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Using existing classification results for the 7- and 8-cycles in the pancake graph, we determine the number of per-
mutations that require 4 pancake flips (prefix reversals) to be sorted. A similar characterization of the 8-cycles in the
burnt pancake graph, due to the authors, is used to derive a formula for the number of signed permutations requiring 4
(burnt) pancake flips to be sorted. We furthermore provide an analogous characterization of the 9-cycles in the burnt
pancake graph. Finally we present numerical evidence that polynomial formulas exist giving the number of signed
permutations that require £ flips to be sorted, with 5 < k < 9.
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1 Introduction

The idea of sorting permutations is a classical one in combinatorics and computer science. Of particular
interest is when the sorting is performed utilizing only prefix reversals (see, for example, [CFM ™09,
Cibl1, GP79]). Problems like the pancake problem that ask to determine the minimum number of prefix-
reversal flips that are needed to sort any permutation in .S,, are computationally hard to solve [BFR15]. In
this context a natural question arises: How many permutations in .S,, require k prefix-reversal flips to be
sorted? One of our main contributions is the answer to the case k = 4 (the cases k < 3 are trivial) for
both permutations and signed permutations. Our methods rely on an existing classification of the 6-,7-,
and 8-cycles in the pancake graph and a classification of the 8-cycles in the burnt pancake graph, which
is due to the authors [BBP19]. In particular, our main results are the following.

(I) We provide an explicit formula that gives the number of permutations in S,, that require exactly
four prefix reversal flips to be sorted. This formula is given by a simple integer-valued polynomial

1
5 (20" = 15n% +29n* + 6n — 34),

where n > 4. The details are given in Section 3.
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(II) We give an explicit formula for the number of signed permutations in B,, that require exactly four
prefix-reversal flips to be sorted. This formula is also given by a simple integer-valued polynomial,
namely,

1
in(n —1)%(2n — 3),
with n > 1. The details are given in Section 4.

(III) We also provide a classification of all the 9-cycles in the burnt pancake graph. Concretely, we
prove that all of these 9-cycles can be described by two canonical forms. The details are given in
Section 5.

We point out that the polynomial in (I) can also be derived from the algorithm described in [HV16],
where the authors utilize structural properties of certain permutations to obtain generating functions. Our
methods are entirely elementary and rely on the classification of cycles inside the pancake and burnt
pancake graph and on the principle of inclusion-exclusion. Presently, the algorithm in [HV16] cannot be
applied to signed permutations, and in particular, no other proof for our second main result (II) is known.

The reader is referred to Section 2 for the basic definitions and notation used throughout the paper. We
end the paper with conjectures for closed formulas giving the number of signed permutations requiring
exactly k prefix-reversal flips to be sorted with 5 < k& < 9, and other conjectures.

2 Preliminaries and notation

Throughout this note, n will denote a positive integer greater than 1, and for a positive integer k£ < n,
[k] will denote the set {1,2,...,k}. We will use S, to denote the set of permutations of the set [n].
Furthermore, if 2 < ¢ < n, we denote by r; the following permutation, written in one-line notation:

ri=i(i—1)---21(i+1) - n.

The elements of the set R := {r; }7_, are referred to as prefix reversals or pancake flips.

Similarly one can define prefix reversals on the group of signed permutations. A signed permuta-
tion is a permutation w of the set [+n| ;= {-n,—(n — 1),...,—2,-1,1,2,...n — 1,n} satisfying
w(—i) = —w(i) for all ¢ € [n]. For convenience, we will use 7 instead of —i. We will use win-
dow notation (see [BB05, Section 8.1]) to denote signed permutations. More specifically, we will use
[w(1)w(2) ... w(n)] to denote w. In Coxeter groups literature, the group of signed permutations is
denoted by B,, (see [BB03, Chapter 8]). In this context, if i € [n], a signed prefix reversal is given by

rB=lii—1---1(+1)(GE+2) - n].

We refer to the elements of the set RP := {rZ}7_| as signed prefix reversals or burnt pancake flips.
If clear from the context, we may drop the words “signed,” “burnt,” and the B superscript. It is worth
pointing out that for any i € [n], r; and T‘Z-B are both involutions (elements of order two) of S,, and B,,,
respectively. That is,

(r)>=12---(i—1)i(i+1)---n,and

(rB) =[12- (= 1)i(i+1)--n].
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The graph P, := (Sy, E,,) where
E, ={{m,mr;}:m€8,,2<i<n}
is called the pancake graph of order n. Similarly, the graph BP,, := (B,,, EP), where
Ej = {{m ]} :m € Boi € n]},

is called the burnt pancake graph.

Both P, and BP, are Cayley graphs of S,, and B,,, respectively, since the groups S,, and B,, are
generated by R and RP, respectively. Therefore, both P, and BP, are vertex transitive graphs; that
is, given any two vertices u, v in a vertex transitive graph, there exists a graph isomorphism f such that
v = f(u).

We will use P,,—1(q) (BP,—1(q), respectively) to denote the subgraph of P,, (BP,, respectively) in-
duced by the subset of S,, (B, respectively) of all permutations that end with ¢, with ¢ € [n] ([£n],
respectively) in one-line notation. Furthermore, for 1 < k < n, we use Py_1(p) (BPx—1(p), respec-
tively) to denote the subgraph of P,_;(n) (BP,_1(n), respectively) whose vertices are the set of all
m € S, with

m=mme - Tp—1p(k+1)(k+2) - n,

where p € [k] and ; € [k] \ {p} or, respectively, 7 € B,, with
m=[mmy - mpo1p(k+1)(E+2) - n],

where p € [+k] and 7; € [+k] \ {p}. The edges of Py (p) being {{m,7r;} : 7w € Pp(p),2 <i <k -1}
{{m,7r;} : @ € BPx(p),i € [k — 1]}, respectively). One readily notices that each Py (p) (BPx(p),
respectively) is isomorphic to Py_1 (BPj_1, respectively).

A key result that we will use is the following classification of the 6-, 7-, and 8-cycles in P,,,n > 4. We
will refer to each cycle C in P, (BP,, respectively) by listing the edges that form C' consecutively, and
we label each edge {m,7r;} ({m, 7rB}, respectively), with 7 € S,,,7; € R (with 7 € B,,,r? € RB,
respectively) by r; (rZ, respectively). Since there are multiple ways to refer to a cycle, we choose a
canonical form for every cycle. We say that a cycle C' is in canonical form if C' = r;, ---1;, (C =
rﬁ = ~7’£ , if in BP,)) and the sequence (i1, ...,%¢) is lexicographically maximal among all sequences
corresponding to indices of prefix reversals that would also traverse C. For example, r3rarsrorsrs is in

canonical form whereas rorsrarsrers is not since (232323) 1< (323232). We are now ready to spell out

the cycle classifications that are used in the proofs of our main results.

The following is an amalgam of results spanning three articles written by Konstantinova and Medvedev,
which classifying the canonical forms of small cycles (6-,7-,8-, and 9-cycles) in P,,. This single theorem is
actually a restatement of four separate results found in [KM10, Lemma 3], [KM10, Theorem 1], [KM 14,
Theorem 1.3], and [KM11, Theorem 4].

Theorem 2.1 Ifn > 3, then
there is only one canonical 6-cycle in P,,:

r3ror3rarara. (21)
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Furthermore, the 7-cycles in P,, have the following canonical forms:
TRTk—1TkTk—1Tk—2TkT2, 4<k<n. (2.2)

Moreover, the 8-cycles in P,, have the following canonical forms:

TETTiTj Tk ke i Ta Th—j+i 2<i<ji<k—-1,4<k<n, (2.3)
TRTk—1T2Tk—1TET27372, 4<k<n, 2.4)
TRTh—iTh—1TiTkTk—iTk—1T4, 2<i<k—-2,4<k<n, (2.5)
TRk i 1TRT TR h—iTh—1Ti—1, 3<i<k—-2,5<k<n, (2.6)
TETk—1Ti—1TkTk—i+1Tk—iTkTis 3<i<k—-25<k<n, 2.7
TRTE—1TkTk—iTh—i—1TETiTi+1, 2<i<k-3,5<k<mn, (2.8)
TRTh—j 1 TR Tk k—j+1Tk 4, 2<i<j<k—-14<k<n, and 2.9)
TAT3TATITAT3T4TS. (2.10)

Additionally, the 9-cycles in P,, have the following canonical forms:

TETh—1TiTh—1TkTiTi—1Ti+172, 3<i<k—-25<k<n, (2.11)
ToTk i1 2TkTi—2Ti—1TiTi—1TkTk—i+2, 4<i<k-1,5<k<n, (212
TRTk—iTh—1Tk—j4i—1Tk—jTETj—i+175T4, 2<i<j<k—-25<k<n, (2.13)
TETh—1TiTi—1Tk—1TkTiTi+172, 3<i<k—-25<k<n, (2.14)
TR h—1Tk—2Tk—1Tk—2TkT 3Tk k—2, 4<k<n, (215)
TETk—1Tk—2TiTkT2 kT Th—1, 2<i<k-3,5<k<n, (2.16)
TRTh—j i TR T3 TR ke i Th—i T —i 2<1<7j—-2,i4+2<j<k—-26<k<n, (217
TRV k=i Th— i TR 7Tk k=i Tj—i 2<i<7—-2i+2<73<k—-26<k<n, (2.18)
TR ki Th— 4 LTET 5 Tk i 1T — i 415 2<i<j<k—-1,4<k<n, (219
TETk—1TkTk—1TkTk—1Tk—3TkT3, 5<k<n. (220

In the same spirit as the classification of the cycles in P,, the authors proved the following theorem
classifying the 8-cycles in BP,, forn > 2.

