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Cartesian product networks are often used to combine two given networks with established properties into a new
network that inherits properties from both. For a graph F = (V,E) and a set S ⊆ V (F ) of at least two vertices,
an S-Steiner tree (or simply an S-tree) is a tree subgraph T = (V ′, E′) of F with S ⊆ V ′. The generalized local
edge-connectivity λ(S) is the maximum number of pairwise edge-disjoint S-Steiner trees in F . For an integer k with
2 ≤ k ≤ |V (F )|, the generalized k-edge-connectivity of F is

λk(F ) = min{λ(S) : S ⊆ V (F ), |S| = k}.

We establish sharp upper and lower bounds for λk(G2H), where 2 denotes the Cartesian product and G and H are
graphs.

Keywords: tree, Steiner tree, Cartesian product, generalized connectivity

1 Introduction
A processor network can be represented by a graph, in which vertices represent processors and edges
represent communication links. The process of sending a message from a source node to all other nodes
in a network is called broadcasting. This can be accomplished by having each node repeatedly receive
and forward messages. Since some nodes and links may be faulty, multiple copies of a message can
be disseminated through edge-disjoint Steiner trees. A broadcast succeeds if the healthy nodes obtain
the correct message from the source node within a given time. Considerable attention has been devoted
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to fault-tolerant broadcasting in networks [6, 11, 13, 26]. To measure fault tolerance, path structures
connecting two nodes must be generalized to tree structures connecting more than two nodes; see [14, 25,
33, 34, 15, 32, 18, 24, 17].

All graphs considered in this paper are undirected, finite and simple. We refer to the book [1] for
graph-theoretic notation and terminology not defined here. For a graph F , let V (F ), E(F ) and δ(F )
denote the set of vertices, the set of edges and the minimum degree of F , respectively. Edge-connectivity
is one of the most basic concepts of graph theory, both in the combinatorial and algorithmic senses. It is
well-known that the classical edge-connectivity has two equivalent definitions. The edge-connectivity of
F , written λ(F ), is the minimum size of an edge-subset M ⊆ E(F ) such that F \ M is disconnected.
We call this the “cut” definition of edge-connectivity. The “path” definition is as follows. First, define
λF (x, y) for a pair of distinct vertices x and y of F , which is the maximum number of edge-disjoint paths
between x and y in F . This parameter is called the local edge-connectivity of x and y in F . For a graph
F , define the global quantity λ∗(F ) = min{λF (x, y) |x, y ∈ V (F ), x ̸= y}. Menger’s theorem says
that λ(F ) is equal to λ∗(F ). This result can be found in any standard textbook; see, for example, [1].

Although there are many elegant results on edge-connectivity, the classical notion may not be gen-
eral enough to capture some computational settings. This motivates its generalization. The generalized
connectivity of a graph, introduced by Hager [9], is a natural generalization of the “path” definition of
connectivity. For a graph F = (V,E) and a set S ⊆ V (F ) of at least two vertices, an S-Steiner tree or
a Steiner tree connecting S (or simply, an S-tree) is a subgraph T = (V ′, E′) of F that is a tree with
S ⊆ V ′. When |S| = 2, a minimal S-Steiner tree is just a path connecting the two vertices of S. Li et
al. introduced the corresponding concept of generalized edge-connectivity in [23]. For S ⊆ V (F ) with
|S| ≥ 2, the generalized local edge-connectivity λ(S) is the maximum number of edge-disjoint Steiner
trees connecting S in F . For an integer k with 2 ≤ k ≤ |V (F )|, the generalized k-edge-connectivity
λk(F ) of a graph F is defined as λk(F ) = min{λ(S) : S ⊆ V (F ), |S| = k}. When |S| = 2,
λ2(F ) is just the standard edge-connectivity λ(F ) of F , that is, λ2(F ) = λ(F ), which explains the term
generalized edge-connectivity. Also set λk(F ) = 0 when F is disconnected. Table 1 summarizes this
generalization.

