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Abstract. We consider the real and complex noncentral Wishart distributions. The moments of these distributions are
shown to be expressed as weighted generating functions of graphs associated with the Wishart distributions. We give
some bijections between sets of graphs related to moments of the real Wishart distribution and the complex noncentral
Wishart distribution. By means of the bijections, we see that calculating these moments of a certain class the real
Wishart distribution boils down to calculations for the case of complex Wishart distributions.

Résumé. Nous considérons les lois Wishart non-centrale réel et complexe. Les moments sont décrits comme fonctions
génératrices de graphes associées avex les lois Wishart. Nous donnons bijections entre ensembles de graphes relatifs
aux moments des lois Wishart non-centrale réel et complexe. Au moyen de la bijections, nous voyons que le calcul
des moments d’une certaine classe la loi Wishart réel deviennent le calcul de moments de loi Wishart complexes.
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1 Introduction
First we recall the Wishart distributions which originate from the paper by Wishart [18]. Let X; =

(xi)i<i<p, Xo = (Ti2)i<i<ps---»X» = (Ziv)1<i<p be p-dimensional random column vectors dis-
tributed independently according to the normal (Gauss) distribution N, (1, %), . .., Np(u,, X) with mean
vectors f1 = (fhi1)1<i<p,---> v = (Miv)1<i<p (respectively) and a common covariance matrix ¥ =

(0i5). The distribution of a p x p symmetric random matrix W = (w;;)1<;,j<p defined by w;; =
>-v_, @ity is the real noncentral Wishart distribution W, (v, X, A), where A = (8;;)1<;j<p is the mean
square matrix defined by d;; = Z;’Zl teitt5¢. The Wishart distribution for A = 0 is said to be central and
is denoted by W, (v, X).

The matrix Q = X ~'A is called the noncentrality matrix. It is usually used instead of A to param-
eterize the Wishart distribution. However, in this paper, we use (v, X, A) for simplicity in describing
formulas. The complex Wishart distribution CW,(v, X, A) is defined as the distribution of some p x p
Hermitian random matrix constructed from random vectors distributed independently according to the
complex normal (complex Gauss) distributions.
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The moment generating function of the real Wishart distribution is given by
]E[etr(G)W)} = det(I — 292)7567% tr(172(~)2)*1(~)A,

where O is a p X p symmetric parameter matrix [13]. Similarly, the moment generating function of the
complex Wishart distribution is given as follows:

E[e"(®™)] = det(I — OX) e~ w(I-ex)"lea

where O is a p x p Hermitian parameter matrix. See also [2] for the central case. Our first objective
is to describe the moments E[w;, ;, Wi i, - - - Wiy, 4.y, ] Of the Wishart distributions of general degrees
in explicit forms. Since the Wishart distribution is one of the most important distributions, it has been
studied by many researchers not only in the field of mathematical statistics but also in other fields (e.g.,
[1L 111]]). Its moments have been well studied, and methods to calculate the moments in the central cases
have been developed by Lu and Richards [10]; Graczyk, Letac, and Massam [3| 4]]; Vere-Jones [16]]; and
many other authors. In particular, Graczyk, Letac and Massam [3| 4] developed a formula for the moments
using the representation theory of symmetric group. More recently, Letac and Massam [9] introduced a
method to calculate the moments of the noncentral Wishart distributions. In this paper, we introduce
another formula for the moments of Wishart distribution; in our formula, the moments are described as
special values of the weighted generating function of matchings of graphs. Calculation of the moments
boils down to enumeration of graphs via our formulas. As an application of our formulas, we construct
some correspondences between some sets of graphs, which implies several identities of moments.

The organization of this paper is as follows. In Section[2] we introduce some notations for the graphs.
In Section [3] we define the generating functions of matchings and give the main formulas, which are an
extension of Takemura [[15] dealing with the central case. In Section we give some correspondences
between directed and undirected graphs, which implies equations between the moments of the complex
Wishart distribution and the moments of the real Wishart distribution for some special parameter. In
Sections[4.2]and[d.3] we consider the Wishart distribution with some degenerated parameters. We see that
the calculation of its moments is reduced to enumerating graphs satisfying some conditions.

