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Let D be a digraph of order p ≥ 5 with minimum degree at least p − 1 and with minimum semi-degree at least
p/2− 1. In his excellent and renowned paper, “Long Cycles in Digraphs” (Proc. London Mathematical Society (3),
42 (1981)), Thomassen fully characterized the following for p = 2n + 1: (i) D has a cycle of length at least 2n;
and (ii) D is Hamiltonian. Motivated by this result, and building on some of the ideas in Thomassen’s paper, we
investigated the Hamiltonicity (when p is even) and pancyclicity (when p is arbitrary) of such digraphs. We have
given a complete description of whether such digraphs are Hamiltonian (p is even), and pancyclic (p is arbitrary).
Since the proof is very long, we have divided it into three parts. In this paper, we provide a full description of the
following: (iii) for k = 3 and k = 4, the digraph D contains a cycle of length k; and (iv) the digraph D contains a
pre-Hamiltonian cycle, i.e., a cycle of length p− 1.
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1 Introduction
In this paper, we consider finite digraphs without loops and multiple arcs, which may contain opposite
arcs with the same end-vertices, i.e., a cycle of length two. We shall assume that the reader is familiar with
the standard terminology on digraphs and graphs (undirected graphs). We refer the reader to Bang-Jensen
and Gutin (Springer-Verlag, London, 2000) for digraphs, and West (2000, Prentice Hall(@)) for graphs,
for the terminology and notation not defined in this paper. All cycles and paths are assumed to be simple
and directed. A cycle (respectively, path) in a digraph D is called a Hamiltonian cycle (respectively, a
Hamiltonian path) if it contains all the vertices of D and, if D has a Hamiltonian cycle, we say that D
is Hamiltonian. A cycle in a digraph D of order p ≥ 3 is called a pre-Hamiltonian cycle if it contains
exactly p− 1 vertices of D. Further digraph terminology and notation are given in the next section. One
of the most fundamental and widely studied problems in digraph theory is finding sufficient conditions
for a digraph to contain a Hamiltonian cycle or cycles with previously given properties.

There are many sufficient conditions for the existence of a Hamiltonian cycle in digraphs (see, e.g.,
Bang-Jensen, Gutin, and Li (1996), Bang-Jensen, Guo and Yeo (1999), Keevash, Kühn and Osthus
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(2009), Darbinyan (2021, 2024), Darbinyan (2024a), Ghouila-Houri (1960), Manoussakis (1992), Meyniel
(1973), Nash-Williams (1969) and Woodall (1972)). For more information on Hamiltonian digraphs, see
the survey papers Bermond and Thomassen (1981) and Kühn and Osthus (2012), as well as the book by
Bang-Jensen and Gutin (Springer-Verlag, London, 2000).

Ghouila-Houri (1960) proved that every strong digraph on p vertices and with minimum degree at least
p is Hamiltonian. Nash-Williams (1969) observed that a digraph of order p with minimum semi-degree at
least p/2 is Hamiltonian and raised the problem of describing all the strong non-Hamiltonian digraphs of
order p and minimum degree p− 1. In his excellent and renowned paper, Thomassen (1981) provided a
structural characterization of the Nash-Williams problem.

Let D be a digraph of order p ≥ 5 with minimum degree at least p− 1 and with minimum semi-degree
at least p/2− 1. In the same paper, Thomassen (1981) fully characterized the following for p = 2n+ 1:
(i) D has a cycle of length at least 2n; and (ii) D is Hamiltonian.

Motivated by the last results, we investigated the Hamiltonicity (when p is even) and pancyclcity (when
p is arbitrary) of such digraphs. Building on some of the ideas in Thomassen’s paper, we have given a
complete description of whether such digraphs are Hamiltonian (p is even) and pancyclic (p is arbitrary).
Since the proof is very long, we have divided it into three parts. Note that these results were only reported
in Darbinyan (1986) and in Darbinyan (1986a), without their proofs. The proof have never been published.
In this paper, we provide a full description of the following: (i) for k = 3 and k = 4, the digraph D
contains a cycle of length k; and (ii) the digraph D contains a pre-Hamiltonian cycle, i.e., a cycle of
length p− 1.

2 Terminology and notation
We denote the vertex set and arc set of a digraph D by V (D) and A(D), respectively. The order of a
digraph D is the number of its vertices. The arc of a digraph D directed from x to y is denoted by xy or
x → y. If xy is an arc, then we say that x dominates y (or y is dominated by x). For a pair of subsets F
and B of V (D), we define A(F → B) as the set {xy ∈ A(D)|x ∈ F, y ∈ B} and A(F,B) = A(F →
B) ∪ A(B → F ). If x ∈ V (D) and F = {x}, we often write x instead of {x}. For disjoint subsets
F and B of V (D), F → B means that every vertex of F dominates every vertex of B. If S ⊂ V (D),
F → B and B → S, then we write F → B → S (for short). The out-neighborhood of vertex x is the
set O(x) = {y ∈ V (D)|xy ∈ A(D)} and I(x) = {y ∈ V (D)|yx ∈ A(D)} is the in-neighborhood of
x. Similarly, if F ⊆ V (D) then O(x, F ) = {y ∈ F |xy ∈ A(D)} and I(x, F ) = {y ∈ F |yx ∈ A(D)}.
The out-degree of x is od(x) = |O(x)| and id(x) = |I(x)| is the in-degree of x. We call the out-degree
and in-degree of a vertex its semi-degrees. Similarly, od(x, F ) = |O(x, F )| and id(x, F ) = |I(x, F )|.
The degree of the vertex x in D is defined as d(x) = id(x) + od(x). A digraph D is k-regular if, for
any vertex x ∈ V (D), d(x) = k. The subdigraph of D induced by a subset F of V (D) is denoted by
D[F ]. A dipath (for short, path) is a digraph with the vertex set {x1, x2, . . . , xm} (m ≥ 2) and the arc
set {xixi+1 | i ∈ [1,m − 1]}. This path is called a path from x1 to xm or is an (x1, xm)-path and is
denoted by x1x2 . . . xm. The dicycle (for short, cycle) x1x2 . . . xnx1 is the digraph obtained from the
path x1x2 . . . xn by adding the arc xnx1. The length of a cycle or a path is the number of its arcs. A
k-cycle is a cycle of length k. Ck denotes a cycle of length k. For a cycle Ck := x1x2 . . . xkx1, the
indices are taken modulo k, i.e., xs = xi for every s and i such that i ≡ smod k.

If B ⊂ V (D) or B is a subdigraph of a digraph D, then we write D − B for D[V (D) − B] and
D[V (D)− V (B)]. Let x, y ∈ V (D) be two distinct vertices. We write a+(x, y) = 1, if xy ∈ A(D) and
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a+(x, y) = 0 otherwise, and a(x, y) means the number of arcs between the vertices x and y, in particular,
a(x, y) = 0 means that the vertices x and y are not adjacent. For integers a and b, a ≤ b, by [a, b] we
denote the set {a, a+ 1, . . . , b}.

