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Flag enumerations of matroid base polytopes
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Abstract. In this paper, we study flag structures of matroid base polytopes. We describe faces of matroid base
polytopes in terms of matroid data, and give conditions for hyperplane splits of matroid base polytopes. Also, we
show how the cd-index of a polytope can be expressed when a polytope is cut by a hyperplane, and apply these to
the cd-index of a matroid base polytope of a rank 2 matroid.

Résumé. Dans cet article, nous étudions les structures de drapeau de polytopes de base de matroide. Nous décrivons
des faces de polytopes de base de matroide en terme des données de matroide, et donner des conditions pour les
divisions de hyperplane de polytopes de base de matroide. Aussi, nous montrons comment le cd-index d’un polytope
peut étre exprimé’ quand un polytope est coupé par un hyperplane, et s’appliquer ceux-ci au cd-index d’un polytope
de base de matroid d’un rang 2 matroide.
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1 Introduction

For a matroid M on [n], a matroid base polytope Q(M) is the polytope in R™ whose vertices are the
incidence vectors of the bases of M. The polytope Q(M) is a face of a matroid polytope first studied by
Edmonds [Edm03]], whose vertices are the incidence vectors of all independent sets in M.

It is known that a face o of a matroid base polytope is the matroid base polytope Q(M,,) for some ma-
troid M, on [n] (see [ESO3]] and Section below). We show that M, can be described using equivalence
classes of factor-connected flags of subsets of [n]. As a result, one can describe faces of Q(M) in terms
of matroid data:

Theorem 1.1 (Theorem2.7) Let M be a matroid on a ground set [n). For a face o of the matroid base
polytope Q(M), one can associate a poset P, defined as follows:

(i) the elements of P, are the connected components of M, and
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(ii) for distinct connected components C1 and Cy of M, Cy < Cs if and only if
Cy C S C [n]and o C Hg implies C; C S,
where Hg is the hyperplane in R" defined by ) g x. = 7(S).

The cd-index ¥(Q) of a polytope @, a polynomial in the noncommutative variables ¢ and d, is a very
compact encoding of the flag numbers of a polytope ) [BK91]]. Ehrenborg and Readdy [ER98]] express
the cd-indices of a prism, a pyramid, and a bipyramid of a polytope @ in terms of cd-indices of () and its
faces. Also, the cd-index of zonotopes, a special class of polytopes, is well-understood [BER97, BER9S].
Generalizing the formula of the cd-index of a prism and a pyramid of a polytope, we show how the cd-
index of a polytope can be expressed when a polytope is cut by a hyperplane in Section [3]

In Section[d] we find the conditions when a matroid base polytope is split into two matroid base poly-
topes by a hyperplane:

Theorem 1.2 (Theorem[@d.q)) Let M be a rank v matroid on [n] and H be a hyperplane in R™ given by
Y ecs Te = k. Then H decomposes QQ(M) into two matroid base polytopes if and only if

(i) r(S) > kandr(S®) >r—k,

(ii) if I and I are k-element independent subsets of S such that (M /1)|se and (M /I5)|se have rank
r—k, then (M/11)|se = (M/I3)|ge.

We apply this theorem to the cd-index of matroid base polytopes for rank 2 matroids in Section [5]

2 Matroid base polytopes

This section contains the description of faces of matroid base polytopes. In particular, we associate a poset
for each face of a matroid base polytope.

We start with a precise characterization of matroid base polytopes. Let B be a collection of r-element
subsets of [n]. For each subset B = {b1,...,b,}, define

epi=¢ép +--+ep, €RY

where e; is the ith standard basis vector of R™. The collection B is represented by the convex hull of these
points
Q(B) := conviep : B € B}.

This is a convex polytope of dimension < n — 1 and is a subset of the (n — 1)-simplex
A, ={(z1,...,;2,) ER" 121 >0,...,2, > 0,21+ -+, =7}

Gelfand, Goresky, MacPherson, and Serganova [GGMS87, Thm. 4.1] show the following characterization
of matroid base polytopes.

Theorem 2.1 B is the collection of bases of a matroid if and only if every edge of the polytope Q(B) is
parallel to a difference e, — eg of two distinct standard basis vectors.
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For a rank r matroid M on a ground set [n] with a set of bases B(M), the polytope Q(M) := Q(B(M))
is called the matroid base polytope of M.

