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The b-chromatic number of powers of cycles
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A b-coloring of a graphG by k colors is a proper vertex coloring such that each color class contains a color-dominating
vertex, that is, a vertex having neighbors in all other k − 1 color classes. The b-chromatic number χb(G) is the
maximum integer k for which G has a b-coloring by k colors. Let Cr

n be the rth power of a cycle of order n.
In 2003, Effantin and Kheddouci established the b-chromatic number χb(C

r
n) for all values of n and r, except for

2r + 3 ≤ n ≤ 3r. For the missing cases they presented the lower bound L := min{n− r − 1, r + 1 + bn−r−1
3
c}

and conjectured that χb(C
r
n) = L. In this paper, we determine the exact value on χb(C

r
n) for the missing cases. It

turns out that χb(C
r
n) > L for 2r + 3 ≤ n ≤ 2r + 3 + r−6

4
.

Keywords: b-chromatic number, coloring, b-coloring, powers of cycles

1 Introduction
Let G = (V,E) be a simple, undirected graph with vertex set V and edge set E. For x, y ∈ V we denote
by d(x, y) the distance between x and y, which is the number of edges in a shortest (x, y)-path. The rth
power of a graph G, written as Gr, is a graph on the same vertex set such that two vertices are joined by
an edge if and only if their distance in G is at most r. For r ≥ 1, let Cr

n and P r
n denote the rth power of a

cycle and a path on n vertices, respectively.
A b-coloring of a graph G by k colors is a proper vertex coloring such that each color class contains a

vertex having neighbors in all other k− 1 color classes. Such a vertex is called a color-dominating vertex.
The b-chromatic number χb(G) is the maximum integer k for which G has a b-coloring by k colors. The
concept of b-colorings and the b-chromatic number were introduced by Irving and Manlove [5] in 1999
and have already been investigated in more than 50 papers (cf. [1]-[7]).

Since the problem to decide whether χb(G) ≥ K for a given graph G and an integer K is NP-hard
in general ([5]), we are interested in exact values on the b-chromatic number for special graphs or graph
classes. In 2003, Effantin and Kheddouci [3] determined χb(P

r
n) for all values of n and r. They also

investigated powers of cycles Cr
n and obtained the following result:
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Theorem 1 (Effantin and Kheddouci, [3]) The b-chromatic number of Cr
n for r ≥ 1 is

χb(C
r
n) =





n if n ≤ 2r + 1,
r + 1 if n = 2r + 2,
r + 1 + bn−r−13 c if 3r + 1 ≤ n ≤ 4r,
2r + 1 if n ≥ 4r + 1,

(1)

and χb(C
r
n) ≥ min{n− r − 1, r + 1 + bn−r−13 c} if 2r + 3 ≤ n ≤ 3r . (2)

The determination of χb(C
r
n) for 2r + 3 ≤ n ≤ 3r was posed as an open problem, but the authors

conjectured that the lower bound in (2) is the exact value.
In the present paper, we complete Effantin and Kheddouci’s work by determining χb(C

r
n) for the miss-

ing cases 2r + 3 ≤ n ≤ 3r. It turns out that the lower bound in (2) is indeed the exact value on χb(C
r
n)

for 2r + 3 + r−6
4 < n ≤ 3r, but not for 2r + 3 ≤ n ≤ 2r + 3 + r−6

4 .

2 Main Result
Theorem 2 Let Cr

n be the rth power of a cycle of order n with 2r + 3 ≤ n ≤ 3r. Moreover, set
l := n−2(r+1),R :=

(
r+1+3l

)
mod (5l), andm := max

{⌊
R−2l

3

⌋
, 0
}

. Then, χb(C
r
n) =

3n−R
5 +m.

2.1 Preliminaries
In the following, we only consider powers of cycles Cr

n for which 2r + 3 ≤ n ≤ 3r is satisfied.
Let V be the vertex set of Cr

n and set l := n− 2(r+1). Then, the complement of Cr
n is an (l+1)-regular

graph and 1 ≤ l ≤ r − 2. Moreover, Cr
n has independence number 2.