A digraph D is strong if for every pair of distinct vertices x, y of D there exists an (x, y)-path and a
(y, x)-path. A digraph D is k-strong, k ≥ 1, if |V (D)| ≥ k + 1 and D − A is strong for any set A of at
most k− 1 vertices. The largest integer k such that D is k-strong is the vertex-strong connectivity number
of D (denoted by k(D)). Two distinct vertices x and y in D are adjacent if xy ∈ A(D) or yx ∈ A(D) (or
both). If xy is an arc of a digraph D, then we say that x dominates y. An empty digraph is a digraph that
contains no arcs. A set S of arcs in a digraph D is called independent if no two arcs of S have a common
vertex. For a graph (undirected graph) G, we denote by G∗ the symmetric digraph obtained from G by
replacing every edge xy with the pair xy, yx of arcs. The undirected cycle of length k in G, is denoted by
Qk. (As usual, we use Ck to represent a directed cycle of length k). A digraph D (undirected graph G)
of order p ≥ 3 is pancyclic if it contains a directed (undirected) cycle of length k for every k ∈ [3, p]. Kn

denotes the complete undirected graph with n vertices, and Kp,q denotes the complete undirected bipartite
graph with partite sets of cardinalities p and q. If G1 and G2 are undirected graphs, then G1 ∪ G2 is the
disjoint union of G1 and G2 and G1 +G2 is the join of G1 and G2. The converse digraph of a digraph D
is the digraph obtained from D by reversing the direction of all arcs, and is denoted by Drev . We will use
the principle of digraph duality: A digraph D contains a subdigraph H if and only if the converse digraph
of D contains the converse digraph of H .

3 Preliminaries and additional notation
Let us recall some well-known lemmas used in this paper.

Lemma 3.1. (Häggkvist and Thomassen (1976)). Let D be a digraph of order p ≥ 3 containing a cycle
Cm of length m with m ∈ [2, p−1]. Let x be a vertex not contained in this cycle. If d(x, V (Cm)) ≥ m+1,
then for every k ∈ [2,m+ 1], D contains a cycle Ckincluding x.

The following lemma, which is a slight modification of a lemma by Bondy and Thomassen (1977), will
be used extensively in the proofs our results.
Lemma 3.2. Let D be a digraph of order p ≥ 3 containing a path P := x1x2 . . . xm with m ∈ [2, p− 1]
and let x be a vertex not contained in this path. If one of the following holds:

(i) d(x, V (P )) ≥ m+ 2;
(ii) d(x, V (P )) ≥ m+ 1 and xx1 /∈ A(D) or xmx1 /∈ A(D);
(iii) d(x, V (P )) ≥ m, xx1 /∈ A(D) and xmx /∈ A(D); then there is an i ∈ [1,m − 1] such that

xix, xxi+1 ∈ A(D), i.e., D contains a path x1x2 . . . xixxi+1 . . . xm of length m (we say that x can be
inserted into P or the path x1x2 . . . xixxi+1 . . . xm is an extended path obtained from P with x).

The following is an immediate consequence of Lemma 3.2:
Lemma 3.3. Let D be a digraph of order p ≥ 4 and let P := x1x2 . . . xm with m ∈ [2, p − 2] be a
path of maximal length from x1 to xm in D. If the induced subdigraph D[V (D) \ V (P )] is strong and
d(x, V (P )) = m + 1 for every vertex x ∈ V (D) \ V (P ), then there is an integer l ∈ [1,m] such that
O(x, V (P )) = {x1, x2, . . . , xl} and I(x, V (P )) = {xl, xl+1, . . . , xm}.
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We will now introduce the following notation:

Notation 1. For every integer n ≥ 1, let H(n, n) denote the set of digraphs D of order 2n such that
V (D) = F ∪ B, D[F ] ∼= D[B] ∼= K∗

n, there is no arc from a vertex of B to a vertex of F , and for every
vertex x ∈ F (respectively, y ∈ B) d+(x,B) ̸= 0 (respectively, d−(y, F ) ̸= 0).

Notation 2. For every integer n ≥ 2, let H(n, n − 1, 1) denote the set of digraphs D of order 2n such
that V (D) = F ∪ B ∪ {a}, |F | = |B|+ 1 = n, D[F ] contains no arc, D contains all the possible arcs
between F and B, D[B ∪ {a}] is an arbitrary digraph of order n such that in D either I(a) = B and
a → F or O(a) = B and F → a.

Notation 3. For every integer n ≥ 2 define a digraph H2n of order 2n as follows: V (H2n) = F ∪ B ∪
{x, y}, H2n[F ∪ {x}] ∼= H2n[B ∪ {y}] ∼= K∗

n, there is no arc between F and B, O(x) = F ∪ {y},
I(y) = B ∪ {x} and I(x) = O(y) = F ∪ B. H ′

2n is a digraph obtained from H2n by adding the arc yx
(see Figure 1(a)).

Fig. 1: (a) The digraph H2n, (b) an illustration for (8) in the proof of Theorem 5.1.

It is not difficult to check that if D ∈ H(n, n) ∪H(n, n− 1, 1) ∪ {H2n, H
′
2n}, then D is not Hamilto-

nian and its each vertex has degree at least 2n− 1 and its semi-degrees are at least n− 1. Moreover, also
Drev ∈ H(n, n) ∪H(n, n− 1, 1) ∪ {H2n, H

′
2n}.

Notation 4. By B(n, n) we denote the set of balanced bipartite digraphs of order 2n ≥ 6, obtained from
K∗

n,n by deleting k independent arcs, where 0 ≤ k ≤ n.

Note that if D ∈B(n, n), then it is Hamiltonian, contains a cycle of length 4 and contains no cycle of
lengths 3 and 2n− 1.

Remark 1. Let D be a digraph of order 2n ≥ 6 with minimum degree at least 2n− 1 and with minimum
semi-degree at least n− 1. If V (D) = F ∪H such that |F | = |H| and D[F ], D[H] are empty digraphs,
then D ∈ B(n, n).
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It is easy to check that the following lemma is true.
Lemma 3.4. Let D be a digraph of order p ≥ 3 with minimum degree at least p − 1 and with minimum
in- and out-degrees at least p/2− 1. Then

(i) either D is strong or p = 2n and D ∈ H(n, n);
(ii) if B ⊂ V (D), |B| ≥ (p + 1)/2 and x ∈ V (D) \ B, then A(x → B) ̸= ∅ and A(B → x) ̸= ∅.

Moreover, if |B| = ⌊p/2⌋ and A(x → B) = ∅ (respectively, A(B → x) = ∅), then x → V (D)\(B∪{x})
(respectively, V (D) \ (B ∪ {x} → x).

4 A sufficient condition for the existence of cycles of lengths 3
and 4 in a digraph.

The next two results will be used in the proof of Theorem 4.3.

Theorem 4.1. (Häggkvist, Faudree and Schelp (1981)). Let G be an undirected graph of order 2n+1 ≥ 7
with minimum degree at least n. Then precisely one of the following holds: (a) G is pancyclic; (b)
G ∼= (Kn ∪Kn)+K1; or (c) Kn,n+1 ⊆ G ⊆ Kn+Kn+1, where Kn+1 is the empty digraph with n+1
vertices.

Theorem 4.2. (Thomassen (1977)). Let D be a strong digraph of order p ≥ 3. If for every pair x, y of
nonadjacent distinct vertices d(x) + d(y) ≥ 2p, then D is pancyclic or p is even and D ∼= K∗

p/2,p/2.

Now we define the digraphs H
′

6, H
′′

6 and H
′′′

6 as follows:

(i) Let Q6 be an undirected cycle xvwuyzx of length 6. We denote by H ′
6 the digraph obtained from

Q∗
6 by adding the arcs xy, xw, zu and vu. (See Figure 2 (a)).

(ii) Let C6 = xyvzwux be a cycle of length 6. We denote by H ′′
6 the digraph obtained from C6 by

adding the arcs xv, vx, xu, xw, uz, yu, yz, zy, wz and wv (see Figure 3 (a)).

