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In words, generated by independent geometrically distributed random variables, we study the /th descent, which is,
roughly speaking, the [th occurrence of a neighbouring pair ab with @ > b. The value a is called the initial height, and
b the end height. We study these two random variables (and some similar ones) by combinatorial and probabilistic
tools.

We find in all instances a generating function ¥ (v, u), where the coefficient of v7u’ refers to the jth descent (ascent),
and ¢ to the initial (end) height. From this, various conclusions can be drawn, in particular expected values.

In the probabilistic part, a Markov chain model is used, which allows to get explicit expressions for the heights of the
second descent. In principle, one could go further, but the complexity of the results forbids it.

This is extended to permutations of a large number of elements.

Methods from g-analysis are used to simplify the expressions. This is the reason that we confine ourselves to the
geometric distribution only. For general discrete distributions, no such tools are available.

1 Introduction

Let X be a random variable (RV), distributed according to the geometric distribution with parameter p
(geom(p)): P(X = k) = pg"~1, with ¢ = 1 — p. We consider a sequence X; X5 ...X,, of independent
RVs. We also speak about words a; . . .a,; there is some interest in combinatorial parameters of such
words, generated by independent geometric random variables.

The two most prominent examples are Skip lists and Probabilistic counting (8; 55 4)).

In this paper we continue the study of descents.
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In a word wyabwy we say that ab is the [th descent, if a > b (strict model) or @ > b (weak model), and
the initial word w1 a has [ — 1 descents. Furthermore, we refer to a as the initial height and to b as the end
height. Equivalently, we use the notions initial value and end value.

In (6), these random variables were studied, but only for [ = 1, i.e., the first descent. Here, we are able
to deal with the general case.

This paper uses a generating functions approach and a probabilistic approach. The results complement
each other, but are not disjoint. Of course, both are very useful and interesting.

The generating function approach is as follows: First, we construct a generating function F'(z, v, u) in
3 variables, z, v, u, where z marks the length of the word, v the number of descents, and w the last letter
of the word. In other words,

F(z,v,u) = Z PP[a word of length 7 has [ descents and last letter j]z"v'u.
nj>1,1>0

Occasionally, it is clearer to write F'(u) only.

Once this is achieved, we construct a new generating function (G for initial height, H for end height),
by attaching a descent (which is a simple substitution, since the variable u “remembers” the last letter)
and an arbitrary rest. In this way, we have a generating function, where the variable u no longer codes the
last letter, but the initial height (resp. end height) of the /th descent.

The quantities that we get for [ = 1 coincide (of course!) with the older paper; however, they come out
in different forms. To show formally that they are the same, one uses identities from g-analysis, such as
Heine’s transformation formula. This was demonstrated extensively in (6).

We also consider the analogous questions for ascents; the motivation is that, in (7)), the last descent was
studied. In the reversed word, the last descent becomes the first ascent, and now we have developed the
machinery to deal in general with the [th ascent.

The probabilistic approach works as follows. We start from an infinite sequence of geometric random
variables, with parameter p (geom(p)). First, we consider the successive descents as a Markov chain,
related to initial and end values of each descent. Next, we use this Markov chain to obtain the distribution
of initial and end values of first and second descents. Then, the first moments of the first and second
descents initial values are analyzed by intensive use of some combinatorial identities. Next, we obtain the
asymptotic distribution of the number of descents initial values in some interval. Finally, starting from n
geom(p) RV, as ¢ — 1, we can derive the asymptotic properties of first and second descents, in a large
permutation.

In this part, only the strict model and the descents will be considered.

The explicit forms of the distribution of the descents become very complicated when going from first
to second etc. descent. However, a stationary distribution, which is very simple, is rapidly approached. It
is given by

10010 = gy
q
for the initial height, and by

1+g¢ i
pq2z 1
q
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for the end height. There is an intuitive explanation of them: The first one is the conditional probability
that we have a pair ¢j, given that it is a descent, and the second one that we have a pair ji, again given that
it is a descent.

Several useful combinatorial identities, derived from Heine’s formula, are given in the Appendix.

We will need notation from g-analysis; the most important ones are (x),, := (1 — z)(1 —qgz)...(1 —
xq" 1), and [ } # (Gaussian coefficients). The relevant formule can be found in (1)).

Although one could think about performing the present analysis for general discrete distributions,we
refrain from doing so. The reason is this: Methods from g-analysis are used to simplify the expressions,
and this is very special to the geometric distribution. In general, no such tools are available.

Part I
Combinatorial Analysis

2 Descents: the weak model

Let f;(u) be the generating function with [2"u/] f;(u) is the probability that a word of length n > 1 has i
descents, and that the last letter is j. (Only the dependency on the variable u has been made explicit.)
Here is the recursion for s > 1.

fi(u) =

puz

fi—1(1) —

—1(uq) +

uz
1—ou ;(ug).

1—qu

This is a typical application of the adding-a-new slice technique: The variable u keeps track of the last
letter in the word. So, if we replace u™ by

1-—
> e = pu—— (g™
1<j<m —qu

it means that we gain one descent, and if we replace it by

m
> pg ' = pu (qu)
1—qu’

j>m

we stay with the same number of descents. Translating this principle to the generating functions f;(u),
gives the indicated recursion. We will use this principle in various places again.

Now let
F(u) = F(z,v,u) th u)v
>0
Then we get, by summing up,
puvz puvz p D
F(u) — = 1) — —
(w) = folu) = 7= ” )= 1= ” (wq) + 77—~ F(ug) = 77— fo(uq)
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But puz puz
fo(u) = T 1,quf0(W)
and so 1 )
puz puvz puz(l — v
F(u) = F(1 —F .
(u) T w—— (1) + T— (ugq)

This functional equation can be solved by iterating it: (Technically, this iteration leads to an equation
involving F'(u) and F'(1); after plugging in w = 1, the quantity F'(1) can be found, and thus in the next
step F'(u).

x

wz)* (1—v)F (2)
Zkgl (puz)"(1—v)"q

(qu)k
F(z,v,u) = —. 2.1
=0 (p2)* (1—0)*q(2) @b
L=v3 >0 @

Now we turn to the end heights. We want to obtain the generating function

H(z,v,u) = Z PP[in a word of length n, the jth descent has end height i]z"v7u’.

