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In 1977, Chung, Chung and Liu generalized the definition of the Ramsey number. They introduced the s-chromatic
Ramsey number as follows. Let 1 < s < t be integers and let A1, Aa, ..., A. be subsets with size s of [t], where
¢ = (%). For given graphs G1, Ga, . . ., G, the s-chromatic Ramsey number r**(G1, Gz, . .., G.), is the minimum
positive integer N such that every ¢-coloring of E(K n) yields a copy of G; whose edges are colored by colors in the
color set A; for some i € [c]. The star-critical s-chromatic Ramsey number 3" (G, Ga, . . ., G.), is the minimum
integer ¢ such that every ¢-coloring of the edges in Ky — E(K1,ny—1—¢) yields a copy of G; whose edges are colored
by colors in the color set A; for some i € [c], where N = r®'(G1,Ga,...,G.). If G1 = G2 = -+ = G. = G,
then we simplify them to 7> (G) (also called the weakened Ramsey number) and 5" (G), respectively. In this paper,
we determine all the values of 7" (K ., ) and 75" (K1 ), and part of the value of 7*** (K1 my, K1,ma, - - -, K1,m,).
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1 Introduction

All graphs in this paper are simple graphs. For a graph G, let V(G) and E(G) be the vertex set and
the edge set of G, respectively. The order of G, v(G), is |V(G)|. For given positive integer t, let
G1,Gs,...,Gy be graphs and let [t] be the set {1,2,...,t}. In 1930, Ramsey| (1930) introduced the Ram-
sey number r(G1,Ga, ..., Gy), which is the minimum integer N such that every ¢-coloring of E(K )
yields a monochromatic copy of G; in color i for some ¢ € [t]. Moreover, if Gy = Gy = --- = Gy = G,
then we simplify it to r*(G). Let K1 ,,, be the star of order m + 1. In 1972, Harary|(1972) determined the
value of (K, , K1,m, ), and Burr and Roberts extended it.

Theorem 1 (Burr and Roberts| (1973)) If my,mo, ..., m; are integers larger than one, exactly k of
which are even, then

S mi—t+1, k> 2iseven,

P Ky Ky Ky ) =
(B s Bma Lme) {ZE_I m; —t+ 2, otherwise.
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For more results on the Ramsey number, we refer to the dynamic survey Radziszowski| (2024).

For a graph G and a subgraph H of GG, let G — H be the graph obtained from G by removing a copy of
H. In 2010, Hook| (2010) introduced the star-critical Ramsey number r.(G1,Ga, ..., G¢), which is the
minimum integer ¢ such that every ¢-coloring of the edges in Ky — E (K1, y—1—¢) yields a monochromatic
copy of G; in color i for some ¢ € [t], where N = 7(G1,Ga,...,Gy). Moreover, if G; = Gy = -+ =
G = G, then we simplify it to 7% (G). Recently, Budden and DeJonge, and the second author determined
the star-critical Ramsey number for stars.

Theorem 2 (Budden and DeJonge|(2022), Luo|(2025)) If mi, mo, ..., m; are integers larger than one,
exactly k of which are even, then

22:1 m; —t+1—k/2, k> 2iseven,

1, otherwise.

r*(Kl-,muKl,mza ceey Kl,mt) = {
For more results on the star-critical Ramsey number, we refer to the survey [Hook| (2024) and the book
Budden| (2023)).

Let 1 < s < ¢ be integers and let Ay, Ay, ..., A. be subsets with size s of [t], where ¢ = (') is the
binomial coefficient. In 1977, |Chung et al.|(1997) generalized the definition of the Ramsey number. They
introduced the s-chromatic Ramsey number r**(G1,Gs, . .., G,), which is the minimum positive integer
N such that every t-coloring of E(K ) yields a copy of GG; whose edges are colored by colors in the
color set A; for some i € [c]. Moreover, if G; = Gy = -+ = G. = G, then we simplify it to 75/ (G)
(also called the weakened Ramsey number by |[Harborth and Moller| (1999)). Meanwhile, they determined
the value of 723(K1 m,, K1 mg, K1,ms). In 2017, Khamseh and Omidi| (2017) generalized it. They
determined the value of rt’lvt(K Lmys Kimgs - KK 177”t) under some conditions. In 2022, Khamseh and
Omidi also completely determined the value of =1 (K ).