A part of this paper is taken from our previous paper [8]. Please see the paper for the omitted proofs.

2 Notation of graphs

In this paper, we consider both undirected and directed graphs. For [ € Z, we define [and [ by [=21-1
and [ = 2I. Letus fix n € Zso. We also fix sets V and V' as follows: V = [n] = {1,...,n},
V=Mn={i,....aLV=n={1..,i},andV' = VIV = [n]11[n] = [2n]. We use V and
V' as the sets of vertices of directed and undirected graphs, respectively.

First we consider undirected graphs. For v # w, the undirected edge between v and w is denoted by
{v,w} = {w,v}. We do not consider undirected self loops, i.e., {v,v}. For sets W’ and U’ of vertices,
we define sets K7, and Ky, 1, of undirected edges by Ky, 7 = { {w,u} |[w € W, u e U',w #u },
Ky = Ko = {{v,u} [v#u e V'}. Wecall apair G = (V', E') of a finite set V" and a subset
E’' C K{, an undirected graph. For an undirected graph G’ = (V' , E’), we define vertex(E’) by
vertex(E') = {v e V' | {v,u} € E' forsomeu € V' }. Let (V’, K’) be an undirected graph. We call
a subset E/ C K’ a matching in (V’, K') if no two edges in E’ share a common vertex. We define
M'(V', K’) to be the set of matchings in (V’, K’) and M’ (V) to be the set M'(V’, K{,,) of matchings
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in the complete graph (V’, K7{,,). A matching E’ in (V', K') is said to be perfect if vertex(E') = V'. We
define P'(V’, K') to be the set of perfect matchings in (V/, K’) and P'(V') by P' (V') = P'(V', K},,).

Next we consider directed graphs. A directed edge from v to w is denoted by (v,u). For v # u,
(v,u) # (u,v). In the case of directed graphs, we also consider a directed self loop (v,v). For a
directed edge e = (v, u), we respectively call v and u a starting and end points of e. For sets W and
U of vertices, we define sets Ky and Ky, of directed edges by K,y = { (v,u) |[ve Wyue U},
Ky =Kyu ={(v,u) |v,u €U} Wecallapair G = (V, E) of a finite set V and a subset E C Ky a
directed graph. For a directed graph G = (V, E), we define start(E) and end(E) by

start(E) ={v €V | (v,u) € Eforsomeu €V },
end(E)={ueV]| (v,u) € Eforsomev eV }.

For a directed graph (V, K), we call a subset E C K a matching in (V, K) if v # v" and u # v’ for any
two distinct directed edges (v,u) and (v',u') € E. We define M(V, K) to be the set of matchings in
(V,K)and M(V) by M (V) = M(V, Ky). A matching E in (V, E) is said to be perfect if start(F) = V
and end(F) = V . We define P(V, K) to be the set of perfect matchings in (V, K) and P(V) by
P(V) =PV, Ky).

Remark 2.1 We can identify a directed graph (V, E) with a bipartite graph (V,V, {{v,ii} | (v,u) € E}).
i.e., a graph whose edges connect a vertex in V to a vertex in V. Via this identification, an element
in M(V, K) is identified with a matching in the bipartite graph. In this sense, we call an element in
M(V, K) a matching in (V, K).

3 Weighted generating functions and moments

First we consider undirected graphs to describe the moments of real Wishart distributions. For an undi-
rected graph (V', E') and variables ¢ = (w; ;), we define the weight monomial z¥" by ¥ = H{v’u}eE, Loy -

If 2y = @y, for v,u € V', then the weight monomial xE: is well-defined. We define E to be
{{1,1},... . {n,ii} } C K|, .. For E' € M'(V"), we define £’ and len(E’) by

E = { {v,u} € K{n\verex(rr) | There exists a chain between v and u in £ U Ej. } C Ky,
len(E’) = (the number of connected components in (V', E' U E()) — ’E’ | )
Remark 3.1 For E' € M'(V"), E’ can be defined as a subset of K, satisfying the following conditions:
o Bl e M'(V),
e L'NE =1,
e L'UE € P(E),

o The number of connected components in (V', E' U E{)) equals the number of connected components
in (V' E' UE"U E}).
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Remark 3.2 For E' € M'(V"), let us consider the undirected graph (V', E' 11 E{)) with multiple edges.
The connected components of (V', E' 11 E)) are chains and cycles without chords. The number of cycles
in (V', E' 11 E)) equals len(E"). The vertices V' \ vertex(E") which do not appear in E' are terminals
of chains in (V', E' 1 E})). The set of pairs of terminals of chains in (V', E' 1 E})) equals E'.

