2510.26273v3 [math.CO] 21 Sep 2026

arxiv

Sufficient conditions for a digraph to contain:
a pre-Hamiltonian cycle and cycles of lengths
3 and 4

Samvel Kh. Darbinyan

Institute for Informatics and Automation Problems of NAS RA
Yerevan, Armenia

revisions 6 Nov. 2025, 5" June 2026; accepted 12 Sep. 2026.

Let D be a digraph of order p > 5 with minimum degree at least p — 1 and with minimum semi-degree at least
p/2 — 1. In his excellent and renowned paper, “Long Cycles in Digraphs” (Proc. London Mathematical Society (3),
42 (1981)), Thomassen fully characterized the following for p = 2n + 1: (i) D has a cycle of length at least 2n;
and (ii) D is Hamiltonian. Motivated by this result, and building on some of the ideas in Thomassen’s paper, we
investigated the Hamiltonicity (when p is even) and pancyclicity (when p is arbitrary) of such digraphs. We have
given a complete description of whether such digraphs are Hamiltonian (p is even), and pancyclic (p is arbitrary).
Since the proof is very long, we have divided it into three parts. In this paper, we provide a full description of the
following: (iii) for K = 3 and k = 4, the digraph D contains a cycle of length k; and (iv) the digraph D contains a
pre-Hamiltonian cycle, i.e., a cycle of length p — 1.
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1 Introduction

In this paper, we consider finite digraphs without loops and multiple arcs, which may contain opposite
arcs with the same end-vertices, i.e., a cycle of length two. We shall assume that the reader is familiar with
the standard terminology on digraphs and graphs (undirected graphs). We refer the reader to Bang-Jensen
and Gutin | (Springer-Verlag, London, 2000) for digraphs, and West | (2000, Prentice Hall(@)) for graphs,
for the terminology and notation not defined in this paper. All cycles and paths are assumed to be simple
and directed. A cycle (respectively, path) in a digraph D is called a Hamiltonian cycle (respectively, a
Hamiltonian path) if it contains all the vertices of D and, if D has a Hamiltonian cycle, we say that D
is Hamiltonian. A cycle in a digraph D of order p > 3 is called a pre-Hamiltonian cycle if it contains
exactly p — 1 vertices of D. Further digraph terminology and notation are given in the next section. One
of the most fundamental and widely studied problems in digraph theory is finding sufficient conditions
for a digraph to contain a Hamiltonian cycle or cycles with previously given properties.

There are many sufficient conditions for the existence of a Hamiltonian cycle in digraphs (see, e.g.,
Bang-Jensen, Gutin, and Li | (1996), | Bang-Jensen, Guo and Yeo| (1999), Keevash, Kiihn and Osthus

ISSN 1365-8050 © 2026 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License


http://dmtcs.episciences.org/
https://doi.org/10.46298/dmtcs.16867
https://arxiv.org/abs/2510.26273v3

2 Samvel Kh. Darbinyan

(2009)), Darbinyan|(2021}[2024), Darbinyan| (2024a)), Ghouila-Houri|(1960), Manoussakis| (1992), Meyniel
(1973), Nash-Williams| (1969) and [Woodall| (1972)). For more information on Hamiltonian digraphs, see
the survey papers Bermond and Thomassen| (1981) and |Kiihn and Osthus|(2012), as well as the book by
Bang-Jensen and Gutin |(Springer-Verlag, London, 2000).

Ghouila-Houri (1960) proved that every strong digraph on p vertices and with minimum degree at least
p is Hamiltonian. Nash-Williams| (1969) observed that a digraph of order p with minimum semi-degree at
least p/2 is Hamiltonian and raised the problem of describing all the strong non-Hamiltonian digraphs of
order p and minimum degree p — 1. In his excellent and renowned paper, Thomassen | (1981)) provided a
structural characterization of the Nash-Williams problem.

Let D be a digraph of order p > 5 with minimum degree at least p — 1 and with minimum semi-degree
at least p/2 — 1. In the same paper, Thomassen | (1981)) fully characterized the following for p = 2n + 1:
(i) D has a cycle of length at least 2n; and (ii) D is Hamiltonian.

Motivated by the last results, we investigated the Hamiltonicity (when p is even) and pancyclcity (when
p is arbitrary) of such digraphs. Building on some of the ideas in Thomassen’s paper, we have given a
complete description of whether such digraphs are Hamiltonian (p is even) and pancyclic (p is arbitrary).
Since the proof is very long, we have divided it into three parts. Note that these results were only reported
in/Darbinyan|(1986)) and inDarbinyan|(1986al), without their proofs. The proof have never been published.
In this paper, we provide a full description of the following: (i) for £ = 3 and k¥ = 4, the digraph D
contains a cycle of length k; and (ii) the digraph D contains a pre-Hamiltonian cycle, i.e., a cycle of
length p — 1.

2 Terminology and notation

We denote the vertex set and arc set of a digraph D by V(D) and A(D), respectively. The order of a
digraph D is the number of its vertices. The arc of a digraph D directed from x to y is denoted by zy or
x — y. If zy is an arc, then we say that x dominates y (or y is dominated by x). For a pair of subsets F'
and B of V (D), we define A(F' — B) as the set {xy € A(D)|z € F,y € B} and A(F,B) = A(F —
B)UA(B — F). If x € V(D) and F = {z}, we often write z instead of {«}. For disjoint subsets
F and B of V(D), F — B means that every vertex of F' dominates every vertex of B. If S C V(D),
F — Band B — S, then we write ¥ — B — S (for short). The out-neighborhood of vertex x is the
set O(z) = {y € V(D)|zy € A(D)} and I(z) = {y € V(D)|yx € A(D)} is the in-neighborhood of
x. Similarly, if F' C V(D) then O(z, F) = {y € Flay € A(D)} and I(z, F) = {y € Flyz € A(D)}.
The out-degree of x is od(z) = |O(x)| and id(x) = |I(z)| is the in-degree of x. We call the out-degree
and in-degree of a vertex its semi-degrees. Similarly, od(z, F') = |O(z, F)| and id(z, F) = |I(z, F)|.
The degree of the vertex x in D is defined as d(z) = id(x) + od(x). A digraph D is k-regular if, for
any vertex € V(D), d(x) = k. The subdigraph of D induced by a subset F' of V(D) is denoted by
DIF). A dipath (for short, path) is a digraph with the vertex set {1, xa,...,Z;,} (m > 2) and the arc
set {x; 2,41 |7 € [1,m — 1]}. This path is called a path from z; to x,, or is an (x1,z,,)-path and is
denoted by z1x2...x,,. The dicycle (for short, cycle) x1xs ...z, is the digraph obtained from the
path z1zs ...z, by adding the arc x,,z1. The length of a cycle or a path is the number of its arcs. A
k-cycle is a cycle of length k. C} denotes a cycle of length k. For a cycle Cy := x1x5...2121, the
indices are taken modulo k, i.e., zs = z; for every s and ¢ such that ¢« = smod k.