(iii) Let C6 = xwvzyux be a cycle of length 6. We denote by H ′′′
6 the digraph obtained from C6 by

adding the arcs xy, yv, vx, uz, zw, wu, xu, yz and vw. (See Figure 2 (b)). In all figures, an undirected
edge represents two arcs of opposite directions.

Theorem 4.3. Let D be a digraph of order p ≥ 5 with minimum degree at least p− 1 and with minimum
semi-degree at least p/2− 1. Then the following holds:

(i) either D has a cycle of length 3 or D ∈ B(n, n) ∪{Q∗
5,K

∗
n,n+1}, where n = ⌊p/2⌋.

(ii) either D has a cycle of length 4 or D ∈ H(3, 3) ∪{Q∗
5, H

′

6, H
′′

6 , H
′′′

6 , [(K2 ∪K2) +K1]
∗}.

Proof: Suppose that D is a symmetric digraph, i.e., from xy ∈ A(D) it follows that yx ∈ A(D).
Therefore, id(x) = od(x) for all vertices of D. Then id(x) = od(x) ≥ n since d(x) ≥ p− 1. If p = 2n,
then D satisfies the conditions of Theorem 4.2. Therefore, either D is pancyclic or D = K∗

n,n ∈ B(n, n).
If p = 2n+ 1 ≥ 7, then the underlying graph G of D satisfies the conditions of Theorem 4.1. Therefore,
either (a) G is pancyclic or (b) G ∼= (Kn ∪Kn) +K1 or (c) Kn,n+1 ⊆ G ⊆ Kn +Kn+1. If (a) or (b)
holds, then it is clear that D contains cycles of lengths 3 and 4. In case (c), D contains a cycle of length 4,
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Fig. 2: (a) The digraph H ′
6 and (b) the digraph H ′′′

6 .

and contains no cycle of length 3 if and only if D = K∗
n,n+1. Thus we have, if D is a symmetric digraph

of order at least 6, then the theorem is true. Let now p = 2n+ 1 = 5. Then it is not difficult to show that
D contains no cycle of length 3 if and only if D ∈ {Q∗

5,K
∗
2,3)} and D contains no cycle of length four if

and only if D ∈ {Q∗
5, [(K2 ∪K2) +K1]

∗}.
In the following, suppose that D is not symmetric. Then D /∈ {Q∗

5,K
∗
n,n+1,K

∗
n,n, [(K2∪K2)+K1]

∗}.

(i) Assume, to the contrary, that D has no cycle of length 3. Then for any arc xy ∈ A(D) we have

O(y) ∩ I(x) = ∅. (1)

Let uv be an arbitrary arc in D such that vu /∈ A(D). Then from (1), od(v) ≥ p/2−1 and id(u) ≥ p/2−1
it follows that p ≥ |O(v)| + |I(u)| + 2 ≥ p/2 − 1 + p/2 − 1 + 2 = p. Therefore, p = 2n ≥ 6 and
od(v) = id(u) = n − 1. Hence we have id(v) ≥ n and od(u) ≥ n since d(x) ≥ 2n − 1 for ev-
ery vertex x of D. Since uv is an arbitrary arc in D, we can assume that u → I(u) and O(v) → v.
Therefore, D[O(v)] and D[I(u)] are empty digraphs. This together with n ≥ 3 and (1) implies that
for each vertex z1 ∈ O(v) and z2 ∈ I(u) we have A(z1 → I(u)) ̸= ∅ and A(O(v) → z2) ̸= ∅.
Therefore, A(u → O(v)) = A(I(u) → v) = ∅ since D contains no cycle of length 3. Thus we have
d(u,O(v)) = d(v, I(u)) = 0, and hence the digraphs D[{u} ∪ O(v)]) and D[{v} ∪ I(u)]) are empty
digraphs. Then by Remark 1, D ∈ B (n, n).

(ii) Assume that D contains no cycles of length 4, For each arc xy ∈ A(D) put

S(x, y) := I(x) ∩O(y) and E(x, y) := V (D) \ (O(y) ∪ I(x) ∪ {x, y}).

Since D has no cycle of length 4, we see that

A(O(y) \ {x} → I(x) \ {y}) = ∅. (2)

Let us consider the following cases.
Case 1. There exists an arc xy ∈ A(D) such that yx /∈ A(D) and od(y) ≥ n or id(x) ≥ n.

By the digraph duality, we can assume that od(y) ≥ n. Then from (2) and Lemma 4(ii) it follows that

I(x) ⊆ O(y), i.e., I(x) = S(x, y) and A(D[S(x, y)]) = ∅. (3)
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First, let us prove the following claim.
Claim 4.1. I(x) = O(y).

Proof: (of Claim 4.1) Assume that Claim 4.1 is not true. Then by (3), O(y) \ I(x) ̸= ∅. Let z be an
arbitrary vertex in O(y) \ I(x). By (2), we have A(z → {x} ∪ I(x)) = ∅. From this and Lemma 3.4(ii)
it follows that p/2 ≤ |{x} ∪ I(x)| ≤ ⌊p/2⌋, p = 2n ≥ 6, id(x) = n− 1 and

O(z) = V (D) \ ({x, z} ∪ I(x)), (4)

in particular, zy ∈ A(D), od(z) = n− 1, id(z) ≥ n and z → E(x, y). If xz ∈ A(D), then C4 = xzyux,
where u ∈ S(x, y), which contradicts our assumption. Therefore xz /∈ A(D). Then from id(x) = n− 1,
id(z) ≥ n and Lemma 3.4(ii) it follows that there exists u ∈ I(x) such that uz ∈ A(D). Then by
(4), it is not difficult to see that D[O(y) \ I(x)] is an empty digraph, and hence O(y) \ I(x) = {z},
|E(x, y)| = n − 2 ≥ 1. Notice that A(E(x, y) → y) = ∅, for otherwise, C4 = yuzwy, where
wy ∈ A(E(x, y) → y).

Now, we will prove Claim 4.1 by examining two cases (a) and (b).

Case (a). For each vertex v ∈ I(x) there is a vertex v′ ∈ E(x, y) such that v′v ∈ A(D).
If there exists a vertex v ∈ I(x) such that vy ∈ A(D), then C4 = vyzv′v, a contradiction. We may

therefore assume that A(I(x) → y) = ∅. Thus we have, A(I(x) ∪ E(x, y) → y) = ∅. Then by Lemma
3.4(ii), |I(x)|+|E(x, y)| = n−1+n−2 ≤ n, which in turn implies that n = 3 and |E(x, y)| = n−2 = 1.
Let E(x, y) := {w} and I(x) := {u, v}. Under the condition of Case (a), we have w → {u, v}. Note
that a(u, v) = a(x, z) = 0.

Assume first that wz ∈ A(D). (See Figure 3 (b)) for an illustration.) Then it is easy to see that
A({u, v} → w) = ∅. From a(u, v) = 0 and A(z → {u, v}) = A({u, v} → {w, y}) = ∅ it follows that
{u, v} → z, od(u) = od(v) = 2, id(u) = id(v) = 3 and x → {u, v, w}. Therefore, D ∼= H

′′

6 .

Fig. 3: (a) The digraph H ′′
6 , and (b), (c) an illustrations for Case (a)

in the proof of Theorem 4.3.