75,421

As indicated already, it can be obtained from F'(z, v, u) by substitution: we make one down step, record
its height with the u-variable, (u/ — pu + pqu? + - - - 4+ pg? ~'u?) and then attach anything (1/(1 — 2)).
This gives the generating function

puvz pEU

H(z,v,u) =

[F(z,v,1) — F(z,v,uq)]

1—qu 1—2z 1-—qu’

The next step is to look at the behaviour for n — oo. Intuitively, it is quite clear, there should be a limit,
since what happens at the /th descent must become independent of letters very far to the right. Indeed, we
see that there is a simple pole at z = 1, and the generating function

pUv
1—qu

U(v,u) = [F(1,v,1) — F(1,v,uq)], 2.2)
is obtained from H (z,v, u) by dropping the factor 1/(1—z), and the irrelevant additive term and replacing
z = 1. Thus, considering uw and v as parameters, there is a dominant simple pole, and its residue (that
we call ¥(v,u)) corresponds to the the limit n — oo, or, what amounts to the same, to an infinite word.
One could perhaps avoid dealing with n and z and deal with an infinite word directly, as we will do in
the second part of this paper, but we would lose information in that way that we can have for free. — The
coefficient of v! in (v, u) is a probability generating function in the variable u alone. Indeed, it is easy
to check that ¥(v,1) = 1%-. Explicit expressions become very messy, but at least the instance [ = 1
(which was studied in (6)) is manageable:

[0 (v,u) = ’i“qu [F(1,0,1) — F(1,0,uq)]
_pu R
C1-qu LZ:I (@) gl (>u)k ]

@ As a referee has pointed out, such functional equations are not always as “smooth” as this one.
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From a probability generating function, all moments (of the underlying random variable) can be derived

by differentiations, followed by v = 1. Let us just do this for the average (first moment):

e (pqu)*q>)
E[first descent] > ou ’; (%)

RN S ) S (p)*q) ’i : fiqi

P& @ = (@
Z (k — 1)pq(2) pFql2) zk: ¢ (2.3)
k>2 (@) = O T
Note that this average was given as
== (bt Dpg® (=p)n 24

h>0

in (6).
For the limiting behaviour of this, as ¢ — 1, we should consider lim,_,; (1 — g)E[first descent]. It turns
out that this tends to a constant, and thus the expectation of the end height of the first descent goes to

: . constant ,
infinity as St

11 H 1 H
E>1 0 i=2 k>1 E>1 k>1

A similar computation can be done for general I:

%\p(v,uﬂu X %[F(l v,1) = F(1,0,q)] fU%F(l,v,uqHu:l

- ‘21 —v Zpolpk(l_(;)):q(g) [; - zq;j’sz(Q) ) kzzl (pQ)k(;q;):)kQ(z)]

—v— vZkZ:}W L>1 k(pa) (éﬁ_):) ®) ]; @@k(gq;):)kq( ) ’2 : qujl
And now

. 6 . v 1—v 1 1—v
313%(1_(1)%\1’(1)’“)’”—1_1_93111[6 —1- 1_1)(6 _1_(1—U)>‘|

v ) (1 —v)*(Hys1 — 1)

1—wel=v = (k+1)!
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1 v Z Hk(l — 'U)k_l

1—wvel=v 1 —wpel-v k! '
k>1

(The coefficient of v is the previous expression).

Now we turn to the initial heights. The same approach applies, but the substitution is even simpler. We
get

G(z,u,v) = vz[F(z,v,u) — F(z,v,uq)] T 1p_21;u
The limit for n — oo leads then to the generating function
O (v,u) =v[F(1,v,u) — F(1,v,uq)]. (2.5)

Let us compute again the instance [ = 1; the coefficient of v is particularly simple:
[v']®(v,u) = F(1,0,u) — F(1,0,uq).

From this, we find that the average is asymptotic to
k

0 (pu)*a) (pgu)q)
3“[2 (qu)k kzzl ]

2.6
= () (2.6)

u=1

This checks with the expression

> (h+ Dpgd" T (=p)n — D> (2h+ )pg" T (=), @2.7)
h>0 h>0

given in (6).
For the limit lim,_,; (1 — ¢)EE we get the generating function

1 1 v ZHk(l—v)k*
v(l—vel=v) vl -v) 1-wvel"v & k! '

The coefficient of v in this is

e—l—z%.

k>1

3 Descents: the strict model

Computations are similar; we only give the key steps. The functional equation is

Flu) = puz n pUvZ F(1)+pz(lfv)

— F(ug).
l—qu 1-qu q(1 — qu) (ug)

Thus

)k (1—v)*
U Yy 220

2)k(1—v)k *
L= 03 P

k(] — )k—1
F(z,v,u) :uz(p)(iq)k)(l-i—vF(z,v,l)) =

k>1 (

3.1)
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Also,
puvz pvz 1 pzZU
H F 1) —F .
Hence puv v
(v, u) = F(l,v,1) = ——F(1,v,uq).
(v0) = 2 F (10, 1) = P P (1,0, ug)
And
1 pu p
v |U(v,u) = F(1,0,1) — ———F(1,0,uq
) = PP (1,0,1) — s F (1,0,
k k
_ pu P’ pu P
17‘]“;(‘]% 17‘1“;(”‘12)]@

The expectation can be obtained by differentiation, followed by v = 1:

The formula given in (6) is

E>1 k>1
And in general:
1 1 v Z Hy(1— o)kt
1—wvel=* 1—v 1—wvel™? k! ’
k>2

Now, for the initial heights, we must consider

1 1 pz
G = vz|F —-F
(z,v,u) = vz[F(z,v,u) . (z,v, qu)] TS 1o e

and
®(v,u) = v[F(1,v,u) — %F(l,v,qu)].