If B C V(D) or B is a subdigraph of a digraph D, then we write D — B for D[V (D) — B] and
D[V(D) — V(B)]. Let z,y € V(D) be two distinct vertices. We write a™ (z,y) = 1, if 2y € A(D) and
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a™(z,y) = 0 otherwise, and a(z, y) means the number of arcs between the vertices = and y, in particular,
a(x,y) = 0 means that the vertices 2 and y are not adjacent. For integers a and b, a < b, by [a, b] we
denote the set {a,a + 1,...,b}.

A digraph D is strong if for every pair of distinct vertices x, y of D there exists an (x, y)-path and a
(y, x)-path. A digraph D is k-strong, k > 1, if |V(D)| > k + 1 and D — A is strong for any set A of at
most k — 1 vertices. The largest integer k such that D is k-strong is the vertex-strong connectivity number
of D (denoted by k(D)). Two distinct vertices « and y in D are adjacent if xy € A(D) or yxz € A(D) (or
both). If zy is an arc of a digraph D, then we say that x dominates y. An empty digraph is a digraph that
contains no arcs. A set S of arcs in a digraph D is called independent if no two arcs of S have a common
vertex. For a graph (undirected graph) GG, we denote by G* the symmetric digraph obtained from G by
replacing every edge xy with the pair xy, yx of arcs. The undirected cycle of length & in G, is denoted by
Q. (As usual, we use C}, to represent a directed cycle of length k). A digraph D (undirected graph G)
of order p > 3 is pancyclic if it contains a directed (undirected) cycle of length & for every k € [3,p]. K,
denotes the complete undirected graph with n vertices, and K, , denotes the complete undirected bipartite
graph with partite sets of cardinalities p and ¢. If G; and G4 are undirected graphs, then G; U G is the
disjoint union of G; and G2 and G; + G2 is the join of G; and G». The converse digraph of a digraph D
is the digraph obtained from D by reversing the direction of all arcs, and is denoted by D"¢". We will use
the principle of digraph duality: A digraph D contains a subdigraph H if and only if the converse digraph
of D contains the converse digraph of H.

3 Preliminaries and additional notation

Let us recall some well-known lemmas used in this paper.

Lemma 3.1. (Haggkvist and Thomassen| (1976))). Let D be a digraph of order p > 3 containing a cycle
C.y, of length m with m € [2, p—1]. Let z be a vertex not contained in this cycle. If d(z, V(Cy,)) > m+1,
then for every k € [2,m + 1], D contains a cycle Cincluding x.

The following lemma, which is a slight modification of a lemma by Bondy and Thomassen| (1977)), will
be used extensively in the proofs our results.
Lemma 3.2. Let D be a digraph of order p > 3 containing a path P := z125 . ..z, withm € [2,p — 1]
and let x be a vertex not contained in this path. If one of the following holds:

O d(z,V(P)) >m+2;

(i) d(z,V(P)) > m+ 1l and zz1 ¢ A(D) or x,,x1 ¢ A(D);

(iil) d(z,V(P)) > m, xx1 ¢ A(D) and x,,x ¢ A(D); then there is an ¢ € [1,m — 1] such that
x;x, xxi41 € A(D), i.e., D contains a path x125 ... x;2x;41 . .. T, of length m (we say that 2 can be
inserted into P or the path 122 ...z;2T;41 . .. T, is an extended path obtained from P with z).

The following is an immediate consequence of Lemma 3.2:
Lemma 3.3. Let D be a digraph of order p > 4 and let P := zy29...2,, withm € [2,p — 2] be a
path of maximal length from x; to z,, in D. If the induced subdigraph D[V (D) \ V(P)] is strong and
d(xz,V(P)) = m + 1 for every vertex € V(D) \ V(P), then there is an integer [ € [1,m] such that
O(z,V(P)) = {x1,xa,...,x;} and I(z,V(P)) = {z;, X141, -, T }-
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We will now introduce the following notation:

Notation 1. For every integer n > 1, let H(n,n) denote the set of digraphs D of order 2n such that
V(D) = FUB, D|F] = D[B] & K, there is no arc from a vertex of B to a vertex of F, and for every
vertex x € F (respectively, y € B) d*(z, B) # 0 (respectively, d™ (y, F) # 0).

Notation 2. For every integer n > 2, let H(n,n — 1, 1) denote the set of digraphs D of order 2n such
that V(D) = = |B| 4+ 1 = n, DI|F)] contains no arc, D contains all the possible arcs
between F and B, D[B U {a}] is an arbitrary digraph of order n such that in D either I(a) = B and
a— ForO(a) =Band F — a.

Notation 3. For every integer n > 2 define a digraph Ha,, of order 2n as follows: V (Hs,) = F U B U
{z,y}, Han[F U{z}] & Hs,[BU{y}| = K}, there is no arc between F and B, O(z) = F U {y},
I(y) = BU{z} and I(x) = O(y) = F U B. H},, is a digraph obtained from Ha,, by adding the arc yx
(see Figure 1(a)).

(i
(@) @

Fig. 1: (a) The digraph Haz,, (b) an illustration for (8) in the proof of Theorem 5.1.

It is not difficult to check that if D € H(n,n) UH(n,n — 1,1) U {Ha,, HS,,}, then D is not Hamilto-
nian and its each vertex has degree at least 2n — 1 and its semi-degrees are at least n — 1. Moreover, also
DY € H(n,n) UH(n,n — 1,1) U {Hap, HS, }.

Notation 4. By B(n,n) we denote the set of balanced bipartite digraphs of order 2n > 6, obtained from
K . by deleting k independent arcs, where 0 < k£ < n.

Note that if D € B(n,n), then it is Hamiltonian, contains a cycle of length 4 and contains no cycle of
lengths 3 and 2n — 1.

Remark 1. Let D be a digraph of order 2n > 6 with minimum degree at least 2n — 1 and with minimum
semi-degree at least n — 1. If V(D) = F' U H such that |F'| = |H| and D[F'], D[H] are empty digraphs,
then D € B(n,n).
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It is easy to check that the following lemma is true.
Lemma 3.4. Let D be a digraph of order p > 3 with minimum degree at least p — 1 and with minimum
in- and out-degrees at least p/2 — 1. Then

(i) either D is strong or p = 2n and D € H(n,n);

()if BC V(D),|B| > (p+1)/2and z € V(D) \ B, then A(x — B) # () and A(B — xz) # 0.
Moreover, if | B| = |p/2] and A(x — B) = 0 (respectively, A(B — z) = 0)), thenx — V(D)\(BU{x})
(respectively, V(D) \ (BU {z} — ).

4 A sufficient condition for the existence of cycles of lengths 3
and 4 in a digraph.

The next two results will be used in the proof of Theorem 4.3.

Theorem 4.1. (Haggkvist, Faudree and Schelp|(1981)). Let G be an undirected graph of order 2n+1 > 7
with minimum degree at least n. Then precisely one of the following holds: (a) G is pancyclic; (b)
G (K,UK,)+Ky;or(c) Kyni1 C€GC K+ K11, where K, is the empty digraph with n + 1
vertices.