Theorem 2.2 (Theorem 4.1 in [BBP19]) If n > 2 then each 8-cycle in BP,, has one of the following
canonical forms:

TRTGTiT Tk k—j4iTi Tk —j+i l<i<j<k-13<k<n, 2.21)
TETTRTiTET TR G, 2<i,j<k-2i+j<k4d4<k<n, (2.22)
T —— 29<i<k-1,3<k<n, and  (2.23)
TETITET1TET1TET] 2<k<n. (2.24)

Our question is a very natural one: How many pancake stacks require & flips to be sorted? Equivalently,
how many permutations in .S, require composition with k prefix reversals to be sorted? Naturally, we will
think of permutations instead of pancake stacks for convenience in notation. In this light, we define the
pancake distance between two permutations as follows.
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Definition 2.3 Given 71, m € Sy, we write d(m1,m2) = k if mo = w114, - - - 14, for some vy, ..., 1, €
R, and k is minimal. Namely, if 7o = 717, 7j, - - - 75, then k < k'. We call d(-,-), the pancake distance.

By the same token, if given 01,02 € By, such that o1 = oorBrB .. rB and ¢ is minimal, we say that

21" 19 ip
the burnt pancake distance between o and o is ¢ and write d® (01,02) =¢.

If £ > 1, we denote by R (n) the number of permutations in S,, that require & flips to be sorted, that
is, Ri(n) = |[{m € S, : d(e,m) = k}|. Similarly, we use R?(n) to denote the cardinality of the set
{m € B, : dB(e,7) = k}|

One easily sees that Ry(n) = 1 (corresponding to the identity permutation that is already sorted) and
that R (n) = n— 1, as the only stacks that can be sorted with one flip are the prefix-reversal permutations.
For k = 2, 3 the cycle structure of P,, allows us to conclude that

Ry(n) = (n —1)(n —2)and R3(n) = (n — 1)(n — 2)*> = 1ifn > 3.

Indeed, the smallest cycle in P, is a 6-cycle and there is only one such a cycle, namely, r3rarsrarsrs
(see [KM 14, Theorem 1.1-1.2]). Hence, since there are n — 1 prefix reversals, R2(n) = (n — 1)(n — 2)
and R3(n) = (n — 1)(n — 2)? — 1. The first non-trivial computation is Ry(n).

We have computed values of Ry (n) and RP(n) for several instances of n, k utilizing a system with
Dual Xeon CPUs and 256GB of RAM for the largest computations. We have summarized the values found
in Table 1 and Table 2 and remark that due to computing limitations, several entries are still unknown.
However, we were able to compute enough values to be able to offer some conjectures, which we present
in Section 6. We are happy to share our code upon request.

We are now ready to prove the first main result of this paper, an explicit description of R4(n).

3 Permutations requiring four flips to be sorted

The approach we use to obtain the number of pancake stacks that require four flips is the following: we will
use the principle of inclusion-exclusion (PIE) using a family of sets A; and we will use the classification
of 7- and 8-cycles in P,, when obtaining the cardinality of the intersections of said sets. More formally,
our aim is to obtain the cardinality of the set A* := {7 € S,, : d(e, 7) = 4}. We furthermore let A; C A*,
for 0 < i < 4, be the following sets.

1. f0<i<3,
Ai = {m=rjrj,risris € A* 1 jig1 = n, gk #nfork <i+1}.

2. Ifi =4,
A4 = {71' =TT i3T5, € A4 t Jk ;!é nforall k € [4]}

In other words, if one were to think of a path between e and m € A%in P,, A; would contain all the
paths that have ¢ + 1 vertices inside P,,_1(n). It follows that

U
i=0

We will utilize PIE to compute the cardinality of the union |J"_, A;.
In the proof of Theorem 3.3, we will need to determine substrings of larger strings. It will be more
clear in the exposition if we establish the following convention.

Ry(n) = |AY] = : 3.1)
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Fig. 1: Pancake graph P,. The different colors indicate the different pancake generators. The 12-cycle
TAT3TaTATIT3T4T3T2 4273 18 highlighted.

Definition 3.1 Let r;, 1y, - - - 13, represent a cycle in P, or BP,,. We say that a string s is a continuous
substring of 74, 74, - - - 14, if S or its reversal can be written in the form 7‘;17“;2 e r}l where ji11 = ji + 1
(mod m) for1 <k </{-—1.

For example, consider the cycle r4r3rar rorsrarsraryrars (highlighted in Figure 1.) Then roryrorsry
is a continuous substring as is ror3ryrs.

Our intention with this definition is to emphasize that if r;, r;, - - - r; , is acycle, then r;, and 7;; should
be considered consecutive edges.

Observation 3.2  (a) There are six continuous substrings of the form r,roryre in the only canonical
form for a 7-cycle containing vy, 7n7n—1TnTn—1"n—2"n72. These are indicated by an arrow on top
of the longer string (the directions indicate how to read the substring):

—_— —
TnTn—1TnTn—1Tn—-2TnT2, TnTn—1TnTn—1Tn—-2TnT2,
—

TnTn—-1TnTn—1Tn—-2TnT2, TnTnflTnTnflTn72Tnﬁ2;

ann—la nTn—1Tn—2"TnT2, and ﬁrn—lrnrn—li n—2TnT2.
We let (g denote the set of these continuous substrings. That is,

QO = {T'n'rn—l'rnrn—laann—lrn—2rn7
TnT2TnTn—1,TnTn—-1"TnT2,

T'nTn—2Tn—1Tn, 7"77,7”2777,7"77,72}-
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(b) There are six continuous substrings of the form r,r,rpre N TR p_1TpTn—1Tn—2"nT2, the only
canonical form for a 7-cycle containing r,,. These are indicated by an arrow on top of the longer
string (the directions indicate how to read the substring):

— o d —_—
TnTn—-1TnTn—-1Tn—-2"TnT2, TnTn—1"nTn—-1Tn—-2TnT2,
— —_— %
TnTn—-1TnTn—1Tn—-2TnT2, nTn—1TnTn—1Tn—-2TnT2,

annflrni n—1Tn—2TnT2, and annflrnrnflrnfﬁ nT2-

We let Q1 denote the set of these continuous substrings. That is,

Q1 :=A{rn1rnTn_1Tn—2,Tn_2rnrary,
r2TnTn—1Tn, Tn—1TnTn—1"n,

reTrnTn—2Tn—1, Tnflrn"’QTn}-

(c) There are two continuous substrings of the form rorprnTe With @ £ 1IN 7Ty _1TnTr—1Tn—2TnT2.
These are shown by an arrow over the top of the canonical form of the 7-cycles (the directions
indicate how to read the substring): T,mTn—1"nTn—1Tn—2TnT2 ANd T Vp_ 1T Tn—1Tn—2Tnr2. We let
Q2 denote the set of these continuous substrings. That is,

Q2 = {rn_1rn—2rnre, rpn—2Tn_1Tnrn_1}.

(d) Since there is only once 6-cycle, ror3rorsrars, then rorsrar, = r3rorsry,. We define
Q3 := {rorsrar, }.

The sets Qo, Q1,Q2, and @3 are important to identify since they are those length 4 paths in P, for
which there is a “short cut,” of length 3, in Qg, @1, and Q2. While Q3 represents a length 4 path that
potentially may be double counted since it has another representation. Thus these paths will need to be
accounted for in the cardinalities of the sets A;.