Furthermore, to look at the first descent,

[v!]®(v,u) = F(1,0,u) — LF(1,0, qu)

Z—”k
P
k>1 >1 (¢*w)k

143

3.2)

(3.3)

(3.4)

(3.5)
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From this, the average, obtained by differentiation, is

g k+1 %
p q p q
DS DRI
k>1 @k Z1-a >1 @z 1-¢
P P~
RO D) DFLIED DS DR
Svml-¢ S@vizml-a
k
Pi= (D
1
:1+9(—1+—). 3.6)
p (P)oo
The last simplification was by (A.6). The version given in (6) is
h h—1 h 2h—1
Y L S W 3.7)

= on & o

The limiting function lim,_,; (1 — ¢)E is

v |:Z(].—’U)ka 72(1—’0)k(Hk+1—1) )

— pel—v | |
1 —wvel=t = k! = (k+1)!

4 Ascents: the strict model

First, we consider the case where only a < b is an ascent.

Again, the treatment is very similar to before, so we only give the key steps.

Let f;(u) be the generating function with [z"u/] f;(u) is the probability that a word of length n > 1 has
1 ascents, and that the last letter is j.

Here is the recursion forz > 1:

_puz . puz
fv(u) =71 _qufz(l) 1 _qufz(uQ) +

puz

1— qufi—l(uQ)-

The explanation is similar to before: The variable u keeps track of the last letter, and thus, if we replace
u™ by
. 1— m
> pd e = pul (2"
- 1—qu
1<j<m
we stay with the same number of ascents, but if we replace u™ by

m
> o = el
1—qu

ji>m

we gain one descent.
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Now let
F(u) = F(z,v,u) Z filu

i>0

Then we get
—1
puz N puz F(1) + puz(v )F(uq).

l—qu 1—qu 1—qu

F(u) =
This functional equation can be solved by iterating it:

S et e-nt()
21 (gu)s . 4.1

. @2k (0-1)k14(2)
o Zkzl (@k

F(z,v,u) =

Further,
pUZv 1 puz
H = F
(2,0, ) 1—qu (Z’U’UQ)1—2+1—qu’

and puv
U(v,u) = F(1,v, . 4.2
(v.) = {2 F(1.v.ug) “2)
The case of the first accent, i.e., the coefficient of v, is thus
u 1,(3) WF(1)Rq(3)
pu Z ko1 (pqu)* ((q U))k q _ Zk22 (pu) ((qu))k q

1 pu
v U (v, u) = F(1,0,uq) = :
[ } ( ) 1-— qu ( ) 1-— qu 1 pk(il)k—lch) pk(—1)k (k)
- Zk21 @n Zk>0 (q)k

Notice that

And therefore the average of the end height of the first ascent tends to

k K\ &k i
1 ka (( )k( Zp () q N (43)

(P)eo i3 9k ~ (= —~1-q

This quantity appears in (7)) in the form

1
L S+ 2)pg? (o) 44)
p (p)oo h>0
Furthermore, )
puz
G = vzF
(20,4) = v2F (2 0,00) = + 70
and

4.5)

O(v,u) = vF(1,v,uq).
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Also,

1 _ u pqu
(W@ (v, u) = F(1,0, uq) pw; )k

And therefore the average of the initial height of the first ascent tends to

Lo (k= )P DR PPk G g
e (@) Z =g

X E>2 q) X E>2 i=2

The version given in the paper (6) is

(—Z (h+ Dpg*"+ (p)n-

5 Ascents: the weak model

(4.6)

A.7)

For completeness, we only collect the relevant formula here. This brief section is for reference only, and

can be skipped, as the methods are the same as before.

puz puz pz(v—1)
F = F(1 —F
(u) TR w— ()+q(1_qu) (uq),
2 v— k—1
UZ ko1 (p2)*(v—-1)

(qu)k
z)k(v—1
— s P)(q7>

pzv 1 pz
————F(z,v,uq)
q(1 — qu)

pv
V(v,u) = ——F(1,v,uq),
(vu) = s F (1, v, ug)

Zv 1 pz
G =2"F i
(z,v,u) . (z,v,uq)l . + T

F(z,v,u) =

H(z,v,u) = 1—z+1—qu

D(v,u) = EF(l,v,uq).
q

5.1

5.2)
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6 Summary of results from combinatorial analysis

For the reader’s convenience, we list where the generating function W(v,u), that we consider to be the
most important finding, as it contains all the information, can be found: (Recall that the coefficient of
viu® refers to the jth descent (ascent), and the probability that the end height (initial height) is 4, in an
infinitely long string.)

Descents (weak) | Descents (strict) | Ascents (strict) | Ascents (weak)

End height 2.2 3.2 4.2 5.1

Initial height 2.5 3.5 4.5 5.2]

The auxiliary functions and the averages can be found in the text.

Part 11
Probabilistic Analysis

We will analyze the descents in the strict model with probabilistic tools. We start from an infinite sequence
of geom(p) RVs.

7 Markov chains

In this section, we consider the successive descents as a Markov chain, related to initial and end values of
each descent.
Let

-1

HOE
P(i):

)

pq’
> orli)=da"",
Jjzt
I}, := beginning of the kth descent (initial height),
Ji := end of the kth descent (end height),

Iy > Ji, Ig1 2> Ji, Iy > 2.

By convention, Jj is the first geom(p) RV. We have

PlIy =iy, Jy = jo| [y = i1, s = ju] = ) > m(k2) ... w(k)m(i2)m(j2),
120 j1<k2<--<k;<i2

with the conventions

l= :iQEjla
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l=1:i32>7
This is independent of 4. Set
Alabt):= Y gt
a<k;<---<k¢<b
and .
p
Bla,b) ==Y () Ala,b,t).
>0 \4
Then

Pl = ia, Jo = jo|J1 = j1] = [i2 = j1i]7(j2) + B(j1,i2)7(i2)m(j2)-
But we know that

Z qk1+-~+kt _ ﬁ Xt:(_l)j B] qj7l+(j§1) = [n ;r 1.