Let c be a b-coloring ofCr
n by k := χb(C

r
n) colors and let V1, . . . , Vk be the corresponding color classes

such that 1 ≤ |V1| ≤ |V2| ≤ . . . ≤ |Vk| ≤ 2. By a we denote the number of color classes of cardinality 1.
Choose a color-dominating vertex vi ∈ Vi for i = 1, . . . , k. LetA := {v1, . . . , va},B := {va+1, . . . , vk},
andC := {wa+1, . . . , wk}wherewi is the partner of vi, i.e. the vertex in Vi\{vi}, for i ∈ {a+1, . . . , k}.
Vertices from the set A, B, and C are called A-, B-, and C-vertices, respectively.

A vertex-row X shall be a set of vertices from V which are consecutive on the underlying cycle Cn. If
X only consists of (non-)A-vertices, then we call it a (non-)A-vertex-row (analogously for B and C).

The neighborhood N(x) of a vertex x ∈ V is the set of neighbors of x. Moreover, let N(x) :=
V \ (N(x) ∪ {x}) be the non-neighborhood of x and for a set V ′ ⊆ V let N(V ′) :=

⋃
x∈V ′ N(x). Note

that |N(X)| = l + |X| for every vertex-row X .
For a vertex u ∈ V and a set V ′ ⊆ V let dCn

(u, V ′) := min{dCn
(u, v) | v ∈ V ′} where dCn

(u, v)
denotes the distance of u and v in the underlying Cn.

We refer to Figure 1 for the following considerations.
Let X be an A-vertex-row with α ≥ 1 vertices. We denote the two subgraphs induced by the vertex-rows
between X and N(X) in clockwise order and in anti-clockwise order (on the underlying Cn) by Gr(X)
and Gl(X), respectively (compare left side of Figure 1). From above we know that N(X) contains
exactly l + α vertices. Moreover, the set N(N(X)) \ X has then exactly 2l vertices, and by symmetry
we obtain |N(N(X)) ∩ V (Gl(X))| = |N(N(X)) ∩ V (Gr(X))| = l. Since each vertex from N(X) is
non-adjacent to at least one A-vertex (which corresponds to a color class of cardinality 1), it cannot be
color-dominating. So, each vertex from N(X) is a C-vertex and therefore has a B-vertex as partner. Let
Np(X) be the set of partners of the vertices from N(X). Clearly, Np(X) ⊆ N(N(X)) \X .
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bN(X)

βl(X) + βr(X) = l + α

≥ βl(X) ≥ βr(X)

≥ βr(X) ≥ βl(X)

Fig. 1: Non-neighborhood N(X) and extended non-neighborhood N̂(X) of an A-vertex-row X

Let vl(X) be the vertex from Np(X) ∩ V (Gl(X)) that have the largest distance to the set X in Cn,
i.e. dCn

(vl(X), X) = max
v∈Np(X)∩V (Gl(X))

dCn
(v,X). Moreover, set βl(X) := |Np(X) ∩ V (Gl(X))|.

Analogously, we define vr(X) and βr(X). From above we know that βl(X) ≤ dCn(vl(X), X) ≤
|N(N(X)) ∩ V (Gl(X))| = l and, analogously, βr(X) ≤ dCn(vr(X), X) ≤ l. Along with βl(X) +
βr(X) = |Np(X)| = |N(X)| = l + α ≥ l + 1, we further obtain βl(X), βr(X) ≥ 1. This implies that
both vertices vl(X) and vr(X) exist.