Assume second that wz /∈ A(D). Since A(w → {x, y, z}) = ∅, we have d+(w) = 2 and d−(w) ≥ 3.
From A({x,w} → z) = A(z → {u, v, x}) = ∅ it follows that I(z) = {u, v, y} and O(z) = {w, y}. (See
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Figure 3 (c) for an illustration.) Assume that xu ∈ A(D). Then A(u → {y, v, w}) = A({v, z} → u) =
∅. Since A({y, u} → w) = ∅ and d−(w) ≥ 3 it follows that {x, v} → w and xv /∈ A(D). Therefore,
C6 = zyuxwvz is a cycle in D, the arcs yv, vx, xy, uz, zw, wu, vw, xu, yz are in A(D) and D contains
no other arcs. This means that D ∼= H

′′′

6 . Now assume that xu /∈ A(D). By the symmetry between v and
u, if xv ∈ A(D), then again we obtain that either D contains a cycle of length 4 or D ∼= H

′′′

6 . We may
therefore assume that A(x → {u, v}) = ∅. Thus we have d+(x, {u, v, z}) = d−(x, {y, z, w}) = 0, i.e.,
d(x) ≤ 4, which is a contradiction.

Case (b). There exists a vertex v ∈ I(x) such that A(E(x, y) → v) = ∅.
Then we have, A(E(x, y) ∪ O(y) \ {v} → v) = ∅. By Lemma 3.4(ii), |E(x, y) ∪ O(y) \ {v}| ≤ n.

This together with |O(y)| ≥ n implies that |E(x, y)| = n − 2 = 1, n = 3, xv ∈ A(D) and od(v) ≥ 3.
If vy ∈ A(D), then C4 = xvyv1x, where v1 ∈ I(x) \ {v}. We may assume that vy /∈ A(D). Then
v → {z, w}, where E(x, y) = {w}. We have that A(w → {x, y, v}) = ∅. Therefore, wv1 ∈ A(D),
where {v, v1} = I(x), and C4 = xvwv1x, a contradiction. This completes the proof of Claim 4.1, i.e.,
I(x) = O(y) = S(x, y). 2

Now we divide Case 1 into two subcases.
Subcase 1.1. A(x → S(x, y)) ̸= ∅.

By Claim 4.1, I(x) = O(y) = S(x, y). Let xu be an arbitrary arc in A(x → S(x, y)). If uy ∈ A(D),
then C4 = xuyu1x, where u1 ∈ S(x, y) \ {u}, a contradiction. We may assume that uy /∈ A(D). Then,
A(u → S(x, y) ∪ {y} \ {u}) = ∅. This together with |S(x, y)| ≥ n and Lemma 3.4(ii) implies that
u → E(x, y). Note that |S(x, y)| = od(y) = n and |E(x, y)| = p − n − 2. If for some w ∈ E(x, y)
and v ∈ S(x, y) \ {u}, wv ∈ A(D), then C4 = xuwvx, a contradiction. We may therefore assume that
A(E(x, y) → {x} ∪ S(x, y) \ {u}) = ∅. Then by Lemma 3.4(ii), E(x, y) → y and D[E(x, y)] is a
complete digraph, which in turn implies that |E(x, y)| = 1 since for otherwise, we have C4 = yuww1y,
where w,w1 ∈ E(x, y). So, we have E(x, y) = {w}, O(w) = {u, y}, i.e., od(w) = 2 ≥ n − 1.
This means that n = 2 or n = 3. Let n = 2 and I(x) = {u, v}. Then it is not difficult to see that
id(v, {u,w}) = 0, xv ∈ A(D) and vy ∈ A(D) and C4 = xvyux, a contradiction. Let now n = 3. If
xw ∈ A(D), then C4 = xwyux, a contradiction. We may therefore assume that xw /∈ A(D). From
id(w) = 3 and A({y, x} → w) = ∅ it follows that S(x, y) → w. Since D[S(x, y)] is an empty digraph
and od(w, S(x, y) \ {u}) = 0, we obtain that x → S(x, y). Therefore, C4 = xvwux is a cycle of length
4 in D, a contradiction.

Subcase 1.2. A(x → S(x, y)) = ∅.
By the digraph duality, we can assume that A(S(x, y) → y) = ∅. This together with |S(x, y)| ≥ n

and Lemma 3.4(ii) implies that x → E(x, y) → y. Note that E(x, y) ̸= ∅ since od(x) ≥ 2. Therefore,
C4 = xwyux, where w ∈ E(x, y), u ∈ S(x, y), a contradiction. This completes the proof of Case 1.

Case 2. For each arc xy ∈ A(D) if yx /∈ A(D), then od(y) < n and id(x) < n.
From the conditions of the theorem it follows that od(y) = id(x) = n − 1, p = 2n ≥ 6, id(y) ≥ n

and od(x) ≥ n. If S(x, y) = ∅, then using (2) and Lemma 3.4(ii) it is easy to see that D[I(x) ∪ {x}]
and D[O(y) ∪ {y}] are complete digraphs. Therefore, either n ≥ 4 and D has a cycle of length 4 or
n = 3 and D ∈ H(3, 3). We may therefore assume that S(x, y) ̸= ∅. Since id(y)| ≥ n and od(x) ≥ n,
taking into account considered Case 1, we can assume that O(y) → y and x → I(x). Hence it is easy
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to see that |S(x, y)| = 1, I(x) ̸= O(y) and |E(x, y)| = 1. Let E(x, y) := {w} and S(x, y) := {z}.
From A(O(y) \ {z} → I(x) ∪ {x}) = ∅ and A(O(y) ∪ {y} → I(x) \ {z}) = ∅ it follows that
O(y) \ {z} → w → I(x) \ {z} and D[O(y) ∪ {y} \ {z}] and D[I(x) ∪ {x} \ {z}] are complete
digraphs. This together with xz ∈ A(D) and zy ∈ A(D) implies that a(z, w) = 0 since D has no cycle
of length four. From a(z, w) = 0, d(z) ≥ 2n − 1 ≥ 5 and the fact that A(O(y) \ {z} → z) = A(z →
I(x) \ {z}) = ∅, it follows that either there exists v ∈ I(x) \ {z} or u ∈ O(y) \ {z} such that vz ∈ A(D)
or zu ∈ A(D). Without loss of generality we may assume that zu ∈ A(D). From this it is easy to see
that A(I(x) \ {z} → z) = ∅, wy /∈ A(D) and n = 3. Thus we have O(y) = {z, u} and I(x) = {v, z}.
From d+(w, {x, y, z}) = d−(w, {y, z}) = 0 it follows that d+(w) = 2 and d−(w) ≥ 3. Therefore the
arcs wu, vw, xw, vu are present in A(D). Therefore, D contains only Q∗

6 = xzyuwvx and the arcs xy,
xw, vu and zu. This means that D ∼= H

′

6. We have completed the proof of the theorem. 2

5 A sufficient condition for the existence of a pre-Hamiltonian
cycle in a digraph

Theorem 5.1. Let D be a digraph of order p ≥ 5 with minimum degree at least p− 1 and with minimum
semi-degree at least p/2 − 1. Then either D contains a pre-Hamiltonian cycle or D ∈ H(n, n) ∪ B
(n, n) ∪ {[(Kn ∪Kn) +K1]

∗, H2n, H
′
2n, Q

∗
5}.

Proof: Suppose, on the contrary, that the theorem is not true. In particular, D contains no cycle of length
p − 1 and D /∈ H(n, n). Let C := Cm := x1x2 . . . xmx1 be an arbitrary non-Hamiltonian cycle of
maximum length in D. It is not difficult to see that m ∈ [3, p − 2] (if m = 2, then D = Q∗

5). From
Lemma 3.1 and the maximality of m it follows that for each vertex y ∈ B := V (D) \ V (C) and for each
i ∈ [1,m],

d(y, V (C)) ≤ m, d(y,B) ≥ p−m− 1 and if xiy ∈ A(D), then yxi+1 /∈ A(D). (5)

Using the inequality d(y,B) ≥ p−m− 1, it is not difficult to show that the following claim is true.