Theorem 3 (Khamseh and Omidil (2022)) Let x = |(mt —1)/(t — 1)] and ¢ = |z /t]. Then

Tt—l,t(Kl m) _

s

x, x=tqg+ 1andzx,qare odd,
x+ 1, otherwise.

Meanwhile, they determined the value of 7/~ (K ,,,).

We can also generalize the star-critical Ramsey number to the star-critical s-chromatic Ramsey number.
The star-critical s-chromatic Ramsey number, ri’t(Gl, Ga,...,G.), is the minimum integer ¢ such that
every t-coloring of the edges in Ky — E(K7 nv_1-¢) yields a copy of G; whose edges are colored by
colors in the color set A; for some i € [c|, where N = r®!(Gy,Ga, ..., G.). Recently, Budden, Moun
and Jakhar determined the value of .= "* (K1,m)-

Theorem 4 (Budden et al.| (2025)) Let x = [(mt —1)/(t — 1)] and ¢ = |z/t]. Then

, r=tqg+ landzx,qare odd,

t—1,t r—1
r, (K =
7 (Bm) { 1, otherwise.

Meanwhile, they determined the value of ri_z’t(K 1,m). Moreover, they also determined the value of
r2t (K 3) and 12 (K, 3) for t > 3.
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2 Results and Notations

Unfortunately, there is a calculation mistake in Corollary 2.4 in [Khamseh and Omidi| (2022) when ¢
is odd, s = t — 1 and m is large. In this paper, under some conditions, we determine the value of

75U (K1 myy -+ Ki.m,). As corollaries, we completely determine the value of 7'~ V(K1 1, ...y K m,)
and 754 (K1 ) forall 1 < s < t.
For given integers 1 < s < ¢, letc = (z) and let A, Ay, ..., A, be subsets with size s of [t]. For a

set A with size at least s, let (‘2) be the collection of all subsets with size s of A. For each i € [c], let
ma, be a positive integer, and let K ,,,, be the star whose edges are colored by colors in the color set
A;. In this paper, we assume that all elements in color sets are modules in [¢], thatis, b = t if b = at
for some integer a and b = o’ if b = at + o/, where 0 < o’ < t. For a given positive integer a and
sets By, Ba, ..., B, let By U By U ---U B, be the union of By, Bs, ..., B, with repeat. Moreover, if
B; = By = --- = B, = B, then we simplify it to a B. For example, if B; = {1,2,3} and By = {1, 2, 3},
then By U By = {1,1,2,2,3,3} = 2{1,2,3}. Foreachi € [t], let

1
6=~ . mpyus — (5= Dmpep — 1
Be(ThM)

1
== 2 mus = (5= D — a
pe()

Note that a; € [s]. In fact, we will prove that a; = a for every i € [t]. Now, we can show our main result.

Theorem S For given positive integers 1 < s < t, let c = (i) Suppose that 2?21 ma, = Zle ma
ifUi?:l A, = Ui’:l Ag,. Let k be the number of odd numbers of {{1,0s, ... ,L}. Then

24

Zt._ li +a a=1andk > 1iseven
rot (K K oK = =1 ’ ’
(Kimay Kiima, tma.) { St_bi+a+1, otherwise.

Assume that s = ¢ — 1. We can show that if |J0_, A,, = U"_, 4., then 3>0_, ma, = S ma,,-
Thus, the condition of Theorem [3]holds.

Corollary 6 For a given positive integer t, let k be the number of odd numbers of {£1, s, ..., }. Then

t .
> li +a, a=1andk > 1iseven
T (K s Kimay e Kima, ) = i=1" + . > 7
o ’ S Yicili+a+1, otherwise.