Theorem 3.3 Ifn > 4, then

1
Ry(n) = 5(2n4 — 151 4 29n% 4 6n — 34).

Proof: We will use PIE with the sets A;, for 0 < i < 4 and (3.1). We verify each of the cardinalities, one
by one. To obtain the relevant cardinality of intersections of the sets, we will use Theorem 2.1 since some
permutations that can be sorted in four flips can also be sorted in three, and even if said permutations
require four flips to be sorted, there might be more than one way of doing so. We explain each of the cases
in detail in the proof. To obtain a recurrence for Ry (n), we will assume that n > 4.

|A4|. Due to the recursive structure of P,, it follows that |A4| = R4(n — 1).
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Any permutation in A3 will be of the form r,ryr.r, where 2 < a,b,c <n —1,a # b, and b # c.
We can choose a in n — 2 ways and b, ¢ in n — 3 ways. By Observation 3.2(d), rer3rar, = r3rarsry,
so to avoid double counting we remove the string in (03 from the set of strings of the form r,ryr.r),
to get A3. Hence, |A3] = (n — 2)(n — 3)? — 1.

Any permutation in As will be of the form 7,77, 7. where 2 < a,b,¢c < n — 1 and a # b. We can
choose a,c in n — 2 ways each and b in n — 3 ways, so there are (n — 2)2(n — 3) strings of this
form. All of these strings represent permutations that can be sorted in four flips, but some of these
can be also be sorted in three flips. So we need to exclude those permutations that can be sorted in
three flips to get A,. Notice that any permutation that can be sorted in four flips and also in three
flips will be part of a 7-cycle in P,,. By Observation 3.2(c), there are two strings of this form, those
in @2, that lead to the same permutation. Therefore, |As| = (n — 2)%(n — 3) — 2.

Any permutation in A; will be of the form r,r,ryr. where 2 < a,b < n—1,2 < ¢ < n, and
b # c. We can choose a, b, c in n — 2 ways each, and so there are (n — 2)3 strings of this form.
All of these strings represent permutations that can be sorted in four flips but some of these can
be also be sorted in three flips. Notice that any permutation that can be sorted in four flips and
also in three flips will be part of a 7-cycle in P,,. So if we can find r,7,7p7. as a continuous
substring of 7,7, 17 "n—1Tn—27n T2 (the only canonical form for a 7-cycle containing 7,,), then
the permutation obtained from 7,7, 7,7, can be sorted in three flips, and should not be counted in
Aj. By Observation 3.2(b), there are six strings that should not be counted in A, those in Q.
Furthermore, unlike in the previous case, there are some 8-cycles to consider: The two strings of
the form rqr, 7 and r 7,7y, (With 2 < 2 < n,2 < y,2z < n — 1) would represent the same
permutation, if they are part of an 8-cycle of the form rqr,ryrcryryr,r,. Comparing with the
canonical forms of the 8-cycles in Theorem 2.1. First, there are 2(n — 4) cycles of the form (2.7),

Ti—1TnTn—i+1Tn—i "TnTiTnTn—1, for 3 <i<n-— 27 and

Tn—iTnTiTn Tn—1Ti—1TnTn—it+1, for3d3 <t <n—2.

Second, there are n—4 cycles of the form (2.8): 7, ;17,7741 T n—1TnTn—; With2 <1 <n—3.
For a total of 3(n — 4) such strings that are double counted of the form r,r,rp7.. Therefore,
|A1| = (n—2)% —3(n —4) — 6.

Any permutation in Ay will be of the form 7, r,ryr. where 2 < a < n—1,2 < b,¢c < n and
b # c. We can choose a, b, ¢ in n — 2 ways each, so there are (n — 2)? strings that follow this form.
The two strings 7, 721372 and r, 737273 lead to the same permutation because of the only 6-cycle
r3ror3rer3Ty in Py (S0 137913 = rorsre) so we will exclude the string 7, 797372 to avoid double
counting. As before, we need to account for strings that yield permutations that are part of 7-cycles,
since these can be sorted in three flips. Let 7 = r, 7,77 denote a permutation that can be sorted
in three flips, then 7 must form part of a 7-cycle. By Observation 3.2(a), there are six strings, those
in QQp, that should not be counted as part of Ay. In this case, no 8-cycle leads to double counting as
if there exists 7, 7,7yr, with2 < o <n —1and 2 < y,z < n with r,reryre = ryr7y72, then
TnTaTyTcT2TyTz Ty Must be an 8-cycle, which is not possible by observing the canonical forms for
8-cycles in P, given in Theorem 2.1. Therefore, | Ag| = (n —2)3 — 7.
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Ao N Al If m € Ag N Ay, then there must be an 8-cycle of the form 7,7, 7y, Torprcry With 2 <
a,b,z <n,2<cz,y<n-1y# 2 a# 2 a#0b, and c # b where ryr,ryr. ¢ Q1 and
TnTeToTa & Qo. Since in this cycle the two r, s are separated by one reversal, no such 8-cycles exist
of the form (2.3), (2.4), nor (2.5).

By comparing with (2.6), we see that the form

Tn—i+1TnTiTk Th—iTn—1Ti—1Tn,

with 3 <4 < n — 2, contributes n — 4 to | Ag N A4].
By comparing with (2.7) we see that the forms

TirnTn—1Ti—1 " n—it1Tn—iTn, ford <i<n—2 and
TiTaTn—iTn—it1 TnTi—1Tn—1Tn, ford3 <i¢<mn—2,

contribute 2(n — 4) to |Ag N Ay].
By comparing with (2.8) we see that the form

Tn—1TnTn—iTn—i—1 TnTiTi4+1Tn,

with 2 <4 < n — 3, contributes n — 4 to | Ag N A4].
By comparing with (2.9) we get that the following cycles

Tn—54+1TnTiTn "'n—j4+1Tn"iTn,

with 2 < i < j < n — 1, contribute £(n — 2)(n — 3) to [Ag N A;|. However, when i = 2 and
7 = 3 the cycle is ry,_orproryrp_orpraTy. SO rp_orpraly, = TpTolyTyp_2, but the left-hand-
side string is in ()1 and the right-hand-side string is in Q)g. Thus this cycle should be excluded,
since both strings actually represent the same permutation 7, _17,7r,—1. Therefore, |[Ag N A1] =
in—2)(n—3)+4(n—4)—1=1(n®>+3n—28).

Ao N Al If m € Ag N Ay, then there must be an 8-cycle of the form r,ryr,r.rerprery with 2 <
a,bx <n,2<cy,z<n-1z#y z#a a#b andb # c where rpryr,r, ¢ Q2 and
raTelTe & Qo. Since in this cycle a pair of r,s are separated by two reversals, no such cycle of
the form (2.3), (2.4), (2.5), (2.6), nor (2.9) exists.

Upon comparison with (2.7) we see that the forms

Tn—1Ti—1TnTn—i+1 Tn—iTnTiTn, ford <i<n—2,

Trn—it1Tn—iTnTi TnTn-1Ti—1Tn, for3 <i<mn—2
Tn—iTn—i+1TnTi—1 Tn—1TnTiTn, for3 <i<mn—2 and
Ti1Tn—1TnTi TnTn—iTn—it17n, ford3 <i<mn—2

contribute 4(n — 4) to |Ag N As|.
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Furthermore, upon comparing with (2.8), we see that

Tn—iTn—i—1TnTi Ti41TnTn—1Tn, for2 <i<n —3, and
TiTit1TnTn—1 TnTn—iTn—i—1Tn, for2<i<n—3,
contribute 2(n — 4) to |Ag N As|.
Hence |Ag N As| = 6(n — 4).

|Ao N As|. If 7 € Ag N As, then there must be an 8-cycle of the form r,ryr,r,rerprery with 2 <

a,c,x,y,2<n—1,2<b<mn,x#y y#za#b andb # c where ryryr,r, ¢ Q1 and
TnTcToTa & Qo. Since in this cycle a pair of r,,s are separated by three reversals, no such cycle of
the form (2.7), (2.8), nor (2.9) exists.

Let us compare with form (2.3), we see that the form
TiTiTiTn Tn—j+iTiTn—j4+iTn,

with 2 < i < j < n — 1, contributes 3 (n — 2)(n — 3) to |4y N As].

When we compare with form (2.4), rarsrar, r,—17, 77y actually does not contribute to | Ag N As|
since ror3ror, € Qg.

We now compare with (2.5),
Tn—iTn—1Ti{TnTn—iTn—17iTn,

with 2 < ¢ < n — 2. Each value of i gives a valid cycle (neither of the paths are in Q¢ nor @3).

We now compare with (2.6),
Tn—iTn—1Ti—1Tn n—i+1TnTiTn, ford <i<mn —2.