Claim 5.1. If for two distinct vertices u and v of B in subdigraph D[B] there is no (u, v)-path, then in
D[B] there is a (v, u)-path of length at most 2.

First, we will prove Claims 5.2 and 5.3.

Claim 5.2. The induced subdigraph D[B] is strong.

Proof: Suppose, on the contrary, that D[B] is not strong. Let D1, D2, . . . , Ds (s ≥ 2) be the strong
components of D[B], labeled in such a way that no vertex of Di dominates a vertex of Dj whenever
i > j. From Claim 5.1 it follows that for every pair of vertices y ∈ V (D1) and z ∈ V (Ds) in D[B] there
is a path from y to z of length 1 or 2. We choose vertices y from V (D1) and z from V (Ds) respectively,
such that the path y1y2 . . . yk, where y1 := y and yk := z, has the minimum length among all the paths
in D[B] with an origin vertex in D1 and a terminal vertex in Ds. By Claim 5.1, k = 2 or k = 3. We will
consider the following three possible cases.

Case 5.2.1. k < |B| = p−m.
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From the maximality of C it follows that if xiy1 ∈ A(D) with i ∈ [1,m], then A(yk → {xi+1, xi+2,
. . . , xi+k}) = ∅. Since D is strong, it follows that V (C) ̸⊆ I(y1). Therefore the vertex yk does not
dominate at least id(y1, V (C)) + 1 vertices of C. On the other hand, we have A(yk → V (D1)) = ∅
and I(y1) ⊂ V (C) ∪ V (D1). Hence the vertex yk does not dominate at least id(y1, V (C)) + 1 +
id(y1, V (D1))+|{y1, yk}| = id(y1)+3 vertices. From this we obtain od(yk) ≤ p−id(y1)−3 ≤ p/2−2,
which is a contradiction.

Case 5.2.2. k = |B| = 2.
It is easy to see that s = 2, m = p − 2, V (D1) = {y1}, V (D2) = {y2}, I(y1) ⊂ V (C) and

a+(xi, y1) + a+(y2, xi+2) ≤ 1 for all i ∈ [1,m]. Hence the vertex y2 does not dominate at least
id(y1) + |{y1, y2}| = id(y1) + 2 vertices. Therefore od(y2) ≤ p− id(y1)− 2 ≤ p/2− 1. This together
with id(y1) ≥ p/2 − 1 and od(y2) ≥ p/2 − 1 implies that id(y1) = od(y2) = p/2 − 1. Therefore,
p = 2n ≥ 6, m = p− 2 ≥ 4, id(y1) = od(y2) = n− 1 and

y2xi ∈ A(D) if and only if xi−2y1 /∈ A(D). (6)

By Lemma 3.1, it is easy to see that d(y1) = d(y2) = 2n − 1 and od(y1) = id(y2) = n. Now using
Lemma 3.2, we obtain, if a(yj , xi) = 0, then xi−1yj and yjxi+1 ∈ A(D). We divide this case into two
subcases.

Subcase 5.2.2.1. There exists an i ∈ [1,m] such that y1 → {xi, xi+1}.
Without loss of generality, we may assume that y1 → {x2, x3} and a(x1, y1) = 0. Therefore,

xmy1 ∈ A(D). From this, (5) and (6) it follows that x2y1 /∈ A(D), y2 → {x3, x4} and a(x2, y2) = 0.
Since d(y2, V (C)) = 2n−2 and the vertex y2 cannot be inserted into the path x3x4 . . . xmx1, by Lemma
3.2, we have x1y2 ∈ A(D). If x2x1 ∈ A(D), then C2n−1 = xmy1x2x1y2x4 . . . xm. This contradicts
our supposition that D contains no cycle of length p − 1. We may therefore assume that x2x1 /∈ A(D).
From this and a(x2, y2) = a+(x2, y1) = 0 it follows that d(x2, {x3, x4, . . . , xm}) ≥ 2n − 3. Therefore
by Lemma 3.2, xmx2 ∈ A(D) since the vertex x2 cannot be inserted into the path x3x4 . . . xm. Now it
is easy to see that a+(xi, y1) + a+(y2, xi+1) ≤ 1 for all i ∈ [2,m − 1]. Therefore, x3y1 /∈ A(D) since
y2x4 ∈ A(D). From this and (6) it follows that y2x5 ∈ A(D) and x4y1 /∈ A(D). Continuing in this
manner, we obtain that A({x4, x5, . . . , xm−1} → y1) = ∅. This together with A({x1, x2, x3} → y1) = ∅
implies that A({x1, x2, . . . , xm−1} → y1) = ∅, i.e., id(y1) = 1, which is a contradiction.

Subcase 5.2.2.2. For all i ∈ [1,m], |A(y1 → {xi, xi+1)| ≤ 1.
Since od(y1) = n, we can assume that O(y1) = {x1, x3, . . . , x2n−3, y2}. Using this and the fact that

od(y2) = id(y1) = n− 1, we obtain I(y1) = {x1, x3, . . . , x2n−3}. Then by (6),

O(y2) = {x2, x4, . . . , x2n−2} and I(y2) = {y1, x2, x4, . . . , x2n−2}.

If for two distinct vertices xi, xj ∈ {x1, x3, . . . , x2n−3}, xixj ∈ A(D), then C2n−1 = y1xixjxj+1 . . .
xi−1y2xi+1 . . . xj−2y1, when |{xi+1, xi+2, . . . , xj−1}| ≥ 2 and C2n−1 = xixjy1y2xj+1xj+2 . . . xi−1xi,
when |{xi+1, xi+2, . . . , xj−1}| = 1, respectively. This contradicts the supposition that Cp−1 ̸⊂ D. We
may therefore assume that D[{x1, x3, . . . , x2n−3, y2}] is an empty digraph. Considering the converse
digraph of D, by the same arguments we obtain that D[{x2, x4, . . . , x2n−2, y1}] also is an empty digraph.
Therefore D ∈ B(n, n), which contradicts our supposition that the theorem is not true.
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Case 5.2.3. k =| B |= 3.
From the minimality of k it follows that y1y3 /∈ A(D), s = 3, A({y2, y3} → y1) = ∅ and V (D1) =

{y1}. Hence I(y1) ⊂ V (C). On the other hand, from the maximality of the cycle C it follows that for
each i ∈ [1,m], if xiy1 ∈ A(D), then A(y2 → {xi+1, xi+2}) = ∅. Therefore, y2 does not dominate at
least id(y1)+1+ |{y1, y2}| = id(y1)+3 vertices, which means that od(y2) ≤ p− id(y1)−3 ≤ p/2−2,
a contradiction. This completes the proof that the induced subdigraph D[B] is strong. 2

Claim 5.3. There exist at least two distinct vertices of V (C) which are adjacent to some vertices of B.

Proof: Assume that Claim 5.3 is not true. Then exactly one vertex of C, say x, is adjacent to some
vertices of B. Therefore, for each vertex xi ∈ V (C) \ {x} and for each vertex y ∈ B we have

d(xi) = d(xi, V (C)) ≤ 2m− 2 and d(y) = d(y,B) + d(y, {x}) ≤ 2p− 2m.