Since the partners of vl(X) and vr(X) are in N(X), we know that the sets N(vl(X)) and N(X)
as well as the sets N(vr(X)) and N(X) intersect, and we can determine that |N(vl(X)) \ N(X)| =
dCn

(vl(X), X) and |N(vr(X)) \ N(X)| = dCn
(vr(X), X). Since each vertex from N(vl(X)) is non-

adjacent to the color-dominating vertex vl(X), it cannot be an A-vertex. The same holds for the vertices
from N(vr(X)). So, altogether, N(vl(X)) ∪ N(X) ∪ N(vr(X)) is a non-A-vertex-row with l + α +
dCn(vl(X), X) + dCn(vr(X), X) ≥ l + α + βl(X) + βr(X) = 2(l + α) vertices. We call this set the
extended non-neighborhood of X and denote it by N̂(X). If X consists of only one vertex x, then we
just write N̂(x) instead of N̂({x}). The same we do with all previously defined notations.

Observation 1 LetX1, . . . , Xt be a family of t ≥ 1 disjointA-vertex-rows (in clockwise order on theCn)
such that N(Xi) ∩N(Xi+1) 6= ∅ for i ∈ {1, . . . , t − 1}. Moreover, we assume the given A-vertex-rows
to be maximal, i.e. each of it is delimited by non-A-vertices. Then,

∑t
i=1 |Xi| ≤ l.

Proof: Let Yi be the non-A-vertex-row between Xi and Xi+1 for i ∈ {1, . . . , t − 1} and let Y0 and Yt
be the vertex-rows with l vertices preceding X1 and succeeding Xt, respectively. Moreover, set X :=⋃t

i=1Xi and Y :=
⋃t−1

i=1 Yi. Note that X ∪ Y is a vertex-row and therefore satisfies |N(X ∪ Y)| =
l + |X ∪ Y|.

Since N(Xi) and N(Xi+1) intersect for each i ∈ {1, . . . , t − 1}, it follows that N(Yi) ⊂ (N(Xi) ∪
N(Xi+1)) and therefore N(Y) ⊂ N(X ). Moreover, it implies that N(X ) is a C-vertex-row. For its
cardinality we obtain:
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|Np(X )| = |N(X )| = |N(X ) ∪N(Y)| = |N(X ∪ Y)| = l + |X ∪ Y|

= l +

∣∣∣∣∣
t⋃

i=1

Xi ∪
t−1⋃

i=1

Yi

∣∣∣∣∣ = l +

∣∣∣∣∣
t⋃

i=1

Xi

∣∣∣∣∣+
∣∣∣∣∣
t−1⋃

i=1

Yi

∣∣∣∣∣ = l +

t∑

i=1

|Xi|+
t−1∑

i=1

|Yi|. (3)

Moreover, we can easily check that N(N(X )) =
⋃t

i=1Xi∪
⋃t

i=0 Yi = X ∪
⋃t

i=0 Yi. Since Np(X ) ⊆
N(N(X )) \ X , we then obtain:

|Np(X )| ≤ |N(N(X )) \ X | =

∣∣∣∣∣
t⋃

i=0

Yi

∣∣∣∣∣ ≤
t∑

i=0

|Yi| = 2l +

t−1∑

i=1

|Yi|. (4)

So Inequalities (3) and (4) yield
∑t

i=1 |Xi| ≤ l. 2

Note that for t = 1, the previous observation yields that every A-vertex-row contains at most l vertices.

2.2 Proof of Theorem 2
Recall that k = χb(C

r
n), a = |A|, and l = n − 2(r + 1). Since the b-coloring by k colors partitions

the vertex set into a color classes of cardinality 1 and k − a color classes of cardinality 2, we obtain
n = a+ 2(k − a) and, thus, a = 2k − n = 2k − (l + 2r + 2) = 2(k − r − 1)− l. So, a, l, and n have
the same parity. Moreover, according to Inequality (2), k ≥ min{n − (r + 1), r + 1 + bn−(r+1)

3 c} =

min{l + r + 1, r + 1 + b l+r+1
3 c} = r + 1 +min{l, b l+r+1

3 c} and therefore

a+ l = 2k − n+ l = 2k − 2(r + 1) ≥ 2min

{
l,

⌊
l + r + 1

3

⌋}
. (5)

Let Q and R be the quotient and the remainder of the integer division r+1+3l by 5l, i.e. r+1+3l =
Q · 5l + R, where Q ≥ 0 and 0 ≤ R < 5l. Note that then Q = b r+1+3l

5l c, R =
(
r + 1 + 3l

)
mod (5l),

and n = l + 2(r + 1) = (2Q− 1)5l + 2R. Moreover, set m := max
{⌊

R−2l
3

⌋
, 0
}

.