Edge-connectivity Generalized edge-connectivity
S = {x, y} ⊆ V (F ), |S| = 2 S ⊆ V (F ), |S| ≥ 2
Px,y = {P1, P2, . . . , Pℓ},
{x, y} ⊆ V (Pi),
E(Pi) ∩ E(Pj) = ∅ (i ̸= j)


TS = {T1, T2, . . . , Tℓ},
S ⊆ V (Ti),
E(Ti) ∩ E(Tj) = ∅ (i ̸= j)

λF (x, y) = max |Px,y| λ(S) = max |TS |
λ(F ) = min

x,y∈V (F )
x̸=y

λF (x, y) λk(F ) = min
S⊆V (F )
|S|=k

λ(S)

Tab. 1: Classical edge-connectivity and generalized edge-connectivity.

Zhao and Hao [32] studied the generalized connectivity of alternating group graphs and (n, k)-star
graphs. Li et al. [15] determined the exact values of generalized 3-connectivity of star graphs and bubble-
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sort graphs. Zhao et al. [33] investigated the generalized 3-connectivity of some regular networks, and
Zhao et al. [34] studied the generalized connectivity of dual cubes. Li and Wang [17] obtained the exact
values of generalized 3-(edge)-connectivity of recursive circulants. There are many results on generalized
edge-connectivity; see the book [19] and papers [17, 16, 18, 20, 21, 22, 15, 24, 28].

Being a natural combinatorial measure, generalized k-connectivity can be motivated by its interesting
interpretation in practice. For example, suppose that F represents a network. To connect a pair of vertices
of F , one uses a path. To connect a set S of at least three vertices, one instead uses a tree. Such a tree
is called a Steiner tree and is widely used in the physical design of VLSI circuits (see [7, 8, 27]). In this
application, a Steiner tree is needed to share an electric signal by a set of terminal nodes. Steiner trees are
also used in computer communication networks (see [5]) and optical wireless communication networks
(see [3]). The number of mutually independent ways to connect the terminals provides a measure of the
robustness of the network. The generalized k-connectivity can be used to measure the capability of a
network F to connect any k vertices in F .

A set of spanning trees in a graph F is said to be independent if all the trees are rooted at the same
vertex r such that, for any other vertex v ̸= r in F , the paths from v to r in any two trees have no common
vertex except the two endvertices v and r. Itai and Rodeh [12] first introduced the concept of ISTs to
investigate the reliability of distributed networks. For more details, we refer to [12, 30, 31].

Product networks are based upon the idea of using the product as a tool for combining two networks
with established properties to obtain a new one that inherits properties from both [4]. There has been an
increasing interest in a class of interconnection networks called Cartesian product networks; see [4, 10,
14].

The Cartesian product of two graphs G and H , written as G2H , is the graph with vertex set V (G)×
V (H), in which two vertices (u, v) and (u′, v′) are adjacent if and only if u = u′ and vv′ ∈ E(H), or
v = v′ and uu′ ∈ E(G).

Xu and Yang obtained a formula for the edge-connectivity of a Cartesian product in 2006.

Theorem 1.1 ([29]). Let G and H be graphs on at least two vertices. Then

λ(G2H) = min{λ(G)|V (H)|, λ(H)|V (G)|, δ(G) + δ(H)}.

For λ3(G2H), Sun in [28] obtained the following lower bound.

Theorem 1.2 ([28]). Let G and H be connected graphs. Then

λ3(G2H) ≥ λ3(G) + λ3(H).

Moreover, the lower bound is sharp.

Ku, Wang, and Hung [14] obtained the following result.

Theorem 1.3 ([14]). Let G be a graph having ℓ1 edge-disjoint spanning trees and H be a graph having
ℓ2 edge-disjoint spanning trees. Then the product network G2H has ℓ1 + ℓ2 − 1 edge-disjoint spanning
trees.

The following corollary is immediate.

Corollary 1.4 ([14]). Let G and H be connected graphs of orders nG and nH , respectively. Then

λnGnH
(G2H) ≥ λnG

(G) + λnH
(H)− 1.

Moreover, the lower bound is sharp.
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In this paper, we derive the following lower bound.

Theorem 1.5. Let k be an integer with k ≥ 2, and let G and H be two connected graphs with at least
k + 1 vertices. If λk(H) ≥ λk(G) ≥ ⌊k

2 ⌋, then

λk(G2H) ≥ λk(G) + λk(H).

Moreover, the lower bound is sharp.