Definition 3.3 For a set K' C K{,, of undirected edges, we define polynomials &', and V', by
O (t, T, y) = Z flen(E") B oy B U (t,x) = Z en(E) B
EreM(V,K) E'eP!(V!,K')
We also respectively define @' (t, x,y) and V'(t, x) to be CI)’K{/, (t,x,y) and \II’K(/, (t, ).
Remark 3.4 By definition, V', (t,x) = @, (t,x,0) for each K' C K.

We have the following formula that describes the moments of the real noncentral Wishart distribution
as the special values of the weighted generating function.

Theorem 3.5 Let W = (w; ;) ~ W,(v, 2, A), namely, let W be a random matrix distributed according
to the real noncentral Wishart distribution W,(v, 2, A). Then

Elwi ows s - - Won—1,2n] = Elwj jws s - - wii] = P (L, x, y)‘ =2'(1,%,A).
’ ’ t=V, Ty, 0 =0u,v, Yu,v=0u,v
Corollary 3.6 For W ~ W,(v, 2, A)
E[wihhwis,u T wiZ'nfl;iZn] = E[wipiiwig,ii T win,in} = (I)I(tv Z, y)’
t=v, L, v =044 iy yu,'u:éiu,'iv

In the case where A = 0, W, (v, X, 0) is called the real central Wishart distribution and is denoted by
W,(v, £). It follows from Remarkthat the moments of the central real Wishart distribution are written
as special values of ¥,

Corollary 3.7 For W = (w; ;) ~ Wy,(v, %)

E[wi w3 4 wap—1,20] = E[wﬂng W] = \I]/(t7 )
Corollary 3.8 For W = (w; j) ~ W,(v, %)

E[wi17i2wi3,i4 T wiQn—l,izn] = E[wii,iiwig,ié e wiﬁ,-,iﬁ,] = \I]/(tv :I?)

Next we consider directed graphs to describe the moments of complex Wishart distributions. For a di-
rected graph (V, E) and variables = (z;_;), we define the weight monomial % by ¥ = [owyer Tou-
Let E € M(V). The pair (V, E) is a directed graph whose connected components are directed chains and
directed cycles without chords. We define len(F) to be the number of cycles (and self loops) in (V, E).
The vertices V' \ start(E) are the endpoints of the chains in (V, E), while the vertices V' \ end(E) are the
start points of the chains in (V, E). We define E by

E = { (v,u) € Ky\start(B),V\end(E) ’ There exists a chain from v to v in E. } Cc Ky.
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Remark 3.9 For E € M(V), E can be defined as a subset of Ky satisfying the following conditions:
e Ec M(V),
e ENE =4,
e EUE € P(E),

o The number of connected components in (V, E) equals the number of connected components in
(V,EUE).

Remark 3.10 For E € M(V'), we can also define len(E) by
len(E) = (the number of connected components in (V, E)) — ’Ev} .

Remark 3.11 We can identify E € P(V) with the element o of the symmetric group S, such that
og(i) = j foreach (i,j) € E. For each E, len(E) is the number of cycles of 0.

Definition 3.12 For a set K C Ky of directed edges, we define polynomials ® - and V g by

Py (t, @, y) = Z flen(B) p By B Uty ) = Z flen(E) B
BEEM(V.K) EeP(V,K)

We also respectively define ®(t, x,y) and V(t,x) to be Pk, (t,x,y) and ¥, (t, x).
Remark 3.13 By definition, Vi (t,x) = Pk (t, x,0) for each K C Ky
We describe the moments of complex Wishart distributions as special values of the generating functions.

