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In 1977, Chung, Chung and Liu generalized the definition of the Ramsey number. They introduced the s-chromatic
Ramsey number as follows. Let 1 ≤ s < t be integers and let A1, A2, . . . , Ac be subsets with size s of [t], where
c =

(
t
s

)
. For given graphs G1, G2, . . . , Gc, the s-chromatic Ramsey number rs,t(G1, G2, . . . , Gc), is the minimum

positive integer N such that every t-coloring of E(KN ) yields a copy of Gi whose edges are colored by colors in the
color set Ai for some i ∈ [c]. The star-critical s-chromatic Ramsey number rs,t∗ (G1, G2, . . . , Gc), is the minimum
integer ℓ such that every t-coloring of the edges in KN −E(K1,N−1−ℓ) yields a copy of Gi whose edges are colored
by colors in the color set Ai for some i ∈ [c], where N = rs,t(G1, G2, . . . , Gc). If G1 = G2 = · · · = Gc = G,
then we simplify them to rs,t(G) (also called the weakened Ramsey number) and rs,t∗ (G), respectively. In this paper,
we determine all the values of rs,t(K1,m) and rs,t∗ (K1,m), and part of the value of rs,t(K1,m1 ,K1,m2 , . . . ,K1,mc).

Keywords: s-chromatic Ramsey number, star-critical s-chromatic Ramsey number, star

1 Introduction
All graphs in this paper are simple graphs. For a graph G, let V (G) and E(G) be the vertex set and
the edge set of G, respectively. The order of G, v(G), is |V (G)|. For given positive integer t, let
G1, G2, . . . , Gt be graphs and let [t] be the set {1, 2, . . . , t}. In 1930, Ramsey (1930) introduced the Ram-
sey number r(G1, G2, . . . , Gt), which is the minimum integer N such that every t-coloring of E(KN )
yields a monochromatic copy of Gi in color i for some i ∈ [t]. Moreover, if G1 = G2 = · · · = Gt = G,
then we simplify it to rt(G). Let K1,m be the star of order m+1. In 1972, Harary (1972) determined the
value of r(K1,m1 ,K1,m2), and Burr and Roberts extended it.

Theorem 1 (Burr and Roberts (1973)) If m1,m2, . . . ,mt are integers larger than one, exactly k of
which are even, then

r(K1,m1
,K1,m2

, . . . ,K1,mt
) =

{∑t
i=1 mi − t+ 1, k ≥ 2 is even,∑t
i=1 mi − t+ 2, otherwise.
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For more results on the Ramsey number, we refer to the dynamic survey Radziszowski (2024).
For a graph G and a subgraph H of G, let G−H be the graph obtained from G by removing a copy of

H . In 2010, Hook (2010) introduced the star-critical Ramsey number r∗(G1, G2, . . . , Gt), which is the
minimum integer ℓ such that every t-coloring of the edges in KN−E(K1,N−1−ℓ) yields a monochromatic
copy of Gi in color i for some i ∈ [t], where N = r(G1, G2, . . . , Gt). Moreover, if G1 = G2 = · · · =
Gt = G, then we simplify it to rt∗(G). Recently, Budden and DeJonge, and the second author determined
the star-critical Ramsey number for stars.

Theorem 2 (Budden and DeJonge (2022), Luo (2025)) If m1,m2, . . . ,mt are integers larger than one,
exactly k of which are even, then

r∗(K1,m1
,K1,m2

, . . . ,K1,mt
) =

{∑t
i=1 mi − t+ 1− k/2, k ≥ 2is even,

1, otherwise.

For more results on the star-critical Ramsey number, we refer to the survey Hook (2024) and the book
Budden (2023).

Let 1 ≤ s < t be integers and let A1, A2, . . . , Ac be subsets with size s of [t], where c =
(
t
s

)
is the

binomial coefficient. In 1977, Chung et al. (1997) generalized the definition of the Ramsey number. They
introduced the s-chromatic Ramsey number rs,t(G1, G2, . . . , Gc), which is the minimum positive integer
N such that every t-coloring of E(KN ) yields a copy of Gi whose edges are colored by colors in the
color set Ai for some i ∈ [c]. Moreover, if G1 = G2 = · · · = Gc = G, then we simplify it to rs,t(G)
(also called the weakened Ramsey number by Harborth and Möller (1999)). Meanwhile, they determined
the value of r2,3(K1,m1 ,K1,m2 ,K1,m3). In 2017, Khamseh and Omidi (2017) generalized it. They
determined the value of rt−1,t(K1,m1 ,K1,m2 , . . . ,K1,mt) under some conditions. In 2022, Khamseh and
Omidi also completely determined the value of rt−1,t(K1,m).