The following upper and lower bounds, due to Li and Mao, are in [22].

Proposition 1.1 ([22]). For a connected graph G of order n and 3 ≤ k ≤ n,

1

2
λ(G) ≤ λk(G) ≤ λ(G).

Moreover, the lower bound is sharp.

Proposition 1.2. Let k be an integer with k ≥ 2, and let G and H be two connected graphs with at least
k + 1 vertices. Then

λk(G2H) ≤ min{2λk(G)|V (H)|, 2λk(H)|V (G)|, δ(G) + δ(H)}.

Moreover, the upper bound is sharp.

Proof: From Proposition 1.1, we have λ(G) ≤ 2λk(G), and hence

λk(G2H) ≤ λ(G2H) ≤ min{λ(G)|V (H)|, λ(H)|V (G)|, δ(G) + δ(H)}

≤ min{2λk(G)|V (H)|, 2λk(H)|V (G)|, δ(G) + δ(H)},

as required.

2 Lower bounds
Throughout this section, let G and H be two connected graphs with V (G) = {u1, u2, . . . , un} and
V (H) = {v1, v2, . . . , vm}, respectively. Then V (G2H) = {(ui, vj) | 1 ≤ i ≤ n, 1 ≤ j ≤ m}. For v ∈
V (H), let G(v) denote the subgraph of G2H induced by the vertex set {(ui, v) | 1 ≤ i ≤ n}. Similarly,
for u ∈ V (G), let H(u) denote the subgraph of G2H induced by the vertex set {(u, vj) | 1 ≤ j ≤ m}.

Let S = {(ui1 , vj1), (ui2 , vj2), . . . , (uik , vjk)} ⊆ V (G2H), SG = {ui1 , ui2 , . . . , uik}, and SH =
{vj1 , vj2 , . . . , vjk}. Note that SG and SH are multisets. Let λk(G) = a, λk(H) = b. Without loss of
generality, b ≥ a ≥ ⌊k

2 ⌋.
To prove Theorem 1.5, we use the following five lemmas.

Lemma 2.1. If |SG| = |SH | = k, we can construct at least a+ b edge-disjoint S-Steiner trees in G2H .

Proof: Since λk(H) = b, it follows that there are b edge-disjoint SH -Steiner trees, say T1, T2, . . . , Tb.
Without loss of generality, let T1, T2, . . . , Tb′ be the edge-disjoint minimal SH -Steiner trees such that
V (Ti) = SH , and Tb′+1, Tb′+2, . . . , Tb be the edge-disjoint minimal SH -Steiner trees such that V (Ti) ⊃
SH . From the definition of b′, we have b′ ≤ ⌊k/2⌋. Since b ≥ a ≥ ⌊k/2⌋, it follows that a ≥ b′. For
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each i (1 ≤ i ≤ k), let T1(ui), T2(ui), · · · , Tb(ui) be the edge-disjoint SH(ui)-Steiner trees in H(ui)
corresponding to T1, T2, . . . , Tb in H , where

SH(ui) = {(ui, vjt) | 1 ≤ t ≤ k}.

Since λk(G) = a, it follows that there are a edge-disjoint minimal SG-Steiner trees, say T ′
1, T

′
2, . . . , T

′
a.

For each j (1 ≤ j ≤ k), let T ′
1(vj), T

′
2(vj), · · · , T ′

a(vj) be the edge-disjoint SG(vj)-Steiner trees in G(vj)
corresponding to T ′

1, T
′
2, . . . , T

′
a in G, where

SG(vj) = {(uis , vj) | 1 ≤ s ≤ k}.

Fact 1. For any SH(uis)-Steiner tree Tp(uis) (1 ≤ s ≤ k, 1 ≤ p ≤ b) and any SG(vjt)-Steiner tree
T ′
q(vjt) (1 ≤ t ≤ k, 1 ≤ q ≤ a), we can find two edge-disjoint S-Steiner trees in (

⋃k
s=1 H(uis)) ∪

(
⋃k

t=1 G(vjt)).