Note that the condition of TheoremE]holds if K177’LA1 = K177”A2 == Kim,, = Kim. Thus, the
following holds.
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Corollary 7 Let m, k and t be positive integers. Let s and o' be integers such that s € [t — 1] and
0<a <s—1. Then

2k—-1Dt+s+1, m=2ksands#1,
2kt +a’ +1, m=2ks+ad and1l <a <s-—1,
PR kAT m = (2k + 1)s,
’ 2k+ 1)t +1, m = (2k + 1)s + 1 and t is even,
(2k+ 1)t +2, m = (2k+1)s+ 1andtisodd,
2k+1t+d +1, m=02k+1)s+d and2<a <s-—1.

Furthermore, we completely determine the value of ri’t(K 1,m) as follows.

Theorem 8 Let m, k and t be positive integers. Let s be an integer such that s € [t — 1]. Then

2kt+t/2+1, m=Q2k+1)s+ 1 tisevenand1 < s <t/2,
ri’t(KLm) =< 2kt +s+1, m=2k+1)s+ 1, tisevenandt/2+1<s <t—1,

1 otherwise.

)

Notations and definitions: A cycle C' of a graph G is Hamiltonian if V(C') = V(G). The center of a
star Ky ,, is the vertex of degree m. A graph G is r-regular if d(v) = r for each v € V(G). A spanning
subgraph H of G is r-factor if H is r-regular. Let G be a t-edge-colored graph. For each i € [t], let G;
be the subgraph induced by all edges in color i. Moreover, let d;(v) be the degree of v in G;.

3 Proof of Theorem B

In this section, let 1 < s < ¢ be integers and let ¢ = (z) Let Ay, As, ..., A. be subsets with size s of [t].
Before we prove Theorem[5] we still need some preparation. Firstly, we need the following decomposition
of a complete graphs (see Harary’s book [Harary| (1969)).

Theorem 9 (Harary (1969)) Ko, can be decomposed into (2n — 1) edge-disjoint 1-factors, and Koy, 11
can be decomposed into n edge-disjoint 2-factors.

Fact 10 Suppose that Zle ma, = Zi'):l ma,, ifU?:1 Ay, = U?zl Aqy,. Then for any set A € ([?),
we have

Z Z m{i}uB — (S — 1)m[s+i]\[i] = Sma4y.

i€A \ pe(l+i\i)
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Proof: Without loss of generality, suppose that A = {41, 2, ...,is}. Thus,

> > mus — (s — Dmisg

i€A \ pe(l+i\i)
S

- Z Zm{tiﬂwws}\{iﬂ} — (s = D)myit1ite,...its}
icA \j=1

S
= Zm{izf,i1f+1,~~’i14+5}\{iz+j} - (8 - 1)m{u+1,n+2 coyiets}

=1 \j=1
S S S
= Z Z Mfigig+1,...ie+s\{ie+i} — (s—1) Z M {iy+1,i0+2,...,00+s}
=1 j=1 =1

S S
=SMyiy ig,...is} T (5 - 1) Zm{z‘@+1,i@+z,...,n+s} - (S - 1) Zm{1:4+1,1:[+2,...,u+s}
=1 =1

=Sm A
where the second to the last equality is from our assumption since

S S

U U{ie,ie+1,...,i£+3}\{ie+j}

=1 \j=1
=s{i1,ig,...,is} U <(s 1) Jlie+ Lie+2,... i +s}> .
=1
We finish the proof. O
Recall that for any i € [t],

6= > mpyus — (5= Dmpeps — 1
Be(ThM)
1
- > mpgus — (s = Dmpepipg — @

Be(lti)0)

Fact 11 Suppose that Zszl ma, = Z?Zl ma,, ing:l Ay = Ule Ay, Then a; = a; = a for all
i,j € [t]. Moreover, a € |[s].