Theorem 3 (Khamseh and Omidi (2022)) Let x = ⌊(mt− 1)/(t− 1)⌋ and q = ⌊x/t⌋. Then

rt−1,t(K1,m) =

{
x, x = tq + 1 and x, q are odd,
x+ 1, otherwise.

Meanwhile, they determined the value of rt−2,t(K1,m).
We can also generalize the star-critical Ramsey number to the star-critical s-chromatic Ramsey number.

The star-critical s-chromatic Ramsey number, rs,t∗ (G1, G2, . . . , Gc), is the minimum integer ℓ such that
every t-coloring of the edges in KN − E(K1,N−1−ℓ) yields a copy of Gi whose edges are colored by
colors in the color set Ai for some i ∈ [c], where N = rs,t(G1, G2, . . . , Gc). Recently, Budden, Moun
and Jakhar determined the value of rt−1,t

∗ (K1,m).

Theorem 4 (Budden et al. (2025)) Let x = ⌊(mt− 1)/(t− 1)⌋ and q = ⌊x/t⌋. Then

rt−1,t
∗ (K1,m) =

{
x− 1, x = tq + 1 and x, q are odd,
1, otherwise.

Meanwhile, they determined the value of rt−2,t
∗ (K1,m). Moreover, they also determined the value of

r2,t(K1,3) and r2,t∗ (K1,3) for t ≥ 3.
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2 Results and Notations
Unfortunately, there is a calculation mistake in Corollary 2.4 in Khamseh and Omidi (2022) when t
is odd, s = t − 1 and m is large. In this paper, under some conditions, we determine the value of
rs,t(K1,m1

, . . . ,K1,mc
). As corollaries, we completely determine the value of rt−1,t(K1,m1

, . . . ,K1,mt
)

and rs,t(K1,m) for all 1 ≤ s < t.
For given integers 1 ≤ s < t, let c =

(
t
s

)
and let A1, A2, . . . , Ac be subsets with size s of [t]. For a

set A with size at least s, let
(
A
s

)
be the collection of all subsets with size s of A. For each i ∈ [c], let

mAi be a positive integer, and let K1,mAi
be the star whose edges are colored by colors in the color set

Ai. In this paper, we assume that all elements in color sets are modules in [t], that is, b ≡ t if b = at
for some integer a and b ≡ a′ if b = at + a′, where 0 < a′ < t. For a given positive integer a and
sets B1, B2, . . . , Ba, let B1 ∪ B2 ∪ · · · ∪ Ba be the union of B1, B2, . . . , Ba with repeat. Moreover, if
B1 = B2 = · · · = Ba = B, then we simplify it to aB. For example, if B1 = {1, 2, 3} and B2 = {1, 2, 3},
then B1 ∪B2 = {1, 1, 2, 2, 3, 3} = 2{1, 2, 3}. For each i ∈ [t], let

ℓi =

1
s

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i] − 1




=
1

s

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i] − ai

 .

Note that ai ∈ [s]. In fact, we will prove that ai = a for every i ∈ [t]. Now, we can show our main result.

Theorem 5 For given positive integers 1 ≤ s < t, let c =
(
t
s

)
. Suppose that

∑b
i=1 mApi

=
∑b

i=1 mAqi

if
⋃b

i=1 Api =
⋃b

i=1 Aqi . Let k be the number of odd numbers of {ℓ1, ℓ2, . . . , ℓt}. Then

rs,t
(
K1,mA1

,K1,mA2
, . . . ,K1,mAc

)
=

{∑t
i=1 ℓi + a, a = 1 and k ≥ 1 is even,∑t
i=1 ℓi + a+ 1, otherwise.

Assume that s = t − 1. We can show that if
⋃b

i=1 Api
=
⋃b

i=1 Aqi , then
∑b

i=1 mApi
=
∑b

i=1 mAqi
.

Thus, the condition of Theorem 5 holds.

