H). There is an intersection support Q̃ of genus
at most g. Q̃ satisfies the local-search conditions and therefore, the Dominating Set problem on the
dual intersection graph D admits a PTAS via the local-search framework.
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Fig. 5: An arrangement of Pseudodisks (left), Piercing (middle), and Non-piercing (right) regions in the plane.

7.2 Regions on an Oriented Surface
In this section, we give a natural family of geometric hypergraphs that results in cross-free graph systems,
and hence the results in the previous section follow for these hypergraphs.

A simple Jordan curve is the image of an injective map from S1 to R2. A set of Jordan curves are a set
of pseudocircles if for any two curves, their boundaries intersect zero or two times. By the Jordan curve
theorem (Ch. 2 in Mohar and Thomassen (2001)), a Jordan curve divides the plane into two regions. For
a Jordan curve γ, we call the bounded region the interior of γ and the unbounded region the exterior of γ.

A set of bounded regions D is a set of pseudodisks if their boundaries are pseudocircles. Note that each
D ∈ D defines a simply connected region6 such that for any D,D′ ∈ D, D\D′ and D′\D are connected.

If we only insist on the last property, we obtain a set of non-piercing regions, a generalization of
pseudodisks. Recall Definition 17 that a set D of bounded, connected regions in the plane are a set of
non-piercing regions if for any D,D′ ∈ D, D \D′ and D′ \D are connected. However, we impose the
restriction that the boundaries of D and D′ intersect a finite number of times for any D,D′ ∈ D. Note that
the sets in D need not be simply connected. Fig. 5 shows examples of pseudodisks, piercing regions, and
non-piercing regions in the plane. Pseudodisks and non-piercing regions generalize several well-studied
geometric objects in the plane such as disks, squares, homothets of a convex set, etc.

Next, we introduce the intersection hypergraph of regions on a surface. The notion is similar to the
graph-theoretic notion, but we define it in terms of regions for completeness.

Definition 45 (Intersection hypergraph of regions). Let H and K be two collections of regions on an
surface. The intersection hypergraph of the regions is a hypergraph (H, {HK}K∈K), i.e., it takes a vertex
for each H ∈ H, and a hyperedge HK for each K ∈ K where HK = {H ∈ H : H ∩K ̸= ∅}.

Generalizing previous works Basu Roy et al. (2018); Chan and Har-Peled (2012); Mustafa and Ray
(2010), the authors in Raman and Ray (2020) showed that the intersection hypergraph of non-piercing
regions in the plane admits a planar support. The results of Raman and Ray (2020) however, require that
the non-piercing regions are in general position. That is, the boundaries of any pair of regions intersect
only at a finite number of points where they cross, and the boundaries of no three regions intersect at a

6 A region R is simply connected if any simple loop can be continuously contracted to a point so that the loop lies in R throughout
the contraction process. Intuitively, a simply connected region does not have holes.
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common point. In addition, they require that the points in the input are at some positive distance away
from the boundary of the regions. In particular, the non-piercing assumption does not include regions that
share a part of their boundary, or have points on the boundary of the regions, such as the regions shown in
Fig. 6. To handle regions of this type, we introduce the notion of weakly non-piercing regions defined as
follows.

Definition 46 (Weakly non-piercing regions). A set R of connected regions on an oriented surface is said
to be weakly non-piercing if for each pair of regions R,R′ ∈ R, either R \R′ or R′ \R is connected.

In the Conclusion section of Raman and Ray (2020), the authors show an example of a set of weakly
non-piercing regions in the plane that does not admit a planar support. We show that if we additionally
impose the condition that the regions are simply connected, then there is a support of genus at most g.

A

B

C

Fig. 6: The regions A colored orange, B colored green, and C colored blue are touching. Observe that A \ B is
connected, while B \ A induces two connected components. There is an input point on the boundary of the three
regions. The regions are weakly non-piercing, but are not non-piercing.

Let R be a collection of weakly non-piercing regions on a surface of genus g. Consider the boundaries
∂R and ∂R′ of two regions R and R′ in R, respectively. Then, ∂R ∩ ∂R′ consists of a finite collection
of isolated points and arcs. If at an isolated point, the boundaries of the regions cross, then we call this
point a crossing point. Otherwise, we call it a touching point. Equivalently, a point p ∈ ∂R ∩ ∂R′ is a
touching point if in an arbitrarily small ball B around p, the boundaries ∂R and ∂R′ can be modified by
an arbitrarily small amount so that ∂R and ∂R′ are disjoint in B.