Since d(xi) + d(y) ≥ 2p− 2, we conclude that the inequalities above are equalities. This implies that the
subdigraphs D[V (C)] and D[B∪{x}] are complete digraphs. From d(xi) = 2m−2 ≥ p−1 and d(y) =
2p−2m ≥ p−1, we obtain p = 2m−1, i.e., p−m = m−1. Therefore, D ∼= [(Km−1∪Km−1)+K1]

∗,
which contradicts our supposition. This proves Claim 5.3. 2

Since D is strong, we see that A(V (C) → B) ̸= ∅ and A(B → V (C)) ̸= ∅. This together with Claim
5.3 implies that there are vertices xa ̸= xb, xa, xb ∈ V (C) and x, y ∈ B such that D contains the arcs
xax, yxb. Without loss of generality, we can assume that |V (C[xa, xb])| is as small as possible. Note that
if xb ̸= xa+1, then

A({xa+1, xa+2, . . . , xb−1}, B) = ∅. (7)

For the sake of clarity, assume that xb := x1 and xa := xm−h, where 0 ≤ h ≤ m − 2. We consider the
following two cases, depending on whether x1 = xm−h+1 or not.

Case 1. xm−h+1 ̸= x1, i.e., h ≥ 1.
Consider the paths P0, P1, . . . , Pk (where 0 ≤ k ≤ h and k is as large as possible), where P0 :=

P = x1x2 . . . xm−h and each Pi path, where i ∈ [1, k], is an extended path obtained from the path Pi−1

with a vertex zi ∈ {xm−h+1, xm−h+2, . . . , xm} \ {z1, z2, . . . , zi−1}. Note that the path Pi, i ∈ [0, k],
contains m − h + i vertices. We may assume that the extended path Pk does not contain some vertices
y1, y2, . . . , yd ∈ {xm−h+1, xm−h+2, . . . , xm}, where 1 ≤ d ≤ h. Therefore, using (7) and Lemma 3.2,
for each z ∈ B and for each yi we obtain

d(z) = d(z,B) + d(z, V (C)) ≤ 2p− 2m− 2 +m− h+ 1 = 2p−m− h− 1

and
d(yi) = d(yi, V (C)) ≤ m− d+ 1 + 2d− 2 = m+ d− 1.

Hence it is clear that
2p− 2 ≤ d(z) + d(yi) ≤ 2p+ d− h− 2.

It is not difficult to see that h = d, d(z, V (C)) = m − h + 1, d(yi, V (C)) = m + h − 1 and both the
subdigraphs D[B] and D[{xm−h+1, xm−h+2, . . . , xm}] are complete digraphs. By Lemma 3.2(ii), we
also have xm−h → B ∪ {xm−h+1, xm−h+2, . . . , xm} → x1. Using the inequalities p − 1 ≤ d(yi) ≤
m+ h− 1 and p− 1 ≤ d(z) ≤ 2p−m− h− 1, it is easy to see that h = |B| = p−m ≥ 2 and the path
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P = x1x2 . . . xm−h has the maximum length among all the paths from x1 to xm−h in the subdigraphs
D[V (C)] and D[B ∪ {x1, x2, . . . , xm−h}]. Therefore by Lemma 3.3, there exist integers l ∈ [1,m− h]
and r ∈ [1,m − h] such that for all u ∈ B and for all z ∈ {xm−h+1, xm−h+2, . . . , xm} the following
holds {

O(u, V (P )) = {x1, x2, . . . , xl}, I(u, V (P )) = {xl, xl+1, . . . , xm−h},
O(z, V (P )) = {x1, x2, . . . , xr}, I(z, V (P )) = {xr, xr+1, . . . , xm−h}.

(8)

According to the digraph duality, we can assume that l ≤ r. (See Figure 1 (b) for an illustration).
Let l = 1 and let u be an arbitrary vertex of B. Then from od(u) ≥ p/2 − 1 and (8) it follows that

h ≥ p/2−1 and p ≥ 2(p/2−1)+m−h = p−2+m−h. So, m−h = 2 since m−h ≥ 2. We see that
h = p/2− 1, p = 2n ≥ 6, h = n− 1, and r = 2 since id(x2) ≥ n− 1 ≥ 2. Therefore D ∈ {H2n, H

′
2n},

which contradicts our supposition.
Let now l ≥ 2. By the digraph duality, we can assume that r ≤ m − h − 1. Since D[B] and

D[{xm−h+1, xm−h+2, . . . , xm}] are complete digraphs and (8), for each vertex z ∈ {xm−h+1, xm−h+2,
. . . , xm} we have I(z) = {xr, xr+1, . . . , xm} \ {z}. This implies that m − r ≥ p/2 − 1. If i ∈
[r + 1,m − h] and x1xi ∈ A(D) then by (8) and 2 ≤ l ≤ r ≤ m − h − 1, we have Cm+1 =
x1xixi+1 . . . xmx2 . . . xi−1xx1, where x ∈ B, a contradiction. Because of this and 2 ≤ l ≤ r, we
may assume that A(x1 → B ∪ {xr+1, xr+2, . . . , xm}) = ∅. Therefore, since m − r ≥ p/2 − 1 and
|B| = h ≥ 2, we obtain od(x1) ≤ p − 1 − h − (m − r) ≤ p/2 − h ≤ p/2 − 2, which contradicts that
od(x1) ≥ p/2− 1. This contradiction completes the discussion of Case 1.

Case 2. xm−h+1 = x1, i.e., h = 0.
Recall that x, y ∈ B, xm−hx = xmx ∈ A(D) and yx1 ∈ A(D). Therefore, any path from x to y in

D[B] is a Hamiltonian path. Let u1u2 . . . up−m be an (x, y)-Hamiltonian path in D[B], where u1 := x,
up−m := y. Observe that if 1 ≤ i < j ≤ p−m, then uiuj ∈ A(D) if and only if j = i+ 1. For Case 2
(h = 0), we will first prove a number of claims (Claims 5.4-5.8).

Claim 5.4. p−m = 2, i.e., m = p− 2.

Proof: Suppose, to the contrary, that p −m ≥ 3. From the above observation it follows that u1up−m /∈
A(D) and od(u1, B) = id(up−m, B) = 1. Using this and (5), we obtain

p− 1 ≤ d(u1) ≤ m+ 1 + id(u1, B) and p− 1 ≤ d(up−m) ≤ m+ 1 + od(up−m, B).

Therefore, id(u1, B) ≥ p −m − 2 and od(up−m, B) ≥ p −m − 2. Therefore, in D[B] there is a path
from up−m to u1 of length k = 1 or k = 2, for otherwise p−m ≥ 2p− 2m− 2, which contradicts that
p−m ≥ 3. For any integer l ≥ 1, put

I+l (up−m) := {xj |xj−lup−m ∈ A(D)}.

Since id(up−m, V (C)) = id(up−m)− 1 and V (C) ̸⊆ I(up−m), we see that for each l ∈ [1, 2],

|I+l (up−m) ∪ I+l+1(up−m)| ≥ id(up−m).

From the maximality of the cycle C it follows that A(u1 → I+k (up−m)∪I+k+1(up−m)) = ∅. This together
with A(u1 → {u3, u4, . . . , up−m}) = ∅ implies that

p/2− 1 ≤ od(u1) ≤ p− 1− |I+k (up−m) ∪ I+k+1(up−m)| − (p−m− 2)
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≤ m+ 1− id(up−m) ≤ m+ 1− p/2 + 1 = m+ 2− p/2.