Corollary 6 For a given positive integer t, let k be the number of odd numbers of {ℓ1, ℓ2, . . . , ℓt}. Then

rt−1,t
(
K1,mA1

,K1,mA2
, . . . ,K1,mAt

)
=

{∑t
i=1 ℓi + a, a = 1 and k ≥ 1 is even,∑t
i=1 ℓi + a+ 1, otherwise.

Note that the condition of Theorem 5 holds if K1,mA1
= K1,mA2

= · · · = K1,mAc
= K1,m. Thus, the

following holds.
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Corollary 7 Let m, k and t be positive integers. Let s and a′ be integers such that s ∈ [t − 1] and
0 ≤ a′ ≤ s− 1. Then

rs,t(K1,m) =



(2k − 1)t+ s+ 1, m = 2ks and s ̸= 1,

2kt+ a′ + 1, m = 2ks+ a′ and 1 ≤ a′ ≤ s− 1,

2kt+ s+ 1, m = (2k + 1)s,

(2k + 1)t+ 1, m = (2k + 1)s+ 1 and t is even,
(2k + 1)t+ 2, m = (2k + 1)s+ 1 and t is odd,
(2k + 1)t+ a′ + 1, m = (2k + 1)s+ a′ and 2 ≤ a′ ≤ s− 1.

Furthermore, we completely determine the value of rs,t∗ (K1,m) as follows.

Theorem 8 Let m, k and t be positive integers. Let s be an integer such that s ∈ [t− 1]. Then

rs,t∗ (K1,m) =


2kt+ t/2 + 1, m = (2k + 1)s+ 1, t is even and 1 ≤ s ≤ t/2,

2kt+ s+ 1, m = (2k + 1)s+ 1, t is even and t/2 + 1 ≤ s ≤ t− 1,

1, otherwise.

Notations and definitions: A cycle C of a graph G is Hamiltonian if V (C) = V (G). The center of a
star K1,m is the vertex of degree m. A graph G is r-regular if d(v) = r for each v ∈ V (G). A spanning
subgraph H of G is r-factor if H is r-regular. Let G be a t-edge-colored graph. For each i ∈ [t], let Gi

be the subgraph induced by all edges in color i. Moreover, let di(v) be the degree of v in Gi.

3 Proof of Theorem 5

In this section, let 1 ≤ s < t be integers and let c =
(
t
s

)
. Let A1, A2, . . . , Ac be subsets with size s of [t].

Before we prove Theorem 5, we still need some preparation. Firstly, we need the following decomposition
of a complete graphs (see Harary’s book Harary (1969)).

Theorem 9 (Harary (1969)) K2n can be decomposed into (2n− 1) edge-disjoint 1-factors, and K2n+1

can be decomposed into n edge-disjoint 2-factors.

Fact 10 Suppose that
∑b

i=1 mApi
=
∑b

i=1 mAqi
if
⋃b

i=1 Api
=
⋃b

i=1 Aqi . Then for any set A ∈
(
[t]
s

)
,

we have

∑
i∈A

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i]

 = smA.
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Proof: Without loss of generality, suppose that A = {i1, i2, . . . , is}. Thus,

∑
i∈A

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i]


=
∑
i∈A

 s∑
j=1

m{i,i+1,...,i+s}\{i+j} − (s− 1)m{i+1,i+2,...,i+s}


=

s∑
ℓ=1

 s∑
j=1

m{iℓ,iℓ+1,...,iℓ+s}\{iℓ+j} − (s− 1)m{iℓ+1,iℓ+2,...,iℓ+s}


=

s∑
ℓ=1

s∑
j=1

m{iℓ,iℓ+1,...,iℓ+s}\{iℓ+j} − (s− 1)

s∑
ℓ=1

m{iℓ+1,iℓ+2,...,iℓ+s}

=sm{i1,i2,...,is} + (s− 1)

s∑
ℓ=1

m{iℓ+1,iℓ+2,...,iℓ+s} − (s− 1)

s∑
ℓ=1

m{iℓ+1,iℓ+2,...,iℓ+s}

=smA

where the second to the last equality is from our assumption since

s⋃
ℓ=1

 s⋃
j=1

{iℓ, iℓ + 1, . . . , iℓ + s} \ {iℓ + j}


=s{i1, i2, . . . , is} ∪

(
(s− 1)

s⋃
ℓ=1

{iℓ + 1, iℓ + 2, . . . , iℓ + s}

)
.