By the definition, the vertices of QQ(M) represent the bases of M. For two bases B and B’ in B(M),
ep and eps are connected by an edge if and only if eg — epr = e, — eg. Since the latter condition is
equivalent to B — B’ = {a} and B’ — B = {3}, the edges of Q(M) represent the basis exchange axiom.

The basis exchange axiom gives the following equivalence relation on the ground set [n] of the matroid
M: « and 3 are equivalent if there exist bases B and B’ in B(M) witha € Band B’ = (B—{a})U{g5}.
The equivalence classes are called the connected components of M. The matroid M is called connected
if it has only one connected component. Feichtner and Sturmfels [ESO5. Prop. 2.4] express the dimension
of the matroid base polytope Q)(M) in terms of the number of connected components of M.

Proposition 2.2 Let M be a matroid on [n). The dimension of the matroid base polytope Q(M) equals
n — c(M), where ¢(M) is the number of connected components of M.

Theorem [2.1] implies that every face of a matroid base polytope is also a matroid base polytope. For
w € R, let M,, denote the matroid whose bases B(M,,) is the collection of bases of M having minimum
w-weight. Then Q(M,,) is the face of Q(M) at which the linear form )" ; w;z; attains its minimum.
Let F(w) denote the unique flag of subsets

{®250C31CCSkCSk+1 = [n}}

for which w is constant on each set S; — S;_; and w|s,—s5,_, < w|s,,,-s;. The weight class of a flag F
is the set of vectors w such that F(w) = F. Ardila and Klivans [[AK06] show that M, depends only on
F(w), and hence one can call it M. They also give the following description of Mz.

Proposition 2.3 ([AKO06, Prop. 2]) Let M be a matroid on [n| and F be a flag of subsets
{@Zt So CS C--- CSk C Skt1:= [n]}

Then
k+1

My =P

i=1

5:)/Si-1-

AflagF ={) =: Sy C S1 C--- C Sk C Skr1 :=[n]} is called factor-connected (with respect to M)
if the matroids (M |g,)/Si—1 are connected for all i = 1,...,k + 1. Proposition [2.2| and Proposition
together with the fact Q(M; @ Ms) = Q(M;) x Q(M>) show that the dimension of Q(Mx)isn—k—1
if F is factor-connected.

For a connected matroid M on [n], facets of Q(M) correspond to factor-connected flags of the form
) ¢ S C [n]. Feichtner and Sturmfels [FSO5|] show that there are two types of facets of Q(M) for a
connected matroid M on [n]:

(i) a facet corresponding to a factor-connected flag ) C F' C [n] for some flat F' of M (in this case,
the facet is called a flacer),

(ii) a facet corresponding to a factor-connected flag ) C S C [n] for some (n — 1)-subset S of [n].
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Proposition 2.4 Let M be a matroid on [n] and
.7::{[2):: SoCS1 C---CSk CSky1:= [n]}

be a factor-connected flag. Then the matroid (M|s, . ,)/S;—1 has at most two connected components for
1<j<k

(i) If it has one connected component, the flag
Qz{@:: SoC--- CSj_l CS]‘_H C -+ C Sky1:= [n]}
is factor-connected and Q(Mg) covers Q(Mx) in the face lattice of Q(M).

(ii) Ifit has two connected components, then they are Sj 11 — S; and S; — S;_1. Moreover, the flag
F'={0=:8 C--C8j_1C8;C8jt1C-CSpy1:=[n]},

where S = S;_1 U (Sj11 — S;), is factor-connected and Q(Mz') = Q(Mgr).

Proof: Since (M|Sj+1)/Sj = [(M|Sj+1)/sj_1}/(sj - Sj—l) and (M|Sj)/Sj_1 = [(M‘Sj+l)/5j_1]|sj
for j = 1,...,k, the first assertion follows from [Ox192] Proposition 4.2.10], and the other assertions are
obtained from [Ox192| Proposition 4.2.13] and Proposition [2.3] O

Two factor-connected flags F and F’ are said to be equivalent if there is a sequence of factor-connected
flags F = Fo, Fi,...,Fr = F' such that F; is obtained from F;_; by applying Proposition ii) for
1=1,...,k We write F ~ F’ when factor-connected flags F and F’ are equivalent.