0<k1<--<k:<n Jj=0

Recall that [;‘J denotes the g-binomial (Gaussian) coefficients.
Therefore
Aabt)y= 3 gtk
a<ky<--<ki<b
_ at kit
=q > q
0<k1<-+-<k¢<b—a
_ at b—a+t
b—a |
We will use
Z at [m + t:| o 1
>0 m (a)m+1
Then
B(a,b) =Y (p>tA(a bt) = (Pa—1
) tZO q b ) (p)b b
and
P[I_J_J___ . (p)jlfl . . 71
2 =1, J2 = jo| 1 = ji] = [ia = j1]7(j2) + ) m(i2)m(j2), (7.1)
2
P[Iy = ia|Jy = j1] = [ia = 1] (1 — ¢ ") + %W(ig)(l — ¢, 7.2)
2

The transition matrix between [; and Is is given by

Pl = ig|[h =i1] = Z %P[Iz =ig|J1 = Jj1]

J1<i1
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:ﬂi2<ilﬂlj(§()m(1—q”‘l>+ > 117(;1()2‘1)(%ﬁl;lﬂz‘z)(l—q”‘l). (73)

J1<t1,j1<i2

Let us first check that zz‘222 P[I; = iz|I; = i1] = 1. We have, using |i

-1 Ji—1 )
pq™ - Pq P)jr—1 4 -
P D M DR e T

bl i9>2 j1 <i1,j1<i2 (P)i
s pg2 ! p 1
_ —1 10—1 10—1
= T Y —————pg? T (1 ¢
= 21—q“ T—gn—t 222 — gt i;zl—q“ L (p)i
i1—1 1
pqh ) 1 1 io—1
+ Y 3 S Bty g
Ji= 212>]1 ‘2
1 1,1 1
1 g1 = pg2 ™t p f1=1gn—1
:1,qi1—1[1_ —q Z P T—gni1? +1—qi1*1 lfqzl 1 qul o
Q9= 2 J1=2
=1.

Now we compute the stationary measure ¢(7) of this matrix. (see, for instance, Chung (3)). We must have
D ()P = is| I = 1] = (ia),

which leads to

N in—1 . P Tt i1 iy i1y _ (-
Z @(ll)ﬁ(l—q )+ Z@(h) Z T—g T (), M (L—¢"7") = p(iz),

i1>140 1122 J1<ii,j1<i2

or, setting

we have

S e i) + pet ) Y et BBt ),

11> 0122 J1<t1,j1<i2 (p>l2

After some algebra, we will find that (i) = constant is a solution of this equation. But it is probabilis-
tically obvious: the stationary distribution is proportional to pg*~!(1 — ¢*~1). We have, setting 1) = 1,

> pg" T+ D> pgttt ) qul‘l(p)jlfl— 2 E g T (p)j—19"
1—
i1 >ia i >2 j1<i1 1 <ia (P)ia 2 ji=1
1 , ,
2m 219 (p)iz § :q2v(png)v

m>0 )i ©>0
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=42+ (pg"*)o + 14" — (pg")oc = 1,

as expected. (We used (A.5) twice.)
The stationary distribution is given by

1+q
—Pq

fstationary(i) = _1(1 — qi_l). (74)

The stationary distribution generating function is given by

p*(1+ q)2*
(1—¢q2)(1—q?%2)

from which the stationary moments are easily derived:

G(z) =

24g¢
E(I) =
() 1_q27
¢ +4¢> + 59+ 4
E(I?
= (1-¢%)?

The stationary distribution of the end value is given by

1 .
+‘1 Z @M1 =g Ypg T (L= ¢ = (L4 )pg®2, iy > 1,
11=t2+1

which sums correctly to 1.
Another transition matrix of interest is given by

PlJy = joly = j1] = w(Ga) e < 1]+ Y %W(Q)W(JQ)- (71.5)
8 Descent distributions

In this section, we use the Markov chain derived in the previous section to obtain the distribution of initial
and end values of first and second descents. For the first descent initial value I;, for example, with @D,
we have

filin) =Pl =1d1] = ZPQO "PII = i1|Jo = jo]

Jo=1
=pg (1 — g7 +quj° i pq“ 1—-g"h)
Jo=1
. . 1
=pg"T(1—g" ) ——. (8.1)
(p)il

A graph of f1(i), ¢ = 0.7 is given in Figure It is easily checked that
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0.161
0447
0.12 ’,/’J \

0.1] \
0.081
0.06
0.04]

0.02

16

Indeed

> opd T (1-g¢h

i>2

1
(P)i

151

A comparison between f1(4) and the stationary distribution fiugonary (¢), ¢ = 0.7 is given in Flgurel
For the end height of the first descent, we have, with (A.9) and (A.T0),

pgi !

qujo 1 Jl 1+Zzquo 1

qi1—1

71 (j1) ==P[J
Jo>J1 11>J1 jo=1
. 1 1
— pq-h_l |: — :| .
(P)oo (P
Of course ;- 71(j) = 1, by A.10).
Note that we also have, with (A-10),
Z f1(i1) Z pgt T (1—¢g ) L
(p)il 1-

11=71+1

The distribution of the second descent (I3, J2) is given by the square of the Markov matrix, i.e.

