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Limit distribution of the size of the giant
component in a web random graph
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Consider random graph with N + 1 vertices as follows. The degrees of vertices 1, 2, . . . , N are the independent
identically distributed random variables ξ1, ξ2, . . . , ξN with distribution

P{ξ1 ≥ k} = k−τ , k = 1, 2, . . . , τ ∈ (1, 2), (1)

and the vertex N + 1 has degree 0, if the sum ζN = ξ1 + . . . + ξN is even, else degree is 1. From (1) we get that

pk = P{ξ1 = k} = k−τ − (k + 1)−τ , k = 1, 2, . . .

Let G(k1, . . . , kN ) be a set of graphs with ξ1 = k1, . . . , ξN = kN . If g is a realization of random graph then

P{g ∈ G(k1, . . . , kN )} = pk1 · . . . · pkN .

The probability distribution on the set of graph is defined such that for a vector (k1, . . . , kN ) all graphs, lying in
G(k1, . . . , kN ), are equiprobable. Studies of the past few years show that such graphs are good random graph models
for Internet and other networks topology description (see, for example, H. Reittu and I. Norros (2004)).

To build the graph, we have N numbered vertices and incident to vertex i ξi stubs, i = 1, . . . , N. All stubs need to be
connected to another stub to construct the graph. The stubs are numbered in an arbitrary order from 1 to ζN .

Let η(N) be the maximum degree of the vertices. Hence

η(N) = max
1≤i≤N

ξi.

Theorem 1 Let N →∞. Then

P
˘
τ ln η(N) − ln N < x

¯
= e−e−x

+ o(1).

We denote by ϕ(z) the generating function

ϕ(z) =
∞X

k=1

pzzk.

It is easy to see that Eξ1 = ζ(τ), where ζ(·) is the Riemann’s zeta-function. Let ξ∗ be the random variable with
distribution:

P{ξ∗ = k} = (k + 1)pk+1/ζ(τ), k = 0, 1, 2, . . . (2)

We consider the Galton-Watson branching process µ(t) with one initial particle and offspring distribution (2). Let q
be the extinction probability of the µ(t). We denote by i∗ the vertex with degree η(N). H. Reittu and I. Norros (2004)
proved that i∗ belongs to giant connected component and the size ν of this component divided by N tends to 1− ϕ(q)
as N →∞.

Let A = A(N) be an event that a vertex belongs to giant component. It is known that P{A} → 1 − ϕ(q). The limit
distribution of the variable ν is described by the following theorem.

Theorem 2 Let N →∞. Then

P

(
NP{A} − νp

Nϕ(q)(1− ϕ(q))
< x

)
→ 1√

2π

xZ
−∞

e−y2/2dy.
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