Theorem 4.2. (Thomassen | (1977)). Let D be a strong digraph of order p > 3. If for every pair x,y of
nonadjacent distinct vertices d(x) + d(y) > 2p, then D is pancyclic or p is even and D = K35 p/or

Now we define the digraphs Hé, Hg and Hg/ as follows:

(i) Let Qg be an undirected cycle zvwuyzz of length 6. We denote by H{ the digraph obtained from
Qg by adding the arcs zy, xw, zu and vu. (See Figure 2 (a)).

(i) Let Cs = ayvzwux be a cycle of length 6. We denote by H// the digraph obtained from Cs by
adding the arcs xv, vz, zu, Tw, Uz, yu, Yz, 2y, wz and wo (see Figure 3 (a)).

(iii) Let Cs = zwvzyux be a cycle of length 6. We denote by H//’ the digraph obtained from Cg by
adding the arcs zy, yv, vz, uz, zw, wu, ru, yz and vw. (See Figure 2 (b)). In all figures, an undirected
edge represents two arcs of opposite directions.

Theorem 4.3. Let D be a digraph of order p > 5 with minimum degree at least p — 1 and with minimum
semi-degree at least p/2 — 1. Then the following holds:

(i) either D has a cycle of length 3 or D € B(n,n) U{Q%, K}; 1}, where n = [p/2].

(ii) either D has a cycle of length 4 or D € H(3,3) U{Q%, Hy, Hy , Hy , [(K2 U Ky) + K1]*}.
Proof: Suppose that D is a symmetric digraph, i.e., from zy € A(D) it follows that yz € A(D).
Therefore, id(x) = od(x) for all vertices of D. Then id(x) = od(x) > n since d(z) > p — 1. If p = 2n,
then D satisfies the conditions of Theorem 4.2. Therefore, either D is pancyclic or D = K}; ,, € B(n,n).
If p=2n+1 > 7, then the underlying graph G of D satisfies the conditions of Theorem 4.1. Therefore,
either (a) G is pancyclic or (b) G = (K,, UK,,) + K; or (¢) Ky ny1 € G C K, + K, 11. If (2) or (b)
holds, then it is clear that D contains cycles of lengths 3 and 4. In case (c), D contains a cycle of length 4,
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Fig. 2: (a) The digraph H{ and (b) the digraph Hg'.

and contains no cycle of length 3 if and only if D = K7 , ;. Thus we have, if D is a symmetric digraph
of order at least 6, then the theorem is true. Let now p = 2n 4+ 1 = 5. Then it is not difficult to show that
D contains no cycle of length 3 if and only if D € {Q%, K3 3)} and D contains no cycle of length four if
and only if D € {Q%, [(K2 U K») + Kq]*}.

In the following, suppose that D is not symmetric. Then D ¢ {Q%, K, .11, K, [(KoUK2)+Kq]*}.

(i) Assume, to the contrary, that D has no cycle of length 3. Then for any arc 2y € A(D) we have
O(y)NI(z)=10. (1)

Let v be an arbitrary arc in D such that vu ¢ A(D). Then from (1), od(v) > p/2—1 and id(u) > p/2—1
it follows that p > |O(v)| + [I(uw)] +2 > p/2 —1+p/2 — 1 + 2 = p. Therefore, p = 2n > 6 and
od(v) = id(u) = n — 1. Hence we have id(v) > n and od(u) > n since d(z) > 2n — 1 for ev-
ery vertex x of D. Since uwv is an arbitrary arc in D, we can assume that v — I(u) and O(v) — v.
Therefore, D[O(v)] and D[I(u)] are empty digraphs. This together with n > 3 and (1) implies that
for each vertex z; € O(v) and 22 € I(u) we have A(z; — I(u)) # 0 and A(O(v) — 22) # 0.
Therefore, A(u — O(v)) = A(I(u) — v) = 0 since D contains no cycle of length 3. Thus we have
d(u,O(v)) = d(v,I(u)) = 0, and hence the digraphs D[{u} U O(v)]) and D[{v} U I(u)]) are empty
digraphs. Then by Remark 1, D € B (n,n).

(ii) Assume that D contains no cycles of length 4, For each arc zy € A(D) put
S(z,y) :=1I(x)NO(y) and E(z,y):=V(D)\ (O(y) UI(z)U{z,y}).
Since D has no cycle of length 4, we see that
AO(y) \{z} = I(x) \ {y}) = 0. (2)

Let us consider the following cases.
Case 1. There exists an arc zy € A(D) such that yr ¢ A(D) and od(y) > n or id(z) > n.
By the digraph duality, we can assume that od(y) > n. Then from (2) and Lemma 4(ii) it follows that

I(x) CO(y), ie. I(x) = S(z,y) and A(DIS(x,y)]) = 0. (3)
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First, let us prove the following claim.
Claim 4.1. I(x) = O(y).

Proof: (of Claim 4.1) Assume that Claim 4.1 is not true. Then by (3), O(y) \ I(z) # 0. Let z be an
arbitrary vertex in O(y) \ I(z). By (2), we have A(z — {z} U I(x)) = (). From this and Lemma 3.4(ii)
it follows that p/2 < {z} U I(z)| < |p/2],p = 2n > 6,id(x) =n — 1 and

O(z) =V(D)\ ({z, 2} U I(x)), (4)

in particular, zy € A(D), od(z) =n—1,id(z) > nand z — E(x,y). f zz € A(D), then Cy = zzyuz,
where u € S(x,y), which contradicts our assumption. Therefore zz ¢ A(D). Then from id(z) = n — 1,
id(z) > m and Lemma 3.4(ii) it follows that there exists u € I(z) such that uz € A(D). Then by
(4), it is not difficult to see that D[O(y) \ I(z)] is an empty digraph, and hence O(y) \ I(z) = {z},
|E(z,y)] = n—2 > 1. Notice that A(E(z,y) — y) = 0, for otherwise, Cy = yuzwy, where
wy € A(E(z,y) = y).

Now, we will prove Claim 4.1 by examining two cases (a) and (b).

Case (a). For each vertex v € I(z) there is a vertex v' € E(x,y) such that v'v € A(D).

If there exists a vertex v € I(x) such that vy € A(D), then Cy = vyzv'v, a contradiction. We may
therefore assume that A(I(z) — y) = 0. Thus we have, A(I(x) U E(x,y) — y) = 0. Then by Lemma
3.4(i), |I(x)|+|E(x,y)| = n—14+n—2 < n, which in turn implies that n = 3 and |E(x,y)| =n—2 = 1.
Let E(x,y) := {w} and I(x) := {u,v}. Under the condition of Case (a), we have w — {u,v}. Note
that a(u,v) = a(z,z) = 0.

Assume first that wz € A(D). (See Figure 3 (b)) for an illustration.) Then it is easy to see that
A({u,v} — w) = 0. From a(u,v) = 0 and A(z — {u,v}) = A({u,v} = {w,y}) =0 it follows that
{u,v} = z, od(u) = od(v) = 2, id(u) = id(v) = 3 and & — {u, v, w}. Therefore, D = Hy .