Proof: Note that T ′
q(vj1)∪Tp(ui2)∪Tp(ui3)∪. . .∪Tp(uik) and Tp(ui1)∪T ′

q(vj2)∪T ′
q(vj3)∪. . .∪T ′

q(vjk)

are two edge-disjoint S-Steiner trees in (
⋃k

s=1 H(uis)) ∪ (
⋃k

t=1 G(vjt)).

From Fact 1, we can find 2b′ edge-disjoint S-Steiner trees in b′⋃
p=1

k⋃
s=1

Tp(uis)

⋃ b′⋃
q=1

k⋃
t=1

T ′
q(vjt)

 .

Since b ≥ a ≥ b′, from Fact 1, we can also find 2a− 2b′ edge-disjoint S-Steiner trees in a⋃
p=b′+1

k⋃
s=1

Tp(uis)

⋃ a⋃
q=b′+1

k⋃
t=1

T ′
q(vjt)

 .

It remains to find (a+ b)− 2b′ − (2a− 2b′) = b− a edge-disjoint S-Steiner trees in addition to the trees
above. Note that we still have edge-disjoint SH(uis)-Steiner trees Ta+1(uis), Ta+2(uis), . . . , Tb(uis) for
each s (1 ≤ s ≤ k). Observe that Ta+1 is a SH -Steiner tree such that V (Ta+1) ⊃ SH . Without loss of
generality, let V (Ta+1)− SH = {vjk+1

, vjk+2
, . . . , vjk+h

}.
Note that there are a edge-disjoint SG(vjk+c

)-Steiner trees T ′
t (vjk+c

) in G(vjk+c
), where 1 ≤ t ≤ a

and 1 ≤ c ≤ h. Since λk(H) = b, it follows that there are b edge-disjoint SH -Steiner trees, say
T1, T2, . . . , Tb. Without loss of generality, let T1, T2, . . . , Tb′ be the edge-disjoint minimal SH -Steiner
trees such that V (Ti) = SH , and Tb′+1, Tb′+2, . . . , Tb be the edge-disjoint minimal SH -Steiner trees such
that V (Ti) ⊃ SH . From the definition of b′, we have b′ ≤ ⌊k/2⌋. Since b ≥ a ≥ ⌊k/2⌋, it follows that
a ≥ b′. If there is a vertex v ∈ V (Tb′+i) (1 ≤ i ≤ b − b′), then the degree of v in Tb′+i is at least 2.
Since there are at most k edges from v to SH , it follows that the number of edge-disjoint SH -Steiner tree
containing v is at most ⌊k/2⌋.

Then we have the following fact.

Fact 2. For any SH(uis)-Steiner tree Tp(uis) (1 ≤ s ≤ k, a + 1 ≤ p ≤ b) and any SG(vjk+c
)-Steiner

tree T ′
q(vjk+c

) (a+ 1 ≤ q ≤ b, 1 ≤ c ≤ h), we can find one S-Steiner tree in(
k⋃

s=1

H(uis)

)⋃(
h⋃

c=1

G(vjk+c
)

)
.
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G(vj1)

G(vj2)

G(vj3)

G(vjk)

H(ui1) H(ui2) H(ui3) H(uik)

(ui3 , vj1)
(ui1 , vj1 )

(uik , vjk )

(ui2 , vj2)

(ui3 , vj3 )

(ui3 , vjk )

(ui3 , vj2 )

T ′(vj1)

G(vjk+1
)(uik , vjk+1)

(ui3 , vjk+1)

G(vjk+q
)(uik , vjk+q )

(ui3 , vjk+q )

T ′(vj2)

T ′(vj3)

T ′(vjk)

T ′(vjk+1
)

T ′(vjk+q
)

T2a+j(uik)
T2a+j(ui1) T2a+j(ui3)

T (ui1) T (ui2) T (ui3) T (uik)

Fig. 1: Graphs used in the proof of Lemma 2.1.
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From Fact 2, we can find (b − a) edge-disjoint S-Steiner trees, and the total number of edge-disjoint
S-Steiner trees is a+ b, as desired.

Lemma 2.2. If 2 ≤ |SH | < k and |SG| = k, we can construct at least a+ b edge-disjoint S-Steiner trees
in G2H .