Case 1. l + 3 ≤ r + 1 < 2l, i.e. 5(r+1)
2 < n ≤ 3r.

At first we notice that this case is only possible for l ≥ 4. Moreover, by (5) it follows that

a+ l ≥ 2

⌊
l + r + 1

3

⌋
≥ 2(l + r − 1)

3
=

2r − (l + 2)

3
+ l ≥ l + 2

3
+ l ≥ 2 + l. (6)

Hence, there exist at least two A-vertices. Choose two vertices u1, u2 ∈ A of maximum distance in Cn.
W.l.o.g. u1 and u2 are ordered in such a way, that a shortest (u1, u2)-path in Cn runs anti-clockwise.
Then there are two cases to consider depending on the positions of u2 and vl(u1) (compare Figure 2).
From the preliminaries and the premise of the case, we know that the extended non-neighborhood of u1
has cardinality |N̂(u1)| ≥ 2(l+1) ≥ r+4. So, since N̂(u1) is a vertex-row of at least r+4 vertices, but
the maximal vertex-rows induced by N(u2) have only r vertices, we deduce that u2 cannot be adjacent to
all vertices in N̂(u1), and so N̂(u1) and N(u2) intersect. Hence, N̂(u1) ∪N(u2) is a non-A-vertex-row.
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Fig. 2: Extended non-neighborhood N̂(u1) and non-neighborhood N(u2) intersect

Subcase 1.1. u2 and vl(u1) are in clockwise order (see left side of Figure 2).
Since N̂(u1)∪N(u2) is a non-A-vertex-row and by the choice of u1 and u2 as twoA-vertices of maximum
distance, there is no A-vertex in V (Gl(u2)) ∪ N(u2) (below the double-line). The remaining vertex set
V (Gr(u2))∪ {u2} (above the double-line) induces a vertex-row with exactly r+ 1 vertices. This vertex-
row has to contain all a A-vertices and all l+1 B-vertices from Np(u1). Hence, r+1 ≥ a+ l+1. This
and the premise of the case yield:

a+ l ≤ r = (r + 2) + 2(r + 1)− 4

3
≤ 2l + 2(r + 1)− 4

3
≤ 2

⌊
l + r + 1

3

⌋
. (7)

Along with Inequality (6), we obtain a+ l = 2
⌊
l+r+1

3

⌋
.

Subcase 1.2. u2 and vl(u1) are in anti-clockwise order (see right side of Figure 2).
By the choice of u1 and u2, there is no A-vertex in V (Gl(u2)) ∪ N(u2) ∪ V (Gr(u1)) ∪ N(u1) (below
the double-curve). Hence, the remaining vertex set (V (Gr(u2)) ∩ V (Gl(u1))) ∪ {u1, u2} (above the
double-curve) that induces a vertex-row with 1 + dCn

(u1, u2) vertices has to contain all a A-vertices.
Since dCn

(u1, u2) ≤ dCn
(u1, vl(u1)) − 1 ≤ l − 1, the non-neighborhoods N(u1) and N(u2) intersect.

This implies that N(A) = N(u1) ∪ N(u2) and therefore |N(A)| = l + 1 + dCn
(u1, u2) ≥ l + a.