Pl ey

(a)

Fig. 3: (a) The digraph H{, and (b), (c) an illustrations for Case (a)
in the proof of Theorem 4.3.

Assume second that wz ¢ A(D). Since A(w — {x,y,2}) = 0, we have d*(w) = 2 and d~ (w) > 3.
From A({z,w} — 2) = A(z — {u,v,2}) = D it follows that I(z) = {u,v,y} and O(z) = {w, y}. (See
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Figure 3 (c) for an illustration.) Assume that zu € A(D). Then A(u — {y,v,w}) = A({v,z} = u) =
0. Since A({y,u} — w) = 0 and d~(w) > 3 it follows that {z,v} — w and zv ¢ A(D). Therefore,
Cs = zyuzwvz is a cycle in D, the arcs yv, vz, xy, uz, 2w, wu, YW, Tu, yz are in A(D) and D contains
no other arcs. This means that D = Hé”. Now assume that zu ¢ A(D). By the symmetry between v and
u, if zv € A(D), then again we obtain that either D contains a cycle of length 4 or D = Hé”. We may
therefore assume that A(x — {u,v}) = (. Thus we have d* (z, {u,v, z}) = d™ (z,{y, z,w}) = 0, i.e.,
d(x) < 4, which is a contradiction.

Case (b). There exists a vertex v € I(z) such that A(E(x,y) — v) = 0.

Then we have, A(E(z,y) UO(y) \ {v} — v) = . By Lemma 3.4(ii), | E(z,y) U O(y) \ {v}| < n.
This together with |O(y)| > n implies that |E(z,y)| =n—2 =1,n = 3, 2v € A(D) and od(v) > 3.
If vy € A(D), then Cy = zvyviz, where v1 € I(z) \ {v}. We may assume that vy ¢ A(D). Then
v — {z,w}, where E(z,y) = {w}. We have that A(w — {z,y,v}) = 0. Therefore, wv; € A(D),
where {v,v1} = I(x), and Cy = zvwuv;z, a contradiction. This completes the proof of Claim 4.1, i.e.,
I(z) = Oy) = S(z, ). 0

Now we divide Case 1 into two subcases.
Subcase 1.1. A(z — S(x,y)) # 0.

By Claim 4.1, I(z) = O(y) = S(x,y). Let 2u be an arbitrary arc in A(z — S(z,y)). If uy € A(D),
then Cy = zuyuix, where uy € S(z,y) \ {u}, a contradiction. We may assume that uy ¢ A(D). Then,
Alu — S(z,y) U{y} \ {u}) = 0. This together with |S(z,y)| > n and Lemma 3.4(ii) implies that
u — E(z,y). Note that |S(z,y)| = od(y) = n and |E(z,y)| = p —n — 2. If for some w € E(x,y)
and v € S(z,y) \ {u}, wv € A(D), then Cy = zuwvz, a contradiction. We may therefore assume that
A(E(z,y) — {2} U S(z,y) \ {u}) = 0. Then by Lemma 3.4(ii), E(z,y) — y and D[E(x,y)] is a
complete digraph, which in turn implies that | E(x, y)| = 1 since for otherwise, we have Cy = yuwwny,
where w,wy; € E(z,y). So, we have E(x,y) = {w}, O(w) = {u,y}, ie., od(w) =2 > n— 1.
This means that n = 2 orn = 3. Letn = 2 and I(z) = {u,v}. Then it is not difficult to see that
id(v,{u,w}) = 0, zv € A(D) and vy € A(D) and Cy = zvyuz, a contradiction. Let now n = 3. If
zw € A(D), then Cy = zwyux, a contradiction. We may therefore assume that zw ¢ A(D). From
id(w) = 3and A({y,x} — w) = 0 it follows that S(z,y) — w. Since D[S(x,y)] is an empty digraph
and od(w, S(x,y) \ {u}) = 0, we obtain that x — S(x, y). Therefore, Cy = zvwuz is a cycle of length
4 in D, a contradiction.

Subcase 1.2. A(z — S(x,y)) = 0.

By the digraph duality, we can assume that A(S(z,y) — y) = 0. This together with |S(z,y)| > n
and Lemma 3.4(ii) implies that z — F(x,y) — y. Note that E(xz,y) # () since od(x) > 2. Therefore,
Cy = zwyux, where w € E(x,y), u € S(z,y), a contradiction. This completes the proof of Case 1.

Case 2. For each arc zy € A(D) if yx ¢ A(D), then od(y) < n and id(z) < n.

From the conditions of the theorem it follows that od(y) = id(z) =n —1,p = 2n > 6, id(y) > n
and od(xz) > n. If S(z,y) = 0, then using (2) and Lemma 3.4(ii) it is easy to see that D[I(z) U {z}]
and D[O(y) U {y}] are complete digraphs. Therefore, either n > 4 and D has a cycle of length 4 or
n =3 and D € H(3,3). We may therefore assume that S(z,y) # 0. Since id(y)| > n and od(z) > n,
taking into account considered Case 1, we can assume that O(y) — y and © — I(z). Hence it is easy
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to see that |S(z,y)| = 1, I(xz) # O(y) and |E(x,y)| = 1. Let E(z,y) := {w} and S(x,y) = {z}.
From A(O(y) \ {z} — I(z) U{z}) = 0 and A(O(y) U {y} — I(z)\ {z}) = 0 it follows that
O\ {z} = w — I(z)\ {z} and D[O(y) U {y} \ {z}] and D[I(z) U {x} \ {z}] are complete
digraphs. This together with zz € A(D) and zy € A(D) implies that a(z,w) = 0 since D has no cycle
of length four. From a(z,w) = 0, d(z) > 2n — 1 > 5 and the fact that A(O(y) \ {z} — 2) = A(z —
I(z)\ {z}) = 0, it follows that either there exists v € I(x)\ {z} oru € O(y) \ {#} such that vz € A(D)
or zu € A(D). Without loss of generality we may assume that zu € A(D). From this it is easy to see
that A(I(z) \ {z} — 2) =0, wy ¢ A(D) and n = 3. Thus we have O(y) = {z,u} and I(z) = {v, z}.
From d*(w, {x,y,z}) = d~(w,{y, 2}) = 0 it follows that d (w) = 2 and d~(w) > 3. Therefore the
arcs wu, vw, xw, vy are present in A(D). Therefore, D contains only Qf = xzyuwvz and the arcs xy,
2w, vu and zu. This means that D = Hg. We have completed the proof of the theorem. O

5 A sufficient condition for the existence of a pre-Hamiltonian
cycle in a digraph

Theorem 5.1. Let D be a digraph of order p > 5 with minimum degree at least p — 1 and with minimum
semi-degree at least p/2 — 1. Then either D contains a pre-Hamiltonian cycle or D € H(n,n) U B
(n,n) U{[(K,UK,)+ Ki]*, Hy,, Hj,, Qi}.