For an intersection hypergraph defined by weakly non-piercing regions H and K on a surface Σ, we
now show that we can construct a graph G embedded on Σ, and subgraphs for each H ∈ H and K ∈ K
s.t. they induce a cross-free intersection graph system.

Theorem 14. Let H and K be two families of simply connected weakly non-piercing regions on an ori-
ented surface Σ of genus g. Then, we can define an embedded cross-free intersection system (G,H′,K′)
of genus g and a bijection between H and H′, and between K and K′ so that the intersection hypergraph
defined by H and K is isomorphic to that defined by H′ and K′.

Proof: Let R = H ∪ K. The arrangement of the regions of H ∪ K partition the surface into vertices,
edges and cells. There are two kinds of vertices in the arrangement: when the boundaries of two regions
cross, the intersection point is called a crossing vertex. For each region R ∈ R we subdivide its boundary
into arcs such that for each arc a on the boundary of R, and for any two points p, q in the interior of a, the



On Supports for Graphs of Bounded Genus 33

boundaries of set of regions of R containing p on its boundary, and the set of regions in R containing q
on its boundary are identical. We add the end-points of all such arcs a to the set of vertices, and we call
these the touching vertices. The arc between two consecutive vertices on the boundary of a region are the
edges of the arrangement. For regions in R not intersected by other regions, the edge contributed by this
region is its boundary. Finally, the connected regions obtained by removing the vertices and edges in the
arrangement are the cells of the arrangement.

The vertices and edges of the arrangement define a graph G′. To obtain a host graph G, we further
subdivide each edge of G′ by a vertex. Next, we put a vertex in the interior of each cell in the arrangement.
We join the vertex corresponding to a cell to the vertices on its boundary via non-crossing simple arcs that
lie in the cell. Since each cell is connected, we can do so. The graph G is clearly embedded on the surface.
See Fig. 7 for an example.

Consider a region R ∈ R. Since R is connected, by construction, it defines a connected subgraph of
G. Further, since R is simply connected, its boundary is a Jordan curve, and by construction is mapped to
a simple cycle CR in G s.t. this cycle separates the vertices of G that lie in the subgraph corresponding to
R from the vertices of G that do not.

We now show that the regions in H induce cross-free subgraphs of G. The fact that the regions in K
induce cross-free subgraphs of G will then follow analogously. Abusing notation, we use H to also denote
the subgraph of G induced on the vertices in H . For contradiction, suppose two subgraphs H,H ′ ∈ G
corresponding respectively, to regions H,H ′ ∈ H are crossing. Then the reduced graph (See Definition 4)
RG(H,H ′) contains a vertex v and four edges in cyclic order, to vertices v1, v2, v3, v4 s.t. v1, v3 ∈ H \H ′

and v2, v4 ∈ H ′ \H . Since the corresponding regions H,H ′ are weakly non-piercing, either H \H ′ or
H ′ \ H is connected. Suppose wlog, the former holds. Then, in G, there is a path P from v1 to v3 that
lies entirely in the subgraph H \H ′. Adding the edges {v1, v} and {v, v3} to P , we obtain a simple cycle
C, all of whose vertices lie in H . Since the boundary of the region H defines a simple cycle CH in G
separating the vertices in H from those that do not lie in H , it implies that C lies in the subgraph defined
by H . But this implies that either v2 or v4 also lies in H , contradicting the assumption that H and H ′ are
crossing. Therefore, the subgraphs defined by regions in H induce a cross-free collection of subgraphs in
G, and analogously, so do the subgraphs defined by the regions in K. Hence, (G,H′,K′) is a cross-free
intersection system, where H′ and K′ are respectively, the subgraphs in G corresponding to the regions in
H and K.

Moreover, by construction, any two regions R1, R2 ∈ H ∪K intersect if and only if the corresponding
subgraphs R′

1, R
′
2 ∈ H′ ∪ K′ share a vertex in G. This implies the intersection hypergraph defined by H

and K, and that defined by (G,H′,K′) are isomorphic.

By Theorem 14, all the results for packing and covering problems discussed in Subsection 7.1, also
hold for hypergraphs defined by simply connected weakly non-piercing regions on a surface of bounded
genus.

7.2.1 Hardness
We believe that the cross-free condition is essential to obtain PTAS for packing and covering problems
when the host graph has bounded genus. Chan and Grant (2014) proved that for a hypergraph defined by
a set of horizontal and vertical slabs in the plane and a set of points P , the Hitting Set problem and the Set
Cover problems are APX-hard. A simple modification of their result implies the following.
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Fig. 7: Construction of cross-free graph system for simply connected regions.