This form contributes n — 4 to |Ag N As].
Hence, ) )
|Ap N As| = 5(n—2)(n—3)+(n—4)+(n—3)= §(n2—n—8).

|Ap N Ay|. If a permutation m € Ag N Ay, then there must be an 8-cycle of the form 7, ry7y 774747,

where 2 < w,x,y,z < n —1and r,r.rpre ¢ Qo. No such 8-cycle exist since there are no cycles
with four reversals between a pair of r,, in Theorem 2.1. So |4y N A4| = 0.

|A1 N As|. If a permutation 7 € A; N As, then there must be an 8-cycle of the form 7,7y r, .76 e

with2 <a <n,2<becuz,yz<n—1x#vy, z#a,and a # b where rryr,r, ¢ Q2 and
TenTora ¢ Q1. Since in this cycle a pair of r,, are separated by three reversals, no such cycle of
the form (2.7), (2.8), nor (2.9) exists.

From form (2.3), we get: 7,77, 7n—jqi TiTn—j+iTn7; With2 <4 < j < n — 1. Each value of 7 and

j give a valid cycle (the paths are not in Q)1 or ()2) except wheni =n — 2 and 7 = n — 1. Hence
the contribution of (2.3) is 2(n — 2)(n — 3) — 1.



Stacks requiring four flips to be sorted 11

From form (2.4), we get: ror,_1rprersroryrn—1 and r3ror,rp_1727,—17,r2. Thus this form
contributes 2 to |A; N As|.

From form (2.5), we get: 7, —17i"nTn—i Tn—17iTnTn—; With 2 < ¢ < n — 2. Each value of 7 except
for i = n — 2 gives a valid cycle (the paths are not in ()1 or (J2). Thus this form contributes n — 4
to |A1 N A2|

From form (2.6) we get: 7, 17— 17nTn—it1 T™nTiTnTn—i With 3 < 7 < n — 2. If we replace 7 — 1
with ¢ in this form, we obtain the cycles whose first four reversals are the same as those obtained
from the form (2.5) in the previous paragraph. So the permutations that were contributed from form
(2.6) were already considered and would be double counted. Thus this particular form contributes
nothing to |A; N As|.

Therefore, |[A; N Az| = 2(n—2)(n —3) + (n— 4) + 1 = 1(n® — 3n).

Other intersections of two sets. All other intersections A1 NAs3, AyNAy, AsNA3, AsNAy, and AsNAy
are empty. Otherwise, there would be an 8-cycle that could not be matched to any of the canonical
forms of Theorem 2.1. Specifically, it can seen that the number of reversals between any two 7,
would be greater than or equal to four, which does not occur in any of the 8-cycles in Theorem 2.1.

|Ao N Ay N As|. If a permutation belongs to these three sets, 7 € Ag N A1 N As, then it must be that
the permutation can be written in the forms m = 7, 7,7y 7y, T = rcryTy7rq and T = 57,1, 7, With
2<b,c,x,y,w,z<n—1and 2 < a,u,v < nand none in Qq, Q1, or Q2. Thus, P,, must contain
8-cycles of the following forms:

Ty Tl 2Ta b n e, (3.2)
Ty Tl 2 TuTyTw Ty, OF (3.3)
TelnTalsTul o w n - (3.4)

Notice that if there are cycles of the form (3.2) and of the form (3.3), there will be cycles that can
be written in the form (3.4) as well. Once again we will use the classification of the 8-cycles given
in Theorem 2.1 to see if there are cycles that can be written in the form (3.2), that would share the
first four reversals from (3.3) at the same time.

Comparing (2.3) with (3.2) we obtain the cycles of the form
Tl T n—jti TiTn—j4+iTnTj, (3.5)
with 2 <17 < 7 < n — 1. With the substitutions of n — 1 for j and ¢ — 1 for 7, these cycles become
Ti—1Tn—1TnTi Ti—1TiTnTn—1,
with 3 <7 < n — 1. Notice when comparing with the form (2.7),
T 1Tn—1TnTiTnTn—iTn—i+1Tn,

with 2 < ¢ < n — 3 the first four reversals match. So each value of ¢ in the overlap of indices,
3 <1 < n — 2, corresponds to a permutation in this intersection and contributes a total of n — 4 to
Ao N A1 N Asl.
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Now substituting 7 + 1 for j in (3.5), we obtain the following form

TiTi41TnTn—1TiTn—1TnTi+1,
which matches (2.8)
TiTi+1TnTn—-1"n"Tn—iTn—i—1"n,
in the first four reversals, with 2 < 7 < n — 3. So each value 7 in the above form contributes a
permutation to the intersection for a total of n — 4 to |Ag N A; N As|. No other canonical 8-cycles

would have the first four reversals from the form (3.2), and so the total contribution to |AgNA; N As|
starting from (2.3) is 2(n — 4).

Moreover, comparing (2.4) with (3.2), we do not find any additional cycles that are also of the form
(3.3).

Furthermore, comparing (2.5) with (3.2), we find the form
Tn—1TiTnTn—i Tn—1TiTnTn—i, (36)
with 2 <7 < n — 2. By substituting ¢ — 1 for 7 in (3.6), we obtain

Tn—1Ti—1TnTn—i4+1 "Th—1Ti—1TnTn—i+1,

with 3 < ¢ < n — 1. The first four reversals of which match with form (2.7)
Tn—1Ti—1T"nTn—i+1 Tn—iTnTiTn,

with 3 <4 < n — 2. So each value of ¢ in the overlap of these intervals, 3 < ¢ < n — 2, contribute
a permutation to this intersection for a total of n — 4 added to |Ag N A1 N Az|. No other matches
with form (2.5) are obtained, and thus the contribution to |Ag N A1 N Ag| from (2.5) is n — 4.

Finally, we compare (2.6) with (3.2) and obtain the form
Tn—1Ti—1"nTn—i+1 ™nTiTnTn—q, (3.7)

with 3 < ¢ < n — 2. If we compare form (3.7) with any of the other canonical forms of 8-cycles
in P, we would find a match with form (2.5) after substituting ¢ — 1 for ¢ in (3.7). However, these
cycles have already been counted.

This completes the count of permutations found in AgN AN Az, and thus |AgNA1NAs| = 3(n—4).

An exhaustive argument gives that any other intersections of three of the sets Ay, .. ., A4 will be empty,
since no cycle matching three forms at the same time exists. Therefore if n > 4,
4

U

=0
= > (=D 4

5C{0,1,2,3,4},5#0 i€S

| Aol + [A1] + | Aa| + |As| + [Aa] — [Ag N Ar| — |Ag N Ag| — |Ag N As| — | A1 N Ay
+]Ap N A N Ayl

Ry(n)

1
= Ry(n—1)+ 5(8113 — 57n% + 111n — 40).
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n k 0 1 2 3 4 5 6 7 8 9 10 11
1 1 0 0 0 0 0 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0 0 0 0 0
3 1 2 2 1 0 0 0 0 0 0 0 0
4 1 3 6 11 3 0 0 0 0 0 0 0
5 1 4 12 35 48 20 0 0 0 0 0 0
6 1 5 20 79 199 281 133 2 0 0 0 0
7 1 6 30 149 543 1357 1903 1016 35 0 0 0
8 1 7 42 251 1191 4281 10561 15011 8520 455 0 0
9 1 8 56 391 2278 10666 38015 93585 132697 79379 5804 0
10 1 9 72 575 3963 22825 106461 377863 919365 1309756 814678 73232
11 1 10 90 809 6429 43891 252737 1174766 4126515 9981073 14250471 9123648
12 1 11 110 1099 9883 77937 533397 3064788 14141929 49337252 118420043 169332213
13 1 12 132 1451 14556 130096 1030505 7046318 40309555 184992275 639783475 1525125357
14 1 13 156 1871 20703 206681 1858149 14721545 100464346 572626637
15 1 14 182 2365 28603 315305 3169675 28528986 226016576
16 1 15 210 2939 38559 465001 5165641 52027677 468966948
17 1 16 240 3599 50898 666342 8102491 90238067 911274131
18 1 17 272 4351 65971 931561 12301949 150044655 1677036683
19 1 18 306 5201 84153 1274671 18161133 240665410 2947991637
20 1 19 342 6155 105843 1711585 26163389 374193014 4982872347
21 1 20 380 7219 131464 2260236 36889845 566212968 8141208511

Tab. 1: Numbers of the form Ry (n) for several values of n and k. In particular, notice that if n > 4,
Ry(n) = 1(2n* — 1503 4 29n? 4 6n — 34). The empty entries are unknown to us.

Using the initial condition R4(4) = 3 (see Table 1) and solving the recurrence, it follows that if n > 4,
1
Ry(n) = 5(2n4 — 151 4 29n% 4 6n — 34),

as desired. O

4 Signed permutations requiring four flips to be sorted

We write RP (n) to denote the number of sign permutations that require k burnt pancake flips to be sorted.
Since the smallest cycle that can be found in B P, has length 8 (See [Com11]), it follows that if n > 1,
RE(n) =n,RE(n) =n(n—1),and R¥(n) = n(n — 1)2.