Proof: Suppose, on the contrary, that the theorem is not true. In particular, D contains no cycle of length
p—1and D ¢ H(n,n). Let C := Cy, := x122...2Tymx1 be an arbitrary non-Hamiltonian cycle of
maximum length in D. It is not difficult to see that m € [3,p — 2] (if m = 2, then D = Q). From
Lemma 3.1 and the maximality of m it follows that for each vertex y € B := V(D) \ V(C) and for each
i€ [l,m],

d(y,V(C)) <m, d(y,B) >p—m—1andif z;y € A(D), then yz,+1 ¢ A(D). (5)
Using the inequality d(y, B) > p — m — 1, it is not difficult to show that the following claim is true.

Claim 5.1. If for two distinct vertices u and v of B in subdigraph D[B] there is no (u,v)-path, then in
DIB] there is a (v, u)-path of length at most 2.

First, we will prove Claims 5.2 and 5.3.

Claim 5.2. The induced subdigraph D[B)] is strong.

Proof: Suppose, on the contrary, that D[B] is not strong. Let Dy, Ds, ..., D, (s > 2) be the strong
components of D[B], labeled in such a way that no vertex of D; dominates a vertex of D; whenever
i > j. From Claim 5.1 it follows that for every pair of vertices y € V(D;) and z € V(D) in D[B] there
is a path from y to z of length 1 or 2. We choose vertices y from V' (D;) and z from V(D,) respectively,
such that the path y1y2 . . . yx, where y; := y and y; := z, has the minimum length among all the paths
in D[B] with an origin vertex in D; and a terminal vertex in D;. By Claim 5.1, k = 2 or k = 3. We will
consider the following three possible cases.

Case5.2.1. k< |B|=p—m.
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From the maximality of C it follows that if 2,3, € A(D) with ¢ € [1,m], then A(yr — {@it1, Tita,
s Tirx}) = 0. Since D is strong, it follows that V(C') € I(y1). Therefore the vertex yx does not
dominate at least id(y1, V(C)) + 1 vertices of C. On the other hand, we have A(yr, — V(D)) = 0
and I(y1) C V(C)U V(D). Hence the vertex y;, does not dominate at least id(y;, V(C)) + 1 +
id(y1, V(D1))+{y1, yr }| = id(y1)+3 vertices. From this we obtain od(y) < p—id(y1)—3 < p/2—2,
which is a contradiction.

Case 5.2.2. k = |B| = 2.

It is easy to see that s = 2, m = p — 2, V(D1) = {y1}, V(D2) = {y2}, I(y1) C V(C) and
at(x;,y1) + at(y2,iz2) < 1forall i € [1,m]. Hence the vertex y» does not dominate at least
id(y1) + |[{y1,y2}| = id(y1) + 2 vertices. Therefore od(y2) < p — id(y1) — 2 < p/2 — 1. This together
with id(y1) > p/2 — 1 and od(y2) > p/2 — 1 implies that id(y;) = od(y2) = p/2 — 1. Therefore,
p=2n>6,m=p—22>4,id(y;) = od(y2) =n — 1 and

yox; € A(D) ifandonly if x;_2y1 ¢ A(D). (6)

By Lemma 3.1, it is easy to see that d(y1) = d(y2) = 2n — 1 and od(y1) = id(y2) = n. Now using
Lemma 3.2, we obtain, if a(y;, ;) = 0, then z;,_1y; and y;z;.1 € A(D). We divide this case into two
subcases.

Subcase 5.2.2.1. There exists an ¢ € [1,m] such that y; — {2, z;41}.

Without loss of generality, we may assume that y; — {z2,23} and a(z1,y1) = 0. Therefore,
Tmy1 € A(D). From this, (5) and (6) it follows that zoy1 ¢ A(D), y2 — {z3,24} and a(z2,y2) = 0.
Since d(y2, V(C)) = 2n — 2 and the vertex yo cannot be inserted into the path z3x4 . . . z,,21, by Lemma
3.2, we have z1y2 € A(D). If xoz1 € A(D), then Coy—1 = T y1T2T1Y224 . . . Ty This contradicts
our supposition that D contains no cycle of length p — 1. We may therefore assume that zoz1 ¢ A(D).
From this and a(x2,y2) = a*(z2,y1) = 0 it follows that d(za, {z3, 24, ...,Tm}) > 2n — 3. Therefore
by Lemma 3.2, z,,x9 € A(D) since the vertex x5 cannot be inserted into the path z3x4 ... x,,. Now it
is easy to see that a™ (x;,y1) + a™ (y2,xi41) < 1forall i € [2,m — 1]. Therefore, x3y; ¢ A(D) since
yox4 € A(D). From this and (6) it follows that yaz5 € A(D) and z4y1 ¢ A(D). Continuing in this
manner, we obtain that A({z4, x5, ...,Tm—1} — y1) = 0. This together with A({x1, z2, 23} — y1) =0
implies that A({z1, T2, ..., Tm-1} — 1) = 0, i.e., id(y1) = 1, which is a contradiction.

Subcase 5.2.2.2. For all i € [1,m], |A(y1 = {x;, xi41)] < 1.
Since od(y1) = n, we can assume that O(y;) = {1, 23, ..., Zan_3,Yy2 . Using this and the fact that
od(y2) = id(y1) = n — 1, we obtain I(y1) = {z1,3,...,Zan—3}. Then by (6),

O(y2) = {x2,z4,...,T2n—2} and I(y2) ={y1,%2,24,...,T2n—2}.

If for two distinct vertices z;, x; € {z1,23,...,Ton—3}, T;x; € A(D), then Cop1 = Y12, Tj41 . ..
Ti1Y2Tig1 - - - Tj—2y1, when {@ip1, Tiqo, ..., xj—1}| > 2and Cop1 = T2 91 Y2 410542 - - . Ti—1T4,
when [{z;11,2iy2, ..., j_1}| = 1, respectively. This contradicts the supposition that C,,_1 ¢ D. We
may therefore assume that D[{x1, x5, ..., Z2,—3,y2}] is an empty digraph. Considering the converse
digraph of D, by the same arguments we obtain that D[{z2, 4, . .., Zan—_2, y1 }] also is an empty digraph.
Therefore D € B(n,n), which contradicts our supposition that the theorem is not true.
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Case5.2.3. k =| B |=3.

From the minimality of % it follows that y1y3 ¢ A(D), s = 3, A({y2,ys} — y1) = band V(D,) =
{y1}. Hence I(y;) C V(C). On the other hand, from the maximality of the cycle C it follows that for
each ¢ € [1,m], if z;y1 € A(D), then A(ya — {®it1,%it2}) = 0. Therefore, y2 does not dominate at
least id(y1) + 1+ [{y1, y2}| = id(y1) + 3 vertices, which means that od(y2) < p—id(y1) —3 < p/2—2,
a contradiction. This completes the proof that the induced subdigraph D[B] is strong. O

Claim 5.3. There exist at least two distinct vertices of V (C') which are adjacent to some vertices of B.

Proof: Assume that Claim 5.3 is not true. Then exactly one vertex of C, say x, is adjacent to some
vertices of B. Therefore, for each vertex x; € V(C) \ {z} and for each vertex y € B we have

d(xi) = d(zi, V(C)) <2m =2 and d(y) = d(y, B) + d(y, {x}) < 2p — 2m.