Since N(A) ⊆ C, Np(A) ⊆ B, and |N(A)| = |Np(A)|, we deduce that n = |A| + |B| + |C| ≥
a + |Np(A)| + |N(A)| = a + 2 · |N(A)| ≥ a + 2(l + a) = 3a + 2l. Along with n = l + 2(r + 1) we
then obtain a+ l ≤ b 2(l+r+1)

3 c. This and Inequality (6) yield

2

⌊
l + r + 1

3

⌋
≤ a+ l ≤

⌊
2(l + r + 1)

3

⌋
, (8)

and since a and l have the same parity implying that a+ l is even, we conclude that a+ l = 2
⌊
l+(r+1)

3

⌋
.

Hence, in both subcases we obtain a+l = 2
⌊
l+r+1

3

⌋
which implies that k = r+1+b l+r+1

3 c. Moreover,
since r + 1 + 3l < 5l by the premise of the case, it follows that R = r + 1 + 3l and m = b r+1+l

3 c.
Therefore, k = r + 1 + b l+r+1

3 c = r + 1 +m = 3(l+2(r+1))−(r+1+3l)
5 +m = 3n−R

5 +m.

Case 2. r + 1 ≥ 2l ≥ 2, i.e. 2r + 3 ≤ n ≤ 5(r+1)
2 .

The premise yields r + 1 + 3l = Q · 5l +R ≥ 5l and therefore Q ≥ 1.
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X1

N(X1)

Np(X1)

X2

N(X2)

Np(X2)

X3

N(X3)

Np(X3)

X4 X5

X9
...

..
.

X2Q−1

X7

X8
...

..
.
X2Q−2

X6

Fig. 3: Partition of V into 2Q− 1 bundles of 5l vertices each and 2R remaining vertices

[” ≥ ”] At first we prove that k ≥ (2Q− 1)3l +R+m = 3n−R
5 +m.

In order to do this we construct a b-coloring of Cr
n by k′ := (2Q− 1)3l +R+m colors.

Since n = (2Q − 1)5l + 2R, we can partition the vertex set V into 2Q − 1 bundles B1, . . . ,B2Q−1
of 5l vertices each and 2R remaining vertices. For i ∈ {1, . . . , 2Q − 1}, the bundle Bi shall consist
of a vertex-row Xi with l black vertices, the non-neighborhood N(Xi) with 2l grey vertices, and the set
Np(Xi) := N(N(Xi))\Xi with 2l black-white vertices, such that the setsX1, . . . , X2Q−1 are positioned
on the cycle Cn as described in Figure 3. In order to do this, we start with an arbitrary vertex-row with
l vertices as X1 (on top in the picture). Then the positions of N(X1) and Np(X1) are already specified.
After this, we position X2 (bottom left) and X3 (bottom right) leaving out l vertices on each side of
N(X1). Then the positions of N(X2) and Np(X2) as well as N(X3) and Np(X3) are already specified.
If Q ≥ 3, then we proceed by positioning X4 (top left) and X5 (top right) leaving out l vertices on
the left side of N(X3) and on the right side of N(X2), respectively. Then also the positions of N(X4)
and Np(X4) as well as N(X5) and Np(X5) are specified. If Q ≥ 4, then we position the remaining sets
X6, . . . , X2Q−1 in the same manner as we positionedX2−X5 using always the order bottom left, bottom
right, top left, top right. The 2R remaining vertices induce two vertex-rows with R vertices each which
we denote byRl andRr.

