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A k-uniform hypergraph H = (V; E) is said to be self-complementary whenever it is isomorphic with its complement
H = (V;(})—E). Every permutation o of the set V" such that o'(e) is an edge of H if and only if e € E is called self-
complementing. 2-self-comlementary hypergraphs are exactly self complementary graphs introduced independently
by Ringel (1963) and Sachs (1962).

For any positive integer n we denote by A(n) the unique integer such that n = 22 ¢, where ¢ is odd.

In the paper we prove that a permutation o of [1,n] with orbits O1, ..., Oy, is a self-complementing permutation of
a k-uniform hypergraph of order n if and only if there is an integer [ > 0 such that k = a2' 4 s, a is 0dd, 0 < s < 2!
and the following two conditions hold:

@ n=02""+rre{0,...,2" =1+ s},and
() Xinqoin< 10 <7

For k = 2 this result is the very well known characterization of self-complementing permutation of graphs given by
Ringel and Sachs.
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1 Introduction

Let V be a set of n elements. The set of all k-subsets of V is denoted by (‘2)
A k-uniform  hypergraph H consists of a vertex-set V(H) and an edge-set

E(H) C (V(kH)). Two k-uniform hypergraphs G' and H are isomorphic, if there is a bijection o :
V(G) — V(H) such that e € E(G) if and only if {o(z)|z € e} € E(H). The complement of a k-
uniform hypergraph H is the hypergraph H such that V(H) = V(H) and the edge set of which consists
of all k-subsets of V (H) not in E(H) (in other words F(H) = (V(kH )) — E). A k-uniform hypergraph H
is called self-complementary (s-c for short) if it is isomorphic with its complement H. Isomorphism of a
k-uniform self-complementary hypergraph onto its complement is called self-complementing permutation
(or s-c permutation).
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The 2-uniform self-complementary hypergraphs are exactly self-complementary graphs. This class of
graphs has been independently discovered by Ringel and Sachs who proved the following.

Theorem 1 (Ringel (Rin63) and Sachs (Sac62)) Let n be a positive integer. A permutation o of [1,n] is
a self-complementing permutation of a self-complementary graph of order n if and only if all the orbits of
o have their cardinalities congruent to 0 (mod 4) except, possibly, one orbit of cardinality 1.

Observe that by Theorem [I] an s-c graph of order n exists if and only if n = 0 or n = 1 (mod 4)
or, equivalently, whenever (g) is even. In (SW)) we prove that a similar result is true for k-uniform
hypergraphs.

Theorem 2 ((SW)) Let k and n be positive integers, k < n. A k-uniform self-complementary hypergraph
of order n exists if and only if (Z) is even.

A simple criterion for evenness of (Z) has been given in (Gla99) (and then rediscovered in (KHRMSS).

Theorem 3 ((G1a99; KHRM58)) Let k and n be positive integers, k = 3 ;<5 ¢;2t and n = 315 d; 2",
where c;, d; € {0,1} for every i. (}}) is even if and only if there is io such that c;, = 1 and d;, = 0.

Theorem asserts that (Z) is even if and only if k£ has 1 in a certain binary place while n has 0 in the
corresponding binary place. For example, (75) is even since 13 = 1-2% +1-22 402! +1- 2% and
27=1-2241-2240-224+1-2"4+1-2%(so we have ¢y = 1 and dy = 0).

Except for Theorem [I] which is a characterization of the self-complementing permutations for graphs,
there are already two published results characterizing the permutations of k-uniform s-c hypergraphs for
k > 2. Namely, Kocay in (Koc92) (see also (Pal73)) and Szymanski in (Szy05) have characterized the
s-c permutations of s-c k-uniform hypergraphs for, respectively, & = 3 and £k = 4. This work is a
continuation of the work of (SW)) and (Woj06). We generalize all the results mentioned above by giving a
characterization of the s-c permutations of k-uniform hypergraphs for any integers k& and n.

2 Result

Any positive integer n may be writen in the form n = 2'c, where c is an odd integer. Moreover, [ and
¢ are uniquely determined. We write then A(n) = [. Note that in the binary expansion of n, A(n) is the
index of the first 1—bit. For any set A we shall write A(A) in place of A(|A]), for short.

In the proof of our main result we shall need the following lemma proved in (Woj06).