Since d(z;) 4+ d(y) > 2p — 2, we conclude that the inequalities above are equalities. This implies that the
subdigraphs D[V (C)] and D[BU {x}] are complete digraphs. From d(z;) = 2m —2 > p—1land d(y) =
2p—2m > p—1, we obtain p = 2m —1, i.e., p—m = m— 1. Therefore, D = [(K,,—1 UK,,—1)+ K1]*,
which contradicts our supposition. This proves Claim 5.3. a

Since D is strong, we see that A(V(C) — B) # () and A(B — V(C)) # (). This together with Claim
5.3 implies that there are vertices x, # xp, T4, 2p € V(C) and z,y € B such that D contains the arcs
xqx, yp. Without loss of generality, we can assume that |V (C|x,, xp])| is as small as possible. Note that
if zp 7& Tg41, then

A({Z‘(l+1,$a+2,...71‘()_1}73) = Q) (7)

For the sake of clarity, assume that x;, := x7 and x, := ,,,—p, Wwhere 0 < h < m — 2. We consider the
following two cases, depending on whether x; = x,,,—p41 Or not.

Case 1. z,, _p11 # 21,16, h > 1.
Consider the paths Py, Py, ..., P, (where 0 < k < h and k is as large as possible), where Py :=
P =125 ... %m_p and each P; path, where ¢ € [1, k], is an extended path obtained from the path P,_;

with a vertex z; € {ZTm—n+1, Tm—h+2,---sTm} \ {21, 22,...,2i—1}. Note that the path P;, i € [0, k],
contains m — h + ¢ vertices. We may assume that the extended path P, does not contain some vertices
Y1,Y2s - Yd € {Tim—nt1, Tm—hit2,---,Tm}, Where 1 < d < h. Therefore, using (7) and Lemma 3.2,

for each z € B and for each y; we obtain
d(z) =d(z,B)+d(z,V(C)<2p—-2m—-24+m—-h+1=2p—m—h—1
and
dly;) =d(y:;, V(C) <m—-d+1+2d—2=m+d—1.
Hence it is clear that
2p—2<d(z)+dy;) <2p+d—h-2.

It is not difficult to see that h = d, d(z,V(C)) = m — h + 1, d(y;, V(C)) = m + h — 1 and both the
subdigraphs D[B] and D[{Zm—h+1, Tm—h+2; - - -, Tm }] are complete digraphs. By Lemma 3.2(ii), we
also have z,,—p, = B U{Zm—n+1,Tm—h+2,---,Tm} — 1. Using the inequalities p — 1 < d(y;) <
m-+h—1landp—1<d(z) <2p—m—h—1,itis easy to see that h = |B| = p — m > 2 and the path
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P = z129 ... 2%, has the maximum length among all the paths from x; to x,,—; in the subdigraphs
D[V (C)] and D[B U {1, 22, ..., Zm—p}]. Therefore by Lemma 3.3, there exist integers [ € [1,m — h]

and r € [1,m — h] such that for all w € B and for all z € {T,—p41, Tm—h+t2,---,Tm} the following
holds
{ O(u,V(P)) ={z1,22,..., 21}, I(u,V(P))={21, %141, -, Tm—n}, (8)
O(z,V(P)) ={z1,22,..., 2.}, I(z,V(P))={xr, Trs1y- s Tm—n}-

According to the digraph duality, we can assume that [ < r. (See Figure 1 (b) for an illustration).

Let [ = 1 and let u be an arbitrary vertex of B. Then from od(u) > p/2 — 1 and (8) it follows that
h>p/2—Tlandp > 2(p/2—1)+m—h =p—2+m—h. So,m —h = 2since m — h > 2. We see that
h=p/2—1,p=2n>6,h=n—1,and r = 2since id(z2) > n—1 > 2. Therefore D € {Hs,, H},},
which contradicts our supposition.

Let now [ > 2. By the digraph duality, we can assume that » < m — h — 1. Since D[B] and
DH{m—h+1s Tm—h+t2,-- -, Tm ] are complete digraphs and (8), for each vertex z € {11, Tim—ht2,
...y Tm} we have I(2) = {z,,2r41,...,2m} \ {z}. This implies that m —r > p/2 — 1. If i €
[r+1,m — h] and z12; € A(D) thenby (8) and 2 < | < r < m — h — 1, we have Cy,,11 =
T1TiTj4] -+ - TmT2 ... T;—1xx1, Where x € B, a contradiction. Because of this and 2 < [ < r, we
may assume that A(xy — B U {Zr41,Zr12,...,Zm}) = 0. Therefore, since m — r > p/2 — 1 and
|B| = h > 2,weobtainod(z1) <p—1—h—(m—r) <p/2—h < p/2— 2, which contradicts that
od(xz1) > p/2 — 1. This contradiction completes the discussion of Case 1.

Case 2. z,,_p4+1 = 21,1.6., h = 0.

Recall that z,y € B, Tym_px = vpe € A(D) and yx; € A(D). Therefore, any path from z to y in
D[B] is a Hamiltonian path. Let uqus . .. tp—p, be an (z,y)-Hamiltonian path in D[B], where u; := z,
Up—m = y. Observe that if 1 < ¢ < j < p —m, then w;u; € A(D) if and only if j = 7 + 1. For Case 2
(h = 0), we will first prove a number of claims (Claims 5.4-5.8).

Claim54.p —m=2,ie, m=p— 2.

Proof: Suppose, to the contrary, that p — m > 3. From the above observation it follows that uquy_, ¢
A(D) and od(u1, B) = id(up—m, B) = 1. Using this and (5), we obtain

p—1<d(u;) <m+1+id(ui,B) and p— 1 < d(up_p,) < m+ 1+ od(up_p, B).

Therefore, id(u1, B) > p —m — 2 and od(up_r,, B) > p —m — 2. Therefore, in D[B] there is a path
from up_p, to uq of length & = 1 or k = 2, for otherwise p — m > 2p — 2m — 2, which contradicts that
p —m > 3. For any integer [ > 1, put

I (up—m) = {z;] 2j—1up—m € A(D)}.
Since id(up—m, V(C)) = id(tp—n,) —land V(C) Z I(up_.m,), we see that for each [ € [1,2],
|Il+(upfm) U IlJ-ro-l(“pfm” > id(upfm)‘

From the maximality of the cycle C it follows that A(uy — I} (tp—m ) UL, | (Up—m)) = 0. This together
with A(u; — {us, w4, ..., Up—m}) = 0 implies that

p/2—1<od(u1) <p—1—|L (up—m) UI,;"+1(up_m)| —(p—m-—2)
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<m+1—idlup—m)<m+1-—p/2+1=m+2—p/2.