Now we color the l vertices from X1 in clockwise order by colors 1, . . . , l. Then we color the 2l
vertices from N(X1) in clockwise order by colors l + 1, . . . , 3l, and the same we do for the 2l vertices
from N(N(X1))\X1 = Np(X1). Now all vertices from B1 are colored. Next we color the vertices from
B2 in an analogous way by colors 3l+1, . . . , 6l, and we continue until B2Q−1 whose vertices we color by
colors (2Q−2)3l+1, . . . , (2Q−1)3l. This coloring procedure yields a coloring of (2Q−1)5l = n−2R
vertices by (2Q− 1)3l colors (compare the left side of Figure 5 for the case l = Q = 2). For the coloring
of the vertices fromRl ∪Rr we have to distinguish the following two cases:
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Rl Rr

X2Q X2Q+1

N(X2Q+1) N(X2Q)

Np(X2Q) Np(X2Q+1)

A-vertex-row with m vertices

B-vertex-row with l / m vertices

C-vertex-row with l / m vertices

/

/

Fig. 4: Partition of the remaining 2R vertices for the case m > 0

Subcase 2.1. 0 ≤ R ≤ 2(l + 1).
This implies that m = 0. We color the vertices from Rl by colors (2Q − 1)3l + 1, . . . , (2Q − 1)3l + R
in clockwise order. The same we do with the vertices fromRr. Altogether, we obtain a coloring cb of Cr

n

by (2Q− 1)3l +R = k′ colors.

Subcase 2.2. 2(l + 1) < R < 5l.
Here, m > 0. We partition Rl ∪ Rr as depicted in Figure 4 into two bundles B2Q, B2Q+1 of 2l + 3m
vertices each and two vertex-rows R′l and R′r of R − 2l − 3m vertices each. For i ∈ {2Q, 2Q + 1}, the
bundle Bi shall consist of a vertex-rowXi withm black vertices, the non-neighborhoodN(Xi) with l+m
grey vertices, and Np(Xi) which is a subset of l +m black-white vertices from the set N(N(Xi)) \Xi.

Now we color the vertices fromX2Q in clockwise order by colors (2Q−1)3l+1, . . . , (2Q−1)3l+m.
Then we color the vertices from N(X2Q) as well as from Np(X2Q) in clockwise order by colors (2Q−
1)3l +m + 1, . . . , (2Q − 1)3l + 2m + l. Analogously, we color the vertices from X2Q+1, N(X2Q+1),
and Np(X2Q+1) by colors (2Q − 1)3l + 2m + l + 1, . . . , (2Q − 1)3l + 4m + 2l. Finally, we color the
vertices fromR′l as well as fromR′r in clockwise order by colors (2Q− 1)3l+ 4m+ 2l+ 1, . . . , (2Q−
1)3l+4m+2l+ (R− 2l− 3m) = (2Q− 1)3l+R+m (compare the right side of Figure 5 for the case
l = Q = 2, m = 1). Altogether, this yields a coloring cb of Cr

n by (2Q− 1)3l +R+m = k′ colors.
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Fig. 5: b-coloring by k′ = (2Q− 1)3l +R+m colors (here for l = Q = 2,m = 1)
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It remains to prove that cb is a b-coloring for both subcases. Consider the Figures 3-5: The black
vertices correspond to the color classes of cardinality 1 in the coloring cb. Moreover, each color class of
cardinality 2 consists of a black-white and a grey vertex. Note that in Subcase 2.1 (resp. 2.2) we assume
the vertices in Rl (resp. R′l) to be black-white and the vertices in Rr (resp. R′r) to be grey.

Because Cr
n has independence number 2, a vertex x from a color class Vj has at least one neighbor in

each color class Vg of cardinality 2 for j 6= g. Hence, x is color-dominating if and only if x is adjacent to
each vertex in a color class Vh of cardinality 1 for j 6= h, i.e. if x is adjacent to all (other) black vertices.

Along with the fact that the black vertices are the vertices from
⋃s

i=1Xi (s := 2Q− 1 in Subcase 2.1
and s := 2Q+1 in Subcase 2.2) this implies that x is color-dominating if and only if x /∈ N (

⋃s
i=1Xi) =⋃s

i=1N(Xi). Since all vertices from
⋃s

i=1N(Xi) are grey, we deduce that the black and the black-white
vertices are color-dominating and correspond to the A- and the B-vertices, respectively. The grey vertices
are then the C-vertices. Moreover, since every color class contains either a black or a black-white vertex
it follows that every color class has a color-dominating vertex. Hence, cb is a proper b-coloring of Cr

n.
For the number k′ of colors used in cb we obtain:

k′ = (2Q− 1)3l +R+m = r + 1 +Ql +m =
5(r + 1) + (r + 1 + 3l −R)

5
+m

=
3(l + 2(r + 1))−R

5
+m =

3n−R
5

+m.