Theorem 15. There exist crossing non-piercing graph systems (G,H) with G embedded on the torus
such that the Set Cover problem is APX-hard. Similarly, the Hitting Set problem on such a set system is
APX-hard.

Proof: The proof follows directly from the corresponding APX-hardness proof of Chan and Grant (2014).
We only sketch the modification required. Consider the Set Cover problem: Given a set of horizontal
slabs H , a set V of vertical slabs, and a set P of points in the plane. The authors show that it is APX-
hard to select a minimum cardinality subset of H ∪ V to cover P . To obtain the claimed APX-hardness
proof on the torus for non-piercing regions, we embed this construction on a torus, and then modify the
boundary of each region in H to be a pair of parallel non-separating closed curves parallel to the hole.
Similarly, we map each vertical slab in V to a region bounded by two parallel non-separating closed
curves perpendicular to the hole.

Now, construct the dual arrangement graph G with a representative point for each non-empty cell in the
arrangement of the regions, and let H denote the set of subgraphs of G defined by the regions H ∪ V . In
(G,H), the subgraphs are non-piercing, but are crossing. The APX-hardness of the problem follows from
the corresponding result of Chan and Grant (2014).

The proof of APX-hardness for the Hitting Set problem for non-piercing crossing subgraphs of a graph
follows by a similar modification of the construction in Chan and Grant (2014) for the Hitting Set problem
with horizontal and vertical slabs in the plane.

7.3 Coloring Geometric Hypergraphs
Keller and Smorodinsky (2018) showed that the intersection hypergraph of disks in the plane is 4-

colorable i.e., a coloring with 4 colors such that no hyperedge is monochromatic (assuming that the size
of each hyperedge is at least two). This was generalized by Keszegh (2020) for pseudodisks, which was
further generalized by Raman and Ray (2020) to show that the intersection hypergraph of non-piercing
regions is 4-colorable. To bound the chromatic number of the hypergraph, suppose we had a weak sup-
port G corresponding to the vertices of the hypergraph whose chromatic number is bounded by k. Since
a k-coloring of G is also a feasible coloring of the hypergraph, it implies that the hypergraph can also be
k-colored. Since any support is also a weak support, as a consequence of Theorem 9 and Theorem 14, we
obtain the following.



On Supports for Graphs of Bounded Genus 35

Theorem 16. Let H and K be two families of simply connected weakly non-piercing regions on an ori-
ented surface of genus g. Then the intersection hypergraph has a proper coloring with at most 7+

√
1+24g
2

colors i.e., H can be colored with at most 7+
√
1+24g
2 colors such that for any K ∈ K, no hyperedge HK

is monochromatic.

Proof: By Theorem 14, there is a cross-free intersection system (G,H′,K′) such that the intersection
hypergraph defined by H and K is isomorphic to that defined by H′ and K′. By Theorem 9, (G,H′,K′)

has an intersection support Q̃ of genus at most g. Now, χ(Q̃) ≤ 7+
√
1+24g
2 (see Diestel (2005) for

a reference). Since Q̃ is a support, for each K ∈ K′, there is an edge between some two subgraphs
H,H ′ ∈ H′

K . Therefore, no hyperedge H′
K is monochromatic.

8 Conclusion
In this paper, we studied the problem of constructing primal, dual supports for graph systems (G,H)
defined on a host graph G. We also considered the more general problem of constructing a support for an
intersection system (G,H,K). We showed that if G has bounded genus, then the cross-free property is
sufficient to obtain a support of genus at most that of G.

There are several intriguing open questions and research directions, and we mention a few: We do not
know if the algorithms to construct a primal, dual or intersection support run in polynomial time.

We obtained PTAS for the Generalized Packing Problems with bounded capacities. For Generalized
Covering Problem with bounded demands however, we could not obtain a PTAS. Raman and Ray (2022)
obtained a PTAS for covering points in the plane whose demands are bounded by a constant, with non-
piercing regions. Combining the results of Raman and Ray (2022) with the Sweeping theorem of Dalal
et al. (2024), we can obtain a PTAS for hitting non-piercing regions in the plane with bounded demands by
points from a set P . In the graph setting however, there is no equivalent Sweeping Theorem. Developing
such a Sweeping Theorem is an interesting direction for future research.

The construction of a support required an embedding of the graph that is cross-free with respect to the
subgraphs. What is the complexity of deciding if a graph of bounded genus has a cross-free embedding
with respect to a collection of subgraphs? A broader line of research is to obtain necessary and sufficient
conditions for a hypergraph to have a sparse support - where sparsity could be a graph with sublinear-sized
separators or even just a graph with a linear number of edges.
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