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On the number of decomposable trees

Stephan G. Wagner†

Institut für Analysis und Computational Number Theory, Technische Universität Graz, Steyrergasse 30, 8010 Graz,
Austria

A tree is called k-decomposable if it has a spanning forest whose components are all of size k. Analogously, a tree is
called T -decomposable for a fixed tree T if it has a spanning forest whose components are all isomorphic to T . In this
paper, we use a generating functions approach to derive exact and asymptotic results on the number of k-decomposable
and T -decomposable trees from a so-called simply generated family of trees – we find that there is a surprisingly simple
functional equation for the counting series of k-decomposable trees. In particular, we will study the limit case when k
goes to∞. It turns out that the ratio of k-decomposable trees increases when k becomes large.
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1 Introduction
Counting certain types of graphs or trees certainly ranges among the classical problems of combinatorics.
A special class of trees for which several kinds of enumeration problems have been successfully treated is
the class of so-called simply generated trees in the sense of Meir and Moon (cf. [9]). A simply generated
family of trees is determined by a sequence c0 = 1, c1, c2, . . . of weights. The weight of a rooted ordered
tree is then given by

c(T ) =
∏

c
Ni(T )
i ,

where Ni(T ) is the number of vertices in T with exactly i children. Now one can define a generating
function for the total weight of all trees on n vertices via

T (x) =
∑
T

c(T )x|T |,

satisfying a functional equation of the form T (x) = xΦ(T (x)), where Φ(t) =
∑∞

i=0 cit
i. Special cases

include rooted plane trees (Φ(t) 1
1−t ), rooted labelled trees (Φ(t) = et; in this case, the exponential gener-

ating function is used) and s-ary trees (Φ(t) = (1 + t)s); the following theorem provides information on
the asymptotic behaviour of the coefficients of T (x):

Theorem 1 (Meir/Moon [9]) Suppose Φ(t) is an analytic function of t for |t| < R ≤ ∞, and let T (x) =∑
n≥0 tnxn denote the unique solution of T (x) = xΦ(T (x)) in the neighborhood of x = 0. If

• ck ≥ 0 for k ≥ 1,

• gcd(k : ck > 0) = 1, and

• τΦ′(τ) = Φ(τ) for some 0 < τ < R, then

tn ∼ aρ−nn−3/2

as n →∞, where ρτ/Φ(τ) and a(Φ(τ)/(2πΦ′′(τ)))1/2.

In a recent paper of Bell, Burris and Yeats [3], this result was extended to a very general theorem about
families of rooted trees.

Graph decompositions, on the other hand, have been intensively studied in various forms and have many
applications. Generally, an n-vertex graph G = (V,E) is called λ-decomposable for some partition λ =
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(λ1, . . . , λp) of n if there exists a partition (V1, . . . , Vp) of V such that the graph induced by Vi is connected
and |Vi|λi (1 ≤ i ≤ p). The best-known special case is certainly given by the partition λ(2, . . . , 2) – a
perfect matching of a graph is just a (2, . . . , 2)-decomposition.

Graph decomposition of the described form are even of interest in the theory of parallel computers and
networks – given a network system, one wants to efficiently divide it into subsystems of given size and
assign a subsystem to each application. For further information on this topic, we refer to [2] and the
references therein. The question of characterizing λ-decomposable trees – from a theoretical as well as
from an algorithmical point of view – is treated in several papers such as [1, 2, 8].

A natural generalization of the special case λ(2, . . . , 2) is given by λ(k, . . . , k). For the sake of brevity,
we will call a (k, . . . , k)-decomposable graph k-decomposable. An equivalent definition is the following:

Definition 1 A tree T is called k-decomposable if there is a spanning forest of T whose components all
have size k.

A natural reason to consider the decomposability of trees is the fact that a connected graph is λ-decom-
posable if and only if it has a λ-decomposable spanning tree [2]. It has been shown by Zelinka [13] that
the decomposition, if it exists, is always unique. 2-decomposable trees (equivalently, those with a perfect
matching) were studied in several papers, such as [10, 11, 12]. In particular, Moon [10] investigates simply
generated trees with a perfect matching and shows that the corresponding counting series M(x) satisfies
the functional equation

M(x) = x2Φ(M(x))Φ′(M(x)).

