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A sequences is potentially K, 1,1 graphical if it has a realization containingfg,,1,1 as a subgraph, wher€, 1 1

is a complete 3-partite graph with partition sized, 1. Leto(Kp,1,1,n) denote the smallest degree sum such that
everyn-term graphical sequencewith o (S) > o(K,,1,1,n) is potentiallyK, 1,1 graphical. In this paper, we prove
thato(Kp,1,1,n) > 2[((p+ 1)(n — 1) + 2)/2] for n > p 4+ 2. We conjecture that equality holds far> 2p + 4.

We prove that this conjecture is true foe= 3.
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1 Introduction

If S = (dy,ds,...,d,) is a sequence of non-negative integers, then it is called graphical if there is a
simple graph of ordern, whose degree sequeng&v, ), d(vz2), ..., d(vy)) is preciselyS. If G is such
a graph therGG is said to realizeS or be a realization of. A graphical sequenc# is potentially H
graphical if there is a realization ¢f containingH as a subgraph, whil§ is forcibly H graphical if
every realization of containsH as a subgraph. Let(S) = d(v1) +d(v2) + ... + d(v,), and[x] denote
the largest integer less than or equattdVe denote>+ H as the graph withV (G+H) = V(G) JV (H)
andE(G+ H) = E(G)UEH)U{zy : z € V(G),y € V(H)}. Let K}, andC}, denote a complete
graph onk vertices, and a cycle onvertices, respectively. L&t ; 1 denote a complete 3-partite graph
with partition sizew, 1, 1.

Given a graphH, what is the maximum number of edges of a graph witkertices not containing/
as a subgraph? This number is denateth, H), and is known as the Tan number. This problem was
proposed forH = C, by Erdds [3] in 1938 and in general by Tam [12]. In terms of graphic sequences,
the numbeRex(n, H)+2 is the minimum even integéisuch that every-term graphical sequencewith
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o(S) > lis forcibly H graphical. Here we consider the following variant: determine the minimum even
integer! such that every.-term graphical sequencgwith o(S) > [is potentiallyH graphical. We denote
this minimuml by o(H, n). Erdds, Jacobson and Lehel [4] showed thek,, n) > (k—2)(2n—k+1)+2
and conjectured that equality holds. They proved thatdoes not contain zero terms, this conjecture is
true fork = 3, n > 6. The conjecture is confirmed in [5], [7], [8], [9] and [10].

Gould, Jacobson and Lehel [5] also proved th@tK,,n) = (p—1)(2n—2)+2forp > 2; 6(Cy,n) =
2[%] for n > 4. Luo [11] characterized the potentially;,, graphic sequence fér = 3,4, 5. Yin and
Li [13] gave sufficient conditions for a graphic sequence being potentiglly-graphic, and determined
o(K;r,n) forr = 3,4. Lai [6] proved thatr (K4 — e,n) = 2[2%-1] for n > 7. In this paper, we prove
thato(Kp1.1,n) > 2[((p+ 1)(n — 1) + 2)/2] for n > p + 2. We conjecture that equality holds for
n > 2p + 4. We prove that this conjecture is true for= 3.

2 Main results.
Theorem 1 o(Kp11,n) > 2[((p+1)(n — 1) +2)/2],for n > p + 2.

Proof: If p = 1, by ErdSs, Jacobson and Lehel [4](K1,1,1,n) > 2n, Theorenj [L is true.

If p =2, by Gould, Jacobson and Lehel [6},K21,1,n) = 0(Ks—e,n) > o(Cy,n) = 2[(3n—1)/2],
Theorenj 1L is true. Then we can suppose that3.

We first consider od@. If n is odd, letn = 2m + 1, by Theorem 9.7 of [2]K5,, is the union of one
1-factorM andm — 1 spanning cycle€'},C3,...,C} . Let

H=ct{Jo .Ul + K @

ThenH is a realization of (n — 1)1, p"~1), where the symbat¥ stands for y consecutive terms Since
K, 1.1 contains two vertices of degree- 1 while ((n—1)!, p"~!) only contains one integer— 1 greater
than degree, ((n — 1)!,p"~1) is not potentiallyK, ; ; graphic. Thus

o(Kp11,m) 2 (n—=1)+p(n—1)+2=2[((p+1)(n—1)+2)/2]. )

Next, if n is even, leth = 2m + 2, by Theorem 9.6 of [2]K5,,+1 iS the union ofm spanning cycles
CLCL,...,CL . Let

H:quc;U...Uc}%lH(l (3)

ThenH is a realization of (n — 1)1, p"~1), and we are done as before. This completes the discussion for
oddp.