Proof: For any set A € ([i]), we have » ;4 i =ma — ) ;. 40ai/sby Fact Note that ) ;. , a;/s is
an integer since ) ;. o £; and m 4 are integers. Thus, ;. 4 a; = 0 (mod s) for any set A € ([i]). Let
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i1,12 € [t] be integers such that iy # i. Let B € ([ g ,) be a set such that iy ¢ B and i ¢ B (we can
do this since 1 < s < t). Note that ),z a; +a;, =0 (mod s) and ) .5 a; + a;, =0 (mod s) since
BU{ii1} € () and BU {iz} € (). Consequently, a;, — a;, = 0 (mod s). Furthermore, a;, = a,,
since a;, , a;, € [s]. Thus, we are done by the arbitrariness of ; and is. O

The following is deduced from Fact[I0]and Fact[T1]

Corollary 12 Suppose that 23:1 ma, = Zl;:z ma,, ifU?:1 Ay, = U?Zl A,,. Foranyset A € ([z]),
we have ) ;. 4 €; = ma — a, where a € [s].

Now, we are ready to prove our main result. We divide Theorem 3]into three parts. Let k be the number
of odd numbers in {¢1, 4o, ..., 0 }.

Theorem 13 Suppose that Z?Zl ma, = Z?Zl ma,, ifU?:1 Ay, = U?Zl Aqy,. Then

St i+ a, a=1andk > 1is even,

s,t
P By Kimage s K ) 214 5 :
( JMAL yMA ; ) Ac) f . Ei +a+1, otherwise.

Proof: We can split our discussion into the following cases since a € [s].

Case 1.a =1and k > 1iseven.

Note that 3"/_, ¢; is even. Thus, Ky~ 4, can be decomposed into S, £; — 1 edge-disjoint 1-factors
by Theorem E} Furthermore, we have graphs G1,Gs, ..., Gy that satisfy the following. (1) G; and G
are edge-disjoint for all ¢ € [t],j € [t] and i # j. (2) Gi is ¢;-regular for each ¢ € [t — 1] and G; is
(¢, — 1)-regular. Color G; by color i for each ¢ € [t] and denote the resulting graph by G. Note that
G is a t-edge-colored Ky, . Let v € V(G) be a vertex and let A € ([i]) be a color set. Note that
Yieadi(v) < Xcali = ma —a = mya — 1 by Corollary [12]since @ = 1. Consequently, there is
no copy of K ,,, whose edges are colored by colors in the color set A for each A € ([?), and thus
T (K ima, s Kimays - Kima,) > S bi+1=3"_ 4 +asincea = 1.

Case2.a=1and k =0.

Note that ¢; is even for each ¢ € [t] and Y.'_, #; + a is odd. Thus, Kyt 4,44 can be decom-

posed into 25:1 £;/2 edge-disjoint 2-factors by Theorem@ since a = 1. Furthermore, we have graphs
G1, Gy, . .., Gy that satisfy the following since ¢; is even for each i € [t]. (1) G; and G; are edge-disjoint
foralli € [t],j € [t] and i # j. (2) G; is ¢;-regular for each i € [t]. Color G; by color i for each i € [t]
and denote the resulting graph by G. Note that G is a t-edge-colored K S tita- Letv € V(G) be a
vertex and let A € (t]) be a color set. Note that ., di(v) = > ;c4li = ma —a = ma — 1by
Corollary[T2]since a = 1. Consequently, there is no copy of K} ,,,, whose edges are colored by colors in
the color set A for each A € ([z]), and thus r* t(Kl,mAl s K may s Kima,) > lel U +a+1.

Case 3. a > Qandzt l; 4+ ais odd.

Note that Zi 1 Yi+a—1iseven. Thus, K~ 4,441 can be decomposed into 21 1 4i+a—2edge-
disjoint 1-factors by Theorem [0} Furthermore, we "have graphs G1, G, . . ., Gy that satisty the following.
(1) G; and G are edge-disjoint for all ¢ € [t],j € [t] and i # j. (2) G} is ¢;-regular for each i € [t — 1]
and Gy is (Kt + a — 2)-regular. Color G; by color i for each ¢ € [t] and denote the resulting graph by
G. Letu ¢ V(G) be a vertex and add all edges between {u} and V(G). Color ¢; edges adjacent to u by
color i for each ¢ € [t — 1] and ¢; + a — 1 edges adjacent to u by color ¢. Denote the resulting graph by
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H. Note that H is a t-edge-colored Ky~ 4 ,,. Letv € V(H) be a vertex and let A € ([Z]) be a color
set. Note that ), , d;i(v) < D e fi +a—1=my —1by Corollarysince a > 2. Consequently,
there is no copy of K ,,, whose edges are colored by colors in the color set A for each A € ([z]), and
thus 75 (K1 u s Kty s - o Kima,) > 3oy b+ a+ 1.