= pg* " Y PLA = Gildo = GolP[l2 = i, Jo = jal Sy = j1].
Jjiz1

Y2 (2, j2)
jo=>1

11=751+1

S0 gt L pgii T
, 1

=pgh ! {
(p)

(8.2)
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o ! fl (’L)

line : fstationary(i)

Fig. 2: Comparison between f1(¢) and fationary (¢), ¢ = 0.7

The distribution of the next descents is related to successive powers of the transition matrix.
A compact form for 5 (42, j2) is given below.
Now, the distribution of the initial value of the second descent I is given by (we use (A.3), (A.9), (7.3))

fa(iz) =PIy = iz] = z f1()P[lz = do| 1 = i1] = Z pg* (1 - qilfl)%m[z = ig|l; = i1]

i1=2 i1=2 p)il
= > pg"M1-g" L (1—¢=7")
- 7 _ i1
i1 >i2 Pl 1—q"
- o 1 p Y (P11 i in—1
+ =101 _ g1 _ J1 2 1 — g2
D R D SPE e b e (A U
12> J1<i1,j1<i2
) ) 1 1
:pqlz—l 1— qzz—l ' [ : . 1:|
( )(p)i2—1(1 —pg=71) [ (pg"?)oo
. 1
+pq12—1(1 12 1 qujl 1 J1 1 Z pq -1
p)lz ji=1 > p)il
) ) 1 1
=pg” (1 —q") - [ T~ 1}
(p)iﬂ(l—pq” D) (pq”)oo

. 1 1
+pq1271 1 _ 7,2 1 qjl 1 |: _ . 1:|
( )zg Z pqﬁ U (pg?" ) oo
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_ . 1 1

io—1 i0—1
=pg? (1=q"7") [ o 1]

(P)i» 1 (Pg"?)o

_ 1 1 1

+pg? (1 — ¢ 1) pgt ! [ — — — ]
(P)iz jlzzl (g oo 1= pgh=t
:pqig 1 _ 7,2 1 |: 1 :|
)oo
. . 2=l ) 1 lf qjl
+p2q12—1(1 _ qzz 1 qjl . 2 12 1(1 _ ng—l) i
p) ~ (P)iy 7= 1 —pg”

. . 1 1

io—1 io—1
=pg” (1—¢"7") - ]

) e S ) - P () S
+pg (1 - ¢ L= Pi] =0 (1 — g™~ 4

(P)iz (P)oo ’ (P)iz = 1 — g
1 . 1 271 qjl
i 1 ’L 1 2 1 1 ig—1
pg? (1 —q”~ { ] pq? (1 —¢" —.
( (P ( )(p)iz ].12::0 1 —pgh

Note that this gives an explicit expression for vz (iz, j2):

Y2 (iz, j2) = fz(lz)(ljj()).

A comparison between f2(i) and fiationary(¢), ¢ = 0.7 is given in Figure l The convergence to the
stationary distribution is quite fast.

Let us check that ) _.°, f2(i) = 1. We have, using (A.8) and (A.1)

0o 1 1 1 i—1 qjl
l_q 1) |: _1} _qui—l(l_qi—l) _
; (P)i L(P)o (p)i ],IZ::O 1 — pgit
1 —1 1 2 1 i—1 i—1 1

= —- —Zp - Y ¢ =g =P > ¢ (1 —¢")

(P)oo 1—pg qj 21 )i 1-p&g (p)i
_ 1 L Z 9 Ji 31 p2 1 1 1

(P = 1— pe’* p(p);, L—pp

9 The moments of descent parameters

The first moments of the first and second descents initial values are analyzed here by intensive use of
some combinatorial identities.
We derive the mean of the initial value of the first descent I,
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Fig. 3: Comparison between f2(¢) and fationary (¢), ¢ = 0.7

Zfl Z_Z;pq 1_q 1)(;%7’
B qz 1 q2i71i qz o
pz D Ziq) +P2<p). (1-q" ©.1)

i>1 i>1 (p i>1 Wit

—1-

_pzq Z—pz +1by-

This is Theorem 3 in (6). However, we want to show now independently that this coincides with the closed
form obtained earlier as (3.6). This is done in Appendix (B).

More generally higher moments are given by

i1—1 ) &
(1—q" 1.

=> pd"(1—¢")(h+1) +Zzpq]°l P)jo-1

h>1 11=2jo=1 (p)

Let us look at the modified second moment of I; (again we use (A.3)), (A.T) for simplifications):
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=2 A+ /2=

pz(q

>0

P)it1

i

(1—¢")6E+1)(i+2)/2
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D IPILRIEY
0<k<hz>h “H
_ 1 qh P q2h
4,52, Pn  a 5=, (P
1 Z qk qh P q2k Z 2h
= 1), g 1
q =5 ok = (0" n a5 ek 5 (pa" )
1 Z @ I 1 1 } P q%F { 1 1 1 1
q & (pa)k Lpa* (pgd" 1) pd*] a2 (pa)k Lpa®* (p¢" ) p*F pgtTt
1 1 1 . 1} 1 1 [ 1 e ]
= - +q¢ ——|— = e — 1 - + pg°
q z; (Pa)x Lp(pg"*) p] « g Pk L (pa" )0
1 1 1 ko1 1 k+1 2k
=- - = +14+¢" —pg
q ; (Pa)x Lp(pg"*) P (pg" )
1 1 q q
=- - - 1+4q) —pq ]
q kzjo (Pa) LP(pd* e P 1+9)
1 Z 1 7 1 } N 14¢q q" P %
-y k+1 g T
p &5 Pk L(pg™+1) ¢ =Dk a5 P
I 1 1 1 1 1 11
L
P L0 (PO)k ¢ [P(Pg)oo Pl alp (P9 p
I 1 1 2 2
B i R
P lPdoe (PO)k]  P(PG)oo p
11 t 2 2
= —lim - + +3—--.
pi=l[(pg)oc L=t £ (pa)r]  P(P)oo p
In Appendix (C), we show that
11 tk 1-— k
hn} { — - ] Z [ - (P)l]c{]q
=1 (@)oo 1=t £ (pa) (PD)os =1 14
So finally:
1 1- F 2 2
P(Pg)so 1—gq p(pq) p

0
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From this, the variance can be stated as:

2RE(I,) — 2R(I,) — E*(I,).