Therefore, since m < p — 3, we obtain that p = 2n, p — m = 3 and od(u1) = id(ug) = n — 1.
Hence, ¢d(u;) > n and od(ug) > n. We now claim that D contains the arcs ugu; and ugu;. Indeed,
for otherwise, id(u1, V(C)) > n — 1 and if z;u; € A(D), then od(us, {2;+2,z;13}) = 0. From this
it is not difficult to see that od(u3) < n — 1, which contradicts the fact that od(uz) > n. Similarly, we
can see that ugug € A(D). So, the arcs uguy, uguy, ugug are in A(D). Since id(us, V(C)) = n — 2,
m > n, m > id(us,V(C)) + 2 and C is a non-Hamiltonian cycle of maximal length, it follows that
| U2, L' (up—pm)| > nand od(uy, U3_; I;F (up—pm)) = 0. This together with ujus ¢ A(D) implies that

od(u1) < n — 2, a contradiction. This completes the proof that p — m = 2. d

Let B := {u,v}. Then by the Claim 5.2 we have uv € A(D) and vu € A(D).
Remark 2. Claims 5.5-5.8 also hold for vertex v by virtue of the symmetry between u and v.

Claim 5.5. If z;u and uz;1o € A(D) with i € [1,m], then a(x;y1,v) = 2, i.e., z;11v and va; 11 €
A(D).

Proof: Notice that the cycle x;ux;12x;43 . . . ©; has length m and the vertices v and ;41 are not on this
cycle. By Claim 5.2, the subdigraph D[{v, x;1}] is strong. Therefore va; 1 and z;11v € A(D). O

Using Claim 5.5, the facts that uwv, vu € A(D) and C'is a non-Hamiltonian cycle of maximum length
in D, we obtain the following claim.
Claim 5.6. If ; € [1,m], then

|[A({zi, i1} = w)| + |A(u = x443)] <2 and |A(zi—2 = u)| + |[A(u = {5,241 1)] < 2.

Claim 5.7. If k € [1,m], then |A({zx—1, 21} — v)| < land |A(u = {zp_1,25})| < 1.

Proof: By the digraph duality, it is enough to prove that if & € [1,m], then |[A({zk—1, 21} — u)| < 1.
Suppose, to the contrary, that there exists k € [1, m] such that {z;_1, zx} — u. Without loss of generality,
we may assume that a(u, xx+1) = 0. For the sake of clarity, assume that x> = 1. Then z,, = Tg41,
Typ—1 = Tk, Th—1 = Tm—2, and by Claim 5.6, uz; ¢ A(D).

Let us first assume that zyu € A(D). Itis easy to see that p > 6, m > 4 and od(u, {Tm—1, T,
x1,22}) = 0. Using this and od(u) > p/2 — 1 > 2, we see that A(u — {x3, T4, ..., Tm—2}) # 0, which
in turn implies that m — 2 — 2 > 1,i.e., m > 5. If m = 5, then p = 7 and od(u) > 3. We know that
od(ty {Tm—1,Tm,x1,22}) = 0 and hence, od(u) < 2, a contradiction. We may therefore assume that
m > 6. Now, we need to show that, for every j € [3,m — 3],

od(u, {zj,zj41}) < 1. (9)

Assume that (9) is not true. Then there exists j € [3,m — 3] such that u — {z;,2;41}. Assume
that j is as small as possible. Then a(u,z;_1) = 0, and z;_ou ¢ A(D) by Claim 5.6. Hence j > 4.
Since the vertex u cannot be inserted into the cycle C, uxz; ¢ A(D) and zj_ou ¢ A(D), using Lemma
3.2, weobtain p — 1 < d(u) = d(u,{z1,22,...,zj_2}) + d(u, {zj,zj41, .. s Tm=-1}) + d(u, {v})<
j—3+m—1—-75+4=m=p— 2, which is a contradiction. This proves (9).
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Recall that A(u — {@m—1, Tm, 1, 22}) = 0. From this and (9) it follows that: If [{x3, 24, ...,
ZTm-2}] =p—6iseven,then p/2 — 1 < od(u) < (p—6)/2+ 1 a contradiction. If |{z3, x4, ...,
Tm—2}] =p — 6is odd, then pisodd and (p — 1)/2 < od(u) < (p — 7)/2 + 2, a contradiction.

Suppose next that zyu ¢ A(D). Then by Claim 5.6, a(u,z;) = 0. Notice that m > 4 and
d(u,{x2,z3,...,2m-1}) > p — 3. Hence by Lemma 3.2(ii), uzs € A(D). We have a(v, z,,) = 0 and
vxy ¢ A(D). By Lemma 3.2(iii), it is easy to see that z,,,_1v € A(D) and d(v, {z1,%2,...,Zm_1}) =
p—3. If xyv ¢ A(D), then a(v,z1) = 0, and by Lemma 3.2, vzy € A(D). Now we have z,,_1u,
vre € A(D) and A({u,v},{®m,z1}) = 0. Thus we have the considered Case 1 (h > 1). We
may therefore assume that x1v € A(D). We also may assume that x,,_ov ¢ A(D) (for otherwise
{Zm—2,Tm—1,21} — v and for the vertex v the considered case x1u € A(D) holds). Since v cannot
be inserted into the path zqx2 ... Z,,—o, using the facts that z,,_ov ¢ A(D), vx; ¢ A(D) and Lemma
3.2(iii), we obtain that d(v, {1, 22, ..., Tm—2}) < m—3 = p— 5. Then from a(z,,v) = 0 and d(v) >
p — 1 it follows that va,,,—1 € A(D). If z,x0 € A(D), then Cppp1 = TinTaZs . .. Ty 2UVTiy—1 T,
a contradiction. If z,,_sxz,, € A(D), then Cpy1 = Tpp—2Tm@10UT2T3 - . . Tyy—2, a contradiction.
We may therefore assume that x,, o ¢ A(D) and x,,—2x,, ¢ A(D). Note that x,, cannot be in-
serted into the path zox3...x,,—1 (for otherwise there exists an (xo, x,,—1)-path, say R, with vertex
set {xo,23,...,Tm}, and hence x,,_1vuRx,,_1 is a cycle of length p — 1, a contradiction). From
this, d(xm,,{u,v}) = 0, d(x,,) > p — 1 and Lemma 3.2(iii) it follows that p — 1 < d(z,,) =
A, {u,v}) + d(@my {Tm—1,21}) + d(Tm, {22, 23,. .., Tm—2}) < 4d+m—-—4=m =p—2,a
contradiction. Claim 5.7 is proved. O

Claim 5.8. If k& € [1,m], then a™ (zx,u) + a™ (u, xp_1) < 1.