Theorem 3.14 Let W = (w; ;) be a random matrix distributed according to the complex noncentral
Wishart distribution CW,,(v, X, A). Then

I[‘3[11)1,211)3,4 T w2n—1,2n] = E[wllwgz T wnn] = O(t, z, y)’

t=V, Ty v=0u,v, yu,vzéu,i}

Corollary 3.15 For W = (w; j) ~ CW,(v, X, A)

]E[wil»hw’i&iz; e wi2n—17i2n] = E[wi17iiwiga’i§ e w’im’iﬁ] = (I)(tv Z, y)

1=V, Tu,0=0iy iy, Yu,v=0iy,i;
By substituting 0 for A in the theorem, we have the following formula for the central complex case.

Corollary 3.16 For W = (w; ;) ~ CW, (v, X)

Elwiows 4 wan—1,2n] = E[wj jws 5 wiu] = V(¢ )

t=V, Tyv=0u,s

Corollary 3.17 For W = (w; ;) ~ CW, (v, X)

E[wi1,i2wi3,i4 T wi2n7177;2n] = E[wiiyiiwig,ii T wimiﬁ] = \Il(tv :I:)

t=v, Tu,v=0i, i3
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Remark 3.18 For a square matrix A = (a;j), the a-determinant (or o-permanent) is defined by

deta(A) = Z an_len(o)al,o(l)aZo'(Q) ©Qnyo(n)-
oceS,

This polynomial is an «-analogue of both the determinant and the permanent. Equivalently, the o-
determinant is nothing but the ordinary determinant and permanent for o« = —1 and 1, respectively.
(See also [lI6] [I7].) Through the identification in Remark we have a"VU(a~t A) = det,(A).
Moreover, by Corollary the moments of the complex central Wishart distribution are expressed by
a-determinants.

In [12)], Matsumoto introduced the o-Pfaffian, which is defined by

pfa(A) — Z (_a)n—len(E’) Sgn(E/)AE/
E'eP (V')

for a skew-symmetric matrix A, where sgn(E')AF is defined to be SEN(T)as; 2y *** Qayy iy JOT T € Sy
suchthat E' = { {xi,x1},...,{xq, z1} }. Since A is skew symmetric, sgn(E') AP is independent from
choices of © € Say,. The a-Pfaffian is an analogue of the Pfaffian. Equivalently, in the case when o = —1,
a-Pfaffian pf | (A) is nothing but the ordinary Pfaffian pf(A), i.e., Y sgn()az,o; = - Gzyzy-

Let us define the polynomial hf ,(A) by

hfo(B)= Y  are®)pH
E'eP/(V)

for a symmetric matrix B. The polynomial hf,(B) is an a-analogue of the Hafnian. Equivalently,
hf,(B) is the ordinary Hafnian hf(B), i.e, Y by o; **by,as, for a = 1. By definition, hf,(B) =
a™ W' (a~Y, B). In this sense, the moments of the real central Wishart distributions are expressed by
a-Hafnians.

4 Application

4.1 Relation between real and complex cases

There exist bijections between directed graphs and undirected graphs which preserve the weight mono-
mials in some special cases. These bijections induce equations between weighted generating functions
of matchings. From the equations, we can obtain some formulas for the moments of complex and real
Wishart distributions with special parameters.

4.1.1 Prototypical case
As in Remark [2.T] there exists a correspondence between directed graphs and bipartite graphs.

Lemma 4.1 The map M(V, Kv) > (u,v) — {u,i} € M'(V', K, ,) is a bijection. The map induces
the bijection P(V, Kv) 3 (u,v) = {u,9} € P'(V', K, ;).
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These bijections imply Pk, (¢, z,y) = <I>}<(7 i

v

and A’ = (4;,,) satisfy oy, , = 0 and 4, , = 0 for {u,v} € K, UK, then

uv

(t,z,y)and Vg, (t, ) = V., (t,x). FY = (oy,)
Vv,V

<I>’(t7rc,y)‘ = ‘I)’Kfv . (tﬂv,y)‘

— —! —457 7 — — ! —57
t=V, Tu,0=07, 4 yu.vf&w v t=v, Ty,v=0, ,, yu,v—(;u),u

If ¥ = (0uy) and A = (6,,) satisty o 5 = 07, ,, and 6, 5 = 0y, , for u,v € V, then the equation implies