Now we turn to the second descent. The mean E(I5) of the initial value of the second descent is given

by (we use (3.6) and (9.1)
oo . 1 izl q]
=3 Ri=» [—1]zm g G G
i=2 i>1 i>1 (p)i = 1—pg
L 1] > i+ 1)d'(1 +1)¢' (1= ¢) L
=p|l75— — i+1)q'(1-q") (i —q
D)oo i>0 12] (P)it1
1 } { q } rg’ N
| I R S ) g Zm) 1)
|:(p)oo p >0 pg’ > (P)it1
1 J J A 1
el o
D)oo o 1-pa p PP Sol-vd (2. p)it1
The last inner sum is computed in Appendix (D) as Sy. This gives a first expression for the mean:
1 1 J
E(Ig){l 1pq J} {2p1+q]
pL(P)eo 31— pa (P)oo
1 j 1 i 202 i 0202
1 g '[2p_1+ ¢ _p+ad  pa?  pid | v }
pigl—pd @i+1 a@i+r aw); P+ P+
1] 1 q }
=1 |21+ =
P [(p)oo } [ (P)s
1 rg’ [ q ¢  p(l+qd  p¢¥  pi¢ jpgq%]
pigl=pd? L)jer (Poo a@)jr a()j )1 ()i
17 1 q }
= —1||p-1+
p {(p)oo } [ (P)oo
1 rg’ q ¢ _pltad  pid  jr*q?] 1§~ P
+ = , - - - +2) .
pigl—pd L0 e a1 Pin ) il p S a)in

The last sum can be simplified, using S3 from Appendix (D).
Hence

o3[ o]
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Z rg’ [ i q (1+q)q3]_pszq

P30 1-pg? (D)oo a(p)j+1 = (P)j+1
+ % [((q]z;j — (g —p)(@)s — (g —p)(q)s — 2 g _pz(l —4 )] .

Again, using S, from Appendix (D), we obtain

N _ _q
Elz) = / [<p>oo 1} [21’ H <p>J
pg’ _q p(+q)d
T Zl—qu [ Pit1 (P a(P)j+1 }
_ 11 L—(pld® 1] 1 I R P N
P2q (Pq) oo ;21 1—g* * p? [p(pq)oo 1 p] Pq [p(pq)oo pop !

e q(q—p)(q)3 — (¢ — p)(q)3 — ahe p;(l - q?’)} .

Although this computation was already quite involved, we could get all cross-moments from (7.3)), but
only with considerable effort.

10 Markov Chains and Sojourn times

In this section, we obtain the asymptotic distribution of the number of descents initial values in some
interval.

10.1  General asymptotic distribution

Let X;, 7 = 1,...,m be an ergodic Markov chain (MC) and A be a subset of states. Assume that the
MC is stationary and set ; := [X; € A], with M := E(z;). The number D of times the MC is in A on
1,...,mis such that, by standard theory of ergodic Markov chains,

E(D) = mM,

If
E[(z; — M)(x; —M)] =0, j>i+2,

then, setting B := E(x;x;41), we obtain
V(D) = mM(1— M) +2(m — 1)(B — M?).

But we have a central limit theorem for MC (again, see Chung,(3))). This gives

D —-E(D)

VD) ~N(0,1), m — oc.
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10.2 Number of descents values in some interval

Here, the states of the MC are couples Y;Y;; with geometric distribution. Also the MC starts with the
stationary distribution pg‘~!pg’ !, hence m = n — 1. And the couples Y;Y;,1,Y, Y, are independent
assoonasu >t + 1.

If we are interested in the asymptotic (gaussian) distribution of the number of descents initial values in
some interval [7, 7 + A], we compute

T+A
M=> pi ' (1-qh),

T+A i—1
B= Y pg'Y pd t1-¢ 7).
i=7+1 Jj=T

Of course, an explicit formula could be written for M resp. B.

11 Permutations

Starting from n geom(p) RVs, as ¢ — 1, we can derive the asymptotic properties of first and second
descents, in a large permutation. We will consider large size (n — oo) permutations of {1,...,n}, or
n-permutations for short. It is well known that all rank statistics of an n-permutation can be derived from
the corresponding ones of a sequence of n geom(p) RVs as ¢ — 1. But, of course, it is not possible
to directly deduce the moments of the beginning (initial height) of the first descent of a n-permutation
from the corresponding moments of the geometric variables statistic, as ¢ — 1. However, the asymptotic
distribution of this RV can be derived as follows. Let ¢ = 1 — €. This gives an asymptotic distribution
function for each geom RV K (¢ — 0)

1—q¢'~F(i):=1—e".

Set U = F(K); U is asymptotically distributed as a uniform|0, 1] RV. Let us consider n geom(p) RVs
Ky, ..., K,. If we scale the corresponding U variables with n (i.e. multiply by n), take the integer part,
we have asymptotically a permutation on n, for large n. More precisely the rank of U; is the value of the
tth element of the permutation. This gives (asymptoticaly, we consider u as a continuous variable)

u=1—e"" du=e(l—u)di, i=—1In(l—u)/e.

Set g(u) := fi1(i) as given by . Using n geometric RVs instead of an infinite sequence of ones
introduces only an exponentially small error.
For instance, this leads for the initial height of the first descent in a large permutation, using Euler-
Maclaurin, to
du

E(Il)wn/o g(u)um, e —0.

We have by simple algebra,

glu) ~e(1 —wu+e u(l —e “)e(l —u), €—0



Initial and end heights of descents in samples of geometrically distributed random variables 159

and the asymptotic density of I /n is given by (we multiply by di = du/(e(1 — u)))
hi(u) =u[l +e*(1—e )] = ue :uZF
j=0
But this has a clear direct probabilistic interpretation: if U; 1 = u, the probability

PlU1 Uz < SU; SUji1 2 Ujya] = U (1.1

Again, as n is large, we can use an infinite summation on j, with exponentially small error terms.
Note that

1
/ hi(u)du =1,
0
as expected, and

1
E(L) ~ ”/ hi(wudu = n(e = 2) :=nEi o, n— o0,
0

which conforms to Theorem 9 of (6). All moments can be derived. For instance

1

E(I}) ~n? / h (w)uldu = n?(6 — 2¢) := n?Ey g,
0

E(I}) ~ n’Es, with B3 o = 9e — 24.