Case 4. ' £; +ais even.

Note that K St fi4a CaN be partitioned into 22:1 l; + a — 1 edge-disjoint 1-factors by Theorem@
Furthermore, we have graphs G'1, G, .. ., G that satisfy the following. (1) G; and G are edge-disjoint
foralli € [t],j € [t] and i # j. (2) G is ¢;-regular for each ¢ € [t — 1] and G is ({4 + a — 1)-regular.
Color G; by color i for each i € [t] and denote the resulting graph by G. Let v € V(G) be a vertex and
let A € (1) be a color set. Note that 3, , d;(v) < Sicali+a—1=ma—1by Corollarysince
a > 1. Consequently, there is no copy of K ,,,, whose edges are colored by colors in the color set A for
each A € <[§>’ and thus 7 (K s Km0 Kima, ) > S lita+l O

Theorem 14 Suppose that Z?Zl ma, = Z?Zl ma,, ifU?:1 Ay, = Us:1 Ay Ifa=1landk > 1is
even, then v (K1 s Kima,s s Kima,) = Sl +a

Proof: We just need to show that 75" (K1, K1y s Kima,) < S>!_, £ +a = N by Theorem
. Color K arbitrarily by ¢ colors and denote the resultmg graph by G. Let u € V(G) be a vertex.
Moreover, let d; = d;(u). Note that ZZ 1di=du)=N-1= Z 1 4; since a = 1. By the pigeonhole
principle, there is iy € [¢] such that d;, > ¢;,. Without loss of generahty, we may assume that d; = ¢; +c,
where ¢ > 0. Moreover, we may assume that ZBG([t]S\fll}) Zie{l}UB d; < ZBE([tL\jf}>(m{1}uB -1).
Otherwise, there is a copy of K m/,, , Whose edges are colored by colors in the color set {1} U B for

some B € ([t]",\_{ll }) , and we are done. Consequently,

o (mgus-1D2= > > d;

Be(\() Be(\M1Y) ie{1}uB

(e () Eum (D (Do
:C—i)m (z‘ﬁ)ﬁ (i‘z) >

= > (mmus-D+ (Z_i)c,

Be(\()

where the last equality is from Corollaryn since a = 1. Thus, ¢ = 0 and d; = ¢;. Consequently, there
is jo € [t]\{1} such that d;, > ¢;, since Zz o d; = Z ¢;. The same discussion as before, we have

. = %i,. Repeat the process, either we have a copy of K 1,m. Whose edges are colored by colors in
the color set A for some A € ([i]) or d; = {; for each i € [t]. We may assume the latter. Note that the
subgraph induced by all edges in color i is ¢;-regular for each i € [¢] since u € V(G) is arbitrarily. Recall
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thata = 1 and k > 1 is even. Thus, there is an ¢’ € [t] such that ¢;; is odd. Moreover, 22:1 £; + ais odd.
It is impossible since the odd regular graph on odd vertices does not exist by the Handshaking Lemma. O

Theorem 15 Suppose that Zle ma,, = Z?Zl ma,, ifo:l Ay = U?Zl Ay If2<a<s ork=0,
or k is odd, then Ts’t(KLmAl s K1 may s Kim,, )= 22:1 b +a+1.

Proof: We just need to show that Ts7t(K1,mA17K1,mA2,-.-,K1,mAC) < Zle li+a+1= N by
Theorem Color K arbitrarily by ¢ colors and denote the resulting graph by G. Let u € V(G) be a
vertex. Moreover, let d; = d;(u). Note that 3°;_  d; = d(u) = N — 1 = Y_i_, ¢; + a. In the following,
we will show that G contains a copy of K ,,,, whose edges are colored by colors in the color set A for
some A € () by using induction in .