= o'(t,x,y)

t=V, Ty, v=04,5, Yu,0 =04,

O(t,x,y)

L=V, Ty v =0u,v;s Yu,o=0u,v

Hence we have the following:

Propsition 4.2 Let ' = (o}, ), A = (8;, ,), ¥ = (0uw) and A = (8y,,) satisfy o, ,, = 0, 0,,,, = 0 for
{u,v} € K[, UKL, and 045 = 07, 3, a5 = Oy for u,v € V. For W = (wy,») ~ CW,(v, X, A) and

W' = (w,.,) ~ Wy(v, %, A), Blwi g - ws ] = B[] ;-]

u,v h,ﬁ} :
4.1.2 Central case
Next we consider the central Wishart distribution. In this case, we may consider only perfect matchings.
We define P’ (V') and P(V') by

5 _ E'eP' (V) 51 — EEP(V),
P/(V/) - { (E/’w/) ‘ w': {cyclesin (V',E1I Eo) }—){ +1} } ’ P(V) - { (E7w) ’ w: E={+1} } ’

Lemma 4.3 There exists a bijection between P' (V') and P(V).

We shall give a bijection 1) between P'(V’) and P(V) in Section m The bijection preserves the
weight monomials, equivalently, t1*(E) g — ¢len(E") (2/)E’ for elements E/ € P’(V) corresponding to
E € P(V), in the case when & = (v,,,) and @’ = (z}, ,,) satisfy 2/, ,, = @, for any u,v € V and any
{v',v'} € K{ 451, a5y Hence Propositionfollows from the following equations:

2"\I’(t,-’13) = on Z 2elcn(E):cE' _ Z tlcn(E)xE7

EeP(V) EeP(V)
V2t =20 Yy @) = Y gl
E'eP'(V') E'eP(V')

Propsition 4.4 Let ¥ = (0y,) and X' = (o3, ,) satisfy 0, ,, = oy, for any u,v € V and any
{’U/, ’U’} S K{ YLl }7{ WO } Then

2" (t, x) = U'(2t,x)

p— — j— [——4
t=v, Tu,0v=0u,s t=v, Tu,0 =04,

Corollary 4.5 Let Y = (04,) and X' = (03, ,) satisfy 0,1 o = 0, forany u,v € V and any {u',v'} €
K{ v },{ av }- For W = (wu,1,) ~ CWp(l/,E) and W/ = (w’ ) ~ Wp(l/, E/), E[wij . ~-wh7ﬁ] =

/ / wv
E[wij : wnn]
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4.1.3 Noncentral case

Next we consider the noncentral Wishart distribution. In this case, we consider all matchings in complete
graphs. We define M (V') and M’ (V") by

E'e M’ (V), v EeM(V),
M/(V/) = { (El7w/) ‘ w': {cyclesin (V',E" U E{) }—>{ +1} }’ M(V) = { (E,W) ‘ w: g‘}{( :t)l} } ’

Lemma 4.6 There exists a bijection between M(V) and M’ (V).

We shall give a bijection between P’ (V') and ﬁ(V) in Section The bijection preserves the weight
monomial in a special case. Hence Proposition[d.7] follows from the following equations:

Vetay) = Y @)mFRFyT = N gy
E'eM’ (V) (B w)EM/ (V')

(I)(t, 2w, ,y) _ Z tlen(E) (2$)EyE — Z tlen(E) y
BeMV) (Ew)eM(V)

where 2x = (2,,,)

Propsition 4.7 Let ¥ = (0u.), A = (duw), X' = (0y,,) and A" = (0,,,,) satisfy o,/ = Oup
Ot r = Oup for any u,v € V and any {u',v'} € K iy { awy- Then
U(t, 2z, y) = V(2 ®,y)
t=V, Ty, v =045, Yu,0 =04, t=V, Ty, v =0u,vs Yu,v=0u,v

Corollary 4.8 Let ¥ = (04,), A = (du,0), X' = (03,,,) and A" = (0, ,,) satisfy oy, ) = Ouw Oy =

u/vfor ciny u,v € V an/d ai/iy {u/, v} € Kiasy {av} For W = (wyn) ~ CWy(r,28,A) and
W= (w uv) ~ Wp(2v, 2, A), ]E[w1 i W] = E[wi’i wnn]