A general expression can be derived as follows. We have (we drop the second index)
1
E, = / hi(w)ubdu=e— (k+1)E,_1, FEo=1.
0

This first order recursion can be solved by iteration:
i

)

k
Ek—(kJrl)!(l)’“{e (Efi +1}. (11.2)

1
By convention, £_; = fol e“du = e — 1. Note that E}, is a linear function of e, that we will write as
Ey = Dk’() + Dk’le.

We could derive similar expressions for J;.

The errors terms, as n — oo can be derived as follows. The rank R of U;14 is such that R — (j + 2) is
Binomial(n — (j + 2), u), if U;41 has value u and corresponds to the first descent. Indeed, j values are
already below u (on the left) and one on the right. If d values among the n — (j + 2) remaining ones are
below u, then U, possesses the rank d + j + 2. So the (conditioned on w, j) moments of R/n are given
by the characteristic function

Fi [ (0 1)) MU o)/
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from which we derive

E(R/nlj) ~ ut —DUED),

—u(u—1)(5+2j)

n

E(R?/n?|j) ~ u® +

With -i we multiply by u%- ik and sum on j, this gives

> “?Em/nm ~ by (w4 e Dt )

n
=l ) —e%u?(u—1)(2u +5)
> uﬁE(R2 /n?j) ~ hi(u)u? + - .
j=0
Hence, integrating on u € [0..1], we finally obtain
-2
E(L/n) ~ By + —,

0—"Te

2
E(I}/n?) ~ By +

The first expression fits with Theorem 9 in (6); the second moment wasn’t computed in this paper.
As the first and second descent I7, I3 are not independent their joint moments are of some interest.
They can be asymptotically computed as follows. First, from (7.3), P[Io = i3|]; = i1] leads to

min(uy,us)
u9 dvl 1-— U1 _

, = < 1-— = U2 —V1 1—
g1(ug,uy) = Jue < ufe( uz)ul —|—/O = —7)1)5 o C eua (1l — ug)

— [['U/Q < ul]]a(l — Ug)% + euzguz U2 (1 — e~ min(u1,u2)>_
uy (51
This leads to the Markov kernel

1 .
g1z, u1) = [uz < u1]]% +e"2uy— (1 — e~ min(unu2)), (11.3)

n -
(uz, 1) e(1 — ug) Uy Uy

This can also be derived from the uniform[0, 1] random variables properties.
The joint moment E(I} I}) is asymptotically given given by n? Ej, ;, with

By —/ / hl u1 h(u2,ul)u1u2dU1dU2
/ ure® / u1u2 [[uz < upflug + e"?ug(l —e” min(“““?)) duydus.

The first values of E},; are given in Table E
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oo 1 2

0 1 e2—e—4 —2e2 —e+18

1 | e-2 —T7e/2 + 10 20e — 54

2 | 6—2¢ €2+32e/3-36 —2¢?—235¢/3+ 228

Tab. 1: Ek,l
Let us denote by h;(u) the asymptotic density of I; /n. For instance,
1
ho(u) = / by (u1)h(u, up)duy = ufer™ —ue® — e*] = ue[—1 — u + ¢,
0
and similarly for h3(u). This gives eventually
1
hs(u) = / ho (ug)h(usz, us)dus = ue™[(u + u?/2) + e(—u — 2) + €2].
0

The convergence to the stationary distribution h(u) = 2u is very fast. It would be interesting to have a
precise rate of convergence, but we have not pursued this approach so far. () can be derived from (7.4)),
or directly by considering two successive RVs Uy. Figure ] gives h(u), hi(u), ho(u)

259

1 B/E/E})
0.59 D/ﬁn/i
0 - 02 04 056 08 1
u
o :hi(u)
O ZhQ(U)
line : h(u)

Fig. 4: h(u), hi(u), ha(u)

The difference h3(u) — h(u) is given in Figure[3]
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0.004

0.002 4

—0.002 -

—0.004 -

Fig. 5: hg(u) —

A general expression for h;(u) can be computed as follows: we observe that h;(u) is of the form

where

But, setting F; := D; o + Dy 1€, from (11.2)) and (11.3),

_eu[

1
hl(u):/ hi—1(v)h(u,v)dv

/ h’t 1
/0 hz*l(v)v
1 1 u “ 1 u —v
= hi—1(v)—e"udv — hi—1(v)—e“ue™"dv
0 v 0 v
i—2 1 i—2 “
= e“u[ ek/ Py p(v)e’dv — Zek/ Pl-l’k(v)dv]
k=0 0 k=0 0

i—2 i—k—2
;lekl[Dlm-FDzue ;;) szlkll+1

i—1
u) = ue Z e* Py i (u)
k=0

— @\»—t

i—2
>

k=0

Pl’o(u) =1.

[[u < vu + etu(l — e~ min “))} dv

1
1

e'u(l —e” )dv—i—/ hi—1(v)—e“udv
u v
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This leads to the following recurrence

Pi—q(u) =1,

1—2
Pioo= E Pi_101D1-1,0,
1=0

i—k—2 i—k—1

Piro= Z Pi_1xiDi—10+ Z Py x1Di—11, k=1,...,i—2,
=0 =0

Piri=— Z;l,k}lfl/l, k=0,...,i—2,1l=1,...,i—k—1.