Lemma 1 Let k, m and n be positive integers, and let o : V' — V be a permutation of a set V, |V| =
n, with orbits O1,...,Op,. o is a self-complementing permutation of a self-complementary k-uniform
hypergraph, if and only if, for every p € {1, ..., k} and for every decomposition

kE=ki+...+k
of k (kj > 0for j =1,...,p), and for every subsequence of orbits
Oiyy---50;,
such that kj < |Oy,| for j = 1,...,p, there is a subscript jo € {1,...,p} such that

Akjo) < MOiy,)
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Given any integer [ > 0. If the binary expansion of k is 1—bit in position /, then k can be written in the
form k = a;2! + s;, where a; is odd and 0 < s; < 2.

Theorem 4 Let k and n be integers, k < n. A permutation o of [1,n] with orbits Ox, ..., Oy, is a self-
complementing permutation of a k-uniform hypergraph of order n if and only if there is a nonnegative
integer | such that k = a; 2 + s, where a; is odd and 0 < s; < 2L, and the following two conditions hold:

(i) n=0b2"% 41,1 €40,...,28 — 1+ 5}, and
(ii) Zi:)\(Oi)gl 10| < 7.

Proof:

Sufficiency. By contradiction. Let n, k,l, a;, b;, s; and r; be integers verifying the conditions of the
theorem, let o be a permutation of [1,n] with orbits Oy, ..., O,, verifying (ii), and let us suppose that
o is not a s-c permutation of any k-uniform s-c hypergraph of order n. Then, by Lemma I} there is a
decomposition of k = k; + - - - + k; and a subsequence of orbits O;, ..., O;, such that

0<k‘j < |Ozj| (D)

and
Akj) = AOy;) 2)
forj=1,...,t.
Since a; is odd, we have k = 2! + s; (mod 2!*1). By , 325 A(0s y>1 ki = 0 (mod 2'+1). Therefore
¥

¢
kzzkj: Z ki + Z k; Z k; (mod2'1)
=1

J: M(Oi;) > J: X003 )<l 4 M(Oi;) <
Hence, and by , and (i) we have Zj:,\(o- )<l k; < Z]v,\(ov )<l |0;,] < 2!+1 and therefore
'Lj = . ’LJ —

2 tsi= Y k< > [0l <m <2+
3t MOi )< 3t M0i )<

a contradiction.

Necessity. Let 1 < k < n and let o be a permutation of the set [1, n] with orbits O, ..., O,,. Let us
suppose that for every integer [ such that k = a;2" + s;, where a; is odd positive integer, 0 < s; < 2! and
n =521 41,0 <1 < 21 we have either

7‘16{2l+81,...,2l+1—1}

or
re{0,....,2' =145} and Z |0i| > 7
i AM(0;)<I
We shall prove that o is not a s-c permutation of any s-c k-uniform hypergraph of order n. For this purpose
we shall give two claims.
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Claim 1 For every nonnegative integer | such that k = a2 + s, where a; is odd and 0 < s; < 2!, we
have
> 10 =2 + s
it A(0;)<I
Proof of Claim Letus write 3,y 0,)<; [Oil and 3, y 5,y [O;| in their binary forms:

D10 = e
A (0;)<I =0

S0 = 1Y
A (0;)>1 j=0

where e;, f; € {0, 1} for every j. Observe that f; = 0 for j =0, ..., and therefore

l

> 62 =m 3)

=0
We shall consider two cases.
Case 1. 7 € {0,...,2' + 5y — 1} and 3, 0.y<; [Oil > 7.
We have n > 2!+ (otherwise 7 = n = 32,5 0,)<; |Oi])-
Since Z;’;O ;29 > ry, and by , we obtain Z?’;O e;20 > 241 > 2l 4 g
Case 2. 1 € {2! +s;,..., 27 — 1},
We have -, 5 0,)< 10i] = 3272 €2 > Z;:o ;2 =, > 2! + 5, and the claim is proved. O

Claim 2 Let a1,...,0q and A1, ..., Ag be integers such that 0 < a;, 0 < A\; < Aoy) and X\; <1 for
i=1,... ,qanafz:g:1 o > 2L Then there are 31, . . . , Bq such that for everyi =1,...,q
0<8i<a “4)
and
either B; = 0 or \(3;) > X\ 5)
and

> pi=2 ©6)

i=1

Proof of Claim@ The existence of 31, ..., 3, verifying (Eb— and > ! 3 < 2! is very easy. Indeed,
it is immediate that 3; = 2%, By = ... Bq = 0is a sequence with the desired properties.