We finish the proof. 2

Recall that for any i ∈ [t],

ℓi =

1
s

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i] − 1




=
1

s

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i] − ai

 .

Fact 11 Suppose that
∑b

i=1 mApi
=
∑b

i=1 mAqi
if
⋃b

i=1 Api
=
⋃b

i=1 Aqi . Then ai = aj = a for all
i, j ∈ [t]. Moreover, a ∈ [s].

Proof: For any set A ∈
(
[t]
s

)
, we have

∑
i∈A ℓi = mA −

∑
i∈A ai/s by Fact 10. Note that

∑
i∈A ai/s is

an integer since
∑

i∈A ℓi and mA are integers. Thus,
∑

i∈A ai ≡ 0 (mod s) for any set A ∈
(
[t]
s

)
. Let
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i1, i2 ∈ [t] be integers such that i1 ̸= i2. Let B ∈
(

[t]
s−1

)
be a set such that i1 ̸∈ B and i2 ̸∈ B (we can

do this since 1 ≤ s < t). Note that
∑

i∈B ai + ai1 ≡ 0 (mod s) and
∑

i∈B ai + ai2 ≡ 0 (mod s) since
B ∪ {i1} ∈

(
[t]
s

)
and B ∪ {i2} ∈

(
[t]
s

)
. Consequently, ai1 − ai2 ≡ 0 (mod s). Furthermore, ai1 = ai2

since ai1 , ai2 ∈ [s]. Thus, we are done by the arbitrariness of i1 and i2. 2

The following is deduced from Fact 10 and Fact 11.

Corollary 12 Suppose that
∑b

i=1 mApi
=
∑b

j=i mAqi
if
⋃b

i=1 Api
=
⋃b

i=1 Aqi . For any set A ∈
(
[t]
s

)
,

we have
∑

i∈A ℓi = mA − a, where a ∈ [s].

Now, we are ready to prove our main result. We divide Theorem 5 into three parts. Let k be the number
of odd numbers in {ℓ1, ℓ2, . . . , ℓt}.

Theorem 13 Suppose that
∑b

i=1 mApi
=
∑b

i=1 mAqi
if
⋃b

i=1 Api
=
⋃b

i=1 Aqi . Then

rs,t
(
K1,mA1

,K1,mA2
, . . . ,K1,mAc

)
≥

{∑t
i=1 ℓi + a, a = 1 and k ≥ 1 is even,∑t
i=1 ℓi + a+ 1, otherwise.

Proof: We can split our discussion into the following cases since a ∈ [s].
Case 1. a = 1 and k ≥ 1 is even.
Note that

∑t
i=1 ℓi is even. Thus, K∑t

i=1 ℓi can be decomposed into
∑t

i=1 ℓi−1 edge-disjoint 1-factors
by Theorem 9. Furthermore, we have graphs G1, G2, . . . , Gt that satisfy the following. (1) Gi and Gj

are edge-disjoint for all i ∈ [t], j ∈ [t] and i ̸= j. (2) Gi is ℓi-regular for each i ∈ [t − 1] and Gt is
(ℓt − 1)-regular. Color Gi by color i for each i ∈ [t] and denote the resulting graph by G. Note that
G is a t-edge-colored K∑t

i=1 ℓi . Let v ∈ V (G) be a vertex and let A ∈
(
[t]
s

)
be a color set. Note that∑

i∈A di(v) ≤
∑

i∈A ℓi = mA − a = mA − 1 by Corollary 12 since a = 1. Consequently, there is
no copy of K1,mA

whose edges are colored by colors in the color set A for each A ∈
(
[t]
s

)
, and thus

rs,t(K1,mA1
,K1,mA2

, . . . ,K1,mAc
) ≥

∑t
i=1 ℓi + 1 =

∑t
i=1 ℓi + a since a = 1.