Now we consider evep. If n is odd, letn = 2m + 1, by Theorem 9.7 of [2]K5,,, is the union of one
1-factorM andm — 1 spanning cycle€'},C3,...,C} . Let

H:MUO}UC,’;U...UC}%Z+K1 (4)

ThenH is arealization of (n — 1), p"~ 1), and we are done as before.
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Next, if n is even, leth = 2m + 2, by Theorem 9.6 of [2] K5, 11 is the union ofm spanning cycles
CHCi, ... ,CL. Let

1
Cl = T1T2...T2m+1T1
1 1 1
H (Cl U02 U e U C% + Kl) — {I1$2,$31}4, e ,xgm_lxgnl,z2m+1x1}

ThenH is a realization of (n — 1)*,p"~2, (p — 1)!). Itis easy to see thdtn — 1),p" 2, (p — 1)) is
not potentiallyk, ; 1 graphic. Thus

U(Kp,l,lvn) 2 (n—1)+p(n—2)+p—1+2
= 2[((p+1)(n-1)+2)/2].

This completes the discussion for eygrand so finishes the proof of Theorgin 1 O

Theorem2 Forn=5andn > 7,
O'(K37171,n) = 4n — 2.

For n = 6, if S isa 6-term graphical sequence with o(S) > 22, then either there is a realization of S
containing K311 or S = (45). (Thuso (K31 1,6) = 26.)

Proof: By Theorenj L, fom > 5, o(K3,1,1,n) > 2[((3+ 1)(n — 1) 4+ 2)/2] = 4n — 2. We need to show
that if S is ann-term graphical sequence witl{S) > 4n — 2, then there is a realization &f containing
aKs 11 (unlessS = (49)). Letd; > dy > -+ > d,,, and letG be a realization of.

Casen = 5: If agraph has size > 9, then clearly it contains &5 1 1, so thato (K31 1,5) < 4n — 2.

Casen = 6: If o(S) = 22, we first considerls < 2. Let.S’ be the degree sequence @f— vg, SO
o(S") > 22 —2x 2 = 18. ThenS’ has a realization containing &3 ; ;. ThereforeS has a
realization containing &’s ; ;. Now we considetls > 3. It is easy to see théf is one of(52,3%),
(51,42,3%) or (4%, 3%). Obviously, all of them are potentialli(s ; ;-graphic. Next, ifo(S) = 24,
we first considerls < 3. Let S’ be the degree sequence®f vg, S0c(S’) > 24 — 3 x 2 = 18.
Then S’ has a realization containingZds ; ;. ThereforeS has a realization containingfds ; ;.
Now we considerls > 4. It is easy to see thaf = (45). Obviously,(4°) is graphical and4°) is
not potentiallyKs ; 1 graphic. Finally, suppose thatS) > 26. We first considetl; < 4. Let S’
be the degree sequence(®f- vg, 0o (S’) > 26 —2 x 4 = 18. ThenS’ has a realization containing
aKs1,1. ThereforeS has a realization containingfgs ; ;. Now we considetl; > 5. It is easy to
see thatS = (5%). Obviously,(5%) is potentially K5 ; 1-graphic.

Casen = 7: First we assume that(S) = 26. Supposel; < 2 and letS’ be the degree sequence
of G — vy, soo(S") > 26 — 2 x 2 = 22. ThenS’ has a realization containing &3 ; ; or
S" = (45). ThereforeS has a realization containing &z ; ; or S = (5',45,1%). Obviously,
(51,45,1') is potentially K5 1 1 -graphic. In either event§ has a realization containing/gs ;.
Now we assume that; > 3. It is easy to see that is one of(6, 5, 3%), (61,42, 3%), (52,41, 3%),
(51,43,3%) or (4°,3%). Obviously, all of them are potentialli(s ; ;-graphic. Next, ifo(S) = 28,
Supposel; < 3. LetS” be the degree sequence®f— v;, soo(S’) > 28 — 3 x 2 = 22. Then
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S’ has a realization containing/g; ; ; or S’ = (4°). ThereforeS has a realization containing a
Ks110rS = (5%,41,21). Obviously, (52,42, 21) is potentiallyK3 1 1-graphic. In either eventy
has a realization containing/g; ; ;. Now we assume that; > 4, thenS = (47). Clearly, (47)
has a realization containingfd; ; 1. Finally, suppose that(S) > 30. If d; < 4. Let S’ be the
degree sequence 6f — v7, soo(S’) > 30 — 2 x 4 = 22. ThenS’ has a realization containing a
K311 0rS" = (45). ThereforeS has a realization containingfgs ; ; or S = (52,43, 3!). Clearly,
(5%,43,3') has a realization containingZss ; ;. In either eventS has a realization containing a
K3 1,1. Now we considetl; > 5. Itis easy to see that(S) > 5 x 7 = 35. Obviouslyo(S) > 36.
Clearly, S has a realization containingfss 1 ;.