So let us suppose that 31, ..., 3, is a sequence veritying - and >0 B; < 2! such that Y7, 3 is
maximal. If >°7 | 3, = 2! then the proof is complete. So let us suppose that > Bi < 2!, Then there
isig € {1,...,q} such that 3;, < a;,. Observe that 3;, + 2% < a;,. The sequence 31, ... , B, defined
by B, = Bi, + 2% and 3; = 3; for i # iy also verifies (El)— and Y_7_, 3, < 2!, which contradicts the
maximality of the sum 23:1 0;, and the claim is proved. O

We shall use our claims to construct a decomposition of k in the form k = k; + ... + k;,, such that
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(1) ki,...,k,, are nonnegative integers,
(2) k; < |O;|fori=1,...,m,and
(3) A(ki) > A(O;) whenever k; > 0

By Lemmal[T] this will imply that o is not a s-c permutation of any k-uniform s-c hypergraph.
Let us write k in its binary form:

k=2t 4201 4 42k 42
where lp < 1 < ... <l;.
By Claim , Zi:,\(oi)gzo |O;| > 2. Hence, and by Claim there are nonnegative integers k;%o), k;éo), ceey k;ﬁ,?
such that kEO = 0 for ¢ such that \(O;) > I and

k:go) <|0Oi|fori=1,...,m

/\(kgo)) > A(O;) whenever kgo) >0

and
m

kz@) — 9lo

Note that, for i = 1, ..., m, we have A\(|O;| — k:go)) > XO;).
Let us suppose that we have already constructed k:gj ), R k%), (3 < t), such that k:gj ) = 0 for ¢ such
that A(0;) > [; and
k:gj) <|O;|fori=1,...,m

AP > \(O;) whenever k) > 0
STk =2l ol 4 gl
i=0

and 4
A0 = k) = A(03)

If j = t, then we have already found a desired decomposition of k. If j < ¢, then, by Claim[I] we have
i<ty 1 (10i] = k) 2 2l

M|O;] — kl(])) > A\O;) forevery i € {1,...,m} such that |O;| — kgj) > 0. Hence, and by Claim there
are 01, ..., Bm such that 8; = 0 for ¢ such that A(O;) > [, and

0< B <0 =k fori=1,....m

AMO;) < A(B;) fori =1,...,m whenever 3; # 0

=1
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Thus we may define foreveryi =1,...,m
kl(jJrl) _ k’gj) + Bi

to obtain the sequence (kgjﬂ), cee k%+1))

verifying forevery i € {1,...,m}
k,EjH) =0 for 4 such that A(O;) > [ 41
K <ol

/\(k:Z(jH)) > A(O;) whenever kfjﬂ) >0

and
Zkz(jﬂ) —9lit1 4 oli ... 4 9l
i=1
Itis clear that k = > " | k:gt) and the proof of Theoremis complete. O

Theorem [ implies very easily the following theorem first proved by Kocay.

Corollary 1 (Kocay (Koc92)) o is a self-complementing permutation of a self-complementary 3-uniform
hypergraph if and only if either all the orbits of o have even cardinalities, or else, it has 1 or 2 fixed points
and the all remaining orbits of o have their cardinalities being multiples of 4.

For k = 2! Theoremmay be written as follows.

Corollary 2 Let | and n be nonnegative integers, 2 < n, and let 0 < r < 2"+ be such that n = r
(mod 2'+1). A permutation o of [1,n] with orbits Oy, ... Oy, is a self-complementing permutation of a
2L-uniform self-complementary hypergraph if and only if

(i) r€{0,...,2" — 1} and

(ii) > in0n< 10 <7

Theorem2for [ = 1 (i.e. for graphs) is exactly Theorem|[I} and for [ = 2 the following theorem proved
by Szymariski in (Szy05).

Corollary 3 A permutation o is self-complementing permutation of a 4-uniform hypergraph of order n if
and only if n = r(mod 8) withr = 0,1,2 or 3, and the sum of the cardinalities of orbits which are not
multiples of 8 is at most 3.
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