Case 2. a = 1 and k = 0.
Note that ℓi is even for each i ∈ [t] and

∑t
i=1 ℓi + a is odd. Thus, K∑t

i=1 ℓi+a can be decom-
posed into

∑t
i=1 ℓi/2 edge-disjoint 2-factors by Theorem 9 since a = 1. Furthermore, we have graphs

G1, G2, . . . , Gt that satisfy the following since ℓi is even for each i ∈ [t]. (1) Gi and Gj are edge-disjoint
for all i ∈ [t], j ∈ [t] and i ̸= j. (2) Gi is ℓi-regular for each i ∈ [t]. Color Gi by color i for each i ∈ [t]
and denote the resulting graph by G. Note that G is a t-edge-colored K∑t

i=1 ℓi+a. Let v ∈ V (G) be a

vertex and let A ∈
(
[t]
s

)
be a color set. Note that

∑
i∈A di(v) =

∑
i∈A ℓi = mA − a = mA − 1 by

Corollary 12 since a = 1. Consequently, there is no copy of K1,mA
whose edges are colored by colors in

the color set A for each A ∈
(
[t]
s

)
, and thus rs,t(K1,mA1

,K1,mA2
, . . . ,K1,mAc

) ≥
∑t

i=1 ℓi + a+ 1.
Case 3. a ≥ 2 and

∑t
i=1 ℓi + a is odd.

Note that
∑t

i=1 ℓi+a−1 is even. Thus, K∑t
i=1 ℓi+a−1 can be decomposed into

∑t
i=1 ℓi+a−2 edge-

disjoint 1-factors by Theorem 9. Furthermore, we have graphs G1, G2, . . . , Gt that satisfy the following.
(1) Gi and Gj are edge-disjoint for all i ∈ [t], j ∈ [t] and i ̸= j. (2) Gi is ℓi-regular for each i ∈ [t − 1]
and Gt is (ℓt + a − 2)-regular. Color Gi by color i for each i ∈ [t] and denote the resulting graph by
G. Let u ̸∈ V (G) be a vertex and add all edges between {u} and V (G). Color ℓi edges adjacent to u by
color i for each i ∈ [t − 1] and ℓt + a − 1 edges adjacent to u by color t. Denote the resulting graph by
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H . Note that H is a t-edge-colored K∑t
i=1 ℓi+a. Let v ∈ V (H) be a vertex and let A ∈

(
[t]
s

)
be a color

set. Note that
∑

i∈A di(v) ≤
∑

i∈A ℓi + a − 1 = mA − 1 by Corollary 12 since a ≥ 2. Consequently,
there is no copy of K1,mA

whose edges are colored by colors in the color set A for each A ∈
(
[t]
s

)
, and

thus rs,t(K1,mA1
,K1,mA2

, . . . ,K1,mAc
) ≥

∑t
i=1 ℓi + a+ 1.

Case 4.
∑t

i=1 ℓi + a is even.
Note that K∑t

i=1 ℓi+a can be partitioned into
∑t

i=1 ℓi + a − 1 edge-disjoint 1-factors by Theorem 9.
Furthermore, we have graphs G1, G2, . . . , Gt that satisfy the following. (1) Gi and Gj are edge-disjoint
for all i ∈ [t], j ∈ [t] and i ̸= j. (2) Gi is ℓi-regular for each i ∈ [t − 1] and Gt is (ℓt + a − 1)-regular.
Color Gi by color i for each i ∈ [t] and denote the resulting graph by G. Let v ∈ V (G) be a vertex and
let A ∈

(
[t]
s

)
be a color set. Note that

∑
i∈A di(v) ≤

∑
i∈A ℓi + a − 1 = mA − 1 by Corollary 12 since

a ≥ 1. Consequently, there is no copy of K1,mA
whose edges are colored by colors in the color set A for

each A ∈
(
[t]
s

)
, and thus rs,t(K1,mA1

,K1,mA2
, . . . ,K1,mAc

) ≥
∑t

i=1 ℓi + a+ 1. 2

Theorem 14 Suppose that
∑b

i=1 mApi
=
∑b

i=1 mAqi
if
⋃b

i=1 Api
=
⋃b

i=1 Aqi . If a = 1 and k ≥ 1 is
even, then rs,t(K1,mA1

,K1,mA2
, . . . ,K1,mAc

) =
∑t

i=1 ℓi + a.

Proof: We just need to show that rs,t(K1,mA1
,K1,mA2

, . . . ,K1,mAc
) ≤

∑t
i=1 ℓi + a = N by Theorem

13. Color KN arbitrarily by t colors and denote the resulting graph by G. Let u ∈ V (G) be a vertex.
Moreover, let di = di(u). Note that

∑t
i=1 di = d(u) = N−1 =

∑t
i=1 ℓi since a = 1. By the pigeonhole

principle, there is i0 ∈ [t] such that di0 ≥ ℓi0 . Without loss of generality, we may assume that d1 = ℓ1+c,
where c ≥ 0. Moreover, we may assume that

∑
B∈([t]\{1}s−1 )

∑
i∈{1}∪B di ≤

∑
B∈([t]\{1}s−1 )(m{1}∪B − 1).