The following proposition shows that the equivalence classes of factor-connected flags characterize
faces of a matroid base polytope.

Proposition 2.5 Let M be a matroid on [n). If F and F' are two factor-connected flags given by
.7:2{@:: SoC S C---C Sk CSk+1 = [n]},
.7:/ :{@:ZTO CT1 C - CTtCTt+1 = [n}},
then Mz = Mg if and only if F and F' are equivalent.
Proof: If 7 ~ F’, then Mz = Mz from Proposition 2.4]
For the other direction, suppose that Mz = Mz Then F and F’ have the same length since
dmQMzg)=n—k—landdimQ(Mz)=n—t—1.

We will use induction on k. Without loss of generality, we may assume that S; # 77. Then one can
show that

T, =S,, — S,,_1 for some m > 1. (1)

Base case: k = 1. Equation (1)) gives Ty = So — Sy and T} U S; = [n]. Then M has two connected
components, and hence F and F’ are equivalent by Proposition [2.4]ii).
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Inductive step. Now suppose that k > 1. The flag

ﬁI:{Q):ZSOCSlCSlLJTlCSQUT1C"'CSm_lLJTlCSm+1"~CSk+1 = [n]}
——
=Sm

is factor-connected and equivalent to 7. Moreover, Mz = Mg.
Also, one can show S; = T} — T;_ for some [ > 1 and the flag

fﬁz{(D:ZTQCT1C51UT1C51UTQC"'CS1UT[_1CT[.A,.1"'CT]€+1 = [n]}
—_———

=T

is a factor-connected flag equivalent to 7’ and Mz, = Mz.
By the induction assumption, we have F ~ F’ and hence F and F' are equivalent. a
If M is a matroid on [n] and S is a subset of [n], then the hyperplane Hg defined by ) . ¢z = r(5)
is a supporting hyperplane of Q(M) and Q(M) N Hyg is the matroid base polytope for (M|s) & (M/S).
The next lemma tells us when a face of (M) is contained in Hg.

Lemma 2.6 Let M be a matroid on [n] and S be a subset of [n]. A face o of Q(M) is contained in Hg if
and only if there is a factor-connected flag

‘7:.:{@:: SoCS1C---CSi Csk—i-l = [n]}
such that S = Sy, for some m and o = Q(Mg).

For a face o of Q(M), let L, be the poset of all subsets of [rn] which are contained in some factor-
connected flag F with 0 = Q(Myz) ordered by inclusion. Then one can show that L, is a lattice.
Since L, is a sublattice of the Boolean lattice I3,,, it is distributive. The fundamental theorem for finite
distributive lattices [Sta97] shows that there is a finite poset P, for which L, is the lattice of order ideals
of P,. Recall that M, is the matroid on [n] such that Q(M, ) = o.

Theorem 2.7 Let M be a matroid on [n] and o be a face of Q(M). Then L, is the lattice of order ideals
of Py, where Py is a poset defined as follows:

(i) the elements of P, are the connected components of M, and
(ii) for distinct connected components C1 and Cy of M, Cy < Cy if and only if

Cy C S C[n]and o C Hg implies C; C S.

Note that P, is a well-defined poset. Reflexivity and transitivity are clear. Suppose C; and Csy are
distinct connected components of M, with C; < (5. Consider a minimal subset .S such that Cy C .S and
0 C Hs. Theno C Hg_¢, by Lemma Since C; € S — Cy and Cy € S — C, we have Cy £ Ch.

Example 2.8 Let My 11 be the rank 2 matroid on [4] = {1,2, 3,4} whose unique non-base is 12 (short
for{1,2}) and let o be an edge of Q(Ma1,1) connecting e14 and ea4. Then the connected components of
M, are 12, 3 and 4. Since {1,2,3,4} is the only subset S containing {3} such that o0 C Hg, 12 < 3 and
4 < 3 in P,. One can see that there are no other relations in P,. Figure|l|is the proper part of the face
poset of Q(Ma 1,1) whose faces are labeled by corresponding posets and Py is shown in the shaded box.
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Fig. 1: The proper part of the face poset of Q(Ma2,1,1)

Proof of Theorem[2.7; Let S be a setin L,. By Lemma[2.6] there is a factor-connected flag
.7:{@:: SoCS1 C--- CSk C Skg1:= [’I’L]}

such that M, = Mz and S = S,,, for some m. Note that the connected components of M, are S; —.S;_1
forl<i<k+1land S = U;-”:l(Sj —S;j_1). Suppose S; — S;_1 < S; — Sj_1 in P, for some j < m.
Since S; — Sj—1 C S and 0 C Hg, the definition of P, implies S; — .S;—1 C S, and hence S is an order
ideal of P,.