In this paper we are going to prove a generalization of this equation to k-decomposable trees. This will
enable us to determine explicit formulas in certain special cases as well as asymptotic ones. Finally, we will
discuss further possible variants of the concept of decomposability.

2 Establishing functional equations
Let k be fixed and let A(x)A0(x) denote the generating function for the number of k-decomposable trees
within a simply generated family of trees, given be the function Φ. Furthermore, let Al(x) be the generating
function for the number of trees which have a spanning forest such that all components have size k, except
the component containing the root, which has size l. Let the class of trees with this property be denoted by
Tl.

Now, let R be a rooted tree that belongs to Tl. Then the subtrees R1, R2, . . . of R have to belong to some
Tai such that a1 + a2 + . . . = l − 1. Note that the number of subtrees belonging to T0 (which is supposed
to denote the class of k-decomposable trees) is arbitrary. In terms of the generating functions, we have

Al(x) = x
∑

r1+2r2+...=l−1

A1(x)r1A2(x)r2 . . .

r1!r2! . . .
Φ(r1+r2+...)(A0(x)), (1)

where Φ(r1+r2+...) is the (r1 + r2 + . . .)-th derivative of Φ. In this formula, ri stands for the number of
subtrees of type Ti. Writing A(x, y) =

∑
l≥1 Al(x)yl, this equation translates to

A(x, y) = xy
∑
n≥0

Φ(n)(A0(x))
n!

A(x, y)n.

Now, we can prove the following explicit formula:

Proposition 2

Al(x) =
xl

l!
(Φl)(l−1)(A0(x)). (2)

Proof: By the Lagrange inversion formula (cf. [6]), we have

Al(x) = [yl]A(x, y) =
xl

l
[ul−1]

∑
n≥0

Φ(n)(A0(x))
n!

un

l

=
xl

l

∑
r1+r2+...+rl=l−1

∏
i≥1

Φ(ri)(A0(x))
ri!

.
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Now, we transform the sum by writing sj for the number of appearances of j among the ri:

Al(x) =
xl

l

∑
s1+2s2+...=l−1

s0+s1+s2+...l

(
l

s0, s1, s2, . . .

) ∏
j≥0

(
Φ(j)(A0(x))

j!

)sj

= xl
∑

s1+2s2+...=l−1

(l − 1)!
(l − s1 − s2 − . . .)!

Φ(A0(x))l−(s1+s2+...)
∏
j≥1

1
sj !

(
Φ(j)(A0(x))

j!

)sj

=
xl

l!

∑
s1+2s2+...=l−1

(l − 1)!(l)s1+s2+...Φ(A0(x))l−(s1+s2+...)
∏
j≥1

1
sj !

(
Φ(j)(A0(x))

j!

)sj

,

which equals xl

l! (Φ
l)(l−1)(A0(x)) by Faà di Bruno’s formula. 2

Now, since Ak(x) = A0(x) = A(x), we have

A(x) =
xk

k!
(Φk)(k−1)(A(x))

for the generating function A(x) of k-decomposable trees. This functional equation is of the same type as
the functional equation for simply generated families themselves.

3 Exact formulas in some special cases
In special cases, the Lagrange inversion formula enables us to derive closed formulas for the number of
k-decomposable trees. We are going to prove the following theorem:

Theorem 3 Let Φ(t) = (1 + ct)m, where c and m have the same sign. Then the counting series for the
number of k-decomposable trees is given by

A(x) =
∑
n≥1

1
n

(
(km)k−1

k!

)n (
(km− k + 1)n

n− 1

)
ckn−1xkn. (3)

If Φ(t) = exp(ct) for some c > 0, the counting series is given by

A(x) =
∑
n≥1

1
n!k!n

(ck)kn−1nn−1xkn. (4)

Remark 1 The theorem includes the special cases of rooted plane trees (Φ(t) = (1 − t)−1), s-ary trees
(Φ(t) = (1 + t)s) and rooted labelled trees (Φ(t) = exp(t)).

Proof: Obviously, we have

dk−1

dtk−1
(1 + ct)km = ck−1(km)k−1(1 + ct)km−k+1.

The Lagrange inversion formula thus shows us that

[xkn]A(x) =
1
n

[un−1]
(

ck−1(km)k−1

k!

)n

(1 + cu)(km−k+1)n

=
1
n

(
(km)k−1

k!