This implies that k ≥ k′ and because of a = 2k − n we further deduce that a ≥ 2k′ − n = 2(r + 1 +
Ql +m)− (l + 2(r + 1)) = (2Q− 1)l + 2m.

[” ≤ ”] Now we prove that k ≤ r + 1 +Ql +m = 3n−R
5 +m.

Consider the b-coloring c of Cr
n by k colors and suppose that k > k′. This is equivalent to a > (2Q −

1)l + 2m. Since a and l have the same parity, it suffices to consider a ≥ (2Q − 1)l + 2(m + 1).
Choose an arbitrary A-vertex-row X with α, 1 ≤ α ≤ l, vertices. We refer to Figure 1 for the following
considerations.

Let βl(X) and βr(X) be defined as before. In the following, we abbreviate these values by βl and βr.
Moreover, let al := |A ∩ V (Gl(X))|, bl := |(B \ Np(X)) ∩ V (Gl(X))|, and cl := |C ∩ V (Gl(X))|.
Analogously, we define ar, br, and cr for the subgraph Gr(X). Since Gl(X) and Gr(X) have the same
order, we deduce that |V (Gl(X))| = βl + al + bl + cl = |V (Gr(X))| = βr + ar + br + cr. Every vertex
from the set (B \Np(X)) ∩ V (Gl(X)) has a partner in C ∩ V (Gr(X)), and vice versa. Hence, bl = cr.
Analogously, we obtain br = cl. Moreover, βl +βr = |Np(X)| = |N(X)| = l+α and a = α+ al + ar.
Therefore, βl+al = βr+ar = (l+α−βl)+(a−α−al) and altogether, 2(βl+al) = 2(βr+ar) = l+a.
By the assumption a ≥ (2Q−1)l+2(m+1) we obtain 2(βl+al) = 2(βr+ar) = l+a ≥ 2Ql+2(m+1)
and thus, βl + al = βr + ar ≥ Ql+m+ 1. Moreover, since 1 ≤ βl, βr ≤ l (compare the preliminaries),
we deduce that Ql +m+ 1 ≤ βl + al ≤ l + al which yields al ≥ (Q− 1)l +m+ 1. Analogously, we
obtain ar ≥ (Q− 1)l +m+ 1.

LetX1, . . . , Xq′ be the family of all maximalA-vertex-rows in V (Gl(X)) (in clockwise order). For i ∈
{1, . . . , q′ − 1} merge the two sets Xi and Xi+1 if N(Xi)∩N(Xi+1) 6= ∅. Continue doing this until the
remaining sets, sayX1, . . . ,Xq (in clockwise order), satisfyN(Xi)∩N(Xi+1) = ∅ for i ∈ {1, . . . , q−1}.
Set αi := |Xi| for i ∈ {1, . . . , q}. Obviously,

∑q
i=1 αi = al. Moreover, from Observation 1 we know

that αi ≤ l for i ∈ {1, . . . , q}. Hence, ql ≥
∑q

i=1 αi = al ≥ (Q − 1)l +m + 1 ≥ (Q − 1)l + 1 and
therefore q ≥ Q.
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Since every vertex from
⋃q

i=1N(Xi) is a C-vertex from V (Gr(X)) we further deduce that bl = cr ≥
|
⋃q

i=1N(Xi)| =
∑q

i=1 |N(Xi)| ≥
∑q

i=1(l + αi) = al + ql ≥ al +Ql. Analogously, we can show that
br = cl ≥ ar +Ql. For the number of vertices n we then obtain:

n = |X|+ |N(X)|+ |Np(X)|+ al + ar + bl + br + cl + cr

= α+ 2(l + α) + (al + ar) + 2(bl + br) = a+ 2(l + α) + 2(bl + br)