Proof: Suppose, to the contrary, that there exists k¥ € [1,m] such that xpu, uxg_1 € A(D). For the
sake of clarity, let us assume that 2, := x2. From Claim 5.7 and (5) it follows that d(u, {z,, z3}) =
a®(x1,u) = a™(u,x2) = 0. First we show that m > 5. Assume that this is not the case. Then either
m =4 orm = 3. Let m = 4, i.e.,, p = 6. Using Claim 5.7 and (5), we obtain that d(u, {z3,24}) = 0,
which together with a™(x1,u) = a*(u,x2) = 0 implies that d(u) = 4, a contradiction. Let now
m = 3, ie., p = 5. From a+(:c1,u) = 0 it follows that D is not a symmetric digraph. Therefore,
D ¢ {Q%,[K2 U Ks] + K;]*}. Then by Theorem 4.3(ii), D contains a cycle of length 4 = p — 1, which
contradict our initial supposition. So, m > 5. It is easy to see that d(u, {x4, x5, ..., Tm-1}) > p — 5.
Then, since the vertex u cannot be inserted into the path z4x5 . .. x,,—1, from Lemma 3.2 it follows that
uzy € A(D) and z,_1u € A(D). Then by Claim 5.5, a(v, z3) = a(v, Zsm) = 2. Therefore by Claim
5.7, d(v,{x1,22}) = 0. Since D contains no cycle of length m + 1, it is not difficult to see that z,,x,
x224 and x3xo are not in A(D) (if zgze € A(D), then Cpq1 = TpUT3T2UTLT5 . . . Ty ). SO We have
d(x2,{u,v,z1,23}) < 4 and d(xa, {x4,x5,...,Tm}) > p — 5. Therefore, since neither x,,z2 nor xox4
are in A(D), using Lemma 3.2(iii), we can insert the vertex o into the path x4 . .. z,,, i.e., for some
i € [4,m — 1], x;x9, Tox;41 € A(D), and obtain a cycle x,,vT3%y ... T;T2Zitq ... Ty of length m,
which does not contain the vertices 1 and u. By Claim 5.2, the subdigraph D[{z, u}] must be strong.
But this is not the case since zyu ¢ A(D). This contradiction completes the proof of Claim 5.8. a

We now divide Case 2 (h = 0) into two subcases depending on whether p is odd or not.

Subcase 2.1. p=2n+ 1.
Thenm = 2n—1, od(u, V(C)) > n—1and id(u, V(C)) > n— 1. From (5), and Claims 5.7 and 5.8 it
follows that each of vertices v and v is adjacent to at most one of the two consecutive vertices of the cycle
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C'. Then it is not difficult to see that od(u, V(C)) = od(v,V(C)) = n — 1, O(u, V(C)) = I(u, V(C))
and O(v, V(C)) = I(v, V(C)). Therefore, without loss of generality, we may assume that

d(u,{z2,23}) =0 and O(u) =I(u) = {x1,24,%6,...,Tp_3 = Top—2,V}.

Let m = 3, ie, p = 5. If vaz € A(D), then Cy = wzzjuvzs, a contradiction. Assume that
vars ¢ A(D) and z3v € A(D). Then by Claims 5.7 and 5.8, d(v, {z1,22}) = 0. Therefore, d(v) < 3,
which contradicts that d(v) > 4. We may therefore assume that a(v, 3) = 0. Then by Claim 5.3, we have
that a(v, x2) # 0. If zov € A(D), then Cy = x1z9vux1, a contradiction. Therefore, we may assume that
xov ¢ A(D). Then vzy € A(D) and by Claim 5.7, a(v, z1) = 0. Therefore, d(v) = a(v, u)+a(v, z2) <
3, a contradiction.

Let now m = 2n — 1 > 5. Since z,,—1u € A(D), by Claim 5.5 we have a(z,,v) = 2. Then by
Claims 5.7 and 5.8, d(v, {Z—1,21}) = 0. Since a(u, x1) = a(u,x4) = 2, it follows that neither vz nor
x9v are in A(D). This together with O(v, V(C)) = I(v, V(C)) implies that d(v, {z2,23}) = 0. Thus,
we have d(v, {x1,x2,23}) = 0, which is a contradiction. This contradiction completes the discussion of
case p = 2n + 1.

Subcase 2.2. p = 2n.
From d(u) > 2n — 1 it follows that either od(u) > n or id(u) > n. By the digraph duality, assume
that od(u) > n. Now using Claims 5.7 and 5.8, we may assume that

u—{x1,23,.. ., Ton_3}, A, {w2,24,..., 720 2}) =0, (10)
I(’LL) - {U, T1,T3,... 73327173}'
Since id(u) > n — 1, without loss of generality, we may assume that {1, 3, ..., Z2,-5} — u. From
this, (10) and Claim 5.5 it follows that for each i € [1,n — 2],
a(u, ro;—1) = a(v, xe;) = 2. (11)

Then by Claims 5.7 and 5.8, we have d(v, {z1,z3,...,Z2,—3}) = 0. Therefore a(v, z2,_2) # 0 since
d(v) > 2n—1, i.e., either vy, _o € A(D) or ve,_ov € A(D). If vzg,_o € A(D), then using Claim 5.5,
we obtain x9,_su € A(D) and x2,_ov € A(D). So, in any case we can assume that xo,,_ov € A(D).
Then id(v) > nand {2, x4, ..., Ton_2} —> v.

Let us now prove that D[{x1, z3, ..., 22,—3}] is an empty digraph.

Assume that this is not the case, i.e., for some distinct vertices x;,x; € {x1,23,..., Tan—3}, ;T €
A(D). If {it1, Tiy2,...,xj—1}| = 1, then from (11) and z9,_ov € A(D) it follows that: If j = 2n—3,
then ¢ = 2n — 5 and C7n+1 = Top_5T2p_3T2p—_2VULT1T2 - .. Ton—5. If j # 2n — 3, then G,,H_l =
TiTjUVT 41 - .. Ti—12;. We may therefore assume that [{z;11, Zit2,...,2j—1}| > 2. Then m > 6. Us-
ing the above arguments, we obtain: If i = 2n — 3, then Cp,41 = Ton—3%; ... Ton—5UT1 ... Tj—1VT2p—4
Zon—3. If © # 2n — 3 and j # 1, then the arcs z;_1v, v&;41, T;—ou are in A(D), and hence Cy, 1 =
TiTiLj41 -+ Ti—1VTj41 - - - Tj—2UT;. Let now 5 = 1, then Cm+1 = TiT1UT;42 . . . T2p—2VT2X3 ... Tj.
So, in each case we have that D contains a cycle of length m + 1, which is a contradiction. This proves
that D[{x1, 3, ..., T2,_3}] is an empty digraph.
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By a similar argument, one can show that D[{z, 24, . .., Z2,—2}] is also an empty digraph. Therefore,
A(B[{U, T1,X3,... 71‘271,3}]) = A(B[{u, T2y X4y ... 73;‘2”,2}]) = (Z)

Then by Remark 1, D € B(n,n), which contradicts our supposition. The discussion of Case 2 is
completed and Theorem 5.1 is proved. a

It is worth mentioning that, for several sufficient conditions for a digraph to be Hamiltonian, it has been
shown that, under these conditions, the digraph also contains a pre-Hamiltonian cycle, except some cases.
These can be seen in |Darbinyan| (2025)), Darbinyan and Karapetyan | (2013); |Darbinyan and Karapetyan
(2015)), |[Darbinyan and Karapetyan |(2017) and the references therein, among others. In addition, a num-
ber of papers have considered the existence of the pre-Hamiltonian cycles in balanced bipartite digraphs.
For example, see |Darbinyan| (2016) and |Darbinyan and Karapetyan |(2017a).
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