Therefore, since m ≤ p − 3, we obtain that p = 2n, p − m = 3 and od(u1) = id(u3) = n − 1.
Hence, id(u1) ≥ n and od(u3) ≥ n. We now claim that D contains the arcs u3u1 and u2u1. Indeed,
for otherwise, id(u1, V (C)) ≥ n − 1 and if xiu1 ∈ A(D), then od(u3, {xi+2, xi+3}) = 0. From this
it is not difficult to see that od(u3) ≤ n − 1, which contradicts the fact that od(u3) ≥ n. Similarly, we
can see that u3u2 ∈ A(D). So, the arcs u3u1, u2u1, u3u2 are in A(D). Since id(u3, V (C)) = n − 2,
m ≥ n, m ≥ id(u3, V (C)) + 2 and C is a non-Hamiltonian cycle of maximal length, it follows that
| ∪3

i=1 I
+
i (up−m)| ≥ n and od(u1,∪3

i=1I
+
i (up−m)) = 0. This together with u1u3 /∈ A(D) implies that

od(u1) ≤ n− 2, a contradiction. This completes the proof that p−m = 2. 2

Let B := {u, v}. Then by the Claim 5.2 we have uv ∈ A(D) and vu ∈ A(D).

Remark 2. Claims 5.5–5.8 also hold for vertex v by virtue of the symmetry between u and v.

Claim 5.5. If xiu and uxi+2 ∈ A(D) with i ∈ [1,m], then a(xi+1, v) = 2, i.e., xi+1v and vxi+1 ∈
A(D).

Proof: Notice that the cycle xiuxi+2xi+3 . . . xi has length m and the vertices v and xi+1 are not on this
cycle. By Claim 5.2, the subdigraph D[{v, xi+1}] is strong. Therefore vxi+1 and xi+1v ∈ A(D). 2

Using Claim 5.5, the facts that uv, vu ∈ A(D) and C is a non-Hamiltonian cycle of maximum length
in D, we obtain the following claim.
Claim 5.6. If i ∈ [1,m], then

|A({xi, xi+1} → u)|+ |A(u → xi+3)| ≤ 2 and |A(xi−2 → u)|+ |A(u → {xi, xi+1})| ≤ 2.

Claim 5.7. If k ∈ [1,m], then |A({xk−1, xk} → u)| ≤ 1 and |A(u → {xk−1, xk})| ≤ 1.

Proof: By the digraph duality, it is enough to prove that if k ∈ [1,m], then |A({xk−1, xk} → u)| ≤ 1.
Suppose, to the contrary, that there exists k ∈ [1,m] such that {xk−1, xk} → u. Without loss of generality,
we may assume that a(u, xk+1) = 0. For the sake of clarity, assume that xk+2 = x1. Then xm = xk+1,
xm−1 = xk, xk−1 = xm−2, and by Claim 5.6, ux1 /∈ A(D).

Let us first assume that x1u ∈ A(D). It is easy to see that p ≥ 6, m ≥ 4 and od(u, {xm−1, xm,
x1, x2}) = 0. Using this and od(u) ≥ p/2− 1 ≥ 2, we see that A(u → {x3, x4, . . . , xm−2}) ̸= ∅, which
in turn implies that m − 2 − 2 ≥ 1, i.e., m ≥ 5. If m = 5, then p = 7 and od(u) ≥ 3. We know that
od(u, {xm−1, xm, x1, x2}) = 0 and hence, od(u) ≤ 2, a contradiction. We may therefore assume that
m ≥ 6. Now, we need to show that, for every j ∈ [3,m− 3],

od(u, {xj , xj+1}) ≤ 1. (9)

Assume that (9) is not true. Then there exists j ∈ [3,m − 3] such that u → {xj , xj+1}. Assume
that j is as small as possible. Then a(u, xj−1) = 0, and xj−2u /∈ A(D) by Claim 5.6. Hence j ≥ 4.
Since the vertex u cannot be inserted into the cycle C, ux1 /∈ A(D) and xj−2u /∈ A(D), using Lemma
3.2, we obtain p − 1 ≤ d(u) = d(u, {x1, x2, . . . , xj−2}) + d(u, {xj , xj+1, . . . , xm−1}) + d(u, {v})≤
j − 3 +m− 1− j + 4 = m = p− 2, which is a contradiction. This proves (9).
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Recall that A(u → {xm−1, xm, x1, x2}) = ∅. From this and (9) it follows that: If |{x3, x4, . . . ,
xm−2}| = p− 6 is even, then p/2− 1 ≤ od(u) ≤ (p− 6)/2 + 1 a contradiction. If |{x3, x4, . . . ,
xm−2}| = p− 6 is odd, then p is odd and (p− 1)/2 ≤ od(u) ≤ (p− 7)/2 + 2, a contradiction.

Suppose next that x1u /∈ A(D). Then by Claim 5.6, a(u, x1) = 0. Notice that m ≥ 4 and
d(u, {x2, x3, . . . , xm−1}) ≥ p − 3. Hence by Lemma 3.2(ii), ux2 ∈ A(D). We have a(v, xm) = 0 and
vx1 /∈ A(D). By Lemma 3.2(iii), it is easy to see that xm−1v ∈ A(D) and d(v, {x1, x2, . . . , xm−1}) =
p − 3. If x1v /∈ A(D), then a(v, x1) = 0, and by Lemma 3.2, vx2 ∈ A(D). Now we have xm−1u,
vx2 ∈ A(D) and A({u, v}, {xm, x1}) = ∅. Thus we have the considered Case 1 (h ≥ 1). We
may therefore assume that x1v ∈ A(D). We also may assume that xm−2v /∈ A(D) (for otherwise
{xm−2, xm−1, x1} → v and for the vertex v the considered case x1u ∈ A(D) holds). Since v cannot
be inserted into the path x1x2 . . . xm−2, using the facts that xm−2v /∈ A(D), vx1 /∈ A(D) and Lemma
3.2(iii), we obtain that d(v, {x1, x2, . . . , xm−2}) ≤ m− 3 = p− 5. Then from a(xm, v) = 0 and d(v) ≥
p − 1 it follows that vxm−1 ∈ A(D). If xmx2 ∈ A(D), then Cm+1 = xmx2x3 . . . xm−2uvxm−1xm,
a contradiction. If xm−2xm ∈ A(D), then Cm+1 = xm−2xmx1vux2x3 . . . xm−2, a contradiction.
We may therefore assume that xmx2 /∈ A(D) and xm−2xm /∈ A(D). Note that xm cannot be in-
serted into the path x2x3 . . . xm−1 (for otherwise there exists an (x2, xm−1)-path, say R, with vertex
set {x2, x3, . . . , xm}, and hence xm−1vuRxm−1 is a cycle of length p − 1, a contradiction). From
this, d(xm, {u, v}) = 0, d(xm) ≥ p − 1 and Lemma 3.2(iii) it follows that p − 1 ≤ d(xm) =
d(xm, {u, v}) + d(xm, {xm−1, x1}) + d(xm, {x2, x3, . . . , xm−2}) ≤ 4 + m − 4 = m = p − 2, a
contradiction. Claim 5.7 is proved. 2

Claim 5.8. If k ∈ [1,m], then a+(xk, u) + a+(u, xk−1) ≤ 1.