Proof: Note that SG = {ui1 , ui2 , . . . , uik}, and SH = {vj1 , vj2 , . . . , vjk}. Since SH is a multiset, we
can assume that |SH | = d and SH = {vj1 , vj2 , . . . , vjd}. Without loss of generality, we may let

S ∩G(vj1) = {(uic , vj1) | 1 ≤ c ≤ r}.

For each s with 1 ≤ s ≤ k, the equality λk(H(uis)) = b yields b edge-disjoint SH(uis)-Steiner trees,
denoted by

T1(uis), T2(uis), . . . , Tb(uis),

where
SH(uis) = {(uis , vjt) : 1 ≤ t ≤ d}.

For each t with 1 ≤ t ≤ d, the equality λk(G(vjt)) = a yields a edge-disjoint SG(vjt)-Steiner trees,
denoted by

T ′
1(vjt), T

′
2(vjt), . . . , T

′
a(vjt),

where
SG(vjt) = {(uis , vjt) : 1 ≤ s ≤ k}.

Fact 3. For any SH(uis)-Steiner tree Tp(uis) (1 ≤ s ≤ k, 1 ≤ p ≤ b) and any SG(vjt)-Steiner tree
T ′
q(vjt) (1 ≤ t ≤ d, 1 ≤ q ≤ a), we can find two edge-disjoint S-Steiner trees in (

⋃k
s=1 H(uis)) ∪

(
⋃d

t=1 G(vjt)).

Proof: Note that T ′
q(vj1)∪Tp(uir+1

)∪Tp(uir+2
)∪ · · ·∪Tp(uik) and T ′

q(vj2)∪T ′
q(vj3)∪ · · ·∪T ′

q(vjd)∪
Tp(ui1)∪Tp(ui2)∪· · ·∪Tp(uir ) are two edge-disjoint Steiner trees in 8

(⋃k
s=1 H(uis)

)
∪
(⋃d

t=1 G(vjt)
)

.

From Fact 3, we can find 2a edge-disjoint S-Steiner trees in(
a⋃

p=1

k⋃
s=1

Tp(uis)

)
∪

(
b⋃

q=1

k⋃
t=1

T ′
q(vjt)

)
.

It remains to find (a + b) − 2a = b − a edge-disjoint S-Steiner trees in addition to the trees above.
Note that we still have edge-disjoint SH(uis)-Steiner trees Ta+1(uis), Ta+2(uis), . . . , Tb(uis) for each
s (1 ≤ s ≤ k). Observe that Ta+1 is a SH -Steiner tree such that V (Ta+1) ⊃ SH . Without loss of
generality, let V (Ta+1)− SH = {vjk+1

, vjk+2
, . . . , vjk+c

}.
Note that there are a edge-disjoint SG(vjk+e

)-Steiner trees T ′
q(vjk+e

) in G(vjk+e
), where 1 ≤ q ≤ a

and 1 ≤ e ≤ c. From Fact 2, we can find (b − a) edge-disjoint S-Steiner trees, and the total number of
edge-disjoint S-Steiner trees is a+ b, as desired.
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Lemma 2.3. If 2 ≤ |SG| < k and |SH | = k, we can construct at least a+ b edge-disjoint S-Steiner trees
in G2H .

Proof: Note that SH = {vj1 , vj2 , . . . , vjk}, and SG = {ui1 , ui2 , . . . , uik}. Since SG is a multiset, we can
assume that |SG| = d and SG = {ui1 , ui2 , . . . , uid}. Without loss of generality, we may let

S ∩H(ui1) = {(ui1 , vjc) | 1 ≤ c ≤ r}.

For each s with 1 ≤ s ≤ d, the equality λk(H(uis)) = b yields b edge-disjoint SH(uis)-Steiner trees,
denoted by

T1(uis), T2(uis), . . . , Tb(uis),

where
SH(uis) = {(uis , vjt) : 1 ≤ t ≤ k}.

For each t with 1 ≤ t ≤ k, the equality λk(G(vjt)) = a yields a edge-disjoint SG(vjt)-Steiner trees,
denoted by

T ′
1(vjt), T

′
2(vjt), . . . , T

′
a(vjt),

where
SG(vjt) = {(uis , vjt) : 1 ≤ s ≤ d}.

