EuroComb 2005 DMTCS proc. AE, 2005, 335-340

Maximal sets of integers not containing k + 1
pairwise coprimes and having divisors from a
specified set of primes
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We find the formula for the cardinality of maximal set of integers from [1,...,n] which does not contain k + 1
pairwise coprimes and has divisors from a specified set of primes. This formula is defined by the set of multiples of
the generating set, which does not depend on n.

Keywords: greatest common divisor, coprimes, squarefree numbers

1 Formulation of the result

Let P = {p; < p2,...} be the set of primes and N be the set of natural numbers. Write N(n) =
{1,...,n}, P(n) = P(N(n). For a,b € N denote the greatest common divisor of a and b by (a,b).
Let S(n, k) be the family of sets A C N(n) of positive integers which does not contain k + 1 coprimes.
Define

E) = Al
f(n, k) Aé%?ifk)' \

In the paper [1] the following was proved.
Theorem 1 For all sufficiently large
f(n, k) = [E(n, k)],

where

E(n,k) ={a € N(n) : a=up;, for somei=1,...,k}. (1)
Letnow Q = {q1 < g2 < ... < g} C P be finite set of primes and R(n,Q) C S(n, 1) is such family of
sets of positive integers that for the arbitrary a € A € R(n, Q), (a, H§:1 qj) > 1. In [2] was proved the
following
Theorem 2 Letn > [[_, q;, then

A
f(n, Q) = amax |A| = Ioax IM(2q1, ..., 2q0,q1 - -.q0) [ |N(n)], 2

where M (B) is the set of multiples of the set of integers B.
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In [2] the problem was stated of finding the maximal set of positive integers from N(n) which satisfies
the conditions of Theorems 1 and 2 simultaneously i.e. which is a set A without k£ + 1 coprimes and such
that each element of this set has a divisor from Q. This paper is devoted to the solution of this problem.
In our work we use the methods from the paper [1].

Denote R(n,k,Q) C S(n,k) the family of sets of positive integers with the property that an arbi-
trary a € A € R(n,k,Q) has divisor from Q. For given sand T = {r; < re < ...} =P —Q let
F(n,k,s,Q) C R(n,k,Q) is the family of sets of squarefree positive numbers such that for the arbitrary
a € A€ F(n,k,s,Q) we have (r;,a) = 1, i > s. For given s, r cardinality of the family F(n, k, s, Q)
and cardinalities of each A € F(n, k, s, Q) are bounded from above as n — oo.

Next we formulate our main result which extent the result of the Theorems 1, 2 and in some sense
include both of them.

Theorem 3 If Q # 0, then for sufficiently large n the following relation is valid

p(n,k,Q) £ Al = g M (F) (NG 3)

max
AER(nk,Q)

where s is the minimal integer which satisfies the inequality rs > 7.

2 Proof of the Theorem 3

Let’s remind the definition of the left pushing which the reader can find in [2]. For the arbitrary

a =up§, pi < pj, (pipj,u) =1, a > 0andp; € Qor p;,p; € Q “4)
define
Li j(a, Q) = pi'u.
For a not of the form (4) we set L; j(a,Q) = a. For A C N denote

_ Li, '(G;, Q)v Li7,'(a> Q) ¢ Aa
Li,j(a,A,Q) = { a, J Li,;(a7(@) cA

At last set
Li,j(Av@) = {Li,j(ayAaQ); a e A}

We say that A is left compressed if for the arbitrary i < j
L; ;(A,Q) = A

It can be easily seen that every finite A C N after finite number of left pushing operations can be made
left compressed,
|Li,;(A, Q)| > |A]

andif A € R(n,k,Q), then L; ;(A,Q) € R(n, k,Q).

If we denote O(n, k, Q) C R(n, k, Q) the families of sets on which achieved max in (3) and C'(n, k, Q) C
R(n, k, Q) is the family of left compressed sets from R(n, k, Q), then it follows that O(n, k, Q) ( C(n, k, Q) #
(). Next we assume that A € C(n, k,Q) () O(n, k, Q).
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1 1 aq

o
a?, where a* = r{"t . .r]T
1 s

For the arbitrary a € A we have the decomposition a = a ry <71y, i<
j, a® = qfll ...qf;; T < @iy M < 85 @, 35 > 0. Ifa =7 .. Zaquﬁll. qu € A, aj,0; > 0,then
a = Ti .. Ti;q - ¢, € Aaswelland also & = ua € A for all v € N : wa < n. Consider all
squarefree numbers A* C A and for given a? the set of all a' such that a'a® € A*. This set is the ideal
generated by the division. The set of minimal elements from this ideal denote by P(a?, A*). It follows
that (A € O(n, k,N)),
A= M({a'a® a' € P(a ﬂN
For each a? we order {a] < a} < ...} = P(a?, A*) lex1cographlcally according to their decomposition
1