≥ a+ 2(l + α) + 2(ar + al + 2Ql) = 3a+ 2l + 4Ql

≥ 3(2Q− 1)l + 6(m+ 1) + 2l + 4Ql = 10Ql − l + 6(m+ 1) (9)

Moreover, since n = (2Q− 1)5l+2R, Inequality (9) yields R ≥ 2l+3(m+1) and therefore
⌊
R−2l

3

⌋
≥

m+ 1. This is a contradiction to m = max
{⌊

R−2l
3

⌋
, 0
}

.
Therefore, k ≤ k′, and altogether k = k′ = 3n−R

5 +m. 2

3 Conclusion
In [3], Effantin and Kheddouci conjectured that χb(C

r
n) = min{n − (r + 1), r + 1 + bn−(r+1)

3 c} for
2r + 3 ≤ n ≤ 3r. The following observation shows that this conjecture does not hold in general.

Observation 2 Let Cr
n be the rth power of a cycle of order n with 2r + 3 ≤ n ≤ 3r, and set L :=

min{n− (r + 1), r + 1 + bn−(r+1)
3 c}. Then, χb(C

r
n) = L if n > 9r+6

4 and χb(C
r
n) > L if n ≤ 9r+6

4 .

Proof: Recall that l = n − 2(r + 1), R =
(
r + 1 + 3l

)
mod (5l), Q = r+1+3l−R

5l , and m =

max
{⌊

R−2l
3

⌋
, 0
}

. So we obtain L = r + 1 +min{l, b r+1+l
3 c}.

Case 1. l + 3 ≤ r + 1 < 2l, i.e. 5(r+1)
2 < n ≤ 3r.

Then, L = r + 1 + b r+1+l
3 c. Moreover, we obtain r + 1 + 3l < 5l which implies that R = r + 1 + 3l

and m = bR−2l3 c = b
r+1+l

3 c. Thus, Theorem 2 yields χb(C
r
n) =

3n−R
5 +m = 3(l+2(r+1))−(r+1+3l)

5 +

b r+1+l
3 c = r + 1 + b r+1+l

3 c = L.

Case 2. 2l ≤ r + 1 < 4l + 3, i.e. 9r+6
4 < n ≤ 5(r+1)

2 .
Then, L = r+1+ l. Furthermore, it follows that 5l ≤ r+1+3l < 7l+3 = 5l+ (2l+3) and therefore
Q = 1 and 0 ≤ R = r + 1 − 2l < 2l + 3. This yields m = 0. Due to Theorem 2, we then obtain
χb(C

r
n) =

3n−R
5 = 3(l+2(r+1))−(r+1−2l)

5 = r + 1 + l = L.

Case 3. r + 1 ≥ 4l + 3 ≥ 7, i.e. 2r + 3 ≤ n ≤ 9r+6
4 .

Then, L = r+1+ l. Moreover, we deduce that r+1+3l ≥ 7l+3 = 5l+(2l+3) which yields Q ≥ 1.
According to Theorem 2, χb(C

r
n) =

3n−R
5 +m = r+1+ l+ r+1−2l−R

5 +m = L+ r+1−2l−R
5 +m (note

that r+1−2l−R
5 is an integer). In order to prove χb(C

r
n) > L, we have to show that r+1−2l−R

5 +m ≥ 1.
If m = 0, then R ≤ 2l + 2 and therefore r+1−2l−R

5 = d r+1−2l−R
5 e ≥ d r+1−4l−2

5 e ≥ d15e = 1.
If m > 0, then r+1−2l−R

5 +m = r+1−2l−(r+1+3l−5lQ)
5 +m = (Q− 1)l +m ≥ 0 +m ≥ 1. 2
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