Firstly, let t = s + 1. By the pigeonhole principle, there is ig € [s + 1] such that d;, > ¢;, + 1 since
a € [s]. Without loss of generality, we may assume that d; = ¢1 + 1+ ¢, where ¢ > 0. Moreover, we may
assume that ZBG([”S”,\“}) ZiG{l}UB d; < ZBE([5+&;1\1{1}) (my1yup — 1). Otherwise, there is a copy of
Ki,m 1y, Whose edges are colored by colors in the color set {1} U B for some B € ([S+Sll\1{1}), and we
are done. Consequently,

Z (mgyup —1) > Z Z d;

Be (I Be (Lt ie{1}uB
s+1

=sdy+ (s — 1)) _d; = dy + (s — 1)d(u)
=2

s+1
l+14+c+(s—1) (Zéﬂ—a)
=1

= Z (mpyup —a)+(s—1a+1+c
Be(lHIN

= Y. (muus-1)-at+s+l+c
BE([SJrsl]_\l{l})

> Y (mgus-1+1,
Be(FTINM)

where the third to the last inequality comes from Corollary[12|and the last inequality comes from a € [s]
and ¢ > 0. This is a contradiction. Consequently, the assertion holds for ¢ = s + 1.

Assume that ¢ > s + 2 and the assertion holds for ¢ — 1. Let k&’ be the number of odd numbers in
li,0o,...,0;_1and let ¢/ = (tgl). Note that 1"5’1“1(1(177,”1 K 1may s KLm%/) < Zf;i li+a+1
by Theorem (14| or the induction hypothesis. Consequently, if Zf;% d; > Zf;i ¢; 4+ a, then there is a
copy of K1, ,, whose edges are colored by colors in the color set A’ for some A’ € ([t;”), and we are
done. Thus, to finish the proof, we only need to show that Zf;i d; > Zf;i l; + a.

By the pigeonhole principle, there is ig € [t] such that d;, < ¢;, since Zle d; = d(u) = Zle 4 +
a,a € [s] and t > s + 2. Without loss of generality, we may assume that ig = ¢ (if ig # ¢, then we can
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relabel the colors such that 75 = t). Note that
> di=N-1-d;>N—-1-4;=) l+a.

Thus, we finish the proof. O

Combining Theorem [I4]and Theorem T3] we obtain Theorem 5]

4 Proof of Theorem

Note that Theorem [§] holds for s = 1 by Theorem [2]and holds for s = ¢ — 1 by Theorem[4] Thus, we may
assume that 2 < s < ¢t — 2 in this section. Firstly, we need a stronger decomposition of a complete graph
from Bollabas.

Theorem 16 (Bollobas|(2004)) Ks,,+1 can be decomposed into n edge-disjoint Hamiltonian cycles.

Let m, k and ¢ be positive integers. Let s and a’ be integers such that s € [t — 1] and 0 < @’ < s — 1.
Let b be an integer as follows.

(2k—1)t+s, m=2ksands#1,
2kt +a’, m=2ks+ad and1 <a <s-—1,
b= 2kt+s, m= (2k+ 1)s,
2k+1)t+1, m=(2k+1)s+ 1andtis odd,
2k+1)t+d, m=Q2k+1)s+d and2<a <s-—1.

Lemma 17 Let G be a graph, and let uw € V(G) be a vertex such that d(u) > b. Then every t-coloring
of E(G) yields a copy of K1 n, with center u, whose edges are colored by colors in the color set A; for

some A; € ([i]).