Fact 4. For any SH(uis)-Steiner tree Tp(uis) (1 ≤ s ≤ d, 1 ≤ p ≤ b) and any SG(vjt)-Steiner tree
T ′
q(vjt) (1 ≤ t ≤ k, 1 ≤ q ≤ a), we can find two edge-disjoint S-Steiner trees in (

⋃d
s=1 H(uis)) ∪

(
⋃k

t=1 G(vjt)).

Proof: The subgraphs
Tp(ui1) ∪ T ′

q(vjr+1) ∪ T ′
q(vjr+2) ∪ · · · ∪ T ′

q(vjk)

and
Tp(ui2) ∪ Tp(ui3) ∪ · · · ∪ Tp(uid) ∪ T ′

q(vj1) ∪ T ′
q(vj2) ∪ · · · ∪ T ′

q(vjr )

are two edge-disjoint S-Steiner trees in(
d⋃

s=1

H(uis)

)
∪

(
k⋃

t=1

G(vjt)

)
.

From Fact 4, we can find 2a edge-disjoint S-Steiner trees in(
a⋃

p=1

k⋃
s=1

Tp(uis)

)
∪

(
b⋃

q=1

k⋃
t=1

T ′
q(vjt)

)
.

It remains to find (a + b) − 2a = b − a edge-disjoint S-Steiner trees in addition to the trees above.
Note that we still have edge-disjoint SH(uis)-Steiner trees Ta+1(uis), Ta+2(uis), . . . , Tb(uis) for each
s (1 ≤ s ≤ k). Observe that Ta+1 is a SH -Steiner tree such that V (Ta+1) ⊃ SH . Without loss of
generality, let V (Ta+1)− SH = {vjk+1

, vjk+2
, . . . , vjk+c

}.
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G(vj1)

G(vj2)

G(vj3)

G(vjk)

H(ui1) H(ui2) H(ui3) H(uik)

(ui3 , vj1)(ui1 , vj1 )

(uik , vjk )

(ui2 , vj2)

(ui3 , vj3)

(ui3 , vjk )

(ui3 , vj2)

G(vjk+1
)(uik , vjk+1)

(ui3 , vjk+1)

G(vjk+q
)(uik , vjk+q )

(ui3 , vjk+q )

T ′(vj2)

T ′(vj3)

T ′(vjk)

T ′(vjk+1
)

T ′(vjk+q
)

T2a+j(uik)
T2a+j(ui1) T2a+j(ui3)

T (ui1) T (ui2) T (ui3) T (uik)

Fig. 2: Graphs used in the proof of Lemma 2.4.
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Note that there are a edge-disjoint SG(vjk+e
)-Steiner trees T ′

q(vjk+e
) in G(vjk+e

), where 1 ≤ q ≤ a
and 1 ≤ e ≤ c. From Fact 2, we can find (b − a) edge-disjoint S-Steiner trees, and the total number of
edge-disjoint S-Steiner trees is a+ b, as desired.

Lemma 2.4. If |SG| = k and |SH | = 1 or |SG| = 1 and |SH | = k, we can construct a+ b edge-disjoint
S-Steiner trees in G2H .

Proof: Without loss of generality, let |SG| = k and |SH | = 1. Thus,

SG = {ui1 , ui2 , . . . , uik} and SH = {vj1},

where the latter equality concerns the set of distinct vertices in the multiset {vj1 , vj2 , . . . , vjk}. Since
λk(G(vj1)) = a, there are a edge-disjoint SG(vj1)-Steiner trees, and they are also a edge-disjoint S-
Steiner trees.

Let S∗
H = {vj1 , vr2 , . . . , vrk}, where vr2 , . . . , vrk ∈ V (H) − vj1 . Since λk(H) = b, it follows that

there are b edge-disjoint S∗
H -Steiner trees, say T1, T2, . . . , Tb. Then there are b edge-disjoint S-Steiner

trees in
b⋃

p=1

 a⋃
q=1

⋃
vi∈V (Tp)−vj1

T ′
q(vi)

⋃(
k⋃

i=1

Tp(ui)

) ,

where T ′
q(vi) and Tp(ui) are as defined in Lemma 2.1. Thus, we can construct a + b edge-disjoint S-

Steiner trees in G2H , as desired.