4.1.4 Construction of Bijections

Here we construct bijections to prove Lemmas and 4.6 First we construct a bijection ¢ from 73(‘/) to
P’(V"). To define the bijection, we define the f0110w1ng map. For (E,w) € P(V), let h Bwand b  be
maps from V to V' defined by

B () = v if w((u,v)) =1 for some (u,v) € E,
A b otherwise,

") ¥ ifw((u,v)) = 1 for some (u,v) € E,
v) =
v otherwise.

Remark 4.9 For (E,w) € P(V) andv € V, {hg . (v),h ,(v)} € Ej,.

First we construct E/ € P’ (V") for each (E,w) € P(V). For each (E,w) € P(V), we define a surjection
YEw: E — K, and then we define E’ to be the image ¥ ., (E). Let (v1,v2), (v2, v3),. .., (Vg—1, k),
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(v, v1) be acycle in E such that vy = min { v, ..., vy }. For each directed edge in the cycle, we define
’(/)E,w by

VYpw((v,v2)) = {01, hpw(v2)},
Vg w((Vi,vig1)) = {hb,w(vi_,_l), hgwWig1)} (fori=2,...,k—1),
Y w((Uk,01)) = {Ip o (vr), U1 }-
Then the image of the cycle forms a cycle C” in the undirected graph E’ IT E{). For the cycle C’, we define
W' (C") to be w((vk,v1)).
Remark 4.10 [t is easy to construct the inverse map of 1, which implies that 1 is bijective.

Remark 4.11 This correspondence v is equivalent to the one in [4], which is described in more algebraic
terms. Let Sa,,, be the 2m-th symmetric group, and let B,, = Sy, 1 Z/2Z the hyperoctehedral group, i.e.,

the subgroup of the permutations 1 € Sap, such that |7(n) — w(#)] = Lforalln = 1,...,m. For
9By, € Som /By, we can define Egp, by Egp,, = {{9(n),g()} |n=1,...m} € P(V), and we
can identify elements gB,, € Sap, /By, with perfect matchings in (V, Kv'). Through this identification,
the correspondence in Section 4 of [4] is equivalent to ours.

Next we construct a bijection ¢ from M(V) to M'(V"). For each (E,w) € M(V), we shall define

(B, w') € M (V). For each cycle in E, we construct undirected edges and ' in the same manner as ).
To define the undirected edges corresponding to chains, we define tg , and t’E,w by

t o (0) v ifw((u,v)) = 1 for some (v,u) € E,
w\V) = .
= v otherwise,

th (V) = ¥ if w((u,v)) = 1 for some (v,u) € E,
B ) otherwise.

Let (v1,v2), (v2,v3),...,(vk—1, V%) be a maximal chain in E. If v; < vy, then we define ¢ , by

vrw((v1,v2)) = {01, hpw(v2)},
opw((vi,vig1)) = {hp (i), hew(vig1)}  (fori=2,... k—1).
If v; > vy, then we define g ., by
0Bw((Vk—1,v%)) = {tEw(kr—1), U}
@E,w((vi—la 1}1)) = {tE,w(vi—l)at/Ew(Ui)} (fOI‘i = /{i — 1, ceey 2).

Then the image of the maximal chains forms a maximal chain in the undirected graph E’ IT E.

Remark 4.12 [z is easy to construct the inverse map of @, which implies  is bijective.

4.2 Noncentral chi-square distribution

In this section, we consider the Wishart distributions for a special parameter, which is linked with the
noncentral chi-square distributions.
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Propsition 4.13 Let 0, , = 0, 8,y = 9. For W = (wy, ) ~ CW,(v, 2, A),

n
l —
Efwj jwss - wanl = Y > gumat'o™6" T,

m=0 [

where gy, is the number of E C Ky such that len(E) = |,

E\:mand|Ev'|:nfm.