Otherwise, there is a copy of K1,m{1}∪B
whose edges are colored by colors in the color set {1} ∪ B for

some B ∈
(
[t]\{1}
s−1

)
, and we are done. Consequently,∑

B∈([t]\{1}s−1 )

(m{1}∪B − 1) ≥
∑

B∈([t]\{1}s−1 )

∑
i∈{1}∪B

di

=

(
t− 1

s− 1

)
d1 +

(
t− 2

s− 2

) t∑
i=2

di =

(
t− 2

s− 1

)
d1 +

(
t− 2

s− 2

)
d(u)

=

(
t− 2

s− 1

)
ℓ1 +

(
t− 2

s− 1

)
c+

(
t− 2

s− 2

) t∑
i=1

ℓi

=
∑

B∈([t]\{1}s−1 )

(m{1}∪B − 1) +

(
t− 2

s− 1

)
c,

where the last equality is from Corollary 12 since a = 1. Thus, c = 0 and d1 = ℓ1. Consequently, there
is j0 ∈ [t]\{1} such that dj0 ≥ ℓi0 since

∑t
i=2 di =

∑t
i=2 ℓi. The same discussion as before, we have

di0 = ℓi0 . Repeat the process, either we have a copy of K1,mA
whose edges are colored by colors in

the color set A for some A ∈
(
[t]
s

)
or di = ℓi for each i ∈ [t]. We may assume the latter. Note that the

subgraph induced by all edges in color i is ℓi-regular for each i ∈ [t] since u ∈ V (G) is arbitrarily. Recall
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that a = 1 and k ≥ 1 is even. Thus, there is an i′ ∈ [t] such that ℓi′ is odd. Moreover,
∑t

i=1 ℓi + a is odd.
It is impossible since the odd regular graph on odd vertices does not exist by the Handshaking Lemma. 2

Theorem 15 Suppose that
∑b

i=1 mApi
=
∑b

i=1 mAqi
if
⋃b

i=1 Api =
⋃b

i=1 Aqi . If 2 ≤ a ≤ s, or k = 0,
or k is odd, then rs,t(K1,mA1

,K1,mA2
, . . . ,K1,mAc

) =
∑t

i=1 ℓi + a+ 1.

Proof: We just need to show that rs,t(K1,mA1
,K1,mA2

, . . . ,K1,mAc
) ≤

∑t
i=1 ℓi + a + 1 = N by

Theorem 13. Color KN arbitrarily by t colors and denote the resulting graph by G. Let u ∈ V (G) be a
vertex. Moreover, let di = di(u). Note that

∑t
i=1 di = d(u) = N − 1 =

∑t
i=1 ℓi + a. In the following,

we will show that G contains a copy of K1,mA
whose edges are colored by colors in the color set A for

some A ∈
(
[t]
s

)
by using induction in t.

Firstly, let t = s + 1. By the pigeonhole principle, there is i0 ∈ [s + 1] such that di0 ≥ ℓi0 + 1 since
a ∈ [s]. Without loss of generality, we may assume that d1 = ℓ1+1+ c, where c ≥ 0. Moreover, we may
assume that

∑
B∈([s+1]\{1}

s−1 )
∑

i∈{1}∪B di ≤
∑

B∈([s+1]\{1}
s−1 )(m{1}∪B − 1). Otherwise, there is a copy of

K1,m{1}∪B
whose edges are colored by colors in the color set {1} ∪B for some B ∈

(
[s+1]\{1}

s−1

)
, and we

are done. Consequently, ∑
B∈([s+1]\{1}

s−1 )

(m{1}∪B − 1) ≥
∑

B∈([s+1]\{1}
s−1 )

∑
i∈{1}∪B

di

=sd1 + (s− 1)

s+1∑
i=2

di = d1 + (s− 1)d(u)

=ℓ1 + 1 + c+ (s− 1)

(
s+1∑
i=1

ℓi + a

)
=

∑
B∈([s+1]\{1}

s−1 )

(m{1}∪B − a) + (s− 1)a+ 1 + c

=
∑

B∈([s+1]\{1}
s−1 )

(m{1}∪B − 1)− a+ s+ 1 + c

≥
∑

B∈([s+1]\{1}
s−1 )

(m{1}∪B − 1) + 1,

where the third to the last inequality comes from Corollary 12 and the last inequality comes from a ∈ [s]
and c ≥ 0. This is a contradiction. Consequently, the assertion holds for t = s+ 1.