Proof: Suppose, to the contrary, that there exists k ∈ [1,m] such that xku, uxk−1 ∈ A(D). For the
sake of clarity, let us assume that xk := x2. From Claim 5.7 and (5) it follows that d(u, {xm, x3}) =
a+(x1, u) = a+(u, x2) = 0. First we show that m ≥ 5. Assume that this is not the case. Then either
m = 4 or m = 3. Let m = 4, i.e., p = 6. Using Claim 5.7 and (5), we obtain that d(u, {x3, x4}) = 0,
which together with a+(x1, u) = a+(u, x2) = 0 implies that d(u) = 4, a contradiction. Let now
m = 3, i.e., p = 5. From a+(x1, u) = 0 it follows that D is not a symmetric digraph. Therefore,
D /∈ {Q∗

5, [K2 ∪K2] +K1]
∗}. Then by Theorem 4.3(ii), D contains a cycle of length 4 = p− 1, which

contradict our initial supposition. So, m ≥ 5. It is easy to see that d(u, {x4, x5, . . . , xm−1}) ≥ p − 5.
Then, since the vertex u cannot be inserted into the path x4x5 . . . xm−1, from Lemma 3.2 it follows that
ux4 ∈ A(D) and xm−1u ∈ A(D). Then by Claim 5.5, a(v, x3) = a(v, xm) = 2. Therefore by Claim
5.7, d(v, {x1, x2}) = 0. Since D contains no cycle of length m + 1, it is not difficult to see that xmx2,
x2x4 and x3x2 are not in A(D) (if x3x2 ∈ A(D), then Cm+1 = xmvx3x2ux4x5 . . . xm). So we have
d(x2, {u, v, x1, x3}) ≤ 4 and d(x2, {x4, x5, . . . , xm}) ≥ p− 5. Therefore, since neither xmx2 nor x2x4

are in A(D), using Lemma 3.2(iii), we can insert the vertex x2 into the path x4x5 . . . xm, i.e., for some
i ∈ [4,m − 1], xix2, x2xi+1 ∈ A(D), and obtain a cycle xmvx3x4 . . . xix2xi+1 . . . xm of length m,
which does not contain the vertices x1 and u. By Claim 5.2, the subdigraph D[{x1, u}] must be strong.
But this is not the case since x1u /∈ A(D). This contradiction completes the proof of Claim 5.8. 2

We now divide Case 2 (h = 0) into two subcases depending on whether p is odd or not.

Subcase 2.1. p = 2n+ 1.
Then m = 2n−1, od(u, V (C)) ≥ n−1 and id(u, V (C)) ≥ n−1. From (5), and Claims 5.7 and 5.8 it

follows that each of vertices u and v is adjacent to at most one of the two consecutive vertices of the cycle
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C. Then it is not difficult to see that od(u, V (C)) = od(v, V (C)) = n − 1, O(u, V (C)) = I(u, V (C))
and O(v, V (C)) = I(v, V (C)). Therefore, without loss of generality, we may assume that

d(u, {x2, x3}) = 0 and O(u) = I(u) = {x1, x4, x6, . . . , xp−3 = x2n−2, v}.

Let m = 3, i.e., p = 5. If vx3 ∈ A(D), then C4 = x3x1uvx3, a contradiction. Assume that
vx3 /∈ A(D) and x3v ∈ A(D). Then by Claims 5.7 and 5.8, d(v, {x1, x2}) = 0. Therefore, d(v) ≤ 3,
which contradicts that d(v) ≥ 4. We may therefore assume that a(v, x3) = 0. Then by Claim 5.3, we have
that a(v, x2) ̸= 0. If x2v ∈ A(D), then C4 = x1x2vux1, a contradiction. Therefore, we may assume that
x2v /∈ A(D). Then vx2 ∈ A(D) and by Claim 5.7, a(v, x1) = 0. Therefore, d(v) = a(v, u)+a(v, x2) ≤
3, a contradiction.

Let now m = 2n − 1 ≥ 5. Since xm−1u ∈ A(D), by Claim 5.5 we have a(xm, v) = 2. Then by
Claims 5.7 and 5.8, d(v, {xm−1, x1}) = 0. Since a(u, x1) = a(u, x4) = 2, it follows that neither vx3 nor
x2v are in A(D). This together with O(v, V (C)) = I(v, V (C)) implies that d(v, {x2, x3}) = 0. Thus,
we have d(v, {x1, x2, x3}) = 0, which is a contradiction. This contradiction completes the discussion of
case p = 2n+ 1.

Subcase 2.2. p = 2n.
From d(u) ≥ 2n − 1 it follows that either od(u) ≥ n or id(u) ≥ n. By the digraph duality, assume

that od(u) ≥ n. Now using Claims 5.7 and 5.8, we may assume that{
u → {x1, x3, . . . , x2n−3}, A(u, {x2, x4, . . . , x2n−2}) = ∅,

I(u) ⊆ {v, x1, x3, . . . , x2n−3}.
(10)

Since id(u) ≥ n − 1, without loss of generality, we may assume that {x1, x3, . . . , x2n−5} → u. From
this, (10) and Claim 5.5 it follows that for each i ∈ [1, n− 2],

a(u, x2i−1) = a(v, x2i) = 2. (11)

Then by Claims 5.7 and 5.8, we have d(v, {x1, x3, . . . , x2n−3}) = 0. Therefore a(v, x2n−2) ̸= 0 since
d(v) ≥ 2n−1, i.e., either vx2n−2 ∈ A(D) or v2n−2v ∈ A(D). If vx2n−2 ∈ A(D), then using Claim 5.5,
we obtain x2n−3u ∈ A(D) and x2n−2v ∈ A(D). So, in any case we can assume that x2n−2v ∈ A(D).
Then id(v) ≥ n and {x2, x4, . . . , x2n−2} → v.

Let us now prove that D[{x1, x3, . . . , x2n−3}] is an empty digraph.
Assume that this is not the case, i.e., for some distinct vertices xi, xj ∈ {x1, x3, . . . , x2n−3}, xixj ∈

A(D). If |{xi+1, xi+2, . . . , xj−1}| = 1, then from (11) and x2n−2v ∈ A(D) it follows that: If j = 2n−3,
then i = 2n − 5 and Cm+1 = x2n−5x2n−3x2n−2vux1x2 . . . x2n−5. If j ̸= 2n − 3, then Cm+1 =
xixjuvxj+1 . . . xi−1xi. We may therefore assume that |{xi+1, xi+2, . . . , xj−1}| ≥ 2. Then m ≥ 6. Us-
ing the above arguments, we obtain: If i = 2n− 3, then Cm+1 = x2n−3xj . . . x2n−5ux1 . . . xj−1vx2n−4

x2n−3. If i ̸= 2n − 3 and j ̸= 1, then the arcs xi−1v, vxi+1, xj−2u are in A(D), and hence Cm+1 =
xixjxj+1 . . . xi−1vxi+1 . . . xj−2uxi. Let now j = 1, then Cm+1 = xix1uxi+2 . . . x2n−2vx2x3 . . . xi.
So, in each case we have that D contains a cycle of length m + 1, which is a contradiction. This proves
that D[{x1, x3, . . . , x2n−3}] is an empty digraph.
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By a similar argument, one can show that D[{x2, x4, . . . , x2n−2}] is also an empty digraph. Therefore,

A(B[{v, x1, x3, . . . , x2n−3}]) = A(B[{u, x2, x4, . . . , x2n−2}]) = ∅.

Then by Remark 1, D ∈B(n, n), which contradicts our supposition. The discussion of Case 2 is
completed and Theorem 5.1 is proved. 2

It is worth mentioning that, for several sufficient conditions for a digraph to be Hamiltonian, it has been
shown that, under these conditions, the digraph also contains a pre-Hamiltonian cycle, except some cases.
These can be seen in Darbinyan (2025), Darbinyan and Karapetyan (2013); Darbinyan and Karapetyan
(2015), Darbinyan and Karapetyan (2017) and the references therein, among others. In addition, a num-
ber of papers have considered the existence of the pre-Hamiltonian cycles in balanced bipartite digraphs.
For example, see Darbinyan (2016) and Darbinyan and Karapetyan (2017a).
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