We proceed by induction on n. Take> 8 and make the inductive assumption thatTor ¢ < n,
whenevers; is at-term graphical sequence such that

o(Sy) >4t —2 (5)

then.S; has a realization containingfds 1 1. Let S be ann-term graphical sequence with{S) >
4dn — 2. If d,, < 2, let S’ be the degree sequence®f— v,,. Theno(S') > 4n —2 -2 x 2 =
4(n — 1) — 2. By induction,S’ has a realization containing/g; ; 1. ThereforeS has a realization
containing ak3 1 ;. Hence, we may assume thit > 3. By Proposition 2 and Theorem 4 of [5] (or
Theorem 3.3 of [7] )S has a realization containing/g,. By Lemma 1 of [5], there is a realization
G of S with vy, v9,v3,v4, the four vertices of highest degree containinffa If d(ve) = 3, then
dn —2 < o(S) <n—1+43(n—1) =4n — 4. This is a contradiction. Hence, we may assume
thatd(ve) > 4. Letwv; be adjacent tas, vs, vs, y1. If y1 is adjacent to one aofq, vs, v4, thenG
contains ak(s 1,;. Hence, we may assume thatis not adjacent teq, vs, v4. Letv, be adjacent
to vy, vs,v4, y2. If yo is adjacent to one ofy, vs, v4, thenG contains ak; ; ;. Hence, we may
assume thag, is not adjacent teq, v, v4. Sinced(y1) > d,, > 3, there is a new verteys, such
thaty,ys € E(G)

Casel: Suppose;vs € E(G). If ysvqs € E(G), thenG contains aKs ;1. Hence, we may assume

thatysvy ¢ E(G). Then the edge interchange that removes the eglggsvsv, andvsys and
inserts the edges vo, ysv4 andyqvs produces a realizatio’ of S containing ak(s 1 ;.

Case2: Supposejsvs ¢ E(G). Then the edge interchange that removes the edgesvsv, and

vay2 and inserts the edgegvs, yzvs andys,v, produces a realizatio6” of S containing a
Ks11.

This finishes the inductive step, and thus Thedrém 2 is established. O
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We make the following conjecture:
Conjecturel o(Kp1,1,n) =2[((p+1)(n—1) +2)/2],for n > 2p + 4.

This conjecture is true fgy = 1, by Theorem 3.5 of [4], fop = 2, by Theorem 1 of [6], and fgy = 3,
by the above Theoreft 2.

Acknowledgements

The author thanks Prof. Therese Biedl for her valuable suggestions. The author thanks the referees for
many helpful comments.

References
[1] B. Bollobas, Extremal Graph Theory, Academic Press, London, 1978.
[2] F. Harary, Graph Theory, Addison-Wesley Publishing Co., 1969.

[3] P. ErdBs, On sequences of integers no one of which divides the product of two others and some
related problems, Izv. Naustno-Issl. Mat. i Meh. Tomsk 2, 1938, p. 74-82.

[4] P. ErdBs, M.S. Jacobson and J. Lehel, Graphs realizing the same degree sequences and their respec-
tive cligue numbers, in Graph Theory, Combinatorics and Application, Vol. 1(Y. Alavi et al., eds.),
John Wiley and Sons, Inc., New York, 1991, p. 439-449.

[5] R.J. Gould, M.S. Jacobson and J. Lehel, Potenti@igraphic degree sequences, in Combinatorics,
Graph Theory and Algorithms, Vol. 2 (Y. Alavi et al., eds.), New Issues Press, Kalamazoo, Ml, 1999,
p. 451-460.

[6] Lai Chunhui, A note on potentiallyj<, — e graphical sequences, Australasian J. of Combinatorics
24,2001, p. 123-127.

[7] Li Jiong-Sheng and Song Zi-Xia, An extremal problem on the potentiBllygraphic sequences,
Discrete Math. 212, 2000, p. 223-231.

[8] LiJiong-Sheng and Song Zi-Xia, The smallest degree sum that yields potertiatlyaphical se-
quences, J. Graph Theory 29, 1998, p. 63—-72.

[9] Li Jiong-sheng and Song Zi-Xia, On the potential};-graphic sequences, Discrete Math. 195,
1999, p. 255-262.

[10] Li Jiong-sheng, Song Zi-Xia and Luo Rong, The &sellacobson-Lehel conjecture on potentially
Py-graphic sequence is true, Science in China (Series A), 41:5, 1998, p. 510-520.

[11] Rong Luo, On potentially’,-graphic sequences, Ars Combinatoria 64, 2002, p. 301-318.
[12] P. Tu@&n, On an extremal problem in graph theory, Mat. Fiz. Lapok 48, 1941, p. 436—-452.

[13] Yin Jian-Hua and Li Jiong-Sheng , An extremal problem on potenti&lly,-graphic sequences,
Discrete Math. 260, 2003, p. 295-305.



80

Chunhui Lai



	Introduction
	 Main results.