Lemma 2.5. If |SG| < k and |SH | < k, we can construct a+ b edge-disjoint S-Steiner trees.

Proof: Let |SG| = c and |SH | = d. Note that SG = {ui1 , ui2 , . . . , uik} and SH = {vj1 , vj2 , . . . , vjk}
are both multisets. We assume that SG = {ui1 , ui2 , . . . , uic} and SH = {vj1 , vj2 , . . . , vjd}. Let

S∗
G = {ui1 , ui2 , . . . , uic , u

∗
ic+1

, u∗
ic+2

, . . . , u∗
ik
},

S∗
H = {vj1 , vj2 , . . . , vjd , v∗jd+1

, v∗jd+2
, . . . , v∗jk},

where
u∗
ic+1

, u∗
ic+2

, . . . , u∗
ik

∈ V (G) \ {ui1 , ui2 , . . . , uic}
and

v∗jd+1
, v∗jd+2

, . . . , v∗jk ∈ V (H) \ {vj1 , vj2 , . . . , vjd}.
For each t with 1 ≤ t ≤ d, the equality λk(G(vjt)) = a yields a edge-disjoint SG(vjt)-Steiner trees in

G(vjt), denoted by
T ′
1(vjt), T

′
2(vjt), . . . , T

′
a(vjt),

where
SG(vjt) = {(uis , vjt) : 1 ≤ s ≤ c} ∪ {(u∗

is , vjt) : c+ 1 ≤ s ≤ k}.
For each s with 1 ≤ s ≤ c, the equality λk(H(uis)) = b yields b edge-disjoint SH(uis)-Steiner trees,
denoted by

T1(uis), T2(uis), . . . , Tb(uis),

where
SH(uis) = {(uis , vjt) : 1 ≤ t ≤ d} ∪ {(uis , v

∗
jt) : d+ 1 ≤ t ≤ k}.
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G(vj1)

G(vj2)

G(vj3)

G(vjd)

H(ui1) H(ui2) H(uic)
H(u∗ic+1

)

T ′(vjd)

G(v∗jd+1
)

G(v∗jk)

H(u∗ik)

T ′(vj1)

T ′(vj2)

T ′(vj3)

T (u∗i1)

T ′(vjd+1
)

T (u∗ic+1
)

T (u∗i2) T (u∗i3)

Fig. 3: Graphs used in the proof of Lemma 2.5.

Fact 5. (1) For any SH(uis)-Steiner tree Tp(u
∗
is
) (c + 1 ≤ s ≤ k) and any SG(vjt)-Steiner tree

T ′
q(vjt) (1 ≤ t ≤ c, 1 ≤ q ≤ a), we can find one S-Steiner tree in Tp(u

∗
is
) ∪ (

⋃c
t=1 T

′
q(vjt)) for

any q.
(2) For any SG(vjt)-Steiner tree T ′

q(v
∗
jt
) (d+ 1 ≤ t ≤ k) and any SH(uis)-Steiner tree Tp(uis) (1 ≤

s ≤ d, 1 ≤ p ≤ b), we can find one S-Steiner tree in
⋃

vj∈V (Tp)\V (SH) T
′
q(vj)∪ (

⋃d
s=1 Tp(uis)), for any

p.

From (1) of Fact 5, we can find a edge-disjoint S-Steiner trees. From (2) of Fact 5, we can find b
edge-disjoint S-Steiner trees. Note that all the S-Steiner trees are edge-disjoint, as desired.

By Lemmas 2.1–2.5, we have

λk(G2H) ≥ λk(G) + λk(H).

To show the sharpness of Proposition 1.2 and Theorem 1.5, we consider the following example.

Example 2.1. Let F be a graph class containing graphs Fi obtained from a complete graph Kn and a
vertex u by adding i edges between u and Kn, where ⌊k

2 ⌋ ≤ i ≤ n− 1 and k ≤ n− 1− ⌈k/2⌉. Choose
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G,H ∈ F . Then λk(G) = δ(G) = i and λk(H) = δ(H) = i. From Proposition 1.2 and Theorem 1.5,
we have

λk(G) + λk(H) ≤ λk(G2H) ≤ δ(G) + δ(H),

and hence λk(G2H) = λk(G) + λk(H).