Finally, asymptotically, given I, Ji is uniform[1... I, — 1].
Let D denote the number of descents initial values in some interval [n7, n(7+ A)]. D is asymptotically
Gaussian, with

E(D) ~ mM,
V(D) ~n[M(1 - M)+ 2(B — M?),

T+A
M:/ udu,
TT+A ul
BZ/ dul/ UQdUQ.
12 Conclusion

In this paper, we have made a combinatorial and probabilistic study of initial and end heights of first,
second, . ..descents in samples of geometrically distributed random variables and in permutations. Several
other (similar) models can be analyzed with our tools, let us mention: the weak model and/or ascents with
the probabilistic approach, k-descents, size d or more descents, (see (2)), last descents, (see (7)), k-ascents
with a combinatorial approach (see (2)), etc.

We leave these topics to future work (or to the interested reader), in order to keep the length of the paper
within reasonable limits.

and
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Appendix

A Some combinatorial identities

We will use intensively Heine’s formula:

ambmtm ooatoo m
Z()() (b)

(q m(c m C) m>0 (Cl,t m

m>0

Several g-combinatorial relations are deduced from Heine.

1
pz Z = { — 1] — ¢. This is Thm.1 in (6). (A.1)
= (P2q)m (Pg2) o
1 .. .
Z (P2)mq™ = —[1 — (p2)so]. This is (5) in (6). (A2)
m>0 pz
qm" 1 1 C .
pz Z = — 1| . This is implicitly used in (6). (A.3)
= 02)mir 1=pz [(pa2)oo
Heine witht = ¢, a = 0, b = ¢, ¢ = pzq, and (A.2).
m _ m
Z pq = 1. Application of (A.3), (A.T). (A4)
m>1 m+1
1 1-— o0 .. .
Z (p2)m@*™ = 5 [1 — (p2)oo — bl + (p2) } . This is (6) in (6). (A.5)
= (p2) q q
pk 1 . .
Z—:—1+—.Hemewﬁht:p,a:O,b:q,c:q. (A.6)
=1 (@D (P)oo
tk o m)mg™
Z = (9) Z(p) (Hmg . Heine witha = 0, b = ¢, ¢ = pq.
= 0Dk (PDo(Weo 2= (Om
(A7)
1 _ =1 .
P)j-1 Z pa" @) = ¢~'. Application of (A1), (A3). (A.8)
Z P (0); =pY @) —p> 7 D),
0<j<J Jj>0 j=J
1 J 1 J
=r [1 - (p)oo} — g (p)JW {1 — (pq )oo]
=1— ()~ (p)s [1 - (pq")oo}
=1-(p)s. By AD). (A.9)
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-t 1 1
- !
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i1 >0 (p)ll (p)io—l(l 7pqi071) (pqlo)oo
11210
= Loz )
(P)iy L(PG")oo
1 1 }
= |— - ——|.By (@&J). (A.10)
|:(p)oo (p)io
B Identification of (9.1) and (3.6)
E(L)=p (1—¢)(i+1)
g (p)iJrl
i ¥
q i
=p (1-4q")
21
I Y -y
q h>0i>h (Pa)i q h>01i>h (Pa)s
_ B qh qz B B q2h Z q2z
q =5 Pa)n g (pa™h)i a5 (P g (pa™H1)i
Now use (A3):
q" _ 1 1
< (pd"Y)i " (pg"tY) pa"
We need also this (use(A.T)):
p (pqh-‘rl)i quh (pqh-i-l)oc quh pqh—l .
We now plug these two results in:
2h 21
P q q P q q
M e AP I D
+1 h+1
q = Pa)n 3 (pa" )i a5 ) =5 (pg" ™)
ey ]~ i [ s |
q = (pq)n L pg" (pg"+1) p"| ¢ = (pOn | pe*" (p¢" ) pg*h pghT?
h>0 h>0
1 1 1 1 1 h+1
- g (r@)n Lp(pg"*1) - p} - g (rq) [p(pq"’“) p qp * qzh}
h>0 hl h>0 h o0
1 r h+1
_Pr o ¢ + 4 _q2h:|
q h>0 pq)n
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p 1 q"
T g~ (pg) [qh_q%] > (rq)
h>0 h h>0 h
h 2h h
) DICANE ) PRl J
9= 0 a5 ) =g (Pa)n
B 1 qh P q2h
¢ = Pan a4 =5 (PDn
[ 1 1 1 1 1
Yzttt
q [ p(Pq) r] qlp(PQeo P
1
S
q1p(P@)oc P
1 1
= 42
(P9 P

Since

1 1

S - U
P(Pe)e P P PP
we established the formula (3.6)
q 1
E(I, =1+—(— +—)
=t T .

C Computation of lim,_; [(pq#i — Yo ]

To compute this limit, we use (A.7):

g [(pql)oo lit S (;;)J

k>0

i |t (@ (p)m(t)mqm}
=1L (Poo L=t (D)oo 2= (@)m

— lim L L (9) _ (9)oc (P)m(t)mg™

- L(P)oc 1 =1 (P)oc(t)oe  (P@)oo(t)oo mzzjl (@)m ]

i | (@)oo } (@ (P)m(@)m-1¢"
=1 (PQoc 1 =1 (P@)oc(1 = 8)(qt)oe ] (PDoo(Doe 5z (Dm

S T (9)oc ]_( Ly D@

T 00w 1 [Tt T D] T e &2 @
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_ 1l iy @ — (@ 1 P)m(Dm-1¢™
(P9 o (1=t)(gt)oo  (PQoo gl (@)m

_ b @@, (1) (D) (@)m-16"
T e T (1 H(ah <pq>oom221 (@

oD@ &l " G 2 (o)

7" (P)mq™
]; k mzﬂ 1— qm
1 D [1- (p)k]q’“'

- — gk
(D)oo 57 14
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We do two auxiliary calculation (with (A.3)):
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and with (AZT):
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q
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hriy.
0<i<I (pq )i
_Z h+1 Z h+1
= (pq = (pq
B 1 1 1 +1 qQI q2i
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Recalling the expressions for S; and S, that we just derived, we get
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