Proof: Let d; = d;(u). Without loss of generality, we may assume that d; > do > --- > d;. If
>>7_,d; > m, then we are done. Thus, we may assume that ) ;_, d; < m — 1. Furthermore, d, <

|(m — 1)/s] by the pigeonhole principle. Note that Z;SH di >b—>7_,d; >b—m+ 1. Thus,

ds+1 > [(b—m+1)/(t — s)] by the pigeonhole principle again. One can directly verify that
de < |[(m—-1)/s] <[(b—m+1)/(t—5s)] < dsy1.
It is a contradiction to our assumption. O

Theorem 18 Ifm # (2k + 1)s + 1, or t is odd, then r3* (K ) = 1

Proof Note that r* t(K 1 m) =0b+1by Corollaryl Thus s (K 1,m) < 1by Lemma Consequently,
SHK Y ) = 1since 75" (K1 ) > 1 by the definition of 75 (K ).
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Theorem 19 [fm = (2k + 1)s + 1 and t is even, then

2kt +1/24+1, 2<s<t/2,

’)"S’tK —
2 1,m) {2kt+3—|—1, t/2—|—1§8§t_2~

Proof: Note that (K7 ,,) = (2k+1)t+1 = N by Corollary[7} Let z = 2kt +t/2+1for2 < s < ¢/2
andx =2kt +s+ 1fort/2+1<s<t—2.

Firstly, we will show that ri’t(Kl}m) > x, that is, there is a ¢-coloring of the edges of Ky —E(K1 n_4)
without copy of K ,,, whose edges are colored by colors in the color set A; for each A; € ([i])' Note
that (2k + 1)t + 1 is odd since ¢ is even. Thus, K (oj41)¢+1 can be decomposed into (2k + 1)t/2 edge-
disjoint Hamiltonian cycles by Theorem Denote them by C1, Co, ..., Capt1ye/2- Letv € V(Ky)
be a vertex. For each i € [t/2], let u;v € E(C;) be an edge and let P; be the graph obtained from C;
by removing u;v. Note that £(P;) can be decomposed into two edge-disjoint matchings M(;_1y41 and
My;. Color Cri—1)4+1+4t/2 Cr(i—1)+24t/2> - - - » Citt/2 and M; in color i for each i € [t]. Denote the
resulting graph by H’. Moreover, color u;v in color ¢ for each i € [s—t/2] if t/2+1 < s < t—2. Denote
the resulting graph by H"'. Note that H' contains no copy of K7 ,, whose edges are colored by colors in
the color set A; for each A; € ([Z]) since (2k +1)s = m—1 < m. Moreover, ift/2+1 < s < t — 2, then
H" contains no copy of K1 ,, whose edges are colored by colors in the color set A; for each A; € ([?)
since (2k+1)s=m—1<mand (2k + 1)t/2 +2k(s —t/2)+s—t/2=(2k+1)s=m—1<m.
Consequently, r;ﬁ’t(KLm) > .

In the following, we will show that 75" (K ,,) < x. Letv & V(Kx_1) be a vertex. Add z edges
between {v} and V(K y_1). Color the edges of the resulting graph arbitrarily by ¢ colors. Denote the
resulting graph by G. Let u € V(G) be a vertex and let d; = d;(u). Without loss of generality, we
may assume that d; > dy > -+ > dy. If Zle d; > m, then we are done. Thus, we may assume that
Zle di < m—1= (2k + 1)s. Moreover, ds < 2k + 1 by the pigeonhole principle. If d; < 2k,
then > .. di < 30 . ds < 2k(t — s). Note that 3°;_, d; = , >;_,d; = (2k + 1)t — 1 or
22:1 d; = (2k + 1)t. Consequently,

t S t
xSZdi:Zdi—&— Z di<m-—1+4+2k(t—s)=2kt+s<z—1.
i=1 i=1 i=s+1

This is a contradiction. Thus, we may assume that d;, = 2k + 1. Moreover,d; = do = --- =dg =2k +1
since Zle di < (2k+1)sand dy > dy > --- > ds. Consequently, d;(u) < 2k + 1 for each vertex
u € V(G) and each i € [t]. Note that for each i € [t], 2¢(G;) < (2k + 1)N — 1 since N is odd (from
Corollary 9 in|Luo|(2025))). Consequently,

(2k + 1)%2 + 2kt = [(2k + 1)N — 1]t > iQe(Hi)

=2¢(H) = 2(N2_ !

>(2k + 1)%2 + 2kt + 2.

) + 21 = (2k + 1)%t* — 2k + 1)t + 2z
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This is a contradiction. O

Combining Theorem [I8and Theorem [T9] we obtain Theorem §]
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