3 Results for networks
A two-dimensional grid graph is an m× n graph Cartesian product Pn 2Pm of path graphs on m and n
vertices. For more details on grid graphs, we refer to [2, 12].

Proposition 3.1. Let m and n be integers with m ≥ n ≥ 3. Then

λk(Pm2Pn) =


2 if 3 ≤ k < min{n,m},
1 if ⌈ 2mn−m−n+2

2 ⌉ < k ≤ mn,
1 or 2 if min{n,m} ≤ k ≤ ⌈ 2mn−m−n+2

2 ⌉.

Proof: Suppose that k < min{n,m}. For 1 ≤ j ≤ n, let

e(Pj) = {(ui, vj)(ui+1, vj) | 1 ≤ i ≤ m− 1},

and for 1 ≤ i ≤ m, let
e(Qi) = {(ui, vj)(ui, vj+1) | 1 ≤ j ≤ n− 1}.

For any S ⊆ V (Pm2Pn) with |S| = k, since k < m, there is an index j such that S∩V (Pj) = ∅, where
V (Pj) = {(ui, vj) | 1 ≤ i ≤ m}. Since k < n, there is an index i such that S ∩ V (Qi) = ∅, where
V (Qi) = {(ui, vj) | 1 ≤ j ≤ n}. The subgraph induced by the edge set(

j−1⋃
a=1

e(Pa)

)
∪

 n⋃
a=j+1

e(Pa)

 ∪ e(Qi)

contains an S-Steiner tree. Similarly, the subgraph induced by(
i−1⋃
b=1

e(Qb)

)
∪

(
m⋃

b=i+1

e(Qb)

)
∪ e(Pj)

contains an S-Steiner tree. Since the two S-Steiner trees are edge-disjoint, it follows that λk(Pm2Pn) ≥
2. Since λk(Pm2Pn) ≤ δ(Pm2Pn) = 2, it follows that λk(Pm2Pn) = 2.

Suppose that ⌈ 2mn−m−n+2
2 ⌉ < k ≤ mn. It is clear that λk(Pm2Pn) ≥ 1. We will show that

λk(Pm2Pn) = 1. For any S ⊆ V (Pm2Pn) with |S| = k, if we want to find two edge-disjoint S-
Steiner trees, then we need at least 2k − 2 edges. Since k > ⌈ 2mn−m−n+2

2 ⌉, it follows that 2k − 2 >
2mn−m− n = e(Pm2Pn), a contradiction.

An torus is the Cartesian product of two cycles Cm, Cn of size at least three. The two cycles need not
have the same size.
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Proposition 3.2. Let m and n be integers with m ≥ n ≥ 3. Then

λk(Cm2Cn) =

{
2 or 3 if 3 ≤ k < ⌈2mn+3

3 ⌉,
2 if ⌈ 2mn+3

3 ⌉ < k ≤ mn.

Proof: Suppose that ⌈ 2mn+3
3 ⌉ < k ≤ mn. It is clear that λk(Cm2Cn) ≥ λmn(Cm2Cn) ≥ 2. We

will show that λk(Cm2Cn) = 2. For any S ⊆ V (Cm2Cn) with |S| = k, if we want to find three
edge-disjoint S-Steiner trees, then we need at least 3k − 3 edges. Since k > ⌈ 2mn+3

3 ⌉, it follows that
3k − 3 > 2mn = e(Cm2Cn), a contradiction.

Suppose that 3 ≤ k < ⌈ 2mn+3
3 ⌉. Clearly, λk(Cm2Cn) ≥ λmn(Cm2Cn) ≥ 2. Since there are two

adjacent vertices of degree 4, we have λk(Cm2Cn) ≤ δ(Cm2Cn)− 1 = 3.

4 Concluding remarks
We give a lower bound of λk(G2H) under the condition λk(H) ≥ λk(G) ≥ ⌊k

2 ⌋. The case that
λk(G) ≤ ⌊k

2 ⌋ is still open. It is also open to determine λk(Pm2Pn) = 1 or 2 for min{n,m} ≤ k ≤
⌈ 2mn−m−n+2

2 ⌉; λk(Cm2Cn) = 2 or 3 for 3 ≤ k < ⌈ 2mn+3
3 ⌉.
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