Assume that t ≥ s + 2 and the assertion holds for t − 1. Let k′ be the number of odd numbers in
ℓ1, ℓ2, . . . , ℓt−1 and let c′ =

(
t−1
s

)
. Note that rs,t−1(K1,mA1

,K1,mA2
, . . . ,K1,mA

c′
) ≤

∑t−1
i=1 ℓi + a+ 1

by Theorem 14 or the induction hypothesis. Consequently, if
∑t−1

i=1 di ≥
∑t−1

i=1 ℓi + a, then there is a
copy of K1,mA′ whose edges are colored by colors in the color set A′ for some A′ ∈

(
[t−1]

s

)
, and we are

done. Thus, to finish the proof, we only need to show that
∑t−1

i=1 di ≥
∑t−1

i=1 ℓi + a.
By the pigeonhole principle, there is i0 ∈ [t] such that di0 ≤ ℓi0 since

∑t
i=1 di = d(u) =

∑t
i=1 ℓi +

a, a ∈ [s] and t ≥ s + 2. Without loss of generality, we may assume that i0 = t (if i0 ̸= t, then we can
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relabel the colors such that i0 = t). Note that

t−1∑
i=1

di = N − 1− dt ≥ N − 1− ℓt =

t−1∑
i=1

ℓi + a.

Thus, we finish the proof. 2

Combining Theorem 14 and Theorem 15, we obtain Theorem 5.

4 Proof of Theorem 8
Note that Theorem 8 holds for s = 1 by Theorem 2 and holds for s = t− 1 by Theorem 4. Thus, we may
assume that 2 ≤ s ≤ t− 2 in this section. Firstly, we need a stronger decomposition of a complete graph
from Bollabás.

Theorem 16 (Bollobás (2004)) K2n+1 can be decomposed into n edge-disjoint Hamiltonian cycles.

Let m, k and t be positive integers. Let s and a′ be integers such that s ∈ [t − 1] and 0 ≤ a′ ≤ s − 1.
Let b be an integer as follows.

b =



(2k − 1)t+ s, m = 2ks and s ̸= 1,

2kt+ a′, m = 2ks+ a′ and 1 ≤ a′ ≤ s− 1,

2kt+ s, m = (2k + 1)s,

(2k + 1)t+ 1, m = (2k + 1)s+ 1 and t is odd,
(2k + 1)t+ a′, m = (2k + 1)s+ a′ and 2 ≤ a′ ≤ s− 1.

Lemma 17 Let G be a graph, and let u ∈ V (G) be a vertex such that d(u) ≥ b. Then every t-coloring
of E(G) yields a copy of K1,m with center u, whose edges are colored by colors in the color set Ai for
some Ai ∈

(
[t]
s

)
.

Proof: Let di = di(u). Without loss of generality, we may assume that d1 ≥ d2 ≥ · · · ≥ dt. If∑s
i=1 di ≥ m, then we are done. Thus, we may assume that

∑s
i=1 di ≤ m − 1. Furthermore, ds ≤

⌊(m − 1)/s⌋ by the pigeonhole principle. Note that
∑t

i=s+1 di ≥ b −
∑s

i=1 di ≥ b − m + 1. Thus,
ds+1 ≥ ⌈(b−m+ 1)/(t− s)⌉ by the pigeonhole principle again. One can directly verify that

ds ≤ ⌊(m− 1)/s⌋ < ⌈(b−m+ 1)/(t− s)⌉ ≤ ds+1.

It is a contradiction to our assumption. 2

Theorem 18 If m ̸= (2k + 1)s+ 1, or t is odd, then rs,t∗ (K1,m) = 1.

Proof: Note that rs,t(K1,m) = b+1 by Corollary 7. Thus, rs,t∗ (K1,m) ≤ 1 by Lemma 17. Consequently,
rs,t∗ (K1,m) = 1 since rs,t∗ (K1,m) ≥ 1 by the definition of rs,t(K1,m). 2
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Theorem 19 If m = (2k + 1)s+ 1 and t is even, then

rs,t∗ (K1,m) =

{
2kt+ t/2 + 1, 2 ≤ s ≤ t/2,

2kt+ s+ 1, t/2 + 1 ≤ s ≤ t− 2.