Conversely, suppose T is an order ideal of P,. Let 7" be the intersection of all subsets T satisfying

T CT e L,. Then, T' liesin L, and T C T’. Suppose T' # T’. By Lemma there is a factor-
connected flag

F'={0=TocTyC- - CTy CTpy1:=[n]}

such that 0 = Q(My) and T" = T,, for some m. Since T # T’ and T is an order ideal of P,, we
may choose F’ so that (T}, — Ty,—1) NT = 0. Then T C T;,_1 € L, which contradicts the fact that
T'={T:TCTe€Ly}sinceT,, 1 ST O

The posets P, coincide with the posets obtained from preposets corresponding to normal cones of the

matroid base polytope Q(M) (see [PRWI]). Also, the poset P, is the same as the poset Pp of Billera, Jia
and Reiner [BJR] if o is a vertex epg.
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3 The cd-index

In this section, we define the cd-index for Eulerian posets and give the relationship among cd-indices of
polytopes when a polytope is cut by a hyperplane.

Let P be a graded poset of rank n + 1 with the rank function p. For a subset S of [n], define fp(S) to
be the number of chains of P whose ranks are exactly given by the set S. The function fp : 2] — Nis
called the flag f-vector of P. The flag h-vector is defined by the identity

he(S) =Y (=) f(T).
TCS
Since this identity is equivalent to the relation
fp(S) = z hp(T),
TCS

the flag f-vector and the flag h-vector contain the same information.
For a subset S of [n], define the noncommutative ab-monomial ug = ujus - - - u,, where

_Ja ifigs,
YT b ifies.
The ab-index of the poset P is defined to be the sum
U(P)= > hp(S)-us.
ScC[n]
An alternative way of defining the ab-index is as follows. For a chain
c={0<mz <<y <1},

we give a weight wp(c) = w(c) = z1 - - - 2z, where

o= b if1 € {p(xl),...,p(xk)},
¢ a—b otherwise.

Define the ab-index of the poset P to be the sum

U(P) = 3 w(e),

(&

where the sum is over all chains ¢ = {6 <rp < <ag < i} in P. Recall that a poset P is Eulerian if
its Mobius function y is given by ju(x, y) = (—1)?®)—,(*) (see [Stad7] for more details). One important
class of Eulerian posets is face lattices of convex polytopes (see [Lin71}, [Rot71]]). It is known that the
ab-index of an Eulerian poset P can be written uniquely as a noncommutative polynomial of c = a + b
and d = ab + ba (see [BK91])). When the ab-index can be written as a polynomial in ¢ and d, we call
U(P) the cd-index of P. We will use the notation ¥ (@) for the cd-index of the face poset of a convex

polytope Q.
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Let v be a vertex of a polytope () and let [(x) = c be a supporting hyperplane of ) defining v. The
vertex figure ) /v of v is defined by

Q/v=Qn{l(x) =c+d}

where ¢ is an arbitrary small positive number. For a face o of @, the face figure QQ /o of o is defined by

Q/o = (..-((Qfo0)/o1) . -.)/ow

where o0g C 01 C - -+ C 0} = o is a maximal chain with dim ¢; = . For faces ¢ and 7 of Q witho C T,
the face lattice of the face figure 7 /0 is the interval [o, 7].

Ehrenborg and Readdy [ER98|, Prop. 4.2] give formulas for the cd-indices of a pyramid, a prism and a
bipyramid of a polytope.

Proposition 3.1 Let Q) be a polytope. Then

\IJ(Pyr(Q)):% W(Q) - c+c-U(Q +Z‘I’ - 0(Q/)0)]
U (Prism(Q)) = c+Z\I/ d-U(Q/o),
U(Bipyr(Q)) = +Zw -d-U(Q/o),

where the sum is over all proper faces o of Q.