)n (
(km− k + 1)n

n− 1

)
ckn−1

in the first case. Similarly,
dk−1

dtk−1
exp(ckt) = (ck)k−1 exp(ckt)

and thus

[xkn]A(x) =
1
n

[un−1]
(ck)(k−1)n

k!n
exp(cknu)

=
1

n!k!n
(ck)(k−1)n(ckn)n−1 =

1
n!k!n

(ck)kn−1nn−1

in the second case. 2
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Remark 2 For (rooted) labelled trees, one can derive the exact formula by a simple combinatorial argu-
ment: let T be a k-decomposable tree, and let its decomposition into components of size k be given. Then
one can construct a new tree T ′ by contracting each component to a single vertex and connecting vertices
in T ′ if there is an edge between the corresponding components in T .

Now, in order to construct a k-decomposable labelled tree on kn vertices, one can choose the labels
assigned to the components in (kn)!

n!k!n ways, T ′ in nn−2 ways, the components themselves in (kk−2)n ways,
and the edges between the components in (k2)n−1 ways. Multiplying these quantities readily yields the
formula for the number of labelled k-decomposable trees:

(kn)!
n!k!n

· nn−2 · (kk−2)n · (k2)n−1 =
(kn)!
n!k!n

· nn−2kkn−2.

4 The limit case
In Theorem 3 of the preceding section, one observes that the ratio between the number of k-decomposable
trees and the total number of trees on kn vertices is given by

(kn)!(kmn− kn + n)!
(kmn)!n!

(
(km)k−1

k!

)n

in the first case, which is asymptotically equal to√
km− k + 1

m
·
(

kk(km− k + 1)km−k+1(km)!
k!(km)km(km− k + 1)!

)n

.

Note that, for k →∞, we have(
kk(km− k + 1)km−k+1(km)!

k!(km)km(km− k + 1)!

)1/k

→ 1,

so that the ratio of k-decomposable trees decreases more slowly for larger k. Less formally speaking, it is
easier to decompose a tree into large pieces than into small pieces.

A similar observation holds for the second case of Theorem 3. There, the ratio is given by

(kn)!
n!k!n

n−(k−1)n ∼
√

k

(
kk

ek−1k!

)n

,

and again we have (
kk

ek−1k!

)1/k

→ 1.

It is a natural question to ask whether this is just a coincidence or a general property of simply generated
families of trees. The following theorem gives an answer to this question.

Theorem 4 Let Φ be a function satisfying the conditions of Theorem 1, and suppose that 0 < τ, τk <
R are solutions of τΦ′(τ)Φ(τ) and τk(Φk)(k)(τk) = (Φk)(k−1)(τk) respectively. Then the ratio of k-
decomposable trees among kn-vertex trees is asymptotically given by

akn

tkn
∼ bkρ−kn

k , (5)

where

ρk
Φ′(τ)

((Φk)(k)(τk)/k!)1/k

and

bk =
(

k3Φ′′(τ)(Φk)(k−1)(τk)
Φ(τ)(Φk)(k+1)(τk)

)1/2

.

Furthermore, we have limk→∞ ρk = 1.
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Proof: Note that the functional equation

Ak(x) =
xk

k!
(Φk)(k−1)(A(x))

is essentially of the form T (x) = xΨ(T (x)) again, so the theorem of Meir and Moon applies. This readily
yields the asymptotic formula.

Now, we only have to prove the limit for k →∞. For this purpose, we need the following lemma:

Lemma 5 There are constants B1, B2 > 0 depending only on Φ such that – for sufficiently large k – the
inequalities

B1c
(k)
k−1 ≤ c

(k)
k+1

and
Bn−k+1

2 c
(k)
k−1 ≥ c(k)

n (n ≥ k − 1)

hold, where c
(k)
n = [tn]Φk(t).