So the first non-trivial case is the computation of RP(n). We will follow the same method used in
Section 3: We will define certain sets whose union will the set of all signed permutations requiring four
flips to sort. The cardinality of this union will then equal the number of burnt pancake stacks that require
four flips to be sorted. The computation of the cardinality of the union of the sets that we will define is
carried out utilizing the principle of inclusion-exclusion. We will use the classification of canonical forms
of the 8-cycles, due to the authors [BBP19], from Theorem 2.2.

Our aim is to obtain the cardinality of the set BA* := {7 € B,, : d®(e, ) = 4}. We furthermore let
BA; C BA*, 0 < i < 4, be the following sets.

1. If0<4 <3,

BA; :={r = r.ﬁr.ﬁrﬁrﬁ € BA*: jii1 =n,jx Anfork <i+1}.
2. Ifi =4,

BAy = {r = rﬁrﬁrﬁrﬁ € BA* . j #nforall k € [4]}.
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In other words, if one were to think of a path between the identity and 7 € BA*in BP,, BA; would
contain all the paths that have ¢ + 1 vertices inside BP,,_(n). It follows that

U

=0

RB(n) = |BAY| = . .1

Just like in the previous section, we will use PIE to compute the cardinality of the union U?:o BA;.
In the proof of the main theorem of this section, the following two results will be used.

Lemma 4.1 (Lemma 4.5 in [BBP19]) If 71,7y € V(BP,_1(p)), for any p € [£n], with dB (w1, 1) <

2, then wlrf and 7721"5 must belong to distinct copies of BP,,_1 in BP,.

Moreover, the following corollary also follows.

Corollary 4.2 Let C be an 8-cycle in BP,, withn > 2. If C has vertices in exactly two copies BP,,_1 (i)
and BP,,_1(j) with i, j € [£n), then C has four vertices in BP,,_1(i) and four vertices in BP,,_1(j).

Proof: By Lemma 4.1, if the endpoints in the BPj;_1(p) copy (say 71 and 75) are at a distance of at most
two, then 77 and a7y, will belong to distinct copies of BPj_;. Hence an 8-cycle cannot occur in such
a way that it has six vertices in one copy of BF,,_; and two in the other, or with five vertices in one copy
and two in the other. Therefore an 8-cycle with vertices in exactly two copies of BP,,_; can only have
four vertices in each of the copies. O

We now state and prove the main theorem of this section, that is, an explicit formula for R¥ (n).

Theorem 4.3 Ifn > 1, then
1
RB(n) = 5n(n —1)%(2n — 3).

Proof: We will use PIE with the sets BA;, 0 < i < 4, and (4.1), and the canonical forms for the 8-cycles
from Theorem 2.2. We analyze each of the cardinalities individually. To derive a recurrence for RZ (n),
we will first assume that n > 3.

| BA4|. Due to the recursive structure of BP,, it follows that |[BA4| = R4(n — 1).

|BA3|. Any permutation in BA3z will be of the form rZrBrBrDB where 1 < a,b,c <n —1, a # b, and
b # c¢. We can choose a in n — 1 ways and b, ¢ in n — 2 ways each. Since there are no 6-, nor 7-

cycles in B P, each choice of a, b, c will give a different signed permutation that requires four flips

to be sorted. Indeed, if there were two strings r7r2r7rF and rrfyZ 2] corresponding to the

same permutation, 7’5” rf 7’}3 rBrByB would be a 6-cycle in BP,, and these do not exist. Therefore,

BAg| = (n—1)(n—2)2%

n

|BAs|. Any permutation in BAs will be of the form rfrfrfrf where 1 < a,b,c < n—1,a # b.
All of these signed permutations require four flips to be sorted, as there are no 6-, nor 7-cycles.
Furthermore, if two strings of this form produced the same signed permutation, then there would

be an 8-cycle of the form rFrPrJrZrDrlrPr, which cannot be placed in any of the canonical

n-y

forms given in Theorem 2.2. Therefore, | BAs| = (n — 1)%(n — 2).
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|BA;|. Any permutation in BA; will be of the form rZrZrPrZ where 1 < a,b <n—1,1<c¢ <n,
and b # c. We can choose a,b,c in n — 1. The same arguments presented in the previous cases
yield that each of these strings give a different signed permutation, and so |BA;| = (n — 1)3.

|BAo|. Any permutation in BAg will be of the form rZrZrBrZ where 1 <a <n—1,1 < b,c <n,

and b # c. Since there are no 6-, nor 7- cycles, each of these strings will lead to a different signed
permutation, and so | BAg| = (n — 1)3.

|BAog N BA:|. If 7 € BAg N BAy, then there must be an 8-cycle of the form rFrZrfrBrBrlrBe5
where 1 < a,z,y <n—-1,1<bcy,z<mn,a#bb+#c andy # z. Weﬁndcontr1but10nsto
this form from the canonical forms (2.22), (2.23), and (2.24) only. For form (2.22), we obtain the

following cycles
B, B.B. B B B B B
TRl T T T3 ThTi s “4.2)

with2 < 14,5 <n — 2,7+ j < n. Considering the possible values of 7, j can take in (4.2), we get
1(n —3)(n — 2) 8-cycles.

Similarly, comparing with (2.23) we get 2(n — 2) 8-cycles arising from all possible values of i in
the forms below.

B.B,B,B B B BB
Tl Tt Tyt Thr,with2 <i<mn-—1, and
rBrBrBrBypBrBrBLB githo <i<n—1.

Furthermore, by comparing with (2.24) we get only one 8-cycle: rZrBrByrByrByByByB pytting

the pieces together, we have

|BAg N BA;| = (n—2)( —3)4+2(n—2)+1.

|BAo N BA,|. If m € BAg N BA,, then there must be an 8-cycle of the form rZrZrrBrBrBrlrE 1t
such a cycle existed, it would have five vertices in one copy of B P, _;, which contradicts Corol-

lary 4.2. Hence, |[BAg N BAs| = 0.

BAgN BA3|. If 1 € BAg N BAj, then there must be an 8-cycle of the form rZ2rByByrByByByrBy,
| y b

n'z'y

where 1 < a,c,z,y,2<n—1,1<b<n,a#bb#c x+#y,andy # z. The only canonical
form that can match this is (2.21), obtaining

B, B
r —j+iTi Tn—j+i> (4.3)

with 1 < < j <n — 1. There are 1(n — 1)(n — 2) possible values for 4, j in (4.3), and so
|[BAg N BA3| = (n —1)(n—2).

|BAg N BA4|. Essentially the same argument as the case BAg N BAs gives that |[BAg N BA4| = 0.
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|BAy N BA,|. If 7 € BA; N BAj, then there must be an 8-cycle of the form rJrFrlrBrBrlrlrD
where 1 < a,b,z,y,2<n—-1,1<c<mn,a#zb#c c# z and x # y. The only canonical

form from Theorem 2.2 that matches this form is (2.21), we get
rffjﬂr rB o P 4.4

with 1 <17 < 7 < n — 1. Considering all possible values for 7, j in (4.4), we have

|BA, A BAs| = %(n —D(n—2).

Other intersections All other intersections BA; N BA3, BAy N BAy, BA; N BA3, BA; N BA,, and
BA3;NBA, are empty. By the same token, all the intersections of three distinct sets from { BA; }}_
are empty as well. Indeed, if one of these intersections were not empty, then there would be an 8-
cycle that could not be matched to any of the canonical forms of Theorem 2.2.

Now, using PIE, if n > 3 it follows that

4
U BA,
=0

- Y coreea

5C{0,1,2,3,4},5#0 ies
|BAO| + |BA1| + |BA2| + |BA3| + |BA4| — |BAO n BA1| — |BAO n BA3|
—|BA; N BAs|

R{ (n)

1
=RE(n—-1)+ 5(8713 — 33n% 4 45n — 20).

After solving the recurrence relation, using the initial condition RF (3) = 18 (see Table 2), we obtain that
forn > 3,
1
RB(n) = §n(n —1)2(2n — 3).
Upon further inspection, it turns out that the if we plug in n = 1,2 into n(n — 1)*(2n — 3) we obtain
0, 1 respectively. Since these are indeed the true values of RZ(1) and R¥(2), we have that for n > 1,

RP(n) = in(n —1)%(2n — 3). This completes the proof of the theorem. O

5 Classification of the 9-cycles in the Burnt Pancake Graph

In this section, we present classification of any 9-cycle in BP,,, with n > 2. This presentation is in the
same spirit as [BBP19, KM10, KM11, KM14, KM16] where similar forms for 6-,7-,8- and 9-cycles in
the pancake graphs P,, and 8-cycles in the burnt pancake graph B P, are given. We start the description
of 9-cycles in BP,,, with n > 2, by giving some preliminary definitions, notation, and lemmas.