Proof: Note that rs,t(K1,m) = (2k+1)t+1 = N by Corollary 7. Let x = 2kt+ t/2+1 for 2 ≤ s ≤ t/2
and x = 2kt+ s+ 1 for t/2 + 1 ≤ s ≤ t− 2.

Firstly, we will show that rs,t∗ (K1,m) ≥ x, that is, there is a t-coloring of the edges of KN−E(K1,N−x)

without copy of K1,m whose edges are colored by colors in the color set Ai for each Ai ∈
(
[t]
s

)
. Note

that (2k + 1)t + 1 is odd since t is even. Thus, K(2k+1)t+1 can be decomposed into (2k + 1)t/2 edge-
disjoint Hamiltonian cycles by Theorem 16. Denote them by C1, C2, . . . , C(2k+1)t/2. Let v ∈ V (KN )
be a vertex. For each i ∈ [t/2], let uiv ∈ E(Ci) be an edge and let Pi be the graph obtained from Ci

by removing uiv. Note that E(Pi) can be decomposed into two edge-disjoint matchings M2(i−1)+1 and
M2i. Color Ck(i−1)+1+t/2, Ck(i−1)+2+t/2, . . . , Cki+t/2 and Mi in color i for each i ∈ [t]. Denote the
resulting graph by H ′. Moreover, color uiv in color i for each i ∈ [s− t/2] if t/2+1 ≤ s ≤ t−2. Denote
the resulting graph by H ′′. Note that H ′ contains no copy of K1,m whose edges are colored by colors in
the color set Ai for each Ai ∈

(
[t]
s

)
since (2k+1)s = m−1 < m. Moreover, if t/2+1 ≤ s ≤ t−2, then

H ′′ contains no copy of K1,m whose edges are colored by colors in the color set Ai for each Ai ∈
(
[t]
s

)
since (2k + 1)s = m − 1 < m and (2k + 1)t/2 + 2k(s − t/2) + s − t/2 = (2k + 1)s = m − 1 < m.
Consequently, rs,t∗ (K1,m) ≥ x.

In the following, we will show that rs,t∗ (K1,m) ≤ x. Let v ̸∈ V (KN−1) be a vertex. Add x edges
between {v} and V (KN−1). Color the edges of the resulting graph arbitrarily by t colors. Denote the
resulting graph by G. Let u ∈ V (G) be a vertex and let di = di(u). Without loss of generality, we
may assume that d1 ≥ d2 ≥ · · · ≥ dt. If

∑s
i=1 di ≥ m, then we are done. Thus, we may assume that∑s

i=1 di ≤ m − 1 = (2k + 1)s. Moreover, ds ≤ 2k + 1 by the pigeonhole principle. If ds ≤ 2k,
then

∑t
i=s+1 di ≤

∑t
i=s+1 ds ≤ 2k(t − s). Note that

∑t
i=1 di = x,

∑t
i=1 di = (2k + 1)t − 1 or∑t

i=1 di = (2k + 1)t. Consequently,

x ≤
t∑

i=1

di =

s∑
i=1

di +

t∑
i=s+1

di ≤ m− 1 + 2k(t− s) = 2kt+ s ≤ x− 1.

This is a contradiction. Thus, we may assume that ds = 2k+1. Moreover, d1 = d2 = · · · = ds = 2k+1
since

∑s
i=1 di ≤ (2k + 1)s and d1 ≥ d2 ≥ · · · ≥ ds. Consequently, di(u) ≤ 2k + 1 for each vertex

u ∈ V (G) and each i ∈ [t]. Note that for each i ∈ [t], 2e(Gi) ≤ (2k + 1)N − 1 since N is odd (from
Corollary 9 in Luo (2025)). Consequently,

(2k + 1)2t2 + 2kt = [(2k + 1)N − 1]t ≥
t∑

i=1

2e(Hi)

=2e(H) = 2

(
N − 1

2

)
+ 2x = (2k + 1)2t2 − (2k + 1)t+ 2x

≥(2k + 1)2t2 + 2kt+ 2.
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This is a contradiction. 2

Combining Theorem 18 and Theorem 19, we obtain Theorem 8.
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