Proof of Lemma 5: Note that c
(k)
n = [tnxk] 1

1−Φ(t)x . It follows from general theorems on generating
functions (see, for instance, [5, Theorem 2]) that the coefficients [tnxk] 1

1−Φ(t)x asymptotically follow a
normal distribution for k →∞. More precisely,

c(k)
n ∼ 1√

2πkσ2
(
h

(
n
k

)) · Φ
(
h

(
n
k

))k

h
(

n
k

)n , (6)

where

µ(z) =
zΦ′(z)
Φ(z)

,

σ2(z) =
z2Φ′′(z)Φ(z) + zΦ(z)′Φ(z)− z2Φ′(z)2

Φ(z)2
,

and h is the inverse function of µ. (6) holds uniformly for n
k ∈ [µ(a), µ(b)], where [a, b] is a compact

subinterval of (0, R) and R is the radius of convergence of Φ. Now, we see that

c
(k)
k−1

c
(k)
k+1

∼ h(1)2
(

Φ(h(1))− (Φ ◦ h)′(1) 1
k + O( 1

k2 )
Φ(h(1)) + (Φ ◦ h)′(1) 1

k + O( 1
k2 )

)k (
h(1) + h′(1) 1

k + O( 1
k2 )

h(1)− h′(1) 1
k + O( 1

k2 )

)k

∼ h(1)2 exp
(
−2(Φ ◦ h)′(1)

Φ(h(1))
+

2h′(1)
h(1)

)
= h(1)2

tends to a limit, which proves the first inequality of the lemma. Note at this point that h(1) = τ exists by
the conditions of Theorem 1 and satisfies Φ′(h(1))Φ(h(1))

h(1) . The second inequality follows in a similar way.
2

Now, we can continue with the proof of the theorem. First of all, we have

τk(Φk)(k)(τk)(Φk)(k−1)(τk)

and equivalently ∑
n≥k

c(k)
n (n)kτn−k+1

k =
∑

n≥k−1

c(k)
n (n)k−1τ

n−k+1
k

or
(k − 1)!c(k)

k−1 =
∑

n≥k+1

c(k)
n (n− k)(n)k−1τ

n−k+1
k .

Next, we observe that, by removing all summands with n > k + 1,

(k − 1)!c(k)
k−1 ≥

(k + 1)!
2

c
(k)
k+1τ

2
k
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and by Lemma 5

τk ≤

√
2

B1k(k + 1)
,

so τk � 1
k . On the other hand, the second inequality of Lemma 5 shows that

c
(k)
k−1 ≤

∑
n≥k+1

c
(k)
k−1(n− k)

(
n

k − 1

)
(B2τk)n−k+1

= c
(k)
k−1

(
1 + (1−B2τk)−(k+1)((k + 1)B2τk − 1)

)
,

which means that τk ≥ 1
B2(k+1) �

1
k .

Clearly,

1
k!

(Φk)(k)(τk)
1

k!τk
(Φk)(k−1)(τk)

=
1

k!τk

∑
n≥k−1

c(k)
n (n)k−1τ

n−k+1
k

≥ 1
k!τk

c
(k)
k−1(k − 1)! =

c
(k)
k−1

kτk
.

On the other hand,
1
k!

(Φk)(k)(τk) ≤ 1
k!τk

∑
n≥k−1

c
(k)
k−1(n)k−1(B2τk)n−k+1

=
c
(k)
k−1

kτk

∑
n≥k−1

(
n

k − 1

)
(B2τk)n−k+1

=
c
(k)
k−1

kτk
(1−B2τk)−k,

and the last factor is bounded since τk � 1
k .

Now, if T (x) = xΦ(T (x)), the Lagrange inversion formula tells us that

[xk]T (x) =
1
k

c
(k)
k−1 ∼ ak−3/2Φ′(τ)k,

from which the theorem follows easily. 2

5 T -decomposability
In this section, we impose a stronger condition on the decomposition of trees:

Definition 2 A tree is called T -decomposable for a fixed tree T if it has a spanning forest whose compo-
nents are all isomorphic to T .

If |T | = k, then, trivially, all T -decomposable trees are also k-decomposable, but not vice versa. In this
paper, we will only investigate two special cases of T -decomposability in detail, namely the cases when
T = Sk is a k-vertex star or T = Pk is a k-vertex path (k ≥ 3).

Let S(x) be the counting series for Sk-decomposable trees. Again, we have to define certain auxiliary
functions, viz. S1(x) and S2(x), which denote the counting series for the class of Sk-decomposable trees
where the root is the center resp. a leaf of the star containing the root in the decomposition. Furthermore,
R(x) counts the class of rooted trees with the property that all subtrees are Sk-decomposable. It is not
difficult to obtain the following system of functional equations:

S1(x) = x
R(x)k−1

(k − 1)!
Φ(k−1)(S(x)),

S2(x) = x2 R(x)k−2

(k − 2)!
Φ(k−2)(S(x))Φ′(S(x)),

R(x) = xΦ(S(x)),
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and, trivially, S1(x) + S2(x) = S(x). After some simple manipulations, we arrive at

S(x) =
xk

(k − 1)!