In classifying the 9-cycles we will look at decomposing the window notation of the a signed permutation
o € B, into substrings, 0 = [XY Z]. A convenient notation that will be employed is for a signed reversal
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n k 0 1 2 3 4 5 6 7 8 9 10 11
1 1 1 0 0 0 0 0 0 0 0 0 0
2 1 2 2 2 1 0 0 0 0 0 0 0
3 1 3 6 12 18 6 2 0 0 0 0 0
4 1 4 12 36 90 124 96 18 3 0 0 0
5 1 5 20 80 280 680 1214 1127 389 40 4 0
6 1 6 30 150 675 2340 6604 12795 15519 6957 959 43
7 1 7 42 252 1386 6230 24024 71568 159326 222995 136301 21951
8 1 8 56 392 2548 14056 68656 276136 901970 2195663 3531887 2743477
9 1 9 72 576 4320 28224 166740 843822 3636954 12675375 33773653 60758618
10 1 10 90 810 6885 51960 359928 2193534 11738418 53257425 198586153
11 1 11 110 1100 10450 89430 710358 5060220 32328648 180577749
12 1 12 132 1452 15246 145860 1306448 10645866 79016157
13 1 13 156 1872 21528 227656 2269410 20812077 175905015
14 1 14 182 2366 29575 342524 3760484 38319281 363216425
15 1 15 210 2940 39690 499590 5988892 67117596
16 1 16 240 3600 52200 709520 9220512 112694400
17 1 17 272 4352 67456 984640 13787272 182483644
18 1 18 306 5202 85833 1339056 20097264 286341948
19 1 19 342 6156 107730 1788774 28645578
20 1 20 380 7220 133570 2351820 40025856
21 1 21 420 8400 163800 3048360 54942566
22 1 22 462 9702 198891 3900820 74223996
23 1 23 506 11132 239338 4934006 98835968
24 1 24 552 12696 285660 6175224 129896272
25 1 25 600 14400 338400 7654400 168689820

Tab. 2: Numbers of the form Rf (n) for several values of n and k. In particular, notice that if n > 1, then

RP(n) = in(n —1)?(2n — 3). The empty entries are unknown to us.

of a substring, that is if X = [z xo --- x;_1 x4, then X = [z; x;_1 -+ x2 x1]. As is customary,
for a graph G we shall use V(G) for its set of vertices and F(G) for its set of edges. In this section, we
generally follow the convention of using names of signed permutations based on the last character, e.g.,
m € V(BP,-1(p)), m € V(BP,_1(p)), p € V(BP.-1(q)), etc.

In addition to Lemma 4.1, a few other lemmas from [BBP19] will be necessary in the classification of
all the 9-cycles in BP,,, with n > 3. We recall that B P is itself an 8-cycle [Com11, Theorem 10], so if

a 9-cycle exists in BFP,,, thenn > 3.
Lemma 5.1 (Lemma 4.2 in [BBP19]) If 7 € V(BP,_1(p)) and mrZ € V(BP,_1(q)), then |p| # |q|.

Moreover, the following lemma is also used.

Lemma 5.2 (Lemma 4.3 in [BBP19]) Let w,7 € B,, have the same first element q € [£n] in window
notation. Then d(m,T) = 3 ifand only if T = wrfr?rf, 1<i<j<nwherenw =[ABC], T =[ABC],
|Al =j —14, |B| =14 and |C| > 0.

We are now ready to state and prove the main result of this section, the classification of all the 9-cycles
in BP,, withn > 3.

Theorem 5.3 Ifn > 3, then the canonical forms of 9-cycles in BP,, are as follows:
A L S A 1<i,j<k-2, i+j<k-1, 3<k<mn; (5.1
TETEFijTETkaiT-BTETkajTE o 1<i,j7<k—-2, i+j<k-1, 3<k<n. (52

Proof: As mentioned before, BP;, has a recursive structure and we can find 2k copies of BP;_; em-
bedded into BP, with 3 < k < n. Recall that we use BP,_1(z), with x € [£k], to denote the
subgraph isomorphic to BPy_; induced by looking at the vertices of BP) that end with the string
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P1
P2

BP,_1(q)| p3
P4

Fig. 2: A 9-cycle incident on two copies of BPj;,_; would need to be a (5+4) cycle.

z(k+1)(k+2) --- n. We will make use of this recursive structure to classify all 9-cycles in BP,,_1(n),
which is the copy including the identity, by considering the vertices of the 9-cycles in different copies of

BP,_

1 embedded in B Py. Due to the vertex transitive nature of BP,, if there is a cycle C' in BP,, there

would be a cycle with the same labels as C' that includes the identity, and therefore it is enough to consider
the cycles that contain the identity.

Since each vertex in BP;_1(x) is connected to exactly one other vertex in some BPy_1(y), with
y € [£k] \ {z}, any 9-cycle will share at least two vertices with any copy of BP;_1. We will identify a
9-cycle with a partition (a1 4+ a2 + - -+ + @y, ) of 9. Thatis, a; + a2 + - - - + a,,, = 9, where a; indicates
the number of vertices in the ith copy of BP;_; the cycle is incident upon. As noted above, a; > 2 for
all 7. Thus a 9-cycle can be formed by using two, three, or four copies of BPj_;. Enumerating through
each possible partition will exhaust all possible 9-cycles.

CASE T :-

CASE1II :-

A cycle incident upon two copies of BPj_1.

We know from Lemma 4.1 that if two permutations 7; and 75 belong to the same copy of BPj;,_;
and are at a distance of less than 3, then wlrf and wzrf belong to different copies of BPj_;.
Hence it is necessary that five vertices are in one copy and four vertices are in the other.

Let the two copies used be BP;_1(p) and BP;_1(q). By Lemma 5.1, |p| # |g|]. So we may
track the position and sign of both p and ¢ in a every permutation of the cycle. Suppose that four
vertices of such a 9-cycle belong to BP;_1(p), and the other five vertices belong to BPj,_1(q) (see
Figure 2). The four vertices of BPj;_1(p) form a path of length three whose endpoints are adjacent
to vertices from B Py_1 (¢), which means both vertices should have ¢ in their first positions. Starting
with one of these vertices in BPy_1(p) we have the form m; = [¢Xp]. By Lemma 5.2, we can
describe the forms of the remaining vertices of BPj_1(p). With 1 < i < 7 < k — 1 we have
my = mry = [X1gXop], m3 = mrl = [X12X11¢Xop], m = myr] = [¢X11X12Xop] where
X = X1 Xo, X; = X11 X192, |X1| = j — 1, and | X12| = ¢. Continuing in BPy_1(q) we see
p1 = [pXo X12 X11q] and p5 = [pX2X12X11q]. Taking A = pX, and B = Xj1q it is clear
that |A[,|B|, | X12| > 1. We need a path of length four from ps = [AX12B] to p; = [AX12B].
TIJ?4I+\X12\TIJ§<12\TIJ?4I+\X12I is a path of length three. Thus if a path of length four existed, there
would be a 7-cycle in BPy_1(q), which is not possible since the length of the smallest cycle in

BP, is eight. Hence cycles of form (5+4) are not possible.

A cycle incident upon three copies of BPy_;.

There can be three possibilities for the partition of vertices (5+2+2) or (4+3+2) or (3+3+3). Let the
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BPy_1(q)

BP;_1(p)

BPk_l (8)

v

Fig. 3: A 9-cycle incident upon three copies of BPj,_; with vertex partition (54+2+2).

Pr_1(q)

BPy;_1(p)

.

BP]C,1 (8)

Fig. 4: A 9-cycle incident upon three copies of B P;_; with vertex partition (4+3+2).

three copies incident upon be BPy_1(p), BPx—1(q), and BP;_1(s). By Lemma 5.1, it follows that
Ip| # lal, [p| # |s|, and [q| # [s].

Suppose five vertices of such a 9-cycle belong to the copy BPi._1(p), two vertices belong to a copy
BPy;_1(q) and the other two vertices belong to a copy BPj;—1(s) (see Figure 3). As py will have
s in its first position and that 7, is exactly two edges away, we see that m; = [¢X sY p|. This gives

pr=mrP = []3737(1], p2 = plrﬁ,HQ = [sYpXq), o1 = parP = [gX]_??S]. o2 must have p in
its first position, which is not possible in one edge from ;. Hence cycles of form (5+2+2) do not
exist in the burnt pancake graph.