Note that the cd-index of Bipyr(Q) is obtained from the cd-index of Prism(Q) because Bipyr(Q) is
the dual of the prism over the dual of @) and the cd-index of the dual polytope is obtained by writing every
ab-monomial in reverse order (see [ER98] for details).

Let Q be a polytope in R™. Let H be a hyperplane in R™ defined by {(z) = cand HT (resp. H™) be
the closed halfspace [(x) > ¢ (resp. I(x) < ¢). For simplicity, let QT := QN H", Q™ = QN H ™, and
@ := @ N H. By carefully looking at chains in the face poset of (), one can get the following theorem
which provides the relationship among cd-indices of polytopes @, @+, @~ and faces of Q.

Theorem 3.2 Let Q be a polytope in R™ and H be a hyperplane in R™. Then the following identity holds:
V(Q) =U(Q)+¥(Q7) - ¥(Q) e Z\If -d-0(Q/6),

where the sum is over all proper faces o of Q intersecting both open halfspaces HY — H and H= — H
nontrivially.

Remark 3.3 The formula for the prism of a polytope in Proposition is a special case of Theorem

since in this case
Q = Prism(Q’") ~ Q' x [0,0.5] = Q~
~Q x[0.51]=Q"
and Q' ~ Q' x {0.5} = @
Also, the formula for the pyramid of a polytope is obtained from Theorem by considering Q =
Bipyr(Q') split by the hyperplane containing Q': in this case, Q7 = Q~ = Pyr(Q’) and there are no
faces of Bipyr(Q') intersecting both open halfspaces nontrivially.
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Question 3.4 When Q(M1) U Q(Ms) is a hyperplane split of Q(M) with a corresponding hyperplane
H, can we restate Theorem [3.2)in terms of matroids?

If M has rank 2, then one can restate Theorem [3.2]in terms of matroids (see Proposition[5.2]below), but
Question[3.4]is open for higher ranks.

4 Hyperplane splits of a Matroid base polytope

In this section, we define hyperplane splits of a matroid base polytope and give conditions when they
occur.

For a matroid M on [n], a hyperplane split of Q(M) is a decomposition Q(M) = Q(M;) U Q(Ms)
where

(i) M, and M> are matroids on [n], and
(ii) the intersection Q(M;) N Q(Mz) is a proper face of both Q(M7) and Q(Ms).

Let Y | a;x; = b be an equation defining the corresponding hyperplane H. Since Q(M7) N Q(M>)
is a matroid base polytope on H and its edges are parallel to e; — e; for some i # j, the only constraints
on the normal vector (a1, as, ..., ay) of H are of the form a; = a;. Using the fact that Q(M) is a subset
of the (n — 1)-simplex A,, defined by >_." | z; = r(M) and scaling the right hand side b, one can assume
that [ is defined by ) g 2. = k for some subset .S of [n].

Theorem 4.1 Let M be a rank r matroid on [n] and H be a hyperplane defined by . g vc = k. Then
H gives a hyperplane split of Q(M) if and only if the following conditions are satisfied:

(i) (S) > kandr(S€) >r —k,

(ii) if I and I are k-element independent subsets of S such that (M /I1)|se and (M /I3)|se have rank
r — k, then (M/Il)lsc = (M/Ig)lsc

Remark 4.2 Note that if I is a k-element independent subset of S and J is an (r—k)-element independent
subset of S¢, then I is a base for (M /J)|g if and only if J is a base for (M/I)|ge. Therefore one can see
that the condition (ii) can be replaced with the following condition for S€:

(ii’) if Jy and Jo are (r — k)-element independent subsets of S¢ such that (M/Jy)|s and (M/J3)|s
have rank k, then (M/J1)|s = (M/J2)|s.

Proof of Theorem Define B, = {B € B(M) : |[BN S| = k}. We will show that the condition
(ii) holds if and only if B is a collection of bases of some matroid. Then the assertion follows from
Theorem 211

Suppose that the condition (ii) is true. Choose any bases By and Bs in By, and x € By — By (without
loss of generality, we may assume x € By NS). Let [; = B;NSand J; = B; — S fori = 1,2.
Then the condition (ii) implies that there is a base B = I U Jj in By. Since By, B € B, there is
y € B— By C I C Bysuchthat B; = B — {x} U{y} € B. Sincey € Iy C S, B3 € By. Thus By,
forms a collection of bases of a matroid.