(
Φ(S(x))k−1Φ(k−1)(S(x)) + (k − 1)Φ(S(x))k−2Φ(k−2)(S(x))Φ′(S(x))

)
.

Again, it is possible to derive explicit formulas in some special cases:

Theorem 6 Let Φ(t) = (1 + ct)m, where c and m have the same sign. Then the counting series for the
number of Sk-decomposable trees is given by

S(x) =
∑
n≥1

1
n

(
(m)k−2(km− k + 2)

(k − 1)!

)n (
(km− k + 1)n

n− 1

)
ckn−1xkn. (7)

If Φ(t) = exp(ct) for some c > 0, the counting series is given by

S(x) =
∑
n≥1

nn−1

kn!

(
k2

(k − 1)!

)n

ckn−1xkn. (8)

Note that the counting series coincide with those for k-decomposable trees in the case k = 3. An asymptotic
formula analogous to (5) also holds for Sk-decomposable trees.

Finally, let us consider Pk-decomposable trees. Denote by P (x) the counting series for Pk-decomposable
trees, and by Qj(x) the counting series for trees with the property that they can be decomposed into a
collection of Pk’s and a path Pj starting in the root. Then it is not difficult to see that

Qj(x) = xQj−1(x)Φ′(P (x))xjΦ(P (x))Φ′(P (x))j−1.

Now, we divide the class of Pk-decomposable trees into two subclasses – those trees for which the root is an
inner vertex resp. a leaf of the Pk containing the root in the decomposition. Then, we derive the following
functional equation:

P (x) = x

k−2∑
l=1

Ql(x)Qk−1−l(x) · Φ′′(P (x))
2

+ Qk

= x

k−2∑
l=1

xk−1Φ(P (x))2Φ′(P (x))k−3 · Φ′′(P (x))
2

+ xkΦ(P (x))Φ′(P (x))k−1

= xkΦ′(P (x))k−3

(
k − 2

2
Φ(P (x))2Φ′′(P (x)) + Φ(P (x))Φ′(P (x))2

)
.

We obtain the following exact formulas:

Theorem 7 Let Φ(t) = (1 + ct)m, where c and m have the same sign. Then the counting series for the
number of Pk-decomposable trees is given by

P (x) =
∑
n≥1

1
n

(
mk−2(km− k + 2)

2

)n (
(km− k + 1)n

n− 1

)
ckn−1xkn. (9)

If Φ(t) = exp(ct) for some c > 0, the counting series is given by

P (x) =
∑
n≥1

nn−1

kn!

(
k2

2

)n

ckn−1xkn. (10)

Note that the coefficients differ only by factors of
(

mk−2(k−1)!
2(m)k−2

)n

resp.
(

(k−1)!
2

)n

from those for Sk-

decomposable trees, and that mk−2(k−1)!
2(m)k−2

tends to (k−1)!
2 as m →∞.

Remark 3 Again, a combinatorial argument can be used to obtain a formula for T -decomposable labelled
trees. If |T |k and λ(T ) denotes the number of labellings of T (it is well known that λ(T ) = k!|AutT |−1),
we see that the number of T -decomposable labelled trees is

(kn)!
n!k!n

· nn−2k2n−2λ(T )n.
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6 Open problems
We conclude this paper by proposing some open problems which seem to be very natural in the context of
decomposability:

• It is not far-fetched to suspect that Theorem 4 also holds for families of trees which are not simply
generated, such as rooted (unordered) trees and free trees. However, a proof of this conjecture has to
involve some new ideas.

• Can one give a closed formula for the number of T -decomposable trees on n vertices in terms of T
and n for other families of trees than the labelled one?

• Can one characterize the trees T of given size for which the number of T -decomposable trees from
some given class becomes minimal/maximal? In the labelled case, the final remark of the preceding
section shows that the extremal trees are the star resp. all identity trees (trees whose isomorphism
group is the identity).
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