Corollary 4.14 For the noncentral complex chi-square distribution x2(8) with v degrees of freedom and
the noncentrality parameter 0, its n-th moment E(w™) is given as follows:

n

E[wn] — Z Zglmnyl(sn—m_

m=0 [

In the case where we add a new directed edge whose staring point is a fixed vertex, we have just one
choice of end-points that increase the number of cycles. Hence we obtain Lemmal4. 1

Lemma 4.15 Let 0 < m < n. Then the generating function G, (t) of gimn with respect to the number
[ of cycles satisfies

Crn() = Gunnt' = (;) ﬁ(t +n—i).

1>0 i=1
We also obtain the following corollary, which is well-known expression for the noncentral chi-square
distribution (e.g. [S])

Corollary 4.16 For the n-th moment E(w™) of the noncentral chi-square distribution x> () with v de-
grees of freedom and the noncentrality parameter 6,

n

]E[wn] = i Zglmnylénim = i Gmn(V)énim = Z (’::L) onTm ﬁ(l/ +n— Z)
m l m=0 =1

=0 m=0

Remark 4.17 The numbers s, (m, 1) defined by the following generating function are called the noncen-
tral Stirling numbers of the first kind.:

> su(m, Dt =[]t +n—1).
l

i=1
If m = n, then s,(m,l) is the Stirling number of the first kind. Lemma implies that Gy, =
(Z) sn(m,1). Equivalently, we can explicitly describe the moments of the noncentral chi-square distribu-
tion x2(8) with the noncentral Stirling numbers. Koutras pointed out that moments of some noncentral
distributions are described with the noncentral Stirling numbers of the first kind [7].
Next consider the real case.

Propsition 4.18 Let 0, = 0, 0y = 0. For W = (wy,») ~ W, (v, Z, A),

n
_ / I _mgsn—m
Elwi jws 5 wail = 3 Y Ghmnt o6,
l

m=0

where g],.... is the number of E' C K{,, such thatlen(E') = I, |E'| = m and |E’| = n — m.
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Corollary 4.19 For the noncentral chi-square distribution x2(8) with v degrees of freedom and the non-
centrality parameter 0, its n-th moment E(w™) is given as:

B = 3 3 gl 6",

m=0 [
where g|,.... is the number of E' C K{,, such that len(E') = I, |E'| = m and |E’'| = n — m.

Proposition[4.7]and Lemma imply Lemma

Lemma 4.20 Ler 0 < m < n, n < 0. Then the generating function G, (t) of g,,,,, with respect to the
number | of cycles satisfies

m

)= Ghunt' = (:;) [1t+2(n—i)).

1>0 i=1

Corollary 4.21 For the n-th moment E(w™) of the noncentral chi-square distribution x2(8) with v de-
grees of freedom and the noncentrality parameter 6,

D) IR SO I (L | (AT

m=0 1 m=0 i=1

4.3 Bivariate chi-square distribution

We can explicitly describe the moments of Wishart distributions by enumerating the matchings satisfying
some conditions. For example, in Proposition 4.23] we obtain the description of the moments of the

bivariate real chi-square distribution, which was introduced by Kibble [6]. The formulas imply formulas
for the complex distribution by Proposition[4.7] See [§]] for details and other applications.

Propsition 4.22 Let Y = (0,,) and A = (0y,) satisfy

1 (U7U§2bor2b—|—1§u,v)7
Ouw = §u L= 0.
7 p (otherwise), .
For a random matrix W = (wy ) ~ Whie(v, B, A),
E[wl,l e wb,b . w(bﬁll) (b#l) e w(b«;»c) (b+c)]
min(b,c) v 2ap!cl b—a ' a |
- ; P (b—a)!( c_a'all_[VJraa—z ll_Il(l/Jra(b—z))il;[l(era(cfZ)).

Propsition 4.23 Ler > = (; T), and W = (Wy,) ~ Wa(v, X). Forb,c € Z>o,

min(b,c) b—a c—a

]E[wlf,lwg,z] = Z po = 2%'6' 1/+2 (a—1) H(V—i—2(b—i)) H(I/+2(c—z')).

(c—a) 'a'
a=0 i =1 i=1

Remark 4.24 In [I4l], Nadarajah and Kotz derived another expression for E[w’l’lw§2] with the Jacobi
polynomials.
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