a; = r“ . rl ;- Let p is the maximal over the choice of a? positive integer such that rp divide some a; for
which ala? € A*. From the left compressedness of the set A it follows that a’ = a _7 < i also belongs
to A. Then the set B of elements b = b'b? < n, (bl, 1=, qj> = 1 such that b% = qj1 . .qu , B35 >0

and aj[b', aj [b', j < isexactly the set

p r
Bla)=u<n:u=r"...r af O‘qull...qi"'F;ai,ﬁi>O, F,Herqj =1

Denote
P"(a27A*) = {a € P(a27A*) s(a,rp) = Tp} ,

PP(A*) = { a € P*(a® A*) for some a?, such that | a?, H g | =¢s

and
@)= |J B).

a€Pr(a?,A*)

Then the set |J,_, P?(A*) is exactly the set | J,. P?(a?, A*) of numbers which are divisible by r,,.
Because each a € P (a2, A*) for all a? has divisor from Q it follows that for some 1 < s < r

U B = % e

a€EPY(A*)

(&)

Next for this s we define the transformation
P(a® A*) = (P(a® A) — 2, AM) | RO(a?, A7)

where

=y
>
—~

IS
o [
b
*

|

{v eN; vr, € Psp(aQ,A)},
{a= a'a® € PP(A%)}.

g
>
—~
IS
o no
b
*
|

It is easy to see that

JP(a? 4%) € S(n, k, Q).
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Next we prove that if 7, > r, then
‘M <U P(a?, A*)) (N(n)
a2

which gives the contradiction to the maximality of A.
Fora € R(a®, A%), a =ri .. TipQjy - Qjps Tiy < --- <Ti; <Tp, qj, ---q;, = a* denote

> 4] ©)

T

p—1
D(a) = veN(n):v:ril...rgfqﬁl...qf;T,04]-75]-21, T,Herqj =1
j=1  j=1

It can be easily seen that
D(a)(\D(d') = 0,a # d’
and
M (U (P(a?, A*) - Pﬂ(a2,A*))) () D(a) = 0.

Thus to prove (6) it is sufficient to show, that for large n > ng
[D(a) > r|B(ar,)|. 7

To prove (7) we consider three cases.
First case when n/(ar,) > 2 and p > po. It follows that

P T
n 1 1
Blar)l < e Y — — 11 (1 - ) (1 _ ) ®)
wapsL Th T TR G "1/ 35 4
P T
n 1 1
(riy = 1) oo (riy = D (rp = D(gjy = 1) (g5, = 1) ]1;[1 ( rj ]1;[1 qj

At the same time

RS
|
—
5

= A
D(a): UEN(H); ’U:ril-“riqul-“qngly Fl,HTj q; =1 CD(CL)

<.
Il
—_

<
Il
—

and we obtain the inequalities

D(a)] > |D(a)] > e n il (1 - :J) 1 (1 - 1) | )

Tiq ...Tiqu'l "'qu .

Thus from (8), (9) it follows that
|D(a)| > ﬂr (ril _1)"'(Tif_1) H <1_1>

B(ar = e’ Tir o Tis
(ar) " R FEIFI—{d1,e-de}

o1 1 - 1
2 Ty i=1 q;

Jj=1

Y
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Now let’s n/(ar,) > 2, p < po. Then we obtain the inequalities

[Blar,)l < ““)uil_1>...<n-f—1><rpn—1><qj1—1>...<qu—1>H<1rlj) [ (1;)

|D(a)| > (1GNHI_1y_(nf—1;%l—1).(%£—1;%1(1é>.rlo’;>'

From these inequalities it follows that

D) 1-
|B(ar,)| = 1+e€

Here the last inequality is valid for sufficiently small e because r, > r.
The last case is when 1 < n/(ar,) < 2. In this case |B(ar,)| = 1. Let’s 7y, ...7;,7pq), --- G, =
B(ar,). Then we choose 74 > (g;,)" and n > H?:1 T H§:1 g;. We have r, > r,. Indeed, otherwise

g r p T
n>Herqj>2Hqu>2arp
j=1 j=1

j=1j=1

which is the contradiction to our case.
Hence

2
{rig e Pig @y oo Qi Ty T GG s

S Tiy T Qs Ty - Tip QG ... q;,Tp} C D(a).

Thus in this case also |D(a)| > r = r|B(ar,)|.

From the above follows that for sufficiently large n > ng(Q) for all a € Rf(a?, A*) inequality (7)
is valid and taking into account (5) we obtain (6). This gives the contradiction to the maximality of
A. Hence the maximal r, € P — Q which appear as the divisor of some a € |J,. P(a?, A*) such
that M (A*)(N(n) € O(n, k, Q) satisfies the condition 7, < r. This inequality gives the statement of
Theorem.

This is joint work with R.Ahlswede.
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