Suppose four vertices of such a 9-cycle belong to the copy BP;_1(p), two vertices belong to a
copy BPx_1(q), and the other three vertices belong to a copy BPx_1(s) (see Figure 4). As po will
have s in its first position and that 7, is exactly two edges away, we see that m; = [¢ X sYp]. This
gives p1 = mrP = [B?SY(]], p2 = plr€/|+2 = [sYpXql, o1 = porf = [QXB?S]. Now, o3
must have p in its first position, so in the path from oy to o3, p should be involved in both the flips.
o9 = UlT&IHYzIJr? = [YopXqYs] where Y = Y1 Ys. This gives o3 = 02r§,2‘+1 = [B?Q XqYis],
Ty = o3rf = [sY1¢XYap]. Taking A = sY1, B = ¢X, C = Yap where |A],|B|,|C| > 1 we
need to find a path of length three between 7, = [ABC|] and m; = [BAC]. One may verify that
ﬁ4r€4|rﬁ‘+|3‘r%| =m. Taking | X|=i—1,|YV1| =j—1weget|Ya]=k—i—j—1>0anda
cycle corresponding to (5.1).

Suppose three vertices of such a 9-cycle belong to a copy BP_1(p), three vertices belong to a
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BP;_1(q)

BP;_1(p)

BP]C,1 (S)

Fig. 5: A 9-cycle incident upon three copies of BP,_; with vertex partition (3+3+3).

copy BP;_1(q) and the other three vertices belong to a copy BPx_1(s) (see Figure 5). The vertex
in BP;_1(p) that is adjacent to a vertex in BP;_1(q), m1, can be of the form (a) m; = [¢X sYp] or
(b) 1 = [¢XsYpl.

(a) Since m = [¢XsYp], then p; = mr] = [pYsXq|. As w3 must have s in its first position, s
should be involved in only one reversal in the path from 71 to 3. So the first reversal must not
inv_olve s. This gives my = WlT\B;ﬁHl_:Equ?SYp] where X = X1 X5, m3 = 7T2r|]§<\+2 =
[sX2¢X1Yp], and 07 = 7731"5 = [pY X1qX2s]. As o3 must have g in its first position, ¢
should be involved in one reversal in the path from o to o3. So the first reversal must not
involve ¢. This gives two possibilities:

o2 §2|+1[}/2p71 X1qXos] where Y = Y1Y; and 03 = UQTﬁfmxllJri:_[ﬂXlYlB
Y5 Xos]. Following through with this possibility we get p3 = [sXoYopY: Xiq]. We

need a path of length two from p3 to p; = [pY> Y15X> X1q]. As p; has p in its first
position, p should be involved in only the second reversal. In order for this to be so,
without having to exchange the positions of Y7, it must be that |[Y7]| = 0. Then we get
p3r|]§(2\+1r|]§(2\+|Y2|+2 = p1. Taking |X| = i —1and |X3| = j — 1 we get |Ya| =
k —1i—j— 1> 0anda cycle corresponding to (5.2).

il. 09 = 0’1T€/‘+|X12|+1 = [X12YpX11qX28] where Xl = X11X12 with |X12| Z 1

and o5 = agrﬁ,l Hxie = lgX 11pY pX12X2s]. Following through with this pos-

1. 09 = o311

sibility we get pg_:ﬁYQXquX—Hq]. We need a path of length two from p3 to

p1 = [pY sXo X12 X11q]. As p; has p in its first position, p should be involved in

only the second reversal. We have p3r|]§<2\+|X12|+1T\B;<12 |1"‘fo2I_HXH‘JFIY‘JF2 = p1. Thisis
a path of length three which can be reduced to length two if and only if | X;72| = 0. Since
| X12| > 1 this possibility does not give any 9-cycle.

(b) If m = [¢XsYp], then py = mrf = [pY'sXq|. As m3 must have s in its first position,
s should be involved in both the reversals._This gives my = wlrgq vl = [_7137(13/219]
where Y = Y1Ys, m3 = 7T2T€,1H_1 = [sY1 X qYop|, and 01 = 7731"]? = [pY2qXYis]. As o3
must have g in its first position, ¢ should be involved in both the reversals in the path from o
to o3. This gives two possibilities:
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BP;—1(q) BP;_1(q)
- BP;,_1(s) - BPy_1(p)
BPy_1(p) o, BPy_1(p) o
BP,_1 (1) BPy_1 (1)
(a) pairwise different absolute values. (b) equal absolute values non-adjacent.

Fig. 6: 9-cycles incident upon four copies of B Py_; with vertex partition (3+2+2+2).

i g9 = UlT\B;ﬁl-HYzH-Q = [qungXgﬁs] where X = X1X2 and g3 = UQT\B;ﬁH-l =
[¢X1Y2pX,Y1s]. Following through with this possibility we get ps = o3rf = [sY1 Xap
Y2 X1q]. We need a path of length two from p3 to p; = [B?Q Y1sX2 X1q]. As p; has
B?Q in its prefix, X, with the same sign and ordering of characters, but s will have the
opposite sign in p3, then pY and X, must be part of both reversals but s must only be
part of one. This is only possible if |X3| = 0. Then P31y 4ol Ry = p1- Taking
| X1] =4 —1,|Y1| =i —1we get |[Y2] = k — i — j — 1 and a cycle corresponding to
(5.2).

. o9 = 01r&\+|Y2H—|Y12\+2 = [YEQYQYVQPKS] where Y7 = Y71Yi2 with |Y12| > 1 and
o3 = agrgq HVisl+1 = [¢XY12YpY11s]. Following through with this possibility we
get p3 = osry = [sY11pY2Y12Xq]. We need a path of length two from ps to p; =
[pYs Y12 Y115X¢q]. As p1 has p in its first position, p should be involved in both the rever-
sals in this path. However, it can be seen that p3r€’u|+\Ym|+\Yzl+2T€’12\Tﬁﬁzl-HYzl-H =
p1. This is a path of length three within BPy_1(¢) which can be reduced to length two
if and only if |Y12| = 0 but by assumption |Y;2| > 1. Therefore this possibility does not
yield a 9-cycle.

CASE III :- A cycle incident upon four copies of BPj,_.
Due to the constraints on the part sizes in our partition, there can be only one possibility (3+2+2+2).

Let the four copies used be BP;_1(p), BPx—1(q), BPx_1(s), and BPj;_1(t) with three vertices in
BP;_1(p) and two vertices in each of the other copies. Let us assume, without loss of generality,
that one vertex of BPj_1(p) is adjacent to a vertex of BPy_1(q). Here the absolute values of
P,q, s, and ¢t may not be distinct. By Lemma 5.1 only non-adjacent copies can have the same
absolute value. This gives rise to three subcases, which we describe below.
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BPF.-1(q) BPy-1(q)
i ) i BPkil(B)
BPy—1(p) - BPy—1(p) -
BPkfl(g) BPkfl(g)
(c) equal absolute values non-adjacent (d) two pairs of equal absolute values.

Fig. 6: 9-cycles incident upon four copies of B Py_; with vertex partition (3+2+2+2).

(a) The absolute values of p, q, s and ¢ are pairwise different (see Figure 6a).

Since none are opposites, p, g, s, and ¢, or their opposites, are present in all the signed permu-
tations in the cycle. Then depending upon the relative position and signs of s and ¢ in our first
signed permutation four cases arise. Since p is two reversals away from 7; with one revers-
ing all elements and p» must begin with s it is necessary that s be in ;. The four possible
cases of 7y are [qX sYtZp|, [qXsYtZp], [¢XtY sZp]|, and [¢XtY sZp].

i.

ii.

1ii.

iv.

It my = [gXsYiZp], then p1 = mrf = [pZtY sXq), po = pirfyyy 745 = [Y1Zp
Xql, and oy = porZ = [¢XpZtY s|. Now oo must have ¢ in its first position, which is
not possible in one reversal from o;. So this case does not yield any 9-cycles.

Eﬂ'l = [gXsYtZp], then_pi: mry = [pZtYsXq), p2 :_Pl_T@\Hsz = [sYtZp
Xql, 01 = pgrf = [¢XpZtYs], o9 = 01T€<|+‘Z|+3 = [tZpXqYs],and 11 = 021",? =
[sY ¢XpZt]. Now 72 must have p in its first position, which is not possible in one reversal
from 7. So this case does not yield any 9-cycles.

If m = [¢XtYsZp), th_en p1=mrd = [9787_27(]],_;)2 = p1T|BZH-2 = [§Zp§§7q],
o1 = por = [qXtYpZs], o2 = Ung(lJrQ = [tXqYpZs], 11 = oorP = [sZpY qXt],
Ty = 7'11"‘BZ|+2 = [pZsY qXt], and w3 = morf = [tXqY sZp]. We need a path of length
two from 73 to 71, however, 7737’&‘ 4o =T which is a path of length one. As there are

no 3-cycles in the burnt pancake graph, a path of length two between 73 and 7 does not
exist. Hence this case does not yield any 9-cycles.