Conversely suppose that B, is a collection of bases of some matroid. Let /; and I5 be k-element inde-
pendent subsets of S such that (M /I)|se and (M/I3)|se have rank r — k. Choose J; € B((M/I1)|s)
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and Jo € B((M/I3)|s<). Then By = I; U J; and By = Iy U J, are bases for B. We claim that I U J;
is also a base of M this implies B((M/I1)|s<) C B((M/I5)|s-) and (ii) follows by symmetry. We use
induction on the size of 17 — I5.

Base Case: If |I; — I3| = 0, we have I, U J; = By € B.

Inductive Step: Suppose |I; — I5| = [ for some [ < k. Choose an element z € I; — Iy C By — Bo.
Since By, forms a matroid, there exist y € Iy — Iy such that By = By — {z} U {y} € By C B. Since
Bs = (I — {2} U {y}) U J1, we have |(B3 N S) — I5] = [ — 1 and the induction hypothesis implies
ILUuJ, eB. O

5 Rank 2 matroids

In this section we apply Theorem [3.2]and Theorem [4.1]to the cd-index of a matroid base polytope when
a matroid has rank 2.

A (loopless) rank 2 matroid M on [n] is determined up to isomorphism by the composition «(M) of
[n] that gives the sizes «; of its parallelism classes. Let & := ay, a, . .., o be a composition of n with
the length I(«) = k and let M,, be the corresponding rank 2 matroid on [n]. For two weak compositions
(i.e., compositions allowing 0 as parts) a and 3 of the same length, we define 5 < « if 3; < «; for all
i =1,2,...,l(c). Let 3 be the composition obtained from /3 by deleting 0 parts. If o = (2,4,1,6,7)
and 3 = (1,3,0,6,3), then 3 < aand 3 = (1, 3,6,3).

When M has rank 2, Theorem §.T|can be rephrased in the following way.

Corollary 5.1 Let M be a rank 2 matroid on [n] and H be a hyperplane defined by . s x. = 1. Then
H gives a hyperplane split of Q(M) if and only if S and S¢ are both unions of at least two parallelism
classes.

After the relabeling, one may assume that M has parallelism classes Py, Py, ..., Py and S = U" | P;
for some m. In this case, one can restate Theorem 3.2]in terms of matroids as follows.

Proposition 5.2 Let M be a rank 2 matroid on [n] with at least four parallelism classes Py, Pa, ..., Py
and S = Uj, P; for some m such that 2 < m < k — 2. Then the hyperplane H defined by ) .qx. =1
gives a hyperplane split Q(M;) U Q(Msz) of Q(M) where M is a matroid with parallelism classes
S, Ppi1,- .., Px and My is a matroid whose parallelism classes are Py, . .., Py, S¢. Moreover,

V(Q(M)) =¥ (Q(M)) + ¥(Q(Mz)) = ¥(As) X Ayyg)) - €
=Y WQM]r))-d-U(A, i),
T

where the sum in the second line runs over all proper subsets T of [n] such that M |t has at least four
parallelism classes, at least two of which are subsets of S and S€ respectively.

Proof: Note that there is no flacet of QQ(M ) which intersects both open halfspace given by H nontrivially
since every flacet of Q(M) corresponds to a base set of the form

(BeB(M):|BNP| =1}

for some i. If o is a face of (M) which has nonempty intersection with both open halfspaces given by
H, then o is the intersection of some facets of QQ(M) which are not flacets. Since each facet of Q(M)
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which is not a flacet corresponds to the deletion of an element of [n], o corresponds to a matroid M |t for
some subset T of [n]. Also, o has nonempty intersection with both open halfspaces given by H if and only
if M|z has at least four parallelism classes, at least two of which are subsets of S and S° respectively.
Now, the result follows from Theorem O

The following proposition, which is obtained from Corollary [5.1] and Proposition [5.2] expresses the
cd-index of a matroid base polytope of a rank 2 matroid M with composition a(M) = « in terms of
cd-indices of matroid base polytopes of matroids corresponding to compositions of length < 3. For
simplicity, we use the following notations:

i—1 l(a)
Ma, i) = Zaj,a,-, Z o for2 <i:<l(a)—1,
j=1 j=it1
i ()
playi) = Zaj, Z a; forl1 <i<lI(a)—1.
J=1  j=it1
For example, if « = (2,4,1,6,7), then A\(a,4) = (7,6,7) and p(a,4) = (13,7).

Proposition 5.3 Let o be a composition of n with at least three parts and M, be the corresponding rank
2 matroid on [n). Then the cd-index of Q(M,,) can be expressed as follows:

I(a)—1 l(a)—2

V(M) = D TQMyai) = | D ¥(Auaip X Auganira) | €
=2

=2

i) 1(B)-2
o
! <5j> D VDG, X Auga) | A T(A, ).

B<a j=1 i=2
1(B)>4

Purtill [Pur93]] shows that the cd-index of the (n — 1)-simplex A,, is the (n + 1)-st André polynomial.
Using the formula for the cd-index of a product of two polytopes given by Ehrenborg and Readdy [ER9S]],
one can calculate the second and the third terms in Proposition[5.3] We still don’t have a simple interpre-
tation for the cd-index for Q (M, ) when « has three parts.

References

[AKO6] Federico Ardila and Caroline J. Klivans. The Bergman complex of a matroid and phyloge-
netic trees. J. Combin. Theory Ser. B, 96(1):38-49, 2006.

[BER97]  Louis J. Billera, Richard Ehrenborg, and Margaret Readdy. The c-2d-index of oriented ma-
troids. J. Combin. Theory Ser. A, 80(1):79-105, 1997.

[BER98] Louis J. Billera, Richard Ehrenborg, and Margaret Readdy. The cd-index of zonotopes and
arrangements. In Mathematical essays in honor of Gian-Carlo Rota (Cambridge, MA, 1996),
volume 161 of Progr. Math., pages 23-40. Birkhiuser Boston, Boston, MA, 1998.



294

[BIR]

[BK91]

[EdmO3]

[ER98]

[FS05]

[GGMS87]

[Lin71]

[Ox192]

[PRW]

[Pur93]

[Rot71]

[Sta97]

Sangwook Kim

Louis J. Billera, Ning Jia, and Victor Reiner. A quasisymmetric function for matroids.
arXiv:math.C0/0606646.

Margaret M. Bayer and Andrew Klapper. A new index for polytopes. Discrete Comput.
Geom., 6(1):33-47, 1991.

Jack Edmonds. Submodular functions, matroids, and certain polyhedra. In Combinatorial
optimization—Eureka, you shrink!, volume 2570 of Lecture Notes in Comput. Sci., pages
11-26. Springer, Berlin, 2003.

Richard Ehrenborg and Margaret Readdy. Coproducts and the cd-index. J. Algebraic Com-
bin., 8(3):273-299, 1998.

Eva Maria Feichtner and Bernd Sturmfels. Matroid polytopes, nested sets and Bergman fans.
Port. Math. (N.S.), 62(4):437-468, 2005.

I. M. Gel’fand, R. M. Goresky, R. D. MacPherson, and V. V. Serganova. Combinatorial
geometries, convex polyhedra, and Schubert cells. Adv. in Math., 63(3):301-316, 1987.

Bernt Lindstrom. On the realization of convex polytopes, Euler’s formula and Mobius func-
tions. Aequationes Math., 6:235-240, 1971.

James G. Oxley. Matroid theory. Oxford Science Publications. The Clarendon Press Oxford
University Press, New York, 1992.

Alexander Postnikov, Victor Reiner, and Lauren Williams. Faces of generalized permutohe-
dra. arXiv:math.C0/0609184.

Mark Purtill. André permutations, lexicographic shellability and the cd-index of a convex
polytope. Trans. Amer. Math. Soc., 338(1):77-104, 1993.

Gian-Carlo Rota. On the combinatorics of the Euler characteristic. In Studies in Pure Math-
ematics (Presented to Richard Rado), pages 221-233. Academic Press, London, 1971.

Richard P. Stanley. Enumerative combinatorics. Vol. 1, volume 49 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 1997. With a foreword by
Gian-Carlo Rota, Corrected reprint of the 1986 original.



	Introduction
	Matroid base polytopes
	The cd-index
	Hyperplane splits of a Matroid base polytope
	Rank 2 matroids