If mp = [¢XtYsZp], then p; = mrd = [BZS?th], p2 = p1T|BZH-2 = [sZpYtXq|,

and o1 = porf = lgX LY]_)ZS]. Now o2 must have ¢ in its first position, which is not
possible in one reversal from o;. So this case does not yield any 9-cycles.

(b) The absolute values of only one pair among p, q, s, t are the same. This gives rise to two cases.
One where the pair of copies with opposite signed last elements have only two vertices each.
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The other where the pair of copies with opposite signed last elements includes the one copy
with three vertices.

i.

ii.

Say that s = p, |q| # |t| (see Figure 6b). In this case 71 can be either [¢XtY'p| or
[qXtYp).

If 11 = [¢XtYp], then p; = mrd = []3727(1], p2 = p1rP = [pYtXq, m o= parP =
[aXtYpl. my = mrfi |, = [tXqVpl 11 = mar = [pY ¢Xt], 72 = mir = [pY¢Xt],
and 3 = 7218 = [tXqY p|. We need a path of length two from 73 to 71 but 71'31"‘3;(|+2 =
w1 which is a path of length one. As there are no 3-cycles in the burnt pancake graph a
path of length two between 73 and 71 does not exist. Hence this case does not yield any
9-cycle.

If 1 = [¢XtYp], then p; = 71'11"}6B = [B?th], p2 = p1rP = [pYtXq, o= pgrf =
[¢XtY'p]. As my must have ¢ in its first position, which is not possible in one reversal
from 75. So this case does not yield a 9-cycle.

Say thatt = ¢, [p| # |s| (see Figure 6c).

As po will have s at first position 71 = [¢X sYp]. This gives py = mirf = [pYsXq],
p2 = plr‘ff,lJr2 = [sYpXq], 01 = porf = [qXpYs], 02 = 1P = [¢XpYs], p1 =
oarp = [sYpXql, p2 = &rﬁ/‘w = [pY'sXq|, w3 = parf = [¢X sY p]. We need a path
of length two from 73 to 71 but 73 rlB = m; which is a path of length one. As there are no
3-cycles in burnt pancake graph a path of length two between 73 and 7; does not exist.
Hence this case does not give any 9-cycle.

(c) The absolute values of the two pairs among p, g, s, t are the same, i.e s = p and t = q (see
Figure 6d). B B
Let m; = [¢Xp]. This gives p; = 71'17’,? = [BY(]], p2 = p1rP = [pXq], T = pgrf = [¢Xp],
my = mry = [¢Xpl. p1 = mori = [pXq]. pp = pr17 = [pXgl. and 75 = pori} = [gX].
We need a path of length two from 73 to 71 but w37 = 71, which is a path of length one. As
there are no 3-cycles in the burnt pancake graph a path of length two between 73 and 7; does
not exist. Hence this case does not yield any 9-cycle.

So there are no cycles of the form (3+2+2+2) in the burnt pancake graph.

This finalizes all possible partitions of the vertices, and thus gives all possible 9-cycles in B P;. O

6 Concluding Remarks

In the preceding sections, we have provided explicit formulas for the number of pancake and burnt pancake
stacks with n pancakes that require four flips to be sorted, utilizing entirely elementary methods using
cycle classification of the pancake and burnt pancake graph and the principle of inclusion-exclusion, as
well as providing a classification of all 9-cycles in the burnt pancake graph.

Having a classification of longer cycles in P,, and B P,, might allow us to take a similar approach to what
we used in the proof of Theorem 3.3 and Theorem 4.3. Currently, there is no published classification of
the 10-cycles for either P, and B P,. The authors have worked out said classification, though the number
of canonical forms alone makes it hard to do a systematic, manual approach using PIE. For example, we
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found 59 canonical forms for 10-cycles in P,, and 8 canonical forms for 10-cycles in BF,,. However, the
process would be extremely tedious.

Utilizing structural characteristics of permutations satisfying certain properties, Homberger and Vat-
ter [HV16] gave an algorithm that can be used to enumerate certain permutations. In particular, they
prove that for “sufficiently large” n, the number of permutations of [r] that can be sorted with k prefix
reversals is given by a polynomial. More specifically, if one defines

Ri(n) : (6.1)

i
]
=
S

then for sufficiently large n, Ry, (n) is given by a polynomial. From (6.1) it is possible to compute Ry (n)
from Ry (n) if R;(n) is known for 0 < ¢ < k. In this light, and using the output of the Homberger-Vatter
algorithm from [HV16] for Ry (n) with k = 5, 6, one obtains the following.

1. If n > 5, then

Rs(n) = — (6n° — 65n* + 17303 + 296n? — 1724n + 1590) .

| =

2. If n > 6, then

1
Re(n) = 5 (60n° — 883n° 4 3140n* + 107751 — 91400n> + 171068n — 58020) .

These polynomials explain all the nonzero values for the columns £ = 5,6 in Table 1. The situation
for £ > 6 is a bit more interesting, as the polynomial obtained by the Homberger-Vatter algorithm does
not explain all nonzero values of Ry(n). Indeed, their algorithm produces polynomials that are valid for
“sufficiently large” n. For example, the algorithm correctly computes }~%7(n) if n > 7. Indeed, if n > 7,

6

Rr(n) = Re(n) — Y Ri(n)
i=1
1
= 270(240717 — 4619n° 4 21881n° + 109275n* — 13724450+
4476344n° — 4550196n — 850320). (6.2)

However, (6.2) does not account for R7(6) = 2 and R, (7) = 1016. Therefore, there is no polynomial
that would explain all the nonzero values of R7(n).

After computing Rg (n) using the Homberger-Vatter algorithm, which took several days using a system
with Dual Xeon CPUs and 256GB of RAM, we found a polynomial that explains most of the nozero
entries of the column k£ = 8 in Table 1. Namely, if n > 7,
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7

Rs(n) = Rs(n) — Y _ Ri(n)

=1

= 5010 (5040n° — 122683n" + 759857n° 4 4519067n° — 791017150+

364661948n> — 561161062n> — 267373812n + 844945920). (6.3)

Once again, (6.3) does not account for Rg(7) = 35, so once again, there is no polynomial that explains
all the nonzero values of Rg(k).

The situation for RE (n) does not seem to be as mysterious. While the Homberger-Vatter algorithm
does not apply to signed permutations, the numbers R (n) seem to be given by polynomials. Using a
standard polynomial fitting procedure with the data from Table 2, we obtain the following conjecture.

Conjecture 6.1 [fn > 1, then
(i) RE(n) = tn(n —1)(n —2)(6n* — 17n + 3),

(ii) RE(n L

(n) = &n(n —1)(n — 2)(60n® — 343n2 + 401n + 284),
(iii) RP(n) = gsn(n —1)(n — 2)(n — 3)(240n® — 1499 + 925n + 5104),
(iv) RE(n) =

and

—sn(n —1)(n — 2)(n — 3)(5040n* — 52123n° + 11341502 + 3147161 — 1027242),

(v) RE(n) = g5555 (n — 1)(n — 2)(n — 3)(n — 4)(40320n° — 444061n" 4 64474603 + 6638777n? —
18991470n).

These polynomials also conveniently explain the zero entries of Table 2, which seems to indicate that
RB(n) are better behaved than those of Ry (n).

Another question that might give interesting results is proving any summation identities that Ry (n) or
RP(n) satisfy. From their definitions, it is clear that

> Ri(n) =|Sa| =n!

k>0

and that

> RP(n) =|Bn| = 2"n!.
k>0

Notice that determining the maximum value of k, for a given n, such that Ry (n) (or RZ(n)) is not zero
is equivalent to the classic pancake problem (or the burnt pancake problem).

A less trivial identity can be found by looking at the explicit formulas that describe the nonzero values
of Ry (n) for 0 < k < 6, namely, we have the following Corollary.

Corollary 6.2 Ifk < 6 and Ri(n —1i) > 0for 1 <i <k+ 1, then

k+1
Ry(n) = 3 (~1)7+! (k ’ 1) Ri(n — ).
i=1
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Since the polynomials (6.2) and (6.3) do not cover the values R7(6), R(7), and Rg(7), Corollary 6.2
would once again require n to be “sufficiently large.”

For signed permutations, we have observed the following identity, which would follow from RE (n)
being integer-valued polynomials and by using the Gregory-Newton interpolation formula for integer-
valued polynomials (for background see [CC97]).

Conjecture 6.3 If k,n > 1, then

Ri(n) = zk: <§(—1)i(i+i B 1) (ij)) RB(j), fork > 1.

j=1 \i=0

We have verified Conjecture 6.3 for all the values in Table 2. This conjecture would follow from a
result similar to Homberger-Vatter giving that the R (n) are all polynomials and continue to explain the